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Disorder and structural imperfections are unavoidable and challenge wave engineering. Therefore, methods to
reduce disorder and its effects are persistently sought for. Here, we theoretically explore a kind of a bulk mode
that is supported by a periodic coupled resonator waveguide with odd length. Although it is a bulk mode, its
eigenfrequency is unaffected by disorder, and furthermore, its corresponding eigenvector is stationary under the
influence of moderate disorder. Therefore, as we prove analytically and demonstrate numerically, the resonant
transmission near its eigenfrequency exhibits substantially reduced sensitivity to disorder compared to any other

frequency in the passband.
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I. INTRODUCTION

Disorder is unavoidable in any analog system, either nat-
ural or manmade, due to impurities, structural defects, and
fabrication tolerances which imply the precision at which the
system may be implemented. An important consequence of
disorder is reduced diffusion and mode localization that were
originally introduced by Anderson [1] for electronic lattices
with on-site disordered potential. However, Anderson local-
ization is a much broader wave phenomenon that applies to
any kind of wave system that exhibits disorder, either photonic
[2-7], acoustic [8,9], elastic [10], etc. Active research on
disorder in discrete one-dimensional (1D) lattices has been
carried out already before Anderson’s work. Dyson [11] ex-
plored analytical solutions for the dynamics of disordered
1D lattices in what he coined as the “one-dimensional glass”
model. Following Dyson, additional aspects of disordered 1D
crystals have been studied by several authors [12—16].

Occasionally, localization is considered as a desired prop-
erty, e.g., for random lasing [17,18] or even, surprisingly, to
induce protected edge states [19,20]. However, typically, it is
regarded as a challenge since it leads to reduced transport.
Therefore, venues to overcome the effect of disorder, as well
as scenarios in which it has weaker influence, are constantly
sought.

Mode localization, and thereby reduced transport, is a
consequence of the coupling between a degenerate pair of
counterpropagating waves along a scattering path. Therefore,
systems with broken time-reversal symmetry are considered
useful to reduce the localization effect as they revoke the
underlying physics behind it. These include strongly nonre-
ciprocal systems such as one-way guiding structures [21-27]
and topologically protected systems with broken time-reversal
symmetry [28-31]. However, breaking time-reversal symme-
try is not a trivial task as it requires the application of external
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biasing, such as static magnetization [21-23], space-time
modulation [24,25,32], or motion [26,27,33]. Therefore, it is
interesting to seek for systems that are time-reversal but yet
exhibit weaker effect by the presence of disorder. Thus, in this
paper we explore the transmission through one-dimensional,
time-reversal, coupled resonator waveguides with disorder
present in their coupling coefficients.

One dimensional lattices with disordered off-diagonal cou-
pling coefficients have been studied for decades already. They
were first introduced as the “Case I’ disorder in Dyson’s work
[11] and later explored in the context of the one-dimensional
XY model [34]. In photonics, Anderson localization in opti-
cal waveguides with off-diagonal coupling disorder has been
shown in Ref. [6]. Interestingly, it has been argued that the
zero-energy (midband) state is delocalized regardless of the
probability distribution of the coupling coefficients [35], and
their density of states at that energy vicinity is singular [36].
Nevertheless, Soukoulis and Economou [37] have established
that, although the localization length of the zero-energy state
diverges at infinity, it should yet be considered as localized
since the transmission coefficient approaches zero as the size
of the system approaches infinity. Leaving aside the infinite
lattice, for a finite lattice, by calculating the Landauer con-
ductance of electrons, the delocalization effect at the midband
energy has been shown to be present if and only if the lattice
size is odd [38], and the density of states at that center en-
ergy exhibits significantly different behavior for odd and even
lattice lengths [39].

