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The Mollow triplet is a fundamental signature of quantum optics and has been observed in numerous quantum
systems. Although it arises in the “strong driving” regime of the quantized field, where the atoms undergo
coherent oscillations, it can be typically analyzed within the rotating wave approximation. Here we report the
first observation of high-order effects in the Mollow triplet structure due to strong driving. In experiments, we
explore the regime beyond the rotating wave approximation using concatenated continuous driving that has less
stringent requirements on the driving field power. We are then able to reveal additional transition frequencies,

shifts in energy levels, and corrections to the transition amplitudes. In particular, we find that these amplitudes are
more sensitive to high-order effects than the frequency shifts and that they still require an accurate determination
in order to achieve high-fidelity quantum control. The experimental results are validated by Floquet theory, which
enables the precise numerical simulation of the evolution and further provides an analytical form for an effective
Hamiltonian that approximately predicts the spin dynamics beyond the rotating wave approximation.
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I. INTRODUCTION

The Mollow triplet was originally observed in coupled
atom-laser systems, where the laser field creates a series of
equidistant energy-level manifolds and induces the coupling
inside each manifold [1]. The coherent atomic oscillations
modulate the laser driving field, and spontaneous emission
acts as a detection tool for the triplet energy levels [2]. The
Mollow triplet structure has been observed in atomic beams
[3], ions [4], single molecules [5], quantum dots [6-9], su-
perconducting qubits [10], and cold atoms [11]. Its potential
applications, such as heralded single-photon sources [12],
quantum sensing [13-15], and spin noise characterization
[16], make it a versatile tool in physics.

Even an electromagnetic field in the microwave range, such
as in magnetic resonance experiments, can produce a simi-
lar level structure. Typical Larmor precession under a single
(classical) microwave driving (Rabi oscillation) is not able
to reveal the Mollow triplet since the observation operator
(0;) commutes with the static splitting %*o,. By applying
multiple driving fields to orient the effective static splitting
Hamiltonian along a transverse direction, it becomes possible
to observe the Mollow triplet by Rabi oscillation, as observed
in nitrogen-vacancy (NV) centers in diamond [17-19].

In previous experiments [3-11,17-19] that showed the
Mollow triplet, the driving strength was smaller than the static
splitting, allowing one to conveniently solve the dynamics
using the rotating wave approximation (RWA). Previous the-
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oretical studies beyond the RWA have predicted frequency
shifts, imbalanced sidebands, and high-order frequency com-
ponents [20-22], yet experimental verification is still lacking.
The aim of this paper is to experimentally explore the Mollow
triplet structure in the regime beyond the RWA, thus provid-
ing further insights into its theory and applications (e.g., to
coherent control [23] and quantum sensing [13-15].)

To overcome the challenges associated with the driving
power needed to reach the regime beyond the RWA, we use
concatenated continuous driving (CCD). CCD is a continu-
ous dynamical decoupling technique with multiple resonant
modulated fields and has been studied before in the context
of qubit coherence protection [17,18,23-32]. Here we use
the CCD technique to engineer an effective static field along
the x direction and a single-tone AC field in the rotating frame
(interaction picture) [24], as we show in Sec. II. Then the
ratio of the driving to the static splitting can be made much
larger than in typical Rabi experiments, as they are both set
by the driving power [23,27,28,33]. Though the strong driving
regime could be directly accessible in some cases [34], the
large driving power needed leads to worse driving inhomo-
geneity and heating effects, especially when controlling qubit
ensembles. In addition, in CCD the measurement operator
does not commute with the interaction picture transformation,
making it possible to observe the Mollow triplet [19]. Thus
CCD is a good experimental tool to study physics beyond the
RWA, and in particular, the Mollow triplet.

To analyze our experimental results, we use Floquet theory
as a precise numerical tool to solve the evolution as a summa-
tion of a series of modes. To gain further insight, we also use
Floquet theory as an analytical way to evaluate the effective
Hamiltonian and calculate the corrections to frequency values
and transition amplitudes resulting from the strong driving.

©2021 American Physical Society
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FIG. 1. Observation of Mollow triplet with the CCD scheme.
(a) Principle of amplitude-modulated CCD method. (b) Energy struc-
ture in the dressed atom picture explaining the origin of the Mollow
triplet structure. (c) Measured Rabi oscillations under three modula-
tion phases ¢ = 7 /2 (top), ¢ = /4 (middle), and ¢ = O (bottom).
(d) Mollow triplet. Fourier spectra of the Rabi oscillations shown in
(c). When ¢ = 7 /2, only the center band exists, which corresponds
to spin locking. When ¢ = 0, only the sidebands exist. For other
angles we can observe the three frequency components comprising
the triplet structure.

We can thus provide a complete picture of the Mollow triplet
structure beyond the rotating wave approximation.

