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Tune-out and magic wavelengths of Ba+ ions
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The static and dynamic polarizabilities of the ground state and low-lying excited states of Ba+ ions are
calculated by using a relativistic semiempirical method: the relativistic configuration interaction plus core
polarization (RCICP) method. The tune-out wavelengths of the ground state and magic wavelengths of the
6s1/2 → 6p1/2,3/2, 5d3/2,5/2 transitions are determined. One visible tune-out wavelength, 480.658(18) nm, is
found. High-precision measurements on this tune-out wavelength could be used to determine the ratio of the
oscillator strengths of the 6s1/2 → 6p1/2,3/2 transitions. In addition, we suggest that the measurements on the
magic wavelengths corresponding to the 6s1/2 → 5d3/2,5/2 transitions could be used to determine the oscillator
strengths of the 5d5/2 → 4 f7/2 and 5d3/2 → 4 f5/2 transitions, while the measurements of the magic wavelengths
near 416 nm for the 6s1/2 → 6p3/2 transition could be used to determine the ratio of the oscillator strengths of
the 6p3/2 → 6d3/2,5/2 transitions.
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I. INTRODUCTION

The technique of manipulating atoms by using lasers
has been widely used in high-precision measurements, such
as atomic clocks [1–6], atomic magnetometers [7–10], and
atomic interferometers [8,11–13]. However, the interaction
between laser fields and atoms can cause ac Stark shift which
would affect the accuracy of the measurement for relevant
atomic parameters. In order to reduce the impact of the ac
Stark shift, magic-wavelength trapping was introduced in
Refs. [14,15], in which the shifts of a given pair of energy lev-
els are the same as each other. Based on the magic-wavelength
trapping, the uncertainties of high-precision measurements of
atomic parameters are reduced remarkably [16,17]. Moreover,
a quantity called tune-out wavelength, at which the dynamic
dipole polarizability for a given state is equal to zero, was
also introduced by LeBlanc and Thywissen [18]. Since the
polarizability is zero, the dipole interactions between atoms
and the laser fields vanish as well. Atoms trapped in an optical
lattice can be released by tuning the wavelength of trapping
laser to be the tune-out wavelength of those atoms. Therefore,
tune-out wavelengths can be used in the sympathetic cooling
of atoms [5,18–22]. Furthermore, the technique of all-optical
trapping of atoms and ions also provides a practical method
to measure the tune-out wavelength very accurately, which is
effectively a null experiment since it measures the frequency
when the polarizability is zero and does not rely on a precise
determination of the intensity of a laser field.

In particular, the accurate determination of tune-out and
magic wavelengths of atoms and ions plays an important role
in testing atomic structure calculations and providing some
important parameters. For example, the tune-out wavelengths
for Rb [19,23–25], K [26,27], Li [28], Dy [29], and He [30,31]
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atoms have been measured with very high accuracy, and
thereby the ratios of the corresponding line strengths of the
transitions involved have also been determined very accu-
rately following the method described later in this paper.

Ba+ is one of the very good candidates for ionic clock ex-
periments [32,33], quantum information techniques [34–36],
and atomic parity-violation experiments [37]. Detailed infor-
mation of Ba+ ions, such as the electric-dipole (E1) matrix
elements, polarizabilities, tune-out wavelengths, and magic
wavelengths, is thus of great importance to these experiments.
Recently, a magic wavelength for the clock transition 6s1/2 →
5d5/2 of 138Ba+ ions was measured with an uncertainty of a
few GHz [38]. This measurement was used to make an accu-
rate assessment of the room-temperature blackbody radiation
(BBR) shift. In addition, a far-off-resonance optical trap of
the Ba+ ion has been implemented experimentally [39]. This
technique makes it possible to measure the tune-out wave-
lengths of Ba+ ions with high precision.

In this paper, the energy levels and E1 matrix elements as
well as the static and dynamic dipole polarizabilities of Ba+

ions are calculated using a relativistic semiempirical method:
the relativistic configuration interaction plus core polariza-
tion (RCICP) method. The tune-out wavelengths of the 6s1/2

state and the magic wavelengths for the 6s1/2 → 6p1/2,3/2

and 6s1/2 → 5d3/2,5/2 transitions are further determined. The
obtained tune-out wavelengths and magic wavelengths are
discussed in detail, and can be used to determine other high-
precision atomic parameters. Atomic units (me = 1, e = 1,
h̄ = 1) are used throughout the paper unless stated otherwise.
The speed of light is additionally taken to be 137.035 999 1 in
our calculations.

II. THEORETICAL METHOD

As a detailed description of the RCICP method has been
given in Ref. [40]; here we just present a brief introduction.
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TABLE I. The cutoff parameters ρ�, j of the polarization potential
of Ba+ ions.

States j ρ�, j (a.u.)

s 1/2 2.35337
p 1/2 2.24830

3/2 2.27064
d 3/2 2.75119

5/2 2.78043

The key strategy of the method is to partition a Ba+ ion into
a Ba2+ core plus a valence electron. The first step involves
a Dirac-Fock (DF) calculation on the core of Ba+ ions. The
single-particle orbitals are written as a linear combination of
the S-spinors [41–45] which can be regarded as a relativistic
generalization of the Slater-type orbitals.