In recent years the topologically protected zero-frequency
(midgap) edge modes of the dimer lattice, the Su-Schreifer-
Heeger (SSH) model, have been suggested for disorder
immune analog signal processing [40] and have been shown
to be robust also in terms of input impedance [41]. In contrast
to the use of topologically protected disorder immune edge
modes, and in accord with Refs. [38,39], in this paper we
revisit the problem of resonant wave transmission through a
finite lattice with disordered coupling coefficients, this time
based on a bulk mode. As a case study we focus on the
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FIG. 1. (a) Unit cell of the trimer lattice. (b) Typical dispersion
for k1 = 0.1wy, k5 = 0.08wy, and v = 0.09wy.

trimerized unit-cell lattice, and we calculate the transmission
between two wave ports that are connected at the edges of the
lattice. We express the transmission in the disordered lattice
and show that the transmission at a narrow frequency band
about the passband midfrequency is stationary with respect
to substantial disorder. Moreover, we study numerically by
Monte Carlo simulations the robustness of the wave transmis-
sion through the lattice and explore not only the magnitude
of the transmission coefficient but also the group delay, which
is important in the context of disorder immune optical and
acoustic coupled resonator waveguides.

II. THE TRIMERIZED LATTICE

We explore the transmission through a coupled resonator
lattice with trimerized unit cells as illustrated in Fig. 1(a).
Each unit cell in the lattice consists of three identical res-
onators, resonating at wg, bonded by two intracell coupling
coefficients, k| and «;, and one intercell coupling coefficient,
v. The lattice dynamics obeys the following:

idf,l) = woa,(ll) + /qa,(lz) + vaf_)l, (1a)
ia? = wa?® + k1ad + k2a?, (1b)
ial) = wpal + k2ad +vall)|, (Ic)

where ai,j )(t) denotes the mode amplitude of the jth resonator

in the nth unit cell, and &5 (t) = da$’/dt. See, e.g., Ref. [42]
for electronic circuit implementation of a similar model. The
dispersion of the lattice guided modes is derived in Appendix
A and a typical dispersion diagram is shown in Fig. 1(b)
for k1 = 0.1wy, k2 = 0.08wp, and v = 0.09wy. In Fig. 1, ¢
stands for the Floquet-Bloch phase, and & = w — wy is the
tuned radial frequency about the resonance frequency of an
isolated resonator. The trimer lattice is particularly interest-
ing as it gives rise to various modal properties. It may be
inversion symmetric when two of the three coupling coef-
ficients are identical, e.g., x; = k3 # v. In that case it can
be either topologically trivial, supporting no edge modes, or
topologically nontrivial, supporting four edge modes, two at
each edge. However, for the general case k| # k> # v, due to
its broken inversion symmetry, integer topological numbers
cannot be associated with its band structure [43] (see also
Appendix B). And therefore, as opposed to the SSH model,
the bulk-boundary correspondence [44,45] becomes invalid,
where the edge states in the inversion-symmetry broken phase
only appear at a single edge. This implies that the idea of
topological protection in this system is in general indirect, if
applicable at all. Nevertheless, these chiral edge states still

remain relatively robust to substantial disorder [46]. However,
as in the SSH model, their exponential nature imposes chal-
lenges on their practical use.

A. Disorder insensitive bulk mode

For a finite trimer lattice with N unit cells, Eq. (1) can be
used to write the system’s Hamiltonian, 7, as a tridiagonal
3N x 3N matrix. Consider the eigenvalue problem Hx; =
@;x; with eigenvalues @; and eigenvectors x; (j € [1, 3N]).
The eigenvalues may be found by solving det(H — @Z) = 0,
where Z denotes the 3N x 3N identity matrix. In this case
the determinant can be easily calculated using the recurrence
formula fj = @fj_] — bj_]Cj_1f/‘_2, where f_1 = 0, f() = 1,
and f; = @. Here, b; and c¢; denote the elements on the first
sub- and superdiagonals, respectively. Moreover, b; = ¢; as
can be easily verified by the requirements for time reversibility
and energy conservation [47]. For the ordered lattice {b;} =
{...,k1,K2,V,Kq,...}. Since we have N trimerized unit cells,
det(H — @Z) = f3y. In light of the recursion formula above,
clearly, f; ~ @ for any odd j. Therefore if the lattice consists
of an odd number of unit cells it is certain that there exists
a mode, say with index j = m, with zero eigenvalue @, = 0
[48]. In the following, this mode is termed the zero-frequency-
mode. Note that the eigenvalue @,, = 0 exists regardless of the
actual values of the Hamiltonian off-diagonal terms b; and
c¢;j. Consequently, it remains an eigenvalue in the presence of
any disorder in the lattice coupling coefficients. In the follow-
ing we show that the eigenvalue robustness implies weaker
sensitivity of the corresponding eigenvector and thereby of
the transmission about that frequency. To that end we employ
eigenvalue perturbation theory. We stress that here we do not
follow the typical perturbation theory analysis which starts
by postulating the invariance of the eigenvector under per-
turbation in order to evaluate the effect on the corresponding
eigenvalue. Here, instead, as a mathematical fact we know, as
we discuss above, that the mth eigenvalue is invariant under
the influence of disorder, and we seek to find the effect on the
eigenvector.

