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Photoionization of H2
+ beyond the dipole approximation with zeptosecond time resolution
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We numerically simulate the photoionization of a hydrogen molecular ion exposed to a monochromatic
extreme ultraviolet laser field beyond the dipole approximation. In such a diatomic system, the laser field
reaches the two nuclei at different instants, adding extra phase on the ionization events from two nuclei and
resulting in the shift of the angular maxima in the photoelectron momentum distribution. In the limit of the
infinite internuclear distance, the double-slit interference scenario can be adopted to explain the simulated
photoelectron momentum distribution. However, when the internuclear distance is as short as 1 Å, the electron
distributes more in the center of the molecule, and the photoelectron momentum distribution carries the
single-slit diffraction character. The extracted birth time delay of photoemission from two nuclei is about a
few hundred of zeptoseconds, which is similar to the experimental measurement in H2 [Grundmann et al.,
Science 370, 339 (2020)].
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I. INTRODUCTION

Exposing an atom or molecule to a light pulse whose pho-
ton energy is larger than the ionization potential of the target,
the ionization happens. Such a scenario has been explained
by Einstein’s photoelectric effect. With the advent of ultra-
short laser technology, the phenomena of multiphoton and
tunneling ionization have been well accepted. Photoioniza-
tion is the most fundamental process and plays the central
role in ultrafast physics [1]. In photoionization, the quiver
radius of electron in laser fields is much smaller than the laser
wavelength, therefore the dipole approximation is adopted.
Within the dipole approximation, the photon momentum is ne-
glected, and the photoelectron momentum alongside the laser
propagation is symmetric with respect to zero. Though the
nondipole effect that the longitudinal momentum distribution
is shifted was predicted years ago [2], it was not until 2011
that Smeenk et al. [3] experimentally measured the photoelec-
tron momentum along the laser propagation acquired from a
circularly polarized light. This study was followed by other
experimental works on the photon-photoelectron momentum
transfer [4–6] as well as theoretical analysis. In the tunneling
ionization driven by a circularly polarized laser pulse, the
averaged photoelectron longitudinal momentum (along the
laser propagation direction) is roughly about Ek/c, where
Ek is the photoelectron kinetic energy and c is the light
speed. Ab initio simulation and recently experimental mea-
surement showed that the longitudinal momentum should be
Ek/c + 1

3 Ip/c [7–10]. If the tunneling ionization is induced by
a linearly polarized laser pulse, the rescattering plays a crucial
role. In this case, the interplay of the Coulomb potential [11]
and the magnetic component in the laser pulse together govern
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the electron longitudinal momentum distribution [12]. On the
other hand, in the single-photon ionization, the behavior of
the ionized wave packet is quite different compared to that
of tunneling ionization. To be specific, the quiver radius and
ponderomotive energy are much smaller, therefore, the rec-
ollision process is insignificant. The longitudinal momentum
distribution modified by the Coulomb potential is of minor
importance. The averaged photoelectron longitudinal momen-
tum in single-photon ionization is 8

5 Ek/c, and the nucleus
acquires the longitudinal momentum − 3

5 Ek/c + Ip/c [13]. In
a more complex process such as single-photon double ion-
ization, the photon momentum may be shared between two
electrons and one nucleus [14].

Compared to atoms, the multiple Coulomb centers of
molecules bring more intriguing scenarios. For its simplicity,
H2

+ has worked as a prototype for understanding molecular
ionization and dissociation [15–17]. In the dipole approxi-
mation, photoemission from each nucleus in H2

+ happens
synchronously, and thus the constructive interference in the
photoelectron momentum distribution appears at angles α

satisfying cos α = 0, and the adjacently constructive peaks
are separated by 2π/R [18,19], where α is the cross angle
between the electron momentum and molecular axis. After
considering the nondipole effect, the laser pulse may reach
the two nuclei at different times, which brings an extra phase
difference in the ionization events from the two nuclei. As
explored by Grundmann et al. in a recent experiment [20],
the interference patterns of the single-photon ionization of
H2 tilt, and the constructive interference appears at αn satis-
fying pR cos(αn) − p2