II. MOLLOW TRIPLET WITH CCD

Here we introduce the CCD scheme and show how it
can be used to reveal the Mollow triplet. We study a two-
level system with a static splitting wg along z, coupled
to an amplitude-modulated microwave applied along the x
axis given by 2 cos(wt) — 2¢,, sin(wt) cos(w,,t + ¢). When
the RWA condition €, €,, < wy is satisfied, by going into
the first rotating frame defined by Hy = 50, and neglecting
the counter-rotating term, the Hamiltonian becomes

8 Q

H; = —EO’Z + EUX + € cos(@pt + P)oy, (1)
where § = w — wy is the frequency detuning. Figure 1(a)
shows the static and oscillating fields in the laboratory and first
rotating frames. A similar Hamiltonian can also be engineered
by phase modulation, where the phase of the microwave is
modulated as €2 cos [wf + % cos(wmt + ¢)] and the Hamil-

tonian in the interaction picture becomes
8 Q
H[ = —EO'Z + 5
Evolution under the CCD Hamiltonian in Eq. (1) can be
solved with a second interaction picture defined by %o, with

2 2o, and Qg = /Q2 4 52. When 8 =0 and

Qr Ox Tk

oo+ em% sin(ont + ¢)o.. ()

O‘x/ =

€n K Q, by dropping the counter-rotating terms, the Hamil-
tonian in the second interaction picture becomes
Q— w,

2
The spin evolution in the first rotating frame is simply
1 () (D = =i o =it 1y, (0)), where ,, modulates the
dynamics happening in the second rotating frame. Then
we expect the population in |0) to be generally a sum
over the three frequencies w,,, o, £ AX, where AA =
Ve + (w, — ©2)* in the RWA (see Appendix B). Since the
(o) population measurement is along a direction that does not
commute with the second interaction picture transformation
along o, the Mollow triplet structure can be revealed by the
CCD scheme [17-19].

While this standard RWA description provides a simple
analytical solution to the dynamics, using Floquet theory (see
Appendix C) provides further insight about the energy-level
structure, in analogy to the quantized field picture typically
used to analyze the Mollow triplet in atomic physics. Similar
to the dressed atom approach [2] where a series of equidistant
level manifolds form the energy structure [see Fig. 1(b)],
Floquet theory also predicts a series of energy manifolds
351, ..., A —w,, A A+, .., separated by integer
spacings of w,,, where A* are the eigenenergies obtained by
solving the Floquet Hamiltonian Hp. Within the RWA, the
Floquet Hamiltonian is block diagonal [36]. The off-diagonal
terms in each block induce transitions between two adjacent
level manifolds separated by w,,. The system-field coupling
modifies the splitting by AX = AT — A~, which creates the
Mollow triplet structure with a center band at w,, and two
sidebands at w,, = (A* — A7). The dressed state energy dif-
ference within the RWA is AT — 1~ = (/€2 + (wn — Qr)?,
where Qg = v/ Q2 + §2 is the effective Rabi frequency. Going
beyond the RWA allows one to observe a richer framework of
dynamics that we explore in the following.

Our device is based on NV ensembles used in Ref. [37]
with ~10' spins being addressed simultaneously. Two
NV electronic spin states |m; = 0) and |my = —1) with a
2.207-GHz splitting are used as the logical |0) and [1). An
arbitrary wave-form generator creates the modulated wave
form to engineer the CCD Hamiltonian. By driving the NV
centers with the amplitude-modulated CCD scheme, we ob-
serve the Mollow triplet in the Fourier spectra of the NV Rabi
oscillations [see Figs. 1(c) and 1(d)]. In particular, we have
phase control over the wave form, can separately observe the
center band (spin-locking condition) as well as the sidebands,
and carefully investigate their behavior.

H® = o + %(COS(ﬁJy tsingo).  (3)

III. HIGH-ORDER MOLLOW TRIPLET

Previous work has explored phenomena caused by strong
driving, that is, when the driving strength between two
levels is comparable to or larger than their energy gap.
These include the Bloch-Siegert shift [38,39], the Landau-
Zener-Stiickelberg interference [40,41], coherent destruction
of tunneling (CDT) [42,43], novel behaviors in the quantum
Zeno and anti-Zeno effects [44,45], and asymmetric spectral
features of the Mollow triplet [20,22]. Here we theoreti-
cally and experimentally study the high-order Mollow triplet
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structure induced by strong driving, including corrections to
energy levels and transition amplitudes.

To analyze our experimental results, we use Floquet theory
which is known to accurately predict the system dynamics,
including high-order phenomena, due to the counter-rotating
terms beyond the RWA. Floquet theory describes the pe-
riodic Hamiltonian as a time-independent operator Hr in
Fourier space. One can then numerically calculate the evo-
Iution by truncating the (infinite) Floquet matrix [36,46].
Due to the simplicity of the computation, we perform a trun-
cation to the Floquet matrix to high order (400 x 400 blocks)
to accurately calculate the evolution. Analytical approxima-
tions in various parameter ranges are also possible, either by
moving to a suitable interaction picture where on-resonance
terms highlight the corrections to the Hamiltonian due to the
counter-rotating terms [21,22,47-50], or by iteratively block-
diagonalizing the time-independent Floquet Hamiltonian with
a unitary transformation [46]. In addition to providing nu-
merical and approximate solution model, the Floquet picture,
with its ladderlike energy structure, also provides an insight-
ful understanding of the dynamics, in analogy to transitions
and hoppings between energy levels in the dressed atom ap-
proach [2,35]. Floquet theory can then be used as a tool to
engineer desired Hamiltonian interactions, with applications
relevant for areas from many-body systems to quantum con-
trol [51,52].