Resorting to the theory of eigenvalue perturbation [49], let
us denote by 7 the perfect lattice Hamiltonian and by 87
an additive random perturbation that is caused by disorder in
the lattice’s coupling coefficients. Under the definitions above,
the Hamiltonian of the disordered lattice reads H = H + 8.
Assuming that the eigenvalues and eigenvectors of the unper-
turbed Hamiltonian 7 are denoted by an “over-hat,” ) ; and
X;. Then, for the distorted system H, up to the first order in
8H we may approximate the eigenvalues as

;= )+ %] SHR; 2)
and their corresponding eigenvectors as

Xp AR+ [RISHE; /(@) — )] 3)
k]

Equation (2) and (3) apply for any mode of the disordered
lattice. In particular, for the zero-frequency mode, Eq. (2) im-
plies that .%,f,é";'—[fcm = 0. Since x,, # 0 and §H is not a rotation
matrix, we conclude that x,, has to belong to the null-space
of §H, namely, §HX,, = 0, where 0 denotes the 1 x 3N zero
vector (see also Appendix C). Applying Eq. (3), we obtain that
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zero-frequency eigenvector is stationary under the influence of
disorder, i.e.,

Xy =Xy + OH?), 4)

as opposed to any other mode of the lattice. We should be
careful here and stress that this result is based on a first-order
derivation in 67, and therefore, as the perturbation increases
too much, the effect on the zero-frequency eigenvector will
increase as well. Yet, it is clear now that the zero-frequency
eigenvector is substantially less sensitive to lattice disorder
compare to any other mode—including the supported local-
ized edge modes.

B. Transmission with reduced sensitivity to disorder

Up to this point we have considered only the influence
of disorder over the modal properties of the lattice. In the
following we study the transmission through a disordered
trimerized lattice using the Green’s function approach. For
the transmission problem, the coupled mode equations for the
source-free system in Eq. (1) should be modified to include
the input and output ports. To that end, the equations for the
first and last resonators in the lattice are rewritten as

1 _

ia;’ = (wg — ly)a +Kla(2)—‘ridSm, (®))

- (3)

iald) = (wo — +2ay’, (6)

zy)a
where y is the decay rate induced by the coupling with the
input or output port [47], d = /2y is the coupling coefficient
between the resonator and the input or output port [50], and
Sin = So exp (—iwt) is the input signal with amplitude S, and
radial frequency w. Since the excitation is time harmonic
and the system is linear and time invariant, the steady state
response will be also harmonic and at the same frequency.
Therefore, it is convenient to associate each time-harmonic
signal at frequency w to a complex amplitude denoted by a
tilde. Thus, for the incoming 51gnal we have Sj, = Sy. Fol-
lowing this notation we use @ = [a1 , aﬁ”, R ~(2) at )]T for
the complex amplitude of all the resonators in the lattlce We
moreover define the input signal vector as S, = SoW?, where
Wﬁ =[1,0,0,...,0]is a1l x 3N vector. Then, the resulting
complex mode amplitudes are found by solving the linear
system