2 τb = 2πn, n = 0,±1, . . . , with τb the
propagation time of light from one nucleus to the other, p is
the magnitude of the photoelectron momentum, and R is the
internuclear distance. Inversely, by measuring the location of
the angular maxima, one can extract τb.
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FIG. 1. The schematic of the physical process. The H2
+ is ex-

posed to an XUV laser pulse, whose propagation direction k is fixed
at the z direction, and the polarization direction is within the x-y
plane. The molecular axis can have a fixed angle β to the z axis. The
longitudinal momentum distribution of the ionized electron wave
packet exhibits a double-slit interference structure, and the angle
α0 indicates the location of the maximum photoelectron angular
distribution.

In this paper, we systematically study the laser propagation
time between the two nuclei in H2

+ based on the photoion-
ization of H2

+ in strong extreme ultraviolet (XUV) fields.
By numerically simulating the time-dependent Schrödinger
equation (TDSE) for H2

+ with different bond lengths, we ob-
tain the photoelectron momentum distribution, from which the
time delay of photoemission from the two nuclei is extracted.
In the ultimate case when R tends infinity, the extracted birth
time delay is R/c. On the other hand, when R approaches 0,
such a time delay is about 4Rs/c, where Rs is the effective dis-
tance for the photon to travel through the molecule. The TDSE
simulation results are supported by the nondipole strong field
approximation (NSFA). The rest of the paper is organized as
follows. In Sec. II we introduce the numerical method. The
results and analyses are presented in Sec. III. The paper ends
with a conclusion in Sec. IV.

II. NUMERICAL METHODS

We study the photoionization of H2
+ in a strong XUV laser

field as shown in the schematic Fig. 1. The vector potential A
has the form

A(η) = f (η)[A0cos(ωη)ex + A0sin(ωη)ey], (1)

where η = t − n · r/c is the light cone time, f (η) =
sin2(πt/T ) is a sine square envelope function with a duration
T of 20 optical cycles in numerical calculation or equals one
in theoretical analysis, and ω is the central angular frequency.
In this paper, the laser propagates along the z axis, namely,
n = (0, 0, 1). The ionization process is governed by TDSE
(atomic units are used throughout unless stated otherwise),

i
∂

∂t
	(t, r) =

{
1

2
[ p̂ + A(η)]2 + V (r)

}
	(t, r), (2)

where r is the electron coordinate. The Coulomb potential is
expressed as

V (r) = − 1

|r − R/2| − 1

|r + R/2| . (3)

The internuclear distance R is a parameter instead of a dy-
namical variable, and the molecular axis is fixed alongside
the z axis unless stated otherwise. One can go back to the
dipole case by simply replacing η with t in Eq. (2). By
using r = (x, z), Eq. (2) is solved numerically on a two-
dimensional rectangular grid with 16 384 × 16 384 grid points
in total. The grid steps are 0.0625 a.u. A second-order
implicit Crank-Nicolson method combined with a correspond-
ing split-operator scheme [21–23] is taken to evolve the
wave function. In each laser cycle, 1800 times of prop-
agation with equal time steps are performed. To match
the ground state energy of the two-dimensional model to
the real case, an R-dependent soft-core parameter α(R)
is used and V (x, z) = [x2 + (z − R/2)2 + α(R)]−1/2 + [x2 +
(z + R/2)2 + α(R)]−1/2. The wave function is freely prop-
agated after the laser is turned off until the main body of
the singly ionized wave packet travels far enough from the
Coulomb center. The simulation box is big enough to hold all
ionized states such that no absorber is set around the numeri-
cal boundaries. The momentum distribution is then extracted
by doing Fourier transformations to the ionized wave packet.
Such a method is proved to be equivalent to projecting onto
the exact Coulomb scattering states if the wave packet travels
far enough [24].

