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We experimently and theoretically investigate temporal structures of N2
+ lasing at the wavelengths of 391

and 428 nm. Our results show that the resonant interaction of a femtosecond laser with N2
+ ions with a

picosecond dipole relaxation time will induce a long-lasting polarization, which exists in cases of both absorption
and amplification of the external seed. The induced polarization will be amplified in population-inverted N2

+

ions, giving rise to the retarded radiation (i.e., N2
+ lasing). The temporal profile of the retarded radiation is

closely related to the dipole relaxation time, population inversion density, and propagation length. The combined
experimental and theoretical study reveals the physical origin of the retarded seed amplification in N2

+ ions.

DOI: 10.1103/PhysRevA.103.033105

I. INTRODUCTION

Recently, air lasing actions induced by femtosecond or
nanosecond laser pulses have gained tremendous attention
[1–10]. The phenomenon opens a possibility for remote
sensing due to capability of generating a high-brightness,
good-directionality coherent radiation in remote atmosphere
[11,12]. In addition, the gain mechanism of N2

+ lasing cannot
be well understood in the framework of strong field ionization
[13,14], which extends the territory of strong field molecular
physics. Although there is still a hot debate on whether there is
population inversion between the B 2�+

u and X 2�+
g states of

N2
+ ions [15–25], a series of studies have confirmed the key

contribution of resonant excitation from the X 2�+
g to A 2�u

state to the generation of N2
+ lasing [15,16,25–30]. The reso-

nant interaction of a laser field with N2
+ ions not only results

in population redistribution among multiple electronic states,
but also inevitably induces electronic coherence. Quantum
coherence in N2

+ lasing has been emphasized in recent studies
[25,31–38]. For example, one has realized subcycle control
of N2

+ lasing using a pair of 800 nm (400 nm) laser pulses
to manipulate quantum coherence between the X 2�+

g and
A 2�u (B 2�+

u ) states [25,33,34]. The role of electronic coher-
ence has also been clearly revealed by observing a dramatic
enhancement of N2

+ lasing with two temporally separated
pump lasers [35].

Electronic coherence not only plays a vital role in the
gain of N2

+ lasing, but also influences basic properties of
N2

+ lasing. When N2
+ lasing was observed by injecting an
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external seed into N2
+ ions produced by the 800 nm pump

laser in 2013 [8], it was found that the amplified lasing signal
lags behind the seed pulse. The delayed radiation seems to
contradict general understanding on seed amplification. Liu
et al. [17] and Li et al. [39] carried out quantitative stud-
ies on the retarded lasing radiation, and demonstrated its
super-radiance signatures. These works clearly reveal that the
counterintuitive characteristic of N2

+ lasing in the temporal
domain is the result of quantum coherence. Nevertheless, the
physical origin of the retarded radiation has not been fully
understood, which motivates us to perform a combined exper-
imental and theoretical study. In this work, we experimentally
compared the temporal structures of the absorbed or amplified
seed pulses at two typical N2

+ lasing wavelengths (i.e., 391.4
and 427.8 nm). Theoretically, by solving the Maxwell-Bloch
equations, we analyzed the influences of the dipole relaxation
time, population inversion density, and propagation distance
on the temporal profile of N2

+ lasing. It is revealed that the
retarded radiation mainly originates from the temporal mis-
match between the seed pulse duration and dipole relaxation
time. The former is of the order of femtoseconds, whereas the
latter is of the order of picoseconds. Thus, the long-lasting po-
larization induced by the resonant seed light at the early stage
can continue to be amplified in further propagation, giving rise
to a retarded radiation. The delay of the lasing radiation with
respect to the seed pulse will be shortened with the increase
of population inversion density and propagation length.