Zo — iyU — H)a = idS;,. (7

Here, U = diag{1, 0,0, .., 0, 1} is a 3N x 3N diagonal matrix
that we use in order to include the complex resonance fre-
quencies at the first and last resonators. Once found, a is used
to calculate the output signal Sout = d&ﬁ) and the complex
amplitude transmittance
T((D) = Sout/Sin, ®)
from which the power transmittance T (@) = | T (@®)|* and the
group delay t,(®) = d arg[T (w)]/d® are found. In order to
solve Eq. (7) for the complex amplitudes a@ we first expand
the input vector S, in terms of the eigenvectors of H + iyU,
denoted here with x;. Thus, S;, = Zj(xjrsin)x 7, and conse-

quently we may write
0= [
J

where @; is the resonance frequency of the jth mode. The
resonance frequencies of the lattice with the two ports become
complex due to the out-coupling terms y. They are given by
Eq. (2), with 6H — 6H — iyU, as

oA | sTears.
W~ wj+X; SHX;

/(@ —@))]x;, ©)

iy &1 U, (10)

and similarly the eigenvectors are given by Eq. (3) as
oT
XLSHK R #Hug;
4~xj+E ol kb X tyE k ]xk- (11)

The transmitted wave is given by S‘Om =d€1(3) dwWT a

out
where WI  =10,0,...,0, 1]isa 1 x 3N vector. Substltutlon
in Eq. (8) yields the complex amplitude transmittance between
the two ports T (@) = dW(Y;utfl /So. Using Eq. (9), near the jth

resonance we may approximate
T~ d*(x] Win) (Woux;) /(@ — @;), (12)

where w; and x; are given in Eqs. (10) and (11). However,
specifically, near the resonance frequency of the zero-
frequency mode, and up to the first order in the disorder 67,
the transmission reads

o LEWin) (Woutn)

iyxL Uz,

13)

® — by —

where @,, = 0 and &,, is given by Eq. (4). Equation (13) is
a key result of this paper as it clearly shows that, as opposed
to any other frequency range within the passband, the disorder
effect on the transmission near @ = 0 is not O(§H ) but at least
O(8H?). Implying that the transmission at the narrow band
about the zero frequency is substantially persistent against
lattice disorder in the coupling coefficients.

C. Monte-Carlo study of transmission

In the following we validate our analytical conclusions and
explore their limitations. We consider a finite lattice with N =
19 trimerized unit cells. We use wy = 1 as the normalized
resonance frequency of each resonator, and k; = 0.1, &, =
0.08, and D = 0.09 for the intracell and intercell coupling
coefficients, respectively. As before the “over-hat” is used to
denote nominal values of the perfect lattice only. The lattice is
connected via two ports, input and output, as discussed above,
with y = 0.01. See Fig. 2(a) for illustration. The excitation
is time harmonic with frequency w and thus we solve Eq. (7)
and use Eq. (8) to derive the complex amplitude transmittance
T (@) from which the power transmittance T (@) and the group
delay t,(@) are obtained as given after Eq. (8). Figure 2(b)
shows the power transmittance spectrum for the perfect lattice
case. In particular we zoom in around @ = 0O to highlight
the zero-frequency transmission peak, marked by wy, and the
next-neighbor peak marked by w;. In the following we turn to
explore the transmittance behavior under the influence of dis-
order in the coupling coefficients. To be specific, we compare
between the performance about the zero-frequency wg peak
and about the next-neighbor peak w;. The latter is selected
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FIG. 2. (a) Illustration of a finite, N-cell chain with input and
output ports, #1 and #2. (b) Typical transmission spectra with the
parameters for Fig. 1(b) and with y = 0.01. Inset on the right: Zoom
in of the first few transmission peaks. (c) In the presence of disorder
to the coupling coefficients, the location of the zero frequency bulk
mode peak is persistent. As opposed to that, the mean and standard
deviation of the next transmission peak are shown to be strongly
affected. 2 X Rmax denotes the assumed tolerance on the coupling
elements. (d) Average and standard deviation of transmission at the
zero frequency and at the next peak. Illustrating substantial persis-
tence of the zero-frequency mode also in transmission.