When applied to a two-level system, Floquet theory pre-
dicts a series of energy-level manifolds yielding three types
of transition frequencies (modes), nw,, nwy, £ AT —17)
(see Appendix C). The exact evolution is a superposition
of two Floquet eigenstates ¢T™Wt(t) + ¢ W™ (¢), and the
ensuing Rabi oscillation is a sum over these components,
Po(t) = Zi’n |ai »| cos(wi nt + @i ), where i, n denotes the
nth triplet with i = —1,0, 1, and the transition amplitudes
ai, = |a;,| exp(i¢; ) are obtained from Floquet theory. |a; ,|
can be tuned by varying the initial conditions and the driv-
ing phase. This allows for control over the frequency modes
involved in the evolution (mode control).

A single-mode evolution with only frequency components
nw,, can be achieved when the initial state is one of the two
eigenstates W*(0) and c¢*c™ = 0, which is equivalent to a
spin-locking condition. In the RWA case, only components
with n = 1 can be observed in the Mollow triplet. However,
when the counter-rotating terms in the Floquet matrix are
not negligible, frequency components with n > 1 emerge (see
Appendix C). At the same time, values of the energy level
A% and transition amplitudes |a; ,| will both deviate from the
RWA predictions.

In the following we analyze the corrections to the energy
levels and transition amplitudes. The Floquet approach can be
used to analytically derive an effective, approximate Hamil-
tonian by systematically including higher-order corrections
beyond the RWA. By applying the van Vleck transformation
[46], a unitary transformation to block diagonalize the Floquet
Hamiltonian, we obtain the effective Hamiltonian up to first-
order correction in the second rotating frame,

H? =€—mo,+ia +
RS To 2

oy, “4)

2
where %ax is the correction term, and we assumed § = 0 so

that Qr = Q2 and the correction term is along x. Under the
resonance condition w,, = €2, the shift of the level splitting in-

side each energy manifold is 8¢, = 2,/ (%) + (%)2 — €y =

3;:"22 with d8¢,,/€, = (9((%")2), which quadratically depends
on the ratio ¢,,/S2. The direction of the effective microwave

; : A Em JEm
field deviates from the y axis by a small angle d¢ ~ gz /% =

(’)(%) within the XY plane. Such a linear dependence on
% induces drastic changes of the transition amplitudes |a; ,|.
The amplitude of each frequency component can be found
analytically using the Hamiltonian in Eq. (4), yielding a shift
with respect to the RWA results. The amplitude shift of the
ith frequency component, 8la; ,|, depends on the initial state
[W(0)): for the central band, §|ag 1| = 0 when |W(0)) is per-
pendicular to both the driving direction y and the Hamiltonian
S75(3) = 0((3)?) when

3
i Vi recti ~ VT
|W(0)) is along the driving direction y, and 8|ag, ;| & Wi z =

O( %m) when |W(0)) is along x. For the sidebands, in all three

correction direction x; §|ag | ~

scenarios the shifts are linear in &, 8lax; | ~ £ 12,/52%1 with
=+ corresponding to the two sidebands. Ultimately, the exis-
tence of the correction term breaks the symmetry of the two
sidebands under the resonant condition w,, = 2 and results in
large changes of the transition amplitudes, especially for the
sidebands. In comparison, the energy-level correction is less

sensitive to the counter-rotating effects.

A. Sideband asymmetry

We implement amplitude-modulated CCD experiments to
systematically study the evolution mode control under the
resonance condition § = 0, with Q = w,, = (27)3.75 MHz.
By applying a strong oscillating field, €, = (27)2.08 MHz,
we are able to observe the sideband asymmetry and the eigen-
state shifts predicted by the theoretical analysis above. We
implement mode control by sweeping the phase ¢ of the
driving, or the angle 6 of the initial states in the ZY plane
(see also Appendix Fig. 6 for results obtained when sweeping
the initial-state direction in the XY and XZ planes). The
corresponding Rabi oscillations are measured by projecting
the time-dependent state onto |0). The fast Fourier transform
(FFT) spectrum of the Rabi oscillations and the fitted transi-
tion amplitudes |a; ;| are plotted in Fig. 2.

Neglecting the counter-rotating terms (dashed lines), the
two sidebands w,, & (A* — A7) have the same amplitudes
for both the phase and initial-state sweeps. However, exper-
imentally, we measure a large asymmetry in the sideband
amplitudes, with different asymmetry for the phase sweep and

the initial-state sweep. Such an effect can be explained by the
2

correction term g—g"zax in the Hamiltonian in Eq. (4), which
makes the eigenstate shift from the y axis in the XY plane,
introducing a dissimilarity between the phase and initial-state
sweeps. In the initial-state sweep, a single-mode evolution
is achieved when the initial state is prepared along a shifted
direction [see Fig. 6(d) in Appendix]. Tuning only the phase
cannot instead achieve such a single-mode evolution. Experi-
ments show that the amplitudes of the sidebands deviate from

the RWA prediction throughout all the ranges in Figs. 2(c)
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FIG. 2. Sideband asymmetry of the Mollow triplet revealed by
mode evolution control. Top panels (a, b) Fourier spectra of the Rabi
oscillations. Bottom panels (c, d) transition amplitudes |a; ;|. Param-
eters are 2 = w,, = (27)3.75 MHz, ¢,, = (27)2.08 MHz. In (a, c)
we sweep the phase of the drive, while in (b—d) the phase of the initial
state. (a, ¢) The initial state is |0) and then the amplitude-modulated
CCD wave form is applied. Rabi oscillations are measured from O to
4 us under different phases ¢ of the modulation term ¢, cos(w,t +
¢). The transition amplitudes |a; ;| are extracted by fitting the Rabi
oscillation to ag + Y o, ae™/% cos(wit + ;). (b, d) The initial
state is cos(%)lO) +i sin(% )|1), and the CCD drive is applied with the
fixed phase, ¢ = 0. We plot the Rabi Fourier spectra and transition
amplitudes following the same procedure as for (a, c).