II. EXPERIMENTAL SETUP

The experimental setup was illustrated in Fig. 1. A com-
mercial Ti:sapphire laser (Legend Elite-Duo, Coherent, Inc.),
which delivers 6 mJ, 800 nm, ∼40 fs laser pulses, was split
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FIG. 1. Schematic diagram of the experimental setup. DM1, DM2: dichroic mirror with high reflectivity around 400 nm and high
transmission around 800 nm; DM3: dichroic mirror with high reflectivity around 266 nm and high transmission around 800 nm; HWP:
half-wave plate; L1: f = 20 cm lens; L2: f = 10 cm lens; L3, L4: f = 30 cm lens; L5: f = 15 cm lens; SP: sapphire plate; BBO1: β-barium
borate for double frequency generation; BBO2: β-barium borate for cross-correlation measurements. The inset shows the plasma-channel
truncation scheme with a pressure gradient on two sides of the gas chamber.

into three beams. The first beam with a maximum energy of
2.4 mJ was used as the pump to ionize nitrogen molecules
and produce a plasma channel. The laser energy of the pump
beam can be tuned by splitters with different splitting ratios.
The second beam was focused by a f = 20 cm lens into a
4 mm thick sapphire plate to broaden its spectrum and then
was collimated by a f = 10 cm lens. The broadened spectrum
was frequency doubled by a β-barium borate (BBO) crys-
tal. The frequency-doubling signal at either 391 or 428 nm
wavelength, depending on the phase-matched angle of the
BBO crystal, was used as the external seed. The polarization
of the seed was adjusted to be parallel with that of the pump
beam using a half-wave plate. Both beams were combined
by a dichroic mirror (DM1) and collinearly focused with a
f = 30 cm lens into a gas cell. The time delay between two
beams was controlled by a motorized translation stage (Delay
line I). The seed will be amplified or absorbed in the N2

+ ions
produced by the pump laser. The amplified or absorbed seed
was combined with the third 800 nm laser beam to perform
cross-correlation measurements. Its temporal structure was
obtained by measuring the sum frequency (SF) of two beams
as a function of the time delay. Finally, the SF signal was
reflected by a dichroic mirror (DM3) with a high reflectivity
around 266 nm and then focused into an imaging spectrometer
(Shamrock 500i, Andor).

III. EXPERIMENTAL RESULTS

We first measured the spectra of 391 nm seed pulses after
passing through N2

+ ions generated by the 800 nm pump laser
with different energies. The time delay between the pump
and seed pulses is chosen at ∼1 ps, and the gas pressure is
fixed at 6 mbar. Here, the zero time delay is defined as the
moment corresponding to the strongest 391 nm emission. As

shown in Fig. 2(a), when the pump energy is 0.8 mJ, some
fine absorption structures appear on the broad spectrum of
seed pulses. When the pump energy is 1.25 mJ, the seed
pulse is amplified by two orders of magnitude at 391.4 nm
wavelength, and thus a narrow-bandwidth N2

+ lasing was
observed in Fig. 2(b), which is assigned to the band head of
B 2�+

u (v′ = 0) → X 2�+
g (v = 0) transition. Besides strong

radiation at the band-head wavelength, some discrete peaks
on the blue side are attributed to R-branch rotational transi-
tions between the B 2�+

u (v′ = 0) and X 2�+
g (v = 0) states,

as demonstrated in a previous study [40]. Further increase
of the pump energy will produce stronger N2

+ lasing around
391 nm, as illustrated in Fig. 2(c).