The effective Hamiltonian of the valence electron is written
as

H = cα · p + (β − 1)c2 + Vcore(r), (1)

where α and β denote the 4 × 4 Dirac matrices, p is the mo-
mentum operator, c is the speed of light, and r is the position
vector of the valence electron. Moreover, Vcore(r) is given by

Vcore(r) = −Z

r
+ Vdir (r) + Vexc(r) + Vp(r). (2)

Here, Z is atomic number, r is the distance of the valence
electron with respect to the origin of the coordinates. Vdir (r)
and Vexc(r) denote the direct and exchange interactions of the
valence electron with the core electrons, respectively. The �-
and j-dependent polarization potential Vp(r) can be written as

Vp(r) = −
2∑

k=1

αk
core

2r2(k+1)

∑
�, j

g2
�, j (r)|� j〉〈� j|, (3)

where � and j are the orbital and total angular momenta,
respectively. αk

core is the kth-order static polarizabilities of the
core electrons (α1

core = 10.61 a.u. and α2
core = 46.0 a.u. for

Ba2+ ions [46]), and g2
k,�, j (r) = 1 − exp(−r2(k+2)/ρ

2(k+2)
�, j ).

The cutoff parameters ρ�, j are tuned to reproduce the binding
energies of the ground state and some low-lying excited states,
and the adopted parameters are listed in Table I. The effective
Hamiltonian of the valence electron is diagonalized within a
large S-spinor and L-spinor basis [44,47]. L-spinors can be
regarded as a relativistic generalization of the Laguerre-type
orbitals.

The energy levels of some low-lying states of Ba+ ions
are listed in Table II, comparing with available experimental
energies from the National Institute of Science and Technol-
ogy (NIST) tabulation [48]. It can be found that the present
RCICP results are in good agreement with those from the
NIST tabulation.

TABLE II. Energy levels (cm−1) of some low-lying states of
Ba+ ions. The relevant energies are given relatively to the energy
of the core Ba2+. The experimental data are taken from the National
Institute of Science and Technology (NIST) tabulation [48].

States J RCICP Expt.

6s 1/2 −80686.30 −80686.30
5d 3/2 −75812.45 −75812.45

5/2 −75011.49 −75011.49
6p 1/2 −60424.74 −60424.74

3/2 −58733.91 −58733.90
7s 1/2 −38273.33 −38331.13
6d 3/2 −34419.10 −34736.83

5/2 −34209.99 −34531.45
4 f 5/2 −32427.67 −32427.68

7/2 −32202.99 −32202.97
7p 1/2 −31250.17 −31296.48

3/2 −30628.92 −30674.96
8s 1/2 −22625.21 −22661.09
5 f 5/2 −22623.81 −23295.38

7/2 −22387.30 −23054.56
7d 3/2 −20709.15 −20886.05

5/2 −20611.83 −20791.37
8p 1/2 −19336.49 −19346.77

3/2 −19011.94 −19044.33

III. RESULTS AND DISCUSSION

A. Dipole transition matrix elements

The E1 transition matrix elements are calculated with a
modified dipole transition operator given by [49–53]

D = r −
[

1 − exp

(
− r6

ρ6

)]1/2
α1

corer
r3

. (4)

The cutoff parameter ρ is 2.4596 a.u., generated as ρ =
1
6 (2ρs1/2 + ρp1/2 + ρp3/2 + ρd3/2 + ρd5/2 ).

Table III lists the presently calculated E1 reduced ma-
trix elements for some important transitions, along with
a comparison with some available theoretical [54–59] and
experimental results [60–65]. The uncertainties of the ma-
trix elements given in the table are estimated using the
method in our previous calculations for Cs atoms [66]. For
the resonant 6s1/2 → 6p1/2,3/2 transitions, which are domi-
nant contributing to the polarizability of the ground state,
the present RCICP results are found to be smaller than
the experimental [61] and theoretical results [54–59] by
only about 1.5%. For the 5d3/2,5/2 → 6p1/2,3/2, 5d3/2,5/2 →
4 f5/2,7/2, 6p1/2,3/2 → 7s1/2, and 6p1/2,3/2 → 6d3/2,5/2 transi-
tions, the reduced matrix elements are all larger than 1.0 a.u.,
and the present RCICP results agree very well with the
experimental and other theoretical results. The agreement
with the measurements is better than 2%. Moreover, for the
6s1/2 → 7p1/2,3/2, 6s1/2 → 8p1/2,3/2, 5d3/2,5/2 → 7p1/2,3/2,
and 5d3/2,5/2 → 8p1/2,3/2 transitions, the reduced matrix ele-
ments are all less than 1.0 a.u. and no experimental results can
be found. Nevertheless, the present results show a good agree-
ment with the calculations from the relativistic many-body
perturbation theory all-order method (RMBPT all-order) [58],
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TABLE III. Reduced E1 matrix elements (a.u.) for principal transitions of Ba+ ions. The numbers in the parentheses are uncertainties.

RMBPT SD
Transitions RCICP RCCa [54] all-orderb [58] RCCSDTc [55] all-orderd [59] LCCe [56] SDpTf [57] Expt.

6s1/2 → 6p1/2 3.275(47) 3.36(1) 3.310 3.3266 3.3357 3.3710 3.36(4) [60],
3.3251(21) [61],
3.327(7) [62]

6s1/2 → 6p3/2 4.637(67) 4.73(3) 4.674 4.6982 4.7065 4.7569 4.55(10) [60],
4.7017(27) [61],
4.705(11) [62],
4.720(40) [63]

6s1/2 → 7p1/2 0.10(5) 0.10(1) 0.099 0.1193 0.0621 0.061 0.0607
6s1/2 → 7p3/2 0.04(2) 0.17(5) 0.035 0.3610 0.0868 0.087 0.0858
6s1/2 → 8p1/2 0.11(6) 0.11(5) 0.115 0.4696 0.087 0.0866
6s1/2 → 8p3/2 0.06(3) 0.11(5) 0.073 0.5710 0.033 0.0334
5d3/2 → 6p1/2 3.033(29) 3.11(3) 3.055 2.9449 3.034 3.0957 2.90(9) [60],