and 2(d). The amplitude of the center band only has a large
deviation from the RWA prediction when the initial state is
close to the driving direction y in the ZY sweep in (d) with
0 = /2. When the initial state is far away from the y direc-
tion, the Floquet prediction overlaps with the RWA prediction.
The initial-state sweep experiments in Fig. 2 and in Appendix
Fig. 6 show that for the center band, §lag | > dlag,1ly >
8lap.1l;, as predicted from the analysis, where x, y, z denote
the corresponding directions of the initial state. Whereas anal-
ysis with the effective Hamiltonian in Eq. (4) only provides
a qualitative estimate, Floquet simulation accurately predicts
the values of the amplitudes quantitatively for all experimental
conditions.

In addition to frequency and amplitude shifts, we see fre-
quency components 2w,,, 2w, £ (AT — A7), and even 3w,
appearing in the range of f = 7 ~ 12 MHz. Even though their
intensities are weak, these frequency components represent
results that are beyond those predicted by the RWA.

Thus large deviation from the RWA predictions happens
in the evolution mode-control experiments, indicating dras-
tic modifications caused by the counter-rotating terms. One
application of the CCD scheme is to protect quantum infor-
mation by tuning the evolution mode to the robust center band
when the spin-locking condition is satisfied. Our experiment
shows that such a condition is shifted and a simple phase
adjustment is not enough to find the optimal condition when
the driving strength is comparable with the static splitting.
One solution is to tune the driving strength 2 to compensate

(a) 16 FFT (¢=0) 0s Transition amplitudes (¢=0)
T T : T T T
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FIG. 3. Resonance shifts. (a) 2 dependence of the Mollow triplet
with parameters 6 = 0, w,, = (27)3.75 MHz, ¢,, = (27)2.08 MHz,
¢ = 0. (b) Transition amplitudes |a; ,| extracted from the data in
(a) (see Fig. 2). The gray squares, red circles, blue triangles, and
light blue triangles are experimental transition amplitudes |a;,| of
frequency components w,,, 0, — A" —17), w, + AT — A7, 3w, —
(AT — A7), respectively. Solid lines and dashed lines correspond to
the Floquet prediction and the RWA prediction. (c, d) Same as as
in (a) except that the driving phase was set to ¢ = 7 /2. Note that
the data points in (b) and (d) share the same normalization factor to
best match the Floquet prediction curves. Due to the power saturation
when Q/(27) = 6 ~ 8 MHz, we add an additional € cos(2w,,!)o,
term with € = (27)0.2 MHz in the Floquet calculations [Eq. (1)],
as explained in Appendix D.

for the Hamiltonian correction, as discussed in the following
section.

B. Resonance shifts

Without the counter-rotating effect, in the first rotating
frame [see Eq. (1)], the resonance condition is satisfied when
W, = 2 (6 =0). We study the resonance shift caused by
counter-rotating effects by experimentally sweeping the main
driving strength €2 under two different modulation phases ¢ =
0,¢ = /2 [see Figs. 3(a) and 3(c)]. The frequency shifts
due to counter-rotating terms are very small when Q > ¢,,.
A larger shift appears when Q2 < (27)2 MHz, and the Flo-
quet prediction plotted with dashed red and light blue lines
in Figs. 3(a) and 3(c) showcases an improved fit on the
experimental data. Figures 3(b) and 3(d) are the oscillation
amplitudes |a; ,| of the corresponding frequency components
obtained by fitting the Rabi oscillation data. The Floquet pre-
dictions are plotted in solid lines while the RWA predictions
are plotted in dashed lines. When ¢ = 7 /2, the disappearance
of the sidebands happens at Q2 =~ (27)2.9 MHz in (d), which
is clearly on the left of the resonant frequency (2 )3.75 MHz,
indicating a change of the resonance condition. Similarly,
when ¢ = 0, the crossing point of the two sidebands is also at
Q ~ (27)2.9 MHz in (b). In Eq. (4), the detuning term %
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FIG. 4. Energy shifts and avoided crossing in the Mollow triplet.
(a) and (c) are the Mollow triplet structure observed with the phase-
modulated CCD at different values of ¢; (b) and (d) are simulations
by the Floquet approach with the same parameters. Parameters are
6=0,2=w, =2r)3MHz,¢ =0in(a,b),¢ = 7 /2in (c, d).

can be seen as a compensation of the correction ;—; A simple
calculation predicts the compensation at Q2 ~ (27)3.4 MHz,
which is still larger than the measured and simulated values
of ~(27)2.9 MHz, indicating that just including the first-
order correction in the effective Hamiltonian in Eq. (4) is not
enough, and more corrections need to be taken into account.
The Floquet calculation is an accurate way to predict such a
shift. Note that when 2 is small, the measured amplitudes
|a; | are lower than the theoretical curve: this is due to
the small Rabi contrast under weak driving (see details in
Supplemental Material [53]).