While the TDSE numerical simulation gives accurate wave
functions, the physical mechanism is not as transparent as
explored by the nondipole strong field approximation (NSFA)
[11]. In NSFA, the photoionization amplitude is expressed as

M(p, b) =
∫ T

0
W (η) · ∇φ̃b[q(η)]eiSp(η)+iIpη dη, (4)

where the nondipole Volkov phase is

Sp(η) =
∫ η

ηi

[
1

2
p2 + A(η′) · p + 1

2 A2(η′)
1 − pz

c

]
dη′, (5)

and the ionization potential Ip is a function of R. The prefactor
W (η) in Eq. (4) is

W (η) = −
(

1 − pz

c

)∂A(η)

∂η
. (6)

The canonical momentum is expressed as

q(η) = p + A(η) −
(

p2

2c
+ Ip

c

)
n. (7)

In the above expressions, by setting c to be infinite and
hence neglecting the term O( 1

c ), we regress to the SFA
within the dipole approximation. φ̃b(q(η)) at t = 0 is the
three-dimensional ground state of H2

+ in momentum repre-
sentation. At R = 0, the initial state is analytically expressed
in terms of the Gegenbauer polynomials and the spherical
harmonics [25]. For arbitrary R, it can be obtained accurately
by the Killingbeck method as described in Ref. [26]. The
integrals of Eqs. (4) and (5) are performed by explicit Euler
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summations with more than 2000 time steps in each laser cy-
cle, which sufficiently suppresses the numerical error induced
by the fluctuation of the integrand.

Besides starting from an accurate φ̃b as described above,
we also solved the problem in a simplified model by assuming
the initial state to be a linear combination of atomic orbitals
	(t = 0, r) ∝ (e−Z|r−R/2| + e−Z|r+R/2|), where Z = Z (R) is
an effective nuclear charge parameter. For R → 0 as the united
atom picture, one may expect Z → 2, and for R → ∞, the
separated atoms picture requires Z → 1. For intermediate
cases, the value Ip(R) = Z2(R)/2 is used for simplification.

Such an analytic procedure is also seen in Ref. [27]. In this
assumption, Eq. (4) gives an analytic expression in the weak-
field limit A0 → 0. The starting point is the Fourier transform
of the wave function

φ̃b(q) ∝ 1

(Z2 + q2)2
cos

(
1

2
q · R

)
. (8)

After taking the limit A0 → 0, q(η) → p − (p2/2 + Z2/2)n,
Sp(η) → p2η/2, for f (η) = 1, Eq. (4) is reduced to

|M(p, b)|2 ∝
∣∣∣∣
∫ ∞

−∞
dηei(p2/2+Ip−kc)η

(
1 − pz

c

)(
∂

∂ px
+ i

∂

∂ py

)
φ̃b(q)

∣∣∣∣
2

∝ δ2

(
p2

2
+ Ip − kc

)
[1 − p

c cos(α0)]2 p2sin(α0)2

[p2 + k2 + Z2 − 2pkcos(α0)]6 cos2

[
pRcos(α0) − kR

2

]

∝ δ2

(
p2

2
+ Ip − kc

)
[1 − p

c cos(α0)]2sin(α0)2

[
1 − 2pk

p2+k2+Z2 cos(α0)
]6 {1 + cos[pRcos(α0) − kR]}

∝ δ2

(
p2

2
+ Ip − kc

)
1 − cos2(α0)

[1 − νccos(α0)]4
{1 + cos[νpcos(α0) − νk]} + O(c−2). (9)

Here k = ω/c is the photon momentum, and νc = 2pk/(p2 +
k2 + Z2), νp = pR, νk = kR are dimensionless constants once
ω and R are fixed. One can immediately identify that νc =
p/c + O(c−2) by substituting ω = p2/2 + Ip = (p2 + Z2)/2.
We thus ignore ν2

c and higher order terms to obtain the last
line in Eq. (9). We also point out that νk/νp is of c−1 order. By
taking derivatives with respect to cos(α0) and ignoring c−2

and higher order terms, the central maxima is determined by

νptan

[
νpcos(α0) − νk

2

]
− 2cos(α0)

1 − cos2(α0)
+ 4νc = 0. (10)