3.0413(21) [64]
5d3/2 → 6p3/2 1.336(13) 1.34(2) 1.334 1.2836 1.325 1.3532 1.54(19) [60],

1.349(36) [63],
1.33199(96) [65]

5d3/2 → 7p1/2 0.23(3) 0.28(2) 0.261 0.3050 0.2775
5d3/2 → 7p3/2 0.14(2) 0.16(1) 0.147 0.1645 0.1548
5d3/2 → 8p1/2 0.10(5) 0.13(2) 0.119 0.1121 0.1349
5d3/2 → 8p3/2 0.07(3) 0.07(2) 0.070 0.0650 0.0769
5d3/2 → 4 f5/2 3.671(35) 3.75(11)
5d5/2 → 6p3/2 4.105(39) 4.02(7) 4.118 3.9876 4.080 4.103 4.1631 4.35(5) [60],

3.945(66) [63],
4.1028(25) [65]

5d5/2 → 7p3/2 0.39(6) 0.46(1) 0.432 0.4788 0.451 0.4500
5d5/2 → 8p3/2 0.18(3) 0.21(2) 0.206 0.1926 0.223 0.2239
5d5/2 → 4 f5/2 1.002(9) 1.08(4) 0.998
5d5/2 → 4 f7/2 4.500(42) 4.84(5) 4.475
6p1/2 → 7s1/2 2.499(23) 2.44(4) 2.493 2.3220 2.4770
6p1/2 → 6d3/2 4.823(45) 4.89(10) 4.8793
6p3/2 → 7s1/2 3.886(37) 3.80(2) 3.882 3.6482 3.8587
6p3/2 → 6d3/2 2.303(22) 2.33(7) 2.3287
6p3/2 → 6d5/2 6.828(64) 6.91(21) 6.9095

aRelativistic coupled-cluster (RCC) method.
bRelativistic many-body perturbation theory all-order (RMBPT all-order) method.
cRelativistic single-double coupled cluster method with some important valence triple excitations (RCCSDT).
dSingle-double all-order (SD all-order) method.
eLinearized coupled-cluster (LCC) method.
fSingle-double all-order method including partial triple excitations (SDpT) method.

where the largest difference is no more than 22% occurring at
0.06 a.u. for the 6s1/2 → 8p3/2 transition.

B. Static dipole polarizabilities

The dynamic dipole scalar and tensor polarizabilities of the
state i can be given by

αS
i (ω) =

∑
n

f (1)
i→n

�E2
n→i − ω2

(5)

and

αT
i (ω) = 6

√
5 ji(2 ji − 1)(2 ji + 1)

6( ji + 1)(2 ji + 3)

×
∑

n

(−1) jn+ ji

{
1 1 2
ji ji jn

}
f (1)
i→n

�E2
n→i − ω2

, (6)

respectively. Here, �En→i = En − Ei is the transition energy
and ω is the laser frequency. ji is the total angular momenta
of the state i. The E1 oscillator strength f (1)

i→n is defined as

f (1)
i→n = 2|〈βn jn‖D‖βi ji〉|2�En→i

3(2 ji + 1)
. (7)

Where β represents all additional angular momenta in addi-
tion to the total angular momenta j. The total dynamic dipole
polarizability for a specific magnetic component m of the state
i can be expressed as

αi(ω) = αS
i (ω) + 3m2 − ji( ji + 1)

ji(2 ji − 1)
αT

i (ω). (8)

If ω = 0, Eqs. (5), (6), and (8) are reduced to the static
polarizabilities.

032803-3



JIANG, MA, WANG, DONG, AND WU PHYSICAL REVIEW A 103, 032803 (2021)

TABLE IV. Comparison of the static dipole scalar and tensor
polarizabilities (a.u.) of the low-lying states 6s1/2, 6p1/2,3/2, and
5d3/2,5/2 of Ba+ ions with available experimental and theoretical re-
sults. (RCICPC results are calculated by replacing the present RCICP
reduced matrix elements of the 6s1/2 → 6p1/2,3/2 transitions with the
experimental results from Ref. [61]).

Methods αS αT

6s1/2

RCICP 121.31(2.79)
RCICPC 124.50(10)
DHFCP-LMM [67] 120.74(9)
RCCSD(T) [68] 123.7(5)
RCCSD [69] 123.18
DK rel. CCSD(T) [70] 123.07
Nonrel.+sum-over [71] 126.2
Nonrel.+sum-over [72] 124.7
SD all-order [59] 124.15
RCCSD(T) [73] 124.26(1.0)
SDpT [57] 124.51
Expt. [74] 123.88(5)
Expt. [75] 125.5(10)
Expt. [76] 124.30(16)

6p1/2

RCICP 22.22(1.82)
RCICPC 21.90(5)
DHFCP-LMM [67] 22.39(41)
RCCSD [69] 20.46

6p3/2

RCICP 45.77(1.86) 3.26(98)
RCICPC 45.87(4) 4.09(4)
DHFCP-LMM [67] 45.86(36) 3.110(86)
RCCSD [69] 45.53 4.70

5d3/2

RCICP 49.81(51) −21.53(46)
DHFCP-LMM [67] 49.438(26) −21.403(93)
RCCSD [69] 53.80 −22.92
RCCSD(T) [68] 54.17(250) −22.19(4)
RCCSD(T) [73] 48.81(46) −24.62(28)