In addition to the resonance shifts, we also observe higher-
order frequency components corresponding to n = 2, 3 in the
Mollow triplet. In Figs. 3(a) and 3(c) we use the dashed red
and light blue lines to plot the first (» = 1) and second set
(n = 2) of frequency values of the Mollow triplet predicted
by the Floquet theory. In Fig. 3(c) we clearly observe the 2w,
and 3w,, components when €2 is small. In Fig. 3(a) we see
the sidebands of the n = 3 set around 2/(27) = 1 MHz, f =
8 MHz, and the sidebands with n = 2 also exist but are partly
hidden under the dashed lines.

C. Frequency shifts and avoided crossing

Since the energy eigenvalues are less sensitive to the
counter-rotating effects, a larger driving strength ¢, is needed
to observe a frequency deviation from the RWA predictions.
We swept the modulation strength ¢, from 0 to ~3%2 in the
phase-modulated CCD scheme, on resonance and for two
different driving field phases (¢ = 0, w /2). The FFT spectra
of the measured Rabi oscillations are plotted in Figs. 4(a) and
4(c), while Figs. 4(b) and 4(d) show the equivalent spectra
simulated by the Floquet approach. We further compare the
simulations to the predictions based on the RWA (red dashed
lines). When ¢,, < (2)2 MHz, three frequency components

(a) Frequency components  (b) Frequency components
15 T T T T 15 T T T T —3wm+()\*.)\')
3w
m
12 4 12t x
- i = 3w, (A
T - - 2w _+(A*-\)
E e i 7 m
< 9 = 9 - 20
> ~ _ m
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g P - 2, (A"-X)
S 6f > 1 6F > )
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~ - ~ - W AN
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2 em/(ZA!rr) (MHZ) : (m/(24,7) (MHY)

FIG. 5. Frequency components predicted by Floquet theory. Fre-
quency components predicted by Floquet theory corresponding to
the measured frequency components shown in Fig. 4. There are two
ways to represent the frequencies: in (a) A*, A~ are limited to the
first zone [0, w,,) where w, = (27)3 MHz. In (b) A", A~ change
smoothly as we increase €,,.

W, Wy £ €, dominate the spectra. Within this region, both
the Floquet and the RWA approaches correctly predict the
frequencies of the three bands in the Mollow triplet structure,
with the two sidebands linearly dependent on ¢,. When ¢,
becomes larger, a pattern appears in the higher-frequency re-
gion corresponding to the third manifold of the Mollow triplet
structure w; 3 centered at 3w,, = (27)9 MHz, which follows
a simple translation of the lowest order pattern centered at
o, = 3 MHz. In our experiments we can thus clearly ob-
serve at least two higher-order Mollow triplets as predicted
by Floquet simulations, in addition to the one predicted by the
RWA. Note that the two sideband frequencies are no longer
linearly dependent on €,, and display a clear bending at around
(27)4.8 MHz due to an avoided crossing. We show in Fig. 5
in the Appendix that such avoided crossings are caused by
the mixing between the frequency components w,, — (AT —
A7) and AT — A~ due to the counter-rotating terms. Such an
avoided crossing only exists in the Floquet simulation.

IV. CONCLUSION

In this work we explored higher-order effects in the Mol-
low triplet structure by experimentally applying a modulated
driving field (following the CCD scheme) and analyzing the
results with Floquet theory. We observed frequency compo-
nents beyond the RWA predictions, sideband asymmetry, and
shifts of the eigenenergies A* and of the transition ampli-
tudes |a; ,|. Though high-order effects in the Mollow triplet
due to strong driving had been analyzed theoretically before
using different approximations [20,22], our work provides an
experimental test, in addition to a numerical and analytical
approach to predict the features of the triplet structure.

Our results not only demonstrate the ability of the mod-
ulated driving protocol to observe effects due to the strong
driving but also pave the way to exploiting this technique
for robust control. Indeed, as the nw,, frequency components
of the Floquet evolution are only determined by the modu-
lation frequency w,,, they are robust against external noise
and fluctuations in the driving fields. Such robustness can
be used to generate long-lived quantum states by adjusting
the state evolution to the Mollow center band through our
mode-control technique [23]. Nevertheless, to achieve such
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robustness, a precise knowledge of the Floquet eigenstates
is needed to accurately select the initial state or the driving
phase, as demonstrated by our experimental results. Thus
insights from Floquet theory can be used to design robust
quantum operations and protect the quantum coherence [23].
These will further lead to applications such as in quantum
sensing [13,14] and in novel bath decoupling schemes, sim-
ilar to what was achieved with pulsed dynamical decoupling
[54], where precise control, even beyond the RWA, can be
beneficial.

In addition, broadband quantum gates can be achieved
through modulated driving, e.g., via numerical optimization
[55]. Though such quantum optimal control has been typically
studied assuming the validity of the RWA [25], Ref. [23] and
this work provide further insights on how to achieve optimized
quantum control pulses without the limitation of the RWA. In
particular, our work shows that to achieve optimal quantum
control with the CCD scheme, we should pay attention not
only to the eigenenergy shifts due to the counter-rotating
terms, but also to amplitude changes and resonance shifts,
both of which prove to be more sensitive.