Furthermore, we examined the temporal profiles of the am-
plified or absorbed 391 nm seed pulses in the corresponding
pump energies. The temporal profile of seed pulses after pass-
ing through the plasma channel in argon is used as a reference
(red dot-dashed lines), due to similar ionization probability
of argon atoms and nitrogen molecules [41]. The measured
results at three pump energies are shown in Figs. 2(d)–2(f).
In the case of 0.8 mJ pump energy, we can observe a main
peak followed by a long tail in nitrogen. However, the tail
completely vanishes in argon, as shown in Fig. 2(d). It means
that the seed absorption at resonant wavelengths still causes
the retarded radiation, and the retarded radiation is much
weaker than the main peak. At two higher pump energies
corresponding to the seed amplification, the retarded radiation
makes a dominant contribution to the amplified lasing signal.
As observed in previous works [17,29], the seed pulse is
barely amplified within its duration. With the 2.4 mJ pump
energy, the retarded radiation is even stronger than the in-
jected seed pulse, as illustrated in Fig. 2(f). In addition, the
delayed radiation shows some irregular oscillations. These
time-resolved measurements clearly demonstrate that the seed
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FIG. 2. The spectra of 391 nm seed pulses after passing through
N2

+ ions produced by (a) 0.8 mJ, (b) 1.25 mJ, and (c) 2.4 mJ
pump laser pulses. The corresponding temporal profiles are shown in
(d)–(f). For comparison, the seed spectra in the absence of the pump
laser are indicated with red dashed lines, and the temporal profiles
of seed pulses after passing through the plasma channel of argon are
shown with red dash-dot lines. For clarity, (d) is illustrated with the
logarithmic scale in the inset.

amplification mainly occurs after the seed pulse. In addition,
the retarded radiation can last a longer time as compared to
the seed pulse. As a result, the N2

+ lasing exhibits a narrow-
bandwidth spectrum.

We performed the same measurement with a 428 nm ex-
ternal seed. The gas pressure is taken as 20 mbar to obtain
strong 428 nm lasing radiation, which is assigned to the
B 2�+

u (v′ = 0) → X 2�+
g (v = 1) transition. Unlike 391 nm

radiation, only amplification is observed at 428 nm at the
three pump energies, as shown in Figs. 3(a)–3(c). The lower
threshold for the 428 nm seed amplification can be attributed
to a small population in the X 2�+

g (v = 1) state, which al-
lows us to easily establish population inversion between the
B 2�+

u (v′ = 0) and X 2�+
g (v = 1) states [28]. Similar to

391 nm radiation, the 428 nm radiation is enhanced by
increasing the pump energy. The temporal profiles of the
428 nm signals obtained at three pump energies are shown
in Figs. 3(d)–3(f). Even though the absorption at 391 nm is
turned into the weak amplification at 428 nm in the case of
0.8 mJ pump energy, similar retarded radiation is observed at
the two wavelengths. With the increase of the pump energy,
the delayed radiation gradually becomes stronger. The main
features of the 428 nm radiation in the temporal domain are
similar to the 391 nm radiation, but the 428 nm radiation

(b) (e)

(f)(c)

(a) (d)

800+428

428 alone N
2

Ar

FIG. 3. Same measurements as in Fig. 2 but the seed wavelength
is tuned to 428 nm and gas pressure is taken as 20 mbar.

produced by the 2.4 mJ pump laser shows a smaller delay with
respect to the seed pulse and a shorter duration.

We also examined the spectral and temporal evolution of
428 nm lasing radiation as a function of the propagation length
at the pump energy of 2.4 mJ. In this experiment, we placed a
0.5 mm thick metal plate near the focus. The laser-drilled pin-
hole allows us to truncate the plasma channel through forming
a pressure gradient on two sides of the pinhole, as shown in the
inset of Fig. 1. The length of gain medium can be continually
changed by adjusting the distance between the focal lens and
the pinhole. Although the plasma channel usually shows a
nonuniform distribution in the propagation path, the influence
has been minimized by the choice of the measured region.
As shown in Fig. 4(a), the 428 nm radiation quickly grows
and then tends to saturation with the increasing propagation
length. The result indicates that the 428 nm radiation has
entered the saturated amplification regime. The evolution of
temporal profiles with the propagation length is illustrated
in Fig. 4(b). Within the seed pulse duration (i.e., main peak
around zero delay), the radiation was slightly amplified along
the propagation direction. In contrast, the radiation lagging
behind the seed pulse exhibits a striking change during prop-
agation. At the starting position of the lasing radiation, the
retarded radiation is very weak and lasts for a long time. With
the increase of propagation distance, the retarded radiation
shows a higher intensity, a shorter duration, and a smaller
delay with respect to the seed pulse.