5d5/2

RCICP 50.21(56) −29.43(52)
DHFCP-LMM [67] 49.832(28) −29.183(120)
LCC [56] 50.6(1.2) − 29.8(7)
RCCSD [69] 56.53 −31.83
RCCSD(T) [68] 56.87(240) −32.17(3)
RCCSD(T) [73] 50.67(58) −30.85(31)

Table IV lists the presently calculated static dipole
scalar and tensor polarizabilities for the 6s1/2, 6p1/2, 6p3/2,
5d3/2, and 5d5/2 states of Ba+ ions. These polarizabilities
are compared with some available theoretical and exper-
imental results. For the ground state 6s1/2, the present
RCICP result is in excellent agreement with the calculation
of the semiempirical-core-potential Dirac-Hartree-Fock ap-
proach and the Lagrange-mesh method (DHFCP-LMM) [67],
which is similar to our method except that the Lagrange
bases are used. The difference is found to be less than 0.5%.
However, the present result of 121.31 a.u. is smaller than
the experimental [74–76] and other theoretical [57,59,68–

TABLE V. Pseudospectral oscillator strength distribution for
Ba2+ ions. The transition energies �En→i are given in a.u.

n �En→i fn

1 1322.014 2.0
2 207.075 2.0
3 194.976 6.0
4 45.200 2.0
5 39.959 6.0
6 30.322 10.0
7 9.476 2.0
8 7.469 6.0
9 3.921 10.0
10 1.433 2.0
11 0.824 6.0

73] values. The reason is that the RCICP reduced matrix
elements of the 6s1/2 → 6p1/2,3/2 transitions are smaller as
discussed above. We recalculated the polarizability of the
6s1/2 state by replacing the RCICP reduced matrix elements
of 6s1/2 → 6p1/2,3/2 transitions with the experimental val-
ues of 3.3251(21) and 4.7017(27) a.u. [61], respectively.
Consequently, the resulting polarizability is improved to be
124.50(10) a.u., labeled by RCICPC in Table IV. This value
shows an excellent agreement with the measurements from
Refs. [74,76] and the calculations of the SD all-order [59],
RCCSDT [73], and SDpT [57] methods. The difference is no
more than 0.5%.

For the 6p1/2 state, the present RCICP polarizability is
also in good agreement with the DHFCP-LMM result [67],
while it differs from the RCICPC result by about 1.5%. For the
6p3/2 state, the RCICP and RCICPC scalar polarizabilities are
very consistent with each other, and agree excellently with the
DHFCP-LMM [67] and RCCSD [69] calculations. However,
the present RCICP tensor polarizability is different from the
RCICPC result by about 25%, and the RCICPC value lies
between the DHFCP-LMM and RCCSD values. Moreover,
for the 5d3/2 and 5d5/2 states, the present RCICP results are
in good agreement with the results of the DHFCP-LMM [67],
LCC [56], and RCCSD(T) [73].

C. Dynamic polarizabilities

In the calculations of dynamic polarizabilities, the RCICP
reduced matrix elements of the 6s1/2 → 6p1/2,3/2 transitions
are replaced by the experimental values of 3.3251(21) a.u.
and 4.7017(27) a.u. [61] to generate the polarizability more
accurately. The dynamic polarizability of the core Ba2+

is calculated by using a pseudospectral oscillator strength
distribution [77–79]. Such a distribution is derived from
single-particle Hartree-Fock energies of the core and is listed
in Table V.

1. Tune-out wavelengths

Figure 1 shows the dynamic polarizabilities of the 6s1/2

state, in which three presently obtained tune-out wavelengths
are identified with arrows. One of them, 480.658(18) nm, is
located in the visible region and lies between the 6s1/2 →
6p1/2 and 6s1/2 → 6p3/2 transitions. Another two tune-out
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FIG. 1. Dynamic polarizabilities (a.u.) of the ground state of Ba+

ions. Three tune-out wavelengths are identified with arrows. The
vertical dotted lines indicate the positions of the resonant 6s1/2 →
np1/2,3/2 transitions.

wavelengths, 202.576(140) and 199.969(19) nm, are located
in the ultraviolet region and are very close to the resonant
wavelengths of the 6s1/2 → 7p1/2 transition and 6s1/2 →
7p3/2 transition, respectively. Table VI lists the breakdowns
of the contributions to the polarizability at these three tune-out
wavelengths. The notation “Remains” in the table represents
the contributions from highly excited bound and continuum
states of the valence electrons. The “Core” denotes the con-
tributions from excitations of core electrons. Apparently, at
the tune-out wavelength of about 480 nm, the contributions
to the polarizability are dominated by the 6s1/2 → 6p1/2 and
6s1/2 → 6p3/2 transitions and the contributions from other
transitions are negligibly small. This tune-out wavelength
arises from a cancellation of the 6s1/2 → 6p1/2 and 6s1/2 →
6p3/2 contributions. Therefore, the relation of the breakdowns
of these contributions can be written as

0 = f6s1/2→6p1/2

[
1(

�E2
6p1/2→6s1/2

− ω2
) + R6p

�E2
6p3/2→6s1/2

− ω2

]

+αrem(ω). (9)

TABLE VI. Breakdowns of the contributions to the dynamic
polarizabilities (a.u.) at different tune-out wavelengths of the ground
state of Ba+ ions.