Beyond applications to robust quantum control mentioned
above, our results provide a versatile technique for studying
many interesting effects caused by strong driving, overcom-
ing practical experimental limitations in reaching the strong
driving regime that could be applied to investigate other
phenomena such as coherent destruction of tunneling and
dynamic localization [21,44,45,50]. Finally, our work can find
applications in optimizing the performance of quantum sens-
ing [13,14,32] based on driven qubit sensors.
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APPENDIX A: CONCATENATED CONTINUOUS DRIVING

Concatenated continuous driving has been explored in
several works [17,18,23-32], typically in the context of pro-
tecting a qubit against decoherence. Here we focus on the
simplest scheme, where only a second modulation is applied
to the first driving field. There are two types of modulation
that have been developed: amplitude modulation or phase
modulation. By applying an amplitude-modulated microwave
along the x axis, Q2 cos(wt) — 2¢,, sin(wt) cos(w,t + ¢), the
Hamiltonian can be written as

H= %az + [ cos(r) — 26, sin(wt) cos(@nt + )]0y,

(AD)
where wy is the level splitting of the two-level system, €2, €,
are the driving strengths of the main driving and modulation
terms, respectively. We will assume 2, €, < wp and § =
w — wy K wp throughout this work. In the first rotating frame
defined by transformation U; = exp(—i%’az), and applying
the RWA, the Hamiltonian becomes

8

Q
H; = _EGZ + EUX + €, cos(wyt + ¢)o,. (A2)

In the phase modulation method, the driving wave form has a
time-dependent phase, yielding the Hamiltonian

wo

2€m
H = 70'1 + Qcos (a)t + % cos(w,,t + (f)))dx. (A3)

We can apply a rotating frame transformation U; =
exp(—i [y Ho(t)dt') with Ho(t) = Lo, — ©2u sin(w,,t +
¢)o,. The transformation is thus given by U =
exp [—i(4o; + €, 4 o.)], and within the RWA, the

Hamiltonian in the interaction picture is

6 Q Wy .
H, = _EUZ + EUX + emﬁ sin(w,,t + ¢)o;.
Note that this Hamiltonian has a form similar to the Hamilto-
nian in Eq. (A2) obtained with amplitude-modulated driving.
However, since the modulation is applied by varying the
first driving phase, there is no noise associated with €, %
due to field inhomogeneities or fluctuations (although noise
associated with imperfect resolution and faulty electronic
elements are still possible.) The phase modulation method
usually has better performance, for example, longer coherence
times [23,27,28] and fewer power limitations, which enable
larger €.

(A4)

APPENDIX B: MOLLOW TRIPLET WITHIN THE
ROTATING WAVE APPROXIMATION

The linear oscillating term in Eq. (A2) can be decomposed
into a corotating term 67’”[cos(a)mt + ¢)o, + sin(wy,t + ¢)o]
and a counter-rotating term %’”[cos(wmt + ¢)oy — sin(wpt +
¢)o,], where o, = cos Bo, + sin Bo,, with sin 8 = ﬁ
By dropping the counter-rotating terms, in the second

rotating frame defined by %Ux/ where o, = cos Bo, —

sin Bo,, the Hamiltonian becomes H,(z) = %(\/ 82+ Q2 —
)0y + S-(cos ¢ o, +sin¢p o). The spin evolution in the
second rotating frame is simply |1p(t))§2> — =171y (0)).
In the first rotating frame, the spin state is |1,0(t))§1) =
e (msinfouteos o)y (1)) (2 Going back to the laboratory
frame adds an additional relative phase between |0) and
[1) but keeps the population unchanged. Such a proce-
dure predicts that the population in |0) is a sum over the
three frequency components of the Mollow triplet, w,,, @, +
Ve + (wn — QR)?, 0 — €2 + (0 — Qr)?, where Qg =
/2% + 82 is the effective Rabi frequency. Compared with the
case of normal Rabi oscillation, the population measurement
in the CCD scheme does not commute with the second rotat-
ing frame, making it possible to observe the Mollow triplet
[17-19].

APPENDIX C: FLOQUET THEORY

Floquet theory can be used to solve the quantum dy-
namics under a Hamiltonian periodic in time [36]. Similar
to Bloch theory which can solve a Hamiltonian periodic in
space and gives rise to a series of band structures in k space,
Floquet theory also predicts a series of “band” structures in
frequency space. Although the principles of Floquet theory
are simple and straightforward, the physics residing in its
energy structure equips it with the ability to solve detailed
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dynamics of higher-order phenomena such as the multipho-
ton process [35]. Given a time-periodic Hamiltonian H (¢) =
H(t 4+ 2), the wave function has the form W(t) = e~ & (1),
where ®(t) = O(r + %’) is periodic in time and A denotes
the eigenenergy of the system. To solve for the wave-function
time evolution, we can apply the following steps: (1) Decom-
pose the Hamiltonian H(¢) and the state vector ®(¢) into a
Fourier series Y, H,e™ "' and ®(1) = ®,e~ ", (2) Write
out the Floquet matrix Hr [see Eq. (C3)]. (3) Solve for the
eigenvalue problem of the Floquet matrix Hp® = A®d. (4)
Apply the initial conditions to get the coefficients of each
eigenstate W(r = 0) =), ¢* ::ioo ®%. (5) Obtain the evo-
lution W(t) = )", c*W¥(r). Below we explicitly show how to
implement this procedure.