In the limit of R → ∞,

cos(α0) = νk

νp
+ 4νk

ν3
p

− 8νc

ν2
p

+ O(R−4), (11)

and in the limit of R → 0,

cos(α0) = 2νc

(
1 + ν2

p

4

)
− νpνk

4
+ O(R4). (12)

Equations (11) and (12) imply that near R = 0, cos(α0) is
located at the limit of 4Ee/pc, and that at R = ∞, it asymptot-
ically tends to (Ee + Ip)/pc. Another prediction of Eqs. (11)
and (12) is that when ω < 4Ip/3, which is possible in the
case of relatively low-energy single-photon ionization, the
monotonicity of cos(α0) with respect to R is reversed.

III. RESULTS

The double-slit interference in photoionization of the di-
atomic molecules in the dipole approximation has been widely
studied [28–30], where the longitudinal momentum distribu-
tion is symmetric with respect to the plane pz = 0. Once

the nondipole effect is taken into account, the photoelectron
momentum distribution shifts alongside the direction of the
photon momentum by a small amount. In our simulations, the
laser propagation direction is parallel to the molecular axis.
For TDSE, after obtaining the photoelectron wave packet in
momentum representation φ(px, pz ), we calculate the longi-
tudinal momentum distribution W (pz ) = ∫ |φ(px, pz )|2 d px.
For SFA and NSFA, the longitudinal momentum distribution
is evaluated by W (pz ) = ∫ |M(px, py, pz )|2 d px d py, which is
shown in Figs. 2(a) and 2(b) at R = 2 a.u. and R = 10 a.u.,
respectively. Similar momentum shifts have been explored
in molecular systems and atomic systems [31–35]. Note that
the shift of the expected momentum and the most probable
momentum could be opposite if the Coulomb potential plays
a role in the rescattering process [31,36,37].

To reveal the relation between R and cos(α0), we numeri-
cally calculated the momentum shift of the central maximum
of the longitudinal momentum distribution at various R. To
obtain that, we have fitted the longitudinal momentum dis-
tribution with a Gaussian function at small R and a cosine
function at moderate R. The longitudinal momentum distribu-
tion takes values on a set of pz grid points with equal spacing
δpz less than 0.01 a.u. to obtain smooth fitting curves. In both
cases, the R2 of the fittings are larger than 0.99 by choosing
the proper ranges of pz.

Figure 3 shows the momentum shift 
pz along the laser
propagation direction. Here 
pz is formally defined by the
point satisfying dW (pz )/d pz|
pz

= 0. Actually, 
pz is the
displacement of the central peak of W (pz ) to the right side
of pz = 0. 
pz decreases monotonically with the increase of
R and reaches the asymptotic value (Ek + Ip)/c, as indicated
by the dashed blue line. Such asymptotic behavior at large R
follows exactly what Eq. (11) predicts. The Ip/c term is at-
tributed to the dynamical phase accumulated on the electron’s
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FIG. 2. Solid lines: The longitudinal momentum distributions for
(a) R = 2 a.u. and (b) R = 10 a.u. Dashed lines: the longitudinal
momentum distributions for the photoelectron of the hydrogen atom
for reference, where the unit of pz is a.u. The lines being symmetric
with respect to pz = 0 a.u. are the results calculated by SFA within
the dipole approximation, whereas the lines shifted to the right side
are the results calculated by NSFA. The maxima of the distributions
are normalized to 1. The laser parameters are ω = 10 a.u., T = 20
optical cycles, A0 = 0.01 a.u. The molecular orientation is fixed at
the z direction.

bound state. Neglecting the Ip/c phase in a more simplified
double-slit model will cause an 8% deficit to the final result in
the simulation using ω = 10 a.u. If a sufficiently high driving
frequency is used instead, such neglect is then apparently
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FIG. 3. The central maximum of the longitudinal momentum dis-
tribution as a function of R in atomic units. The black circles and red
squares are results calculating by TDSE and NSFA, respectively. The
blue dashed line is the results predicted by (11). The laser parameters
are ω = 10 a.u., T = 20 optical cycles, A0 = 1.0 a.u. for TDSE, and
A0 = 0.01 a.u. for NSFA. The molecular orientation is fixed at the z
direction.
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FIG. 4. Fitted coefficients (a)DE ,(b)DI ,(c)DU as functions of R
in atomic units. Their definitions are found in text. The molecular
orientation is fixed at the z direction.

acceptable. For small R, the momentum shift significantly
deviates from (Ek + Ip)/c due to the deformation of the ini-
tial state wave function. In this case, the initial wave packet
distributes more in the middle of the two nuclei, in which case
the single-slit diffraction is more proper than the double-slit
interference to be used to explain the calculation results.