IV. SIMULATION RESULTS AND DISCUSSION

To reveal the physical origin of these abnormal temporal
profiles, we theoretically investigated the resonant interaction
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(a) (b)

FIG. 4. (a) Spectral and (b) temporal evolution of 428 nm lasing radiation as a function of the propagation length.

of seed laser pulses with ions based on Maxwell-Bloch equa-
tions. For the sake of simplicity, two energy states of N2

+ ions,
i.e., X 2�+

g (v = 0) or X 2�+
g (v = 1) and B 2�+

u (v′ = 0) (ab-
breviated as X and B), are taken into consideration. It is
noteworthy that although the rotational coherence makes the
non-negligible contribution to the gain of N2

+ lasing [20,40],
we did not include rotational quantum states in our model
considering that the pursuit of quantification of the total gain
is not the primary goal of the current study. We are dedicated
to unraveling the relations of electronic coherence to the re-
tarded emission of N2

+ lasing. As demonstrate below, the
simplified model allows us to unravel the physical mechanism
underlying the complicated time profiles of N2

+ lasing.
The parameters of incident light are chosen accord-

ing to the experimental conditions (i.e., peak intensity of
1 × 108 W/cm2, pulse duration of 100 fs, and central wave-
length of 391 nm or 428 nm). The peak intensity is estimated
by the nJ energy, the 100 fs pulse duration, and the 100 μm
focal spot. Let nX and nB denote the population probabili-
ties of N2

+ ions in the X 2�+
g (v = 0 or v = 1) state and

the B 2�+
u (v′ = 0) state, with nX + nB = 1. Since N2

+ ions
induced by strong field ionization occurs within the focal
volume, the distribution of N2

+ ions can be considered as a
column with a high aspect ratio. Thus we use the paraxial
one-dimensional (1D) Maxwell equation as [42]

∂2ε

∂z2
− 1

c2

∂2ε

∂t2
= μ0

∂2 p

∂t2
, (1)

where ε is the electric field and p the induced polarization in
the medium, μ0 the vacuum permeability and c the speed of
light in vacuum. The electric field and induced polarization
can be expressed as ε(z, t ) = 1/2E (z, t )ei(kz−ω0t ) + c.c. and
p(z, t ) = 1/2P(z, t )ei(kz−ω0t ) + c.c. with ω0 the central angu-
lar frequency of incident light and k = ω0/c the wave number.
In the slowly varying envelope approximation, Eq. (1) can be
simplified as [43]

∂E (z, t )

∂z
+ 1

c

∂E (z, t )

∂t
= iπ

ε0λ0
P(z, t ), (2)

where ε0 is the vacuum permittivity and λ0 the central wave-
length of the incident light. By defining the retarded time
τ = t−z/c, Eq. (2) can be written as

∂E (z, τ )

∂z
= iπ

ε0λ0
P(z, τ ). (3)

To obtain the induced polarization in the medium, we use
the Liouville-von Neumann equation in the interaction picture
as [44,45]

dρ(t )

dt
= − i

h̄
[HI (t ), ρ(t )] +

(
dρ(t )

dt

)
Coll

, (4)

where ρ(t ) is the density matrix casting in the two-level sys-
tem, HI is the interaction Hamiltonian written as

HI = ε(t )