as it provides a typical behavior outside the zero-frequency
narrow range. For this study, on top of the nominal coupling
coefficients of the perfect lattice, we introduce, for each unit
cell and at each coupling bond, some random amount of
disorder that is uniformly distributed. That is,

Co =C( + RuaxU[—1, 1]), (14)

where C stands for either «, x, or v at the unit-cell number
n, U[—1, 1] denotes a uniform distribution function between
—1 and 1, Ry« denotes the allowed tolerance, and “over-hat,”
as before, is used to denote nominal value. Recalling the
discussion preceding Eq. (2), the zero-frequency resonance
frequency is not affected by any level of disorder to the cou-
pling coefficients. As opposed to that, in Fig. 2(c) we see the
mean value and the standard deviation of the next peak w; as
a function of the tolerance R,.x. These statistics have been
obtained using repeated two million numerical experiments.
Comparison between the power transmittance, mean value
and standard deviation, is shown in Fig. 2(d). It is evident that
the transmittance mean value at the persistent zero-frequency
peak is much larger than the standard deviation, as well as
larger than the mean value at w, for tolerances below ~£25%.
Nevertheless, one may argue that the mean value and standard
deviation are insufficient to predict the likelihood that the
transmittance will be above a certain quality. To address this

issue, in Fig. 3 we explore the probability density function
(PDF) of the power transmittance and the group delay for the
trimerized lattice at wy and w;, and we compare to the trans-
mission performance of a topologically protected SSH edge
mode. As a reference, in Figs. 3(a) and 3(b) we show, for very
low tolerance, Rn.,x = 1%, the PDF of the power transmit-
tance and group delay at wy and w;. Clearly, in the presence
of such a weak disorder, the transmission properties are nearly
identical at wy and w;. However, as soon as the tolerance pa-
rameter Ry,,x increases to 5%, 10% and 20%, the performance
at the w; peak significantly deteriorates as demonstrated in
Figs. 3(c). Specifically, already with Rp,x = 5% substantial
spread of the power transmittance PDF is evident. With mod-
erate (10%) and high (20%) tolerances, it becomes more
likely to have, at w;, power transmission that is closer to
zero than to unity. In these cases, the group delay distribution
significantly deviates from the nearly perfect lattice case as
shown in Fig. 3(d). As opposed to that, as shown in Fig. 3(e),
the power transmittance at wg remains highly localized near
|T| = 1for Rpax = 5% and 10% [compare with Fig. 3(a)], and
moderate deviation begins to take effect with Rp,x = 20%.
Moreover, while the group delay PDFs experience moderate
spreading as shown in Fig. 3(f), they maintain their mean
value compared to Fig. 3(b) and remain localized compared
to Fig. 3(d). Interestingly, the persistence to disorder that is
demonstrated with the zero-frequency resonance in the one-
dimensional trimerized lattice reminds us of the robustness
of the topologically protected gap modes in the SSH model.
In order to enable a quantitative comparison, in Figs. 3(g)
and 3(h) we show the power transmittance and group delay
PDFs that are obtained at the edge mode resonance of a SSH
lattice @ = wgm. To make a fair comparison, we use for the
calculation a SSH lattice with 56 resonators (as opposed to
57 in the trimerized case), each resonates at w = wy. The
resonators are bonded with intercell and intracell coupling
coefficients, k = 0.1 and v = 0.09, respectively. This choice
of parameters keeps similar the frequency spacing between
the resonances in the SSH model and in the trimerized lattice
model. Using these parameters the edge mode resonances
satisfy wgm & wp. Moreover, due to “radiation loss” caused by
the lattice wave ports (y = 0.01) the edge mode transmission
using the selected SSH model parameters and length is about
T = 0.65 in the perfect lattice. Figure 3(g) reveals that the
power transmittance distribution is significantly affected even
by the presence of low tolerance Rp,x = 5%; as the tolerance
increases, the performance deteriorates further. Compare with
Fig. 3(e). Interestingly, however, the group delay performance
remains relatively stable as shown in Fig. 3(h).