1. General derivation of Floquet theory

To solve the Schrédinger equation i % W(t) = H(@)W(t), we

obtain the eigenvalue problem for the periodic part ®(z),
d

(H(t) — ig)cb(t) = A0(1). (C1)

Plugging in the Fourier expansions ®(t) = ®,e " H(t) =
>, Hye™ ' we obtain

<Z Hn([)e—inwz _ l%) Z q)me—imwt = Z (Dme_imwt.
n ' ' (C2)

Writing out the equation above in matrix form, we obtain

: 0 : : :
Ho+6() Hfl 0 CD,I q),l
H, Hy H_, Dy |=A| Do |,

0 H] H()—a) @1 (1)1

where the matrix in Eq. (C3) is the Floquet matrix Hr.
By solving for the eigenenergies A® and eigenvectors
(..., 9%, ®F, dJ‘i‘,...)T of the Floquet matrix, one can

J

find the time-dependent energy eigenvectors of the system

\I,a(t) — +00 e*i)f‘tfinwt PY — e*[)h‘“t 24‘00 e*inwt oY
n=—00 n n=—00 n

The evolution of the system can then be expressed as a

superposition of these eigenvectors,

~+00
W)=Y W)=Y e Y ey, (CH)
with coefficients c® determined by the initial condition
+o0
Wie=0)=>) " Y oL (C5)
o n=—0o0

a. Quasi energy. If A% is the eigenenergy of the system,
A% + no for any integer n is also the eigenenergy of the sys-
tem since W (¢) = e "1 @ (1) = eIt (o191 p2 (1)), The
eigenfunction W“ for the eigenenergy A® is the same as the
eigenfunction W*"* for the eigenenergy A* + nw. As a result,
it is usually possible to limit the range of the eigenvalues
within the first “Brillouin zone” [0, w) since all eigenvalues
in the other zones will be a simple (frequency) translation of
the values in the first zone.

b. Number of solutions in a two-level system. For two-level
systems, the Hamiltonian H(¢) can be written as a 2 x 2
matrix. The wave function W(z), its periodic part ®(¢), and
the Fourier components ®,, are two-dimensional vectors. Thus
there are only two nontrivial solutions denoted by A*.

2. Concatenated continuous driving

We consider the Hamiltonian of the amplitude-modulated
concatenated continuous driving in the interaction picture
Hy = —30. + 0\ + €y cos(wut + ¢)oy. Fourier decomposi-
tion of the Hamiltonian gives H; o =
eme;"b oy. Applying the Floquet approach to solve for the exact
evolution of the system, we obtain the following eigenvalue
equation:

8 Q
—50;+ 30y, Hip =

-3+ o g 0 — i 0 0 : :
Q T i 0 0 0 D10 D10

Q w 2o , .
2 Ze . —r:lqs ) Q €m 3 i q)_l'l CI>_1’]

0 Frie —3 3 0 et @oo | | @oo C6)

Liei? 0 g g L ield 0 e b, Do,
i s Q D1 30

O O 0 716 i -3 Wiy > q)l 1 q)l 1

€ j,—ip Q 5 . .

0 0 Lie™! 0 > 5 — On . .

The evolution of the system can be written in terms of the Floquet energy eigenvalues and eigenvectors, taking into account the
initial conditions:

: O\ - o0\ cte MOt 4 emem DT\
W) = ¢t —irte n,0 | ,—inwt — =i\t n0 ) p=inot _ \ppy — ) n,0 L n0 ) minot C7
(1)=cTe Zn o, )¢ toe Zﬂ o )¢ ) Zﬂ cre T et et )¢ €7

The system evolution is probed experimentally by measuring the system population by projecting the state onto |0).
The probability of being in the |0) state Py (z) presents three classes of frequencies, nw = (At — A7) and nw, with n

022415-7



WANG, LIU, AND CAPPELLARO

PHYSICAL REVIEW A 103, 022415 (2021)

TABLE I. Components of the time-dependent population P, (¢).

Frequency w; , Coefficients a; ,

0 Dok |Ci|2|q>;{0|2
At —Am 23 TR
Wy 23, |c*[? 2 (I)I:ctjl,OqDI::O

Wp — (AT —=17)
Wy + AT —17)

+ —*xFHt —%
2% cte D oPiiio
+* = PHH* -
2% ke Q7 0Pro

integer:

Pl()) (l) — Z e—inwt (c+e—i)»+t q);‘;o + c—e—i}ft q);O)

n

imwt (A% ATt gk —% IATE gy —*
X E e TR e T )
m
_ § i(m—n)wt +125+F% FHF —124—* A
- € (|C | q>m,0q>n,0+ |C | cI>m,Oq)n,O
n,m

—iAF =AY A xRt F
te cc (Dn,O(Dm,O

+ T T e ), (C8)
We can rewrite this expression as
Poy(t) =Y |ain| coS(@int + Gin). (C9)
i,n

with  w;, = nw, +iAT — A7), where i=-1,0,1,
10 = |azr | eXpligsr ) =2 ) cF*cF O (OF),  and
aon =2 4 [cEPP Y i, 0Pio- The first few frequencies
and coefficients are listed in Table 1.