λ (nm) ∞ 480.658(18) 202.576(140) 199.969(19)

6p1/2 39.92(5) −734.59(90) −8.09(2) −7.84(1)
6p3/2 73.67(8) 723.54(84) −18.16(15) −17.59(2)
7p1/2 0.01(2) 0.02(2) 14.42(10) −0.59(74)
7p3/2 0.01(1) 0.01(1) 0.08(11) 14.24(71)
Remains 0.28(3) 0.29(3) 0.40(4) 0.41(4)
Core 10.61 [46] 10.73 11.35 11.37
Total 124.50(10) 0.00(1.23) 0.00(22) 0.00(1.03)

Here, R6p is the ratio of the oscillator strengths of the 6s1/2 →
6p1/2,3/2 transitions and αrem(ω) denotes the remainders (ex-
cluding the 6s1/2 → 6p1/2,3/2 transitions) of the polarizability.
With the use of Eq. (9) and by combining the accurate ex-
perimental oscillator strength of the 6s1/2 → 6p1/2 transition,
the measurements of the 480-nm tune-out wavelength can
be used to determine the ratio R6p with high accuracy. If
this tune-out wavelength is measured with infinitely good
accuracy, the uncertainty of R6p arises from the uncertain-
ties of f6s1/2→6p1/2 and αrem(ω). Combining the most accurate
experimental f6s1/2→6p1/2 [61] and the presently calculated
αrem(ω), the uncertainty of R6p is estimated to be about
0.00009 (i.e., 0.004%). If the uncertainty of measured tune-
out wavelength is at a level of 0.001 nm, the uncertainty
of R6p determined by Eq. (9) would be about 0.00013 (ap-
proximately 0.005%), which is nearly one order of magnitude
smaller than the uncertainty of the most accurate experimental
value of 2.1663(32) [61].

2. Magic wavelengths

Determining of the magic wavelengths requires calcula-
tions of the dynamic polarizabilities of the lower and upper
states for given transitions. Figure 2 depicts the dynamic po-
larizabilities of the 6s1/2 and 5d5/2 states with corresponding
magic wavelengths identified. The total polarizabilities for
each of the magnetic sublevels of the 5d5/2 state are also
shown in which both the scalar and tensor components are
included. However, the tensor component can be eliminated
by determining the average ac Stark shift [38]. The upper
panel of Fig. 2 shows the scalar dynamic polarizabilities of
the 6s1/2 and 5d5/2 states. The crossings give rise to the av-
erage magic wavelengths of the 6s1/2 → 5d5/2 transition and
are identified by arrows. Two visible magic wavelengths are
obtained for this transition. One lies between the resonant
wavelengths of 6s1/2 → 6p3/2 and 6s1/2 → 6p1/2 transitions
and the other one is located just exceeding the resonant wave-
length of 5d5/2 → 6p3/2. The lower panel shows the total
dynamic polarizabilities of the 6s1/2 state and the magnetic
sublevels m = 5/2, 3/2, and 1/2 of the 5d5/2 state. Two magic
wavelengths are found for each of the magnetic transitions
except for the 6s1/2 → 5d5/2, m = 5/2 transition. There is
no magic wavelength near the 5d5/2 → 6p3/2 resonance for
the 6s1/2 → 5d5/2, m = 5/2 transition. This is due to the
fact that tensor and scalar contributions of the 5d5/2 → 6p3/2

transition to total dynamic polarizability of 5d5/2, m = 5/2
state cancel with each other (as shown in Table I of the
Supplemental Material [80]). The predicted magic wave-
lengths are also compared with available experimental [38]
and theoretical [56,69] values in Table VII, where a good
agreement can be found with the experiment and theoretical
results.

It is worth to note that the measurements of these magic
wavelengths can be used not only to make an accurate as-
sessment of the room-temperature blackbody radiation (BBR)
shift for the Ba+ clock transition [38], but also to deter-
mine the oscillator strength of the 5d5/2 → 4 f7/2 transition.
To make a further explanation, Table VIII lists the contribu-
tions to the scalar dynamic polarizabilities of the 6s1/2 and
5d5/2 states at the magic wavelengths near 653 and 480 nm.
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FIG. 2. Dynamic polarizabilities (a.u.) of the 6s1/2 and 5d5/2

states of Ba+ ions. The magic wavelengths are identified by arrows.
The vertical dotted lines indicate the positions and wavelengths of
the resonant transitions. The upper panel shows the scalar dynamic
polarizabilities of the 6s1/2 and 5d5/2 states, while the lower panel
shows the total dynamic polarizabilities of the 6s1/2 state and the
magnetic sublevels m = 5/2, 3/2, and 1/2 of the 5d5/2 state.

As can be seen clearly, the polarizability of the 6s1/2 state
is dominated by the resonant 6s1/2 → 6p1/2 and 6s1/2 →
6p3/2 transitions, while the polarizability of the 5d5/2 state
is dominated by the 5d5/2 → 6p3/2 and 5d5/2 → 4 f7/2 tran-
sitions. Based on the definition of the dynamic polarizability

TABLE VIII. Breakdowns of the contributions of individual tran-
sitions to the scalar dynamic polarizabilities (a.u.) of the 6s1/2 and
5d5/2 states at the magic wavelengths near 653 nm and 480 nm.