III. CONCLUSIONS

In this paper we have explored the resonant transmission
based on the zero-frequency bulk mode in a periodic lattice
with odd length and showed its high persistency against dis-
order that is present in the lattice bonds. While the disorder
immunity shares similar characteristics with what is expected
by a topologically protected 1D lattice such as the SSH model
(see Fig. 3), the underlying physics is completely distinct. The
SSH lattice has been suggested recently for disorder immune
analog signal processing [40] and has been shown to be robust
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FIG. 3. Study of the probability density function (PDF) for the power transmission and group delays. (a) Power transmittance at w, and w,
with low tolerance Ryax = 1%. (b) Same as in panel (a) but for the group delay. (c, d) Power transmittance and group delay for the trimerized
lattice at a typical bulk mode resonance w = w;. PDF curves are shown for moderate (5% and 10%) and for high (20%) tolerances. (e, f) Same
as in panels (c) and (d) but at the zero-frequency resonance w = wy. Substantial persistency is evident by the localization of the PDF curves.
(g, h) Same as in panels (c) and (d) but for a SSH lattice with parameters given in the text.

also in terms of input impedance [41]. Thus we suggest the
plausibility to have similar potential applications using, in-
stead, a topologically trivial bulk mode that exhibits disorder
immunity. Last, we point out that, in light of the generality
of the model discussed, this kind of disorder immune trans-
mission may be realizable in structures implemented using
electronic circuits [41], coupled acoustic resonators [40], and
photonic crystals [29].
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APPENDIX A: BAND STRUCTURE
TRIMERIZED LATTICE

Assuming Block-wave solution aflj ) — ", j=1,2,and 3,
in the coupled mode model Eq. (1), the following dispersion
relation is obtained,

@ — (Kl2 + i3+ vz)cb — 2k1kvcosp = 0. (Al)
Upon solving it, we get three solutions:
o =A + 47, (A2)
@ = @o 1A} + @o AL, (A3)
@3 = @9 _AY + @p A, (Ad)

where AL = —q/2 £ VA, p=—(+ 12 +1?),
q = —2k1kpvcosp, @o+ = (—1=% «/§i)/2, and A=
(q/2)* + (p/3)* is the discriminate of the solutions. If

A > 0, there are one real solution and a pair of complex

conjugate solutions. If A < 0, there are three different real
solutions. If A = 0, there are three real solutions but at least
two of them are equal.

APPENDIX B: INVERSION SYMMETRIC
AND ASYMMETRIC TRIMERIZED LATTICE

The winding number is defined as

Uy >d¢ mod 2, (B1)
dg

w e U 0
[
where |u,) is the normalized Bloch state [43]. The wind-
ing number W is related to the Zak phase y by W = y/m.
From the calculation results, when k| = k, < v, the winding
numbers for the upper, central, and lower bands are W = 1,
W =0, and W = 1, respectively. While when «; =k, > v,
the winding numbers for the three bands are all zero. The
winding number W for the general inversion asymmetric
chain case where x| # k, # v is a fraction number and loses
its conventional topological meaning.

APPENDIX C: THE ZERO-FREQUENCY EIGENVECTOR

The eigenvector of the zero frequency mode is shown in
Fig. 4(a), it is a bulk mode that extends over the entire lattice.
Note that the horizontal axis is the resonator index and not
the unit-cell index. For example, resonator number 5 is the
second resonator of the second unit cell. This eigenvector
is denoted by x,, in the main text. Clearly, in light of its
structure, Hx,, = 0 as also explained between Egs. (3) and
(4) above. For the comparison, the eigenvector of the next
eigenvalue @,,.; = @ is shown in Fig. 4(b), clearly not sat-
isfying §Hx,,+1 = 0. This point leads later to the conclusion
that the zero-frequency eigenvector is stationary with respect
to the disorder Hamiltonian 6H
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