(a) Initial state (0,,,) sweep (b) Initial state (0, ) sweep os
12 T T o107 12 T o -

For 4, 10F 1 04

= Y

= Y

< 8 o 8 03

2 1) T

g 6F 1 6F E

= 02

L ar - _— 4 a4k |

= 0.1

it o2r 1 2f 1

0 /2 ™ 37/2 27

(c) (d)
Sost 1 05
()
el
204F 1 04
g
O3t E R 3% xvx 5% 03¢
c .,
So02f i 4 02
2 Py L) i
So1fFtas ™~ TEFSETETR 04
= L iy
0 * 1 5 1 ) 0
0 T 3n/2 27
Angle 0,

FIG. 6. Evolution mode control and sideband asymmetry for
state-swept experiments. (a) and (c) are FFT spectra and tran-
sition amplitude |a;| of the initial-state sweep in the ZX plane.
(b) and (d) are FFT and |a;| plots of the initial-state sweep
in the XY plane. Parameters are Q = w,, = (27)3.75 MHz, ¢,, =
(27)2.08 MHz, ¢ = 0.

(@) 16 FFT (¢=0) 05 (b) Transition amplitudes (¢=0)
— — —Mollow triplet 1 (Floquet) i vy T ow -y
_____ gcv\\:wmplelZ(Floquet) o 06 T o tn) 30 ) 4
12
N 1 03 oak |
é 8E e <
T i gl 02
st
4E 02 -
0.1
— it
| 0 0 Trrgv st =g
2 4 6 8 0 4 6 8
Q/(27) (MHz) Q/(27) (MHz)
(©) 16 FFT (¢=n/2) 0 (d) Transition amplitudes (¢=/2)
— — —Mollow triplet 1 (Floquet) o T oo
Mollow triplet 2 (Floquet) [ oAty
_____ RWA 0.4 06F i wm,()\t)\-) 3wm—(A*—)\') i

4 5
Q/(2r) (MHz)

4 6
Q/(27) (MHZ)

FIG. 7. Resonance shifts. (a) 2 dependence of Rabi spectra with
parameters § = 0, w,, = (27)3.75 MHz, €,, = (27)2.08 MHz, ¢ =
0. (b) Transition amplitude |a;,| for frequency component in (a).
Symbols are experimental data, solid lines the Floquet predic-
tions while dashed lines are RWA predictions. (c) © dependence
of Rabi spectra with parameters § = 0, w,, = (27)3.75 MHz, ¢, =
(27)2.08 MHz, ¢ = 7 /2. (d) Transition amplitude |a;,| for fre-
quency component in (c) following the same conventions as in (b).
Note that the data points in (b) and (d) share the same normalization
factor to best match the theoretical prediction curves.

When the RWA is valid, ¢, < w,,, 2, and the resonant
condition w,, & Q is satisfied, counter-rotating terms can
be dropped, yielding a block-diagonal Floquet Hamiltonian.
(Note that a frame transformation that aligns the static field
along z and the oscillating field along x is needed to obtain
this block-diagonal form.) Following such a procedure gives
2T —=A7 = /€2 + (wn — Qr)?, where Qg = ~/Q2 + 8% and
the only nonvanishing oscillating components in the popula-
tion are the first five components listed in Table I. When the
approximation is not valid, more frequency components are
involved and the evolution is made more complicated.

3. Two definitions of A*

As discussed above, there are two nontrivial solutions
At, A~ for the Floquet matrix up to a translation of nw,,
where 7 is any integer. One definition of A* is by limiting
their values within the first zone [0, w,,), which is used in
the numerical simulations in this work to simplify the cal-
culation. An example of such a definition corresponding to
Fig. 4 is shown in Fig. 5(a). In this paper we use this defi-
nition for the amplitude calculation in Figs. 7(b) and 7(d) and
Figs. 3(b) and 3(d), where we see a sudden switch between the
frequency components w,, + AT — A~ and 3w, — (AT — A7)
when Q ~ (27)6.8 MHz. However, this definition makes it
difficult to clarify whether we observe frequency components
beyond the RWA. To clarify that we observe higher-order
frequency components w;, with n > 1, we use a definition
that has a correspondence to the prediction obtained from the
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analytical RWA approach and no longer limits the range of
A%, Figure 5(b) shows such a definition where each manifold
of Mollow triplet is clearly seen. In Figs. 7(a) and 7(c) and
Figs. 3(a) and 3(c), the dashed lines are the frequency predic-
tion from the Floquet theory using the same definition.

APPENDIX D: MODE CONTROL OF THE EVOLUTION
AND RESONANCE SHIFTS

In the main text we demonstrate control of the system evo-
lution by sweeping the driving phase and the initial state. This
enables tuning the evolution to highlight different frequency
modes. Here we provide additional demonstration of such
mode control by sweeping the initial state in the ZX plane and
XY plane (see Fig. 6). These results further highlight the need
to take counter-rotating effects when describing the system
evolution under strong driving.

As we increase the driving strength to observe these effects
we reach the saturation limits of our apparatus. This leads
to unwanted, albeit interesting, additional modulations of the
dynamics.

We reproduce in Fig. 7 the results shown in the main
text (Fig. 3), but in the Floquet simulations we do not take
into account saturation effects due to imperfect electronics
and power saturation of the amplifier. When we add an
additional term € cos(2w,,t) to the Hamiltonian in Eq. (1)
to mimic the saturation effects, we reproduce the gradual
switch between frequency components 3w,, — (At — A7) at
Q & (27)6.8 MHz. Instead the Floquet simulation without
any additional terms predicts that the switching happens sud-
denly at a single point (see Fig. 7 and Supplemental Material
[53] for more details on the power saturation and avoided
crossings).
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