653 nm 480 nm

RCICP LCC [56] RCICP

6s1/2

6p1/2 93.19(13) 93.11(11) −742.13(28)
6p3/2 143.60(18) 143.51(17) 720.21(57)
Remains 0.31(3) −0.446 0.32(3)
Core 10.68 10.6(5) 10.73
Total 247.78(22) 246.8(6) −10.87(64)

5d5/2

6p3/2 220.86(1.05) 219.5(5.3) −39.90(76)
4 f7/2 13.23(25) 13.08(52) 15.10(28)
Remains 3.01(30) 2.458 3.20(32)
Core 10.68 10.6(5) 10.73
Total 247.78(1.12) 246.8(5.4) −10.87(87)

in Eq. (5), the relation of the contributions from different
transitions can be written as

f6s1/2→6p1/2

�E2
6s1/2→6p1/2

− ω2
+ f6s1/2→6p3/2

�E2
6s1/2→6p3/2

− ω2

= f5d5/2→6p3/2

�E2
5d5/2→6p3/2

− ω2
+ f5d5/2→4 f7/2

�E2
5d5/2→4 f7/2

− ω2

+ (
αrem

5d5/2
(ω) − αrem

6s1/2
(ω)

)
. (10)

Here, αrem
6s1/2

(ω) and αrem
5d5/2

(ω) represent the “Remains” of the
6s1/2 and 5d5/2 states given in Table VIII, respectively. By
combining the precise measurements of magic wavelengths
and oscillator strengths of the 6s1/2 → 6p1/2,3/2 and 5d5/2 →
6p3/2 transitions as well as the transition energies from
NIST [48], the oscillator strength of the 5d5/2 → 4 f7/2 tran-
sition can be determined with the use of Eq. (10). Using the
measurements of f6s1/2→6p1/2,3/2 = 0.3402(5), 0.7370(9) [61],
and f5d5/2→6p3/2 = 0.1387(2) [65], when the uncertainties of
measured magic wavelengths are smaller than 0.005 nm,
the deduced uncertainties of f5d5/2→4 f7/2 should be about 3%
which arises from the uncertainties of experimental oscillator
strengths and (αrem

5d5/2
(ω) − αrem

6s1/2
(ω)). For example, with the

use of the measured magic wavelength 652.913(4) nm [38],
the oscillator strength of the 5d5/2 → 4 f7/2 transition is de-

TABLE VII. Magic wavelengths (nm) for the 6s1/2 → 5d5/2 transition of Ba+ ions. “Average” represents the magic wavelengths that
are determined by the scalar polarizabilities of the 6s1/2 and 5d5/2 states. The numbers in parentheses are the uncertainties estimated by the
uncertainties of the relevant matrix elements.

6s1/2 → 5d5/2

Average m = 5/2 m = 3/2 m = 1/2

RCICP Refs. RCICP RCC [69] RCICP RCC [69] RCICP RCC [69]

652.8(1.0) 652.913(4) (Expt. [38]) 663.6(1.4) 666.64 707.9(3.3) 718.18
653.0(1.3) (LCC [56])

480.78(2) 480.38(2) 480.26 480.86(2) 480.71 481.10(2) 480.93
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FIG. 3. Same as Fig. 2 but for the 6s1/2 and 5d3/2 states of Ba+

ions.

termined to be 0.466(15), which is in good agreement with
theoretical predictions of 0.434 [56] and 0.508(10) [54] as
well as the present RCICP result of 0.439(8) that are all
derived from the reduced matrix elements and experimental
energy levels.

The contributions of individual transitions to the po-
larizabilities of the 6s1/2 state and the magnetic sublevels
m = 5/2, 3/2, and 1/2 of the 5d5/2 state at the corre-
sponding magic wavelengths are given in Table I–III in
the Supplemental Materials [80]. These values are useful to
experimental determination of the 5d5/2 → 4 f7/2 oscillator
strength.

Figure 3 presents the dynamic polarizabilities of the 6s1/2

and 5d3/2 states. The upper panel shows the scalar dynamic
polarizabilities of the 6s1/2 and 5d3/2 states, while the lower
panel shows the total polarizabilities of the 6s1/2 state and
the magnetic sublevels m = 3/2 and 1/2 of the 5d3/2 state.

TABLE IX. Magic wavelengths (nm) for the 6s1/2 → 5d3/2 tran-
sition of Ba+ ions. The numbers in parentheses are the uncertainties.

6s1/2 → 5d3/2

Average m = 3/2 m = 1/2

RCICP RCICP RCC [69] RCICP RCC [69]

692.6(1.1) 757.7(3.9) 767.81
588.33(6) 592.39(14) 592.46 585.982(10) 585.98
480.73(2) 480.539(14) 480.44 480.93(3) 480.81

Similarly to the case in Fig. 2, three magic wavelengths are
found for the 6s1/2 → 5d3/2, m = 1/2 transition, while only
two magic wavelengths are obtained for the 6s1/2 → 5d3/2,
m = 3/2 transition since the tensor and scalar contributions
of the 5d3/2 → 6p1/2 transition to the magnetic sublevel 5d3/2,
m = 3/2 cancel with each other (as shown in Table V of the
Supplemental Material [80]) and the magic wavelength near
the 5d3/2 → 6p1/2 transition vanishes. These magic wave-
lengths are compared with the RCC results [69] in Table IX.
It is found that the present results agree well with the RCC
calculations.

Once again, the polarizabilities at the relevant magic wave-
lengths are also dominated by a few transitions, i.e., the
polarizability of the 6s1/2 state is dominated by the res-
onant transitions 6s1/2 → 6p1/2,3/2, while the polarizability
of the 5d3/2 state is dominated by the 5d3/2 → 6p1/2,3/2

and 5d3/2 → 4 f5/2 transitions. Therefore, by combining the
experimental oscillator strengths of 6s1/2 → 6p1/2,3/2 [61]
and 5d3/2 → 6p1/2,3/2 transitions [65] as well as the tran-
sition energies from NIST [48], the measurements of these
magic wavelengths can be used to determine the oscillator
strength of the 5d3/2 → 4 f5/2 transition. Similarly, if the un-
certainties of measured magic wavelengths are smaller than
0.001 nm, the uncertainties of f5d3/2→4 f5/2 should be about 3%.
Note that the breakdowns of the contributions of individual
transitions to the scalar and total dynamic polarizabilities
of the 6s1/2 and 5d3/2 states at the corresponding magic
wavelengths are listed in Tables IV–VI of the Supplemental
Material [80].