The numerical simulation results of TDSE can be repro-
duced by the NSFA. In Fig. 3, the black solid line with circles
presents the R-dependent 
pz given by the NSFA model,
while the red solid line with squares indicates the same quan-
tity given by TDSE. The good agreement between the two
models confirms that the long-range effects of the Coulomb
potential is negligible for explaining the observed results in
single-photon ionization. Please note that the Coulomb poten-
tial is very important for producing the correct longitudinal
momentum distribution in tunneling ionization [12,36,37].

The deviation of the simulation results to the theoretical ex-
pectation (Ek + Ip)/c impels us to find a general expression to
describe the momentum shift. As 
pz depends on the photon
momentum and ionization potential as well as ponderomotive
energy, we model 
pz,


pz = DE (R)Ee + DI (R)Ip(R) − DU (R)Up

c
. (13)

Here DE , DI , DU are three dimensionless coefficients depend-
ing only on R. To numerically obtain DE at a fixed value of
R, one shall vary the laser frequency and intensity simulta-
neously in order to keep Up unchanged. After a data set of
(Ee,
pz ) at given R is obtained, one can linearly fit the data
set and extract the slope DE as well as the intercept DI Ip −
DUUp. By repeating the procedure with different Up, one can
immediately obtain the slope DU as well as DI . Figure 4
presents the extracted R-dependent coefficients. The laser fre-
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FIG. 5. The dependence of cos(α) on cos(β ) for R = 2 a.u. (red
line with squares) and R = 10 a.u. (blue line with crossings), where
β is the angle between molecular axis and laser propagation. Laser
parameters are ω = 10 a.u., 20 cycles, A0 = 0.02 a.u.

quencies used in each fit range from 6 to 20 a.u. As shown in
Fig. 4(a), DE decreases with the growth of R. The limit values
DE (0) = 4, DI (0) = 0 and DE (∞) = 1, DI (∞) = 1 follow
exactly what (12) and (11) have predicted. One can note that a
peak occurred in Fig. 4(b) near R = 1, which may be mainly
induced by the rapid deviation of Ip from that of He+. These
coefficients become stable when R > 4 a.u. This indicates the
double-slit interference picture works well when R > 4 a.u.,
whereas at R < 4 a.u. the mixture of single-slit diffraction and
double-slit interference play roles in the photoionization.

When the laser propagation direction has a crossing angle
of β to the molecular axis, the laser wavefront will see an ef-
fective bond length R cos(β ). One can expect that the location
of the angular maximum depends on β. Figure 5 shows the
dependence of cos α on cos β for the case of R = 2 a.u. (red
solid line) and R = 10 a.u. (blue dashed line). Since a larger
cos β corresponds to a longer effective bond length, a larger

pz appears at a smaller β.

IV. CONCLUSIONS

Both the TDSE and the NSFA calculations explore that
the laser wavefront reaches the two nuclei in H2

+ at dif-
ferent times in the photoionization, and thus the electron
emitted from the two nuclei carries intrinsic different phases.
Therefore, the interference of the emitted electron wave
packets from the two nuclei leads to the asymmetric longitudi-
nal momentum distribution. The double-slit interference and
single-slit diffraction can be used to explain the photoelec-
tron angular distribution when R approaches infinity or zero.
The location of the angular maxima depends on the photon
momentum, molecular bond length, and laser incident angle.
From the photoelectron angular distribution, the photoioniza-
tion with the zeptosecond time resolution is resolved.
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