[
0 μe−iωst

μeiωst 0

]
, (5)

where μ is the effective dipole moment between the X and
B states, ωs is the angular frequency of B-X transition. Since
the nuclear motion is frozen, μ can be approximated as μ =
μeq cos θ where μeq is the strength of the transition dipole
moment at equilibrium nuclear distances [15] and θ is the
relative angle between the molecular axis and the electric field
direction (θ = 45◦ in this work). In addition, the collisional
dissipation of the medium is phenomenologically included in( dρ(t )

dt

)
Coll as dρii

dt = − ρii

T1
and dρi j

dt = − ρi j

T2
(i, j = 1, 2, i �= j),

with T1 and T2 being the population relaxation time and the
dipole relaxation time, respectively, which are much longer
than the incident pulse duration. The induced polarization p(t )
is given by

p(t ) = −Nμ(ρ21e−iωst + c.c.), (6)

where N is the number density of N2
+ ions.

With this model, we first investigated the influence of
the dipole relaxation time T2 on the temporal profile of
N2

+ lasing. With a given propagation length (i.e., 12 mm),
nX = 0.2, nB = 0.8, and T1 = 500 ps, we calculated the spec-
tral and temporal profiles of 391 nm radiation in two cases of
T2 = 1 ps and T2 = 20 ps. In the case of T2 = 1 ps, the seed
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(a) (b)

(c) (d)

FIG. 5. The simulated spectra of 391 nm radiation with (a) T2 =
1 ps and (b) T2 = 20 ps. The corresponding temporal profiles are
shown in (c), (d). For comparison, the initial seed spectra and the
temporal profiles are indicated with red dashed lines and red dash-dot
lines, respectively.

pulse is amplified due to the presence of population inversion,
as shown in Fig. 5(a). In the temporal domain, the seed pulse is
mainly amplified within its initial pulse duration, and retarded
radiation exhibits a fast decay, as shown in Fig. 5(c). However,
when T2 is increased to 20 ps, which is much longer than
the pulse duration of the incident seed, we can see a stronger
amplification and spectral splitting around the resonant wave-
length, as shown in Fig. 5(b). In this case, a strong retarded
radiation and obvious oscillations are observed, as illustrated
in Fig. 5(d). The comparative results clearly demonstrate that
T2 is a key factor which affects the temporal profile of N2

+

lasing. When T2 is much longer than the seed pulse duration,
the retarded radiation can be amplified more efficiently in gain
medium with a slow-decaying population inversion, resulting
in the delayed amplified radiation.

We further calculated the spectral and temporal profiles of
391 nm radiation with different initial population probabil-
ities. In the simulation, the propagation length and T2 were
fixed at 12 mm and 20 ps, respectively. In the absence of
population inversion as shown in Figs. 6(a) and 6(c), the initial
seed pulse is attenuated in the spectral and temporal domain
within its pulse duration. However, the resonant interaction
of seed pulses with the medium induces the long-lasting and
slow-decaying polarization, which results in the retarded ra-
diation after the seed pulse, as illustrated in Fig. 6(c). When
the population inversion is established, as shown in Figs. 6(b)
and 6(d), the incident pulse can be strongly amplified at
∼391 nm and the retarded radiation becomes remarkable. In
addition, the retarded radiation reaches the maximum around
10 ps after the seed pulse. As shown in Fig. 5(d), higher
population inversion density results in the stronger retarded
radiation as well as the shift of its temporal profile towards
the incident seed pulse. Therefore, simulation results repro-
duce the main trends and characteristics of the experimental
results.

For comparison, we also calculated spectral and temporal
profiles of the 428 nm radiation in different initial population

(b)

(d)

(a)

(c)

(b)

(d)

FIG. 6. The simulated spectra of 391 nm radiation with different
initial population probabilities of (a) nX = 0.55, nB = 0.45, (b) nX =
0.4, nB = 0.6. The corresponding temporal profiles are shown in (c),
(d). For clarity, (c) is shown with the logarithmic scale in the inset.

probabilities but with a shorter dipole relaxation time (i.e.,
T2 = 5 ps) due to the higher collision rate for the higher pres-
sure, as shown in Fig. 7. Due to the smaller population in the
X 2�+

g (v = 1) state than that in the X 2�+
g (v = 0) state, we

choose the higher population inversion density in the calcu-
lation of the 428 nm radiation. As expected, the increase of
the population inversion density causes the retarded radiation
with a higher intensity, a shorter pulse duration, and a smaller
delay with respect to the initial seed.