Figure 4 shows the dynamic polarizabilities of the 6s1/2 and
6p3/2 states. Four magic wavelengths are found for each of
the transitions, as shown in Table X. It is worth noting that the
measurements of the three magic wavelengths near 416 nm
can be used to determine the ratio of the oscillator strengths
of the 6p3/2 → 6d3/2 and 6p3/2 → 6d5/2 transitions. Table XI
lists the breakdowns of the contributions to the polarizabilities
of the 6s1/2 and 6p3/2 states at the magic wavelengths near
416 nm. The contributions to the polarizability of the 6p3/2

state at these three magic wavelengths are dominated by the
6p3/2 → 6d3/2 and 6p3/2 → 6d5/2 transitions. Therefore, the
relation of these contributions can be written as

f6s1/2→6p1/2

�E2
6p1/2→6s1/2

− ω2
+ f6s1/2→6p3/2

�E2
6s1/2→6p3/2

− ω2
− f6p3/2→6d3/2

[
A

�E2
6d3/2→6p3/2

− ω2
+ B

R6d

�E2
6d5/2→6p3/2

− ω2

]
= αrem

6p3/2
(ω) − αrem

6s1/2
(ω),

(11)
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FIG. 4. Same as Fig. 2 but for the 6s1/2 and 6p3/2 states of Ba+

ions.

where R6d = f6p3/2→6d5/2/ f6p3/2→6d3/2 . αrem
6s1/2

(ω) represents the
remaining contributions to the dynamic polarizability of
the 6s1/2 state besides the dominant contributions from the
6s1/2 → 6p1/2,3/2 transitions, while αrem

6p3/2
(ω) has a similar

meaning but for the 6p3/2 state besides the 6p3/2 → 6d3/2,5/2

transition. Moreover, the coefficients A and B are equal to 1 for
the average magic wavelengths, while, for the magic wave-
lengths corresponding to each of the magnetic transitions, A
and B are given by

A = 1 + 2
√

6

5

(
4

5
m2 − 1

)
(12)

and

B = 1 +
√

6

10

(
1 − 4

5
m2

)
. (13)

Since precise experimental oscillator strengths f6s1/2→6p1/2 and
f6s1/2→6p3/2 can be obtained, as mentioned above, the measure-
ments of these magic wavelengths near 416 nm could enable
an high-precision determination of the ratio between the os-
cillator strengths of the 6p3/2 → 6d3/2 and 6p3/2 → 6d5/2

transitions with the use of Eq. (11).
It is also worth mentioning that the tensor and scalar con-

tributions of the ns1/2 → 6p3/2 transitions (n = 6, 7, 8, . . . ) to
the magnetic sublevel 6p3/2, m = 3/2 cancel with each other
(as shown in Tables VIII of the Supplemental Material [80]),
and the ns1/2 → 6p3/2 (n = 6, 7, 8, . . . ) transitions make no
contribution to the total polarizability of the sublevel 6p3/2,
m = 3/2. As a result, the remainder part of the polarizabil-
ity of the sublevel 6p3/2, m = 3/2 is much smaller than the
remainders of the average polarizability of the 6p3/2 state
and of the polarizability of the sublevel 6p3/2, m = 1/2, as
shown in Table XI. The remainder part is found to be less than
1% of the contributions of the 6p3/2 → 6d3/2,5/2 transitions
to the polarizability of the sublevel 6p3/2, m = 3/2. In this
case, the value of R6d determined by the 416.060(14)-nm
magic wavelength of the 6s1/2 → 6p3/2, m = 3/2 transition
should be more accurate than the values determined by an-
other two 416-nm magic wavelengths, i.e., 416.395(8) nm
for the average magic wavelength and 416.660(2) nm for the
6s1/2 → 6p3/2, m = 1/2 transition.

A further analysis for the uncertainties of R6d is made
as follows. If the 416-nm magic wavelength of the 6s1/2 →
6p3/2, m = 3/2 transition is measured with an accuracy of
0.001 nm, the uncertainty of R6d arises from the uncertain-
ties of the experimental oscillator strengths of the 6s1/2 →
6p1/2,3/2 transitions, the oscillator strength of the 6p3/2 →
6d3/2 transition, and αrem

6p3/2
(ω) − αrem

6s1/2
(ω), and it is estimated

to be about 0.2%. Moreover, when the magic wavelength is
close to resonant wavelength, radiative line widths of the ex-
cited levels would have an impact on polarizabilities. By using
the method presented in Refs. [81,82], the dynamic scalar and
tensor polarizabilities for the state i should be expressed as

αS
i (ω) =

∑
n

f (1)
i→n

2�En→i
G+(n, i, ω) (14)

TABLE X. Magic wavelengths (nm) for the 6s1/2 → 6p1/2,3/2 transitions of Ba+ ions. The numbers in parentheses are the uncertainties.

6s1/2 → 6p3/2

Average m = 3/2 m = 1/2 6s1/2 → 6p1/2

RCICP RCICP RCC [69] RCICP RCC [69] RCICP RCC [69]

589.48(12) 593.47(18) 593.40 586.22(3) 586.24 599.09(82) 599.28
557.06(79) 561.17(46) 561.01 550.8(1.7) 552.60 468.97(10) 468.90

475.81 (8) 475.72 451.69(2) 451.73
416.395(8) 416.060(14) 416.06 416.660(2) 416.66
354.5(2.4) 358.9(2.6) 360.63

032803-8



TUNE-OUT AND MAGIC WAVELENGTHS OF Ba+ … PHYSICAL REVIEW A 103, 032803 (2021)

TABLE XI. Breakdowns of the contributions of individual transitions to the polarizabilities (a.u.) of the 6s1/2 and 6p3/2 states at the magic
wavelengths near 416 nm. 6p3/2 means average polarizability of the 6p3/2 state, i.e., the tensor components are eliminated by determining the
average ac Stark shift.

416.395(8) nm 416.060(14) nm 416.660(2) nm

6s1/2 6s1/2 6s1/2

6p1/2 −98.60(12) −98.05(12) −99.03(13)
6p3/2 −374.32(43) −370.69(41) −377.24(43)
Remains 0.32(3) 0.32(3) 0.32(3)
Core 10.78 10.78 10.78
Total −461.82(45) −457.64(44) −465.17(45)

6p3/2 6p3/2, m = 3/2 6p3/2, m = 1/2
6d3/2 −5215.87(92.06) −4597.89(56.85) −5843.34(671.32)
6d5/2 4582.84(86.94) 4088.28(100.44) 5085.53(81.29)
Remains 160.44(5.54) 41.20(98) 281.86(7.84)
Core 10.78 10.78 10.78
Total −461.82(126.74) −457.64(115.42) −465.17(676.27)

and

αT
i (ω) = 6

√
5 ji(2 ji − 1)(2 ji + 1)

6( ji + 1)(2 ji + 3)

∑
n

(−1) jn+ ji

×
{

1 1 2
ji ji jn

}
f (1)
i→n

2�En→i
G+(n, i, ω), (15)

respectively. The coefficient G+(n, i, ω) can be written as

G+(n, i, ω) = 1

�En→i − ω − i	(ω)/2

+ 1

�En→i + ω + i	(ω)/2
. (16)

Here, 	(ω) = γ ( 2�E2
n→iω

2

�E4
n→i+ω4 ) [81]. γ is the full width at

half maximum for the case of no external field. The full

FIG. 5. Dynamic polarizabilities (a.u.) for the 6s1/2 and 6p1/2

states of Ba+ ions. The magic wavelengths are identified by arrows.
The vertical dotted lines identify the positions and wavelengths of
the resonant transitions.

widths at half maximum of the excited levels 6p1/2,3/2 were
derived from the experimentally measured lifetimes from
Refs. [83,84]. Then we recalculated magic wavelengths near
416 nm by using Eqs. (14)-(16) above. Our calculations show
that the influence of the radiative line widths on the magic
wavelengths near 416 nm is only at the level of 10−12 nm.
Therefore, the influence of the radiative line widths on the
determination of R6d by the 416-nm magic wavelength is
negligible.

The dynamic polarizabilities of the 6s1/2 and 6p1/2 states
are presented in Fig. 5. Three visible magic wavelengths are
found. The transitions from the 6p1/2 to ns1/2 (n = 6, 7, 8) and
nd3/2 (n = 5, 6, 7) states make significant contributions to the
6p1/2 polarizability at these magic wavelengths. Therefore,
it is hardly possible to determine the oscillator strengths by
measuring these magic wavelengths.

IV. CONCLUSIONS

The energy levels, E1 matrix elements, and the static and
dynamic polarizabilities of the low-lying states of Ba+ ions
have been calculated by using the RCICP method. Three
tune-out wavelengths of the ground state are determined,
among which there is one visible 480-nm tune-out wave-
length located between the 6s1/2 → 6p1/2,3/2 transitions. The
480-nm tune-out wavelength is mainly caused by the cancel-
lation of the contributions from the resonant transitions of
6s1/2 → 6p1/2 and 6s1/2 → 6p3/2. Accurate measurements of
this tune-out wavelength could be used to determine the ratio
of the oscillator strengths of the 6s1/2 → 6p1/2 and 6s1/2 →
6p3/2 transitions. If the measurement of tune-out wavelength
is at a precision of 0.001 nm, the uncertainty of the predicted
oscillator strength ratio of 6s1/2 → 6p1/2 and 6s1/2 → 6p3/2

transitions should be at a level of 0.00013 (approximately
0.005%).

In addition, the magic wavelengths of the 6s1/2 →
6p1/2,3/2 and 6s1/2 → 5d3/2,5/2 transitions are also deter-
mined. The contributions to the dynamic polarizabilities at
most of the magic wavelengths are dominated by only a
few transitions. We suggest that the measurements of the
magic wavelengths for the 6s1/2 → 5d5/2 transition and its
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magnetic sublevel transitions could be used to determine the
oscillator strength of the 5d5/2 → 4 f7/2 transition. Using the
existing experimental oscillator strengths, if the uncertainties
of measured magic wavelengths are smaller than 0.005 nm,
the uncertainties of f5d5/2→4 f7/2 should be about 3%. For ex-
ample, the oscillator strength of the 5d5/2 → 4 f7/2 transition
is determined to be 0.466(15) by using the measured magic
wavelength of 652.913(4) nm [38]. The measurements of
the magic wavelengths for 6s1/2 → 5d3/2 transition and its
magnetic sublevel transitions could be used to determine
the oscillator strength of the 5d3/2 → 4 f5/2 transition, while
the measurements of the magic wavelengths near 416 nm
for the 6s1/2 → 6p3/2 transition could be used to determine
the ratio of oscillator strengths for the 6p3/2 → 6d3/2 and
6p3/2 → 6d5/2 transitions. If the 416-nm magic wavelength
of the 6s1/2 → 6p3/2, m = 3/2 transition is measured with an

accuracy of 0.001 nm, the uncertainty of determined oscillator
strength ratio would be about 0.2%.
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