We further calculated the spectral and temporal evolution
of 428 nm radiation as a function of the propagation length
L with nX = 0.15, nB = 0.85, and T2 = 5 ps, as depicted
in Fig. 8. As the propagation length increases, the 428 nm
radiation firstly grows rapidly and then tends to saturation at
L = 10 mm, as shown in Fig. 8(a), which agrees well with
the experimental result. The temporal evolution of the 428 nm

(a)

(c)

(b)

(d)

FIG. 7. The simulated spectra of 428 nm radiation in different
initial population probabilities of (a) nX = 0.45, nB = 0.55, (b) nX =
0.15, nB = 0.85. The corresponding temporal profiles are shown in
(c), (d). For clarity, the logarithmic scale of (c) is shown in corre-
sponding inset.
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(a)
(b)

FIG. 8. (a) The simulated spectral and (b) temporal evolution of 428 nm radiation as a function of propagation length.

radiation during the propagation is illustrated in Fig. 8(b).
At the initial stage of the 428 nm lasing radiation (i.e., L =
4 mm), a long and weak temporal profile appears after the
seed pulse. With increase of the propagation length, the re-
tarded radiation becomes stronger. At the stage of saturation
amplification, further increase of L will shorten the duration
of the retarded radiation and force its temporal profile to shift
towards the seed pulse.

Based on the above-mentioned simulation results, we will
discuss the underlying physics responsible for the retarded
radiation in N2

+ lasing. The simulation results in Figs. 5–8
clearly demonstrate that the temporal profile of N2

+ lasing is
closely related to the dipole relaxation time, the population in-
version density, and the propagation length. These simulation
results qualitatively reproduce the temporal characteristics of
391 and 428 nm lasing signals. Briefly speaking, the dif-
ference of 391 and 428 nm in the temporal domain can be
attributed to different population inversion densities. These
simulation results also reveal that the resonant interaction
of the femtosecond seed pulse with N2

+ ions will cause a
slow-decaying polarization, which is determined by the dipole
relaxation time or the dephasing time in the quantum system.
The long-lived polarization leads to the retarded radiation at
the resonant wavelengths. For the case of no gain or small
gain (corresponding to the low pump energy), the retarded ra-
diation exhibits the relatively weaker intensity and the longer
duration. However, for the case of high gain (corresponding to
the high pump energy), the high population inversion density
enables further amplification of the retarded radiation during
the propagation. When the retarded radiation is strong enough,
it will in turn affect the polarization of the medium. In the
regime of saturated amplification, the retarded radiation close
to the seed pulse will deplete the population in the upper state
and obtain the more efficient amplification. Therefore, with
the increase of propagation length or population inversion

density, N2
+ lasing radiation shows a shorter pulse duration

and a smaller delay with respect to the seed pulse, as demon-
strated experimentally and theoretically.

V. CONCLUSIONS

In conclusion, we reveal the physical origin of the delay of
391 and 428 nm lasing signals with respect to the seed pulse
by a combined experimental and theoretical investigation. It
was shown that the resonant interaction of the seed pulse
with N2

+ ions induces a long-lasting polarization after the
passage of the seed pulse, which gives rise to the generation
of retarded N2

+ lasing radiations. The simulation results also
display that the postponed lasing radiations are sensitive to the
propagation length, population inversion density, and dipole
dephasing time. Both experimental and theoretical results
convince us that the retarded N2

+ lasing mainly originates
from the electronic quantum coherence induced by ultrafast
lasers, which deepens the understanding of resonant interac-
tion of femtosecond lasers with molecular ions.
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