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Enhancement of nonclassical Raman light intensity by plasmonic nanoantenna
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As is well known, light arising from Raman scattering on molecules shows nonclassical mutual correlations
between the Stokes and anti-Stokes components. However, the practical use of nonclassical Raman light is
limited, due to its low intensity. The Raman signal can be enhanced in surface-enhanced Raman scattering
(SERS) experiments by placing Raman active molecules near a plasmonic nanoantenna, due to the Purcell effect.
Since the main contribution to emission in SERS experiments is re-emitted light from the plasmonic nanoantenna
with no nonclassical correlations, the question arises as to whether it is possible to simultaneously amplify the
Raman signal and preserve the nonclassical correlations. In this work, we give a positive answer to this question.
We show that plasmonic nanoantennas can be used to enhance the nonclassical light intensity. We demonstrate
that the main factor causing deterioration of the cross correlations of SERS light is the fluorescent background
of the plasmonic nanoantenna. We analyze the way in which the geometry of a plasmonic nanoantenna affects
the nonclassical cross correlations of the Raman light, and show that there is an optimal size of plasmonic
nanoantenna that both increases the Raman signal and preserves the nonclassical correlations of the light at the
level of a single molecule. The obtained results pave the way for the creation of sources with controlled intensity
and a degree of nonclassicality.
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I. INTRODUCTION

It was recently shown experimentally that in
spontaneous Raman scattering, Stokes and anti-Stokes
photons are produced in pairs and exhibit nonclassical
correlations [1–6]. This means that the product of the
second-order coherence functions at the Stokes and
anti-Stokes frequencies, g(2)

St,St = 〈â†
Stâ

†
StâStâSt〉/〈â†

StâSt〉2 and

g(2)
aSt,aSt = 〈â†

aStâ
†
aStâaStâaSt〉/〈â†

aStâaSt〉2, is less than the mutual

second-order coherence function, g(2)
St,aSt = 〈â†

Stâ
†
aStâaStâSt〉/

〈â†
aStâaSt〉〈â†

StâSt〉, i.e., g(2)
St,Stg

(2)
aSt,aSt < (g(2)

St,aSt )
2, indicating

that the classical Cauchy-Schwarz inequality is violated
[7]. The pairwise production of Stokes and anti-Stokes
photons has been demonstrated in experiments with diamond
[1–3], water [4,5], organic molecules [6], and several other
substances [5]. Paired Stokes and anti-Stokes photons
can be used, for example, in ghost imaging [8–11]. The
possibility of generating paired photons is also important
in applications [12] such as controlling the statistics of
anti-Stokes photons [13–16], increasing the contrast of
two-photon interferometry [17,18], increasing the contrast
of Hong-Ou-Mandel interference [19,20], and enhancing the
contrast of measurements of photon entanglement [21].

The intensity of the paired Stokes and anti-Stokes photons
arising from spontaneous Raman scattering is low, which
limits the range of practical applications. One of the most
common ways to increase the intensity is to use plasmonic
nanoantennas [22–29]. When Raman-active molecules are
placed near a plasmonic nanoantenna, the intensity of spon-

taneous Raman scattering can be increased by a factor of up
to 106 [30–40]. In this case, the intensity is enhanced due
to the fact that the scattered light is emitted predominantly
by the plasmonic nanoantenna [36] which has a larger dipole
moment than a single molecule. For this reason, the Stokes
and anti-Stokes light mixes with the luminescent background
of the plasmonic nanoantenna [41–47]. In many cases, the
intensity of the luminescence background of the nanoantenna
is comparable to the intensity of the Raman scattered signal
[48]. Nevertheless, this is not critical for spectroscopic appli-
cations since there are several efficient ways of subtracting the
photoluminescence background [49–53]. However, the ques-
tion remains as to whether this photoluminescent background
causes the deterioration of the nonclassical cross correlations
of Stokes and anti-Stokes light. Studies of the influence of
plasmonic nanoantennas on the statistical properties of light
sources show that as a rule, they have a negative impact on
the statistics of the emitted light [54–60]. For example, it has
been shown that plasmonic nanoantennas retain the single-
photon properties of atoms only at strong coupling and low
pumping [60]. At the same time, the question of the effect
of the photoluminescent background on the nonclassical cross
correlations of Raman light remains open.

In this work, we address this problem and study the ef-
fect of a plasmonic nanoantenna on the cross correlations of
Stokes and anti-Stokes light from molecules placed in the
vicinity of a plasmonic nanoantenna. We consider a regime
with a large Purcell factor [61], in which molecules are
emitted mainly via the plasmonic nanoantenna. Based on
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these conditions, we obtain an analytical expression for the
cross correlations of the intensities of the Stokes and anti-
Stokes components of the spectrum, and show that the main
destructive factor affecting the cross correlations of Stokes
and anti-Stokes light is the photoluminescent background of
the plasmonic nanoantenna. We analyze ways of optimiz-
ing the geometry of the plasmonic nanoantenna in order to
simultaneously amplify the Raman signal and maintain the
nonclassical cross correlations. We find that there is an op-
timal nanoparticle size at which we can achieve an increase
in the radiation intensity typical of surface-enhanced Raman
scattering (SERS) experiments, while preserving the nonclas-
sical light correlations at the level of an isolated molecule.
This result opens up possibilities for the implementation of
spontaneous Raman scattering in nonclassical light sources.

II. DESCRIPTION OF THE MODEL

We consider Raman active molecules placed near a plas-
monic nanoantenna. The entire system is illuminated by an
external coherent light source, and the external electromag-
netic field interacts with the electrons of the molecules and
plasmonic nanoantenna and induces their dipole moments
[7,62]. Underline that the external source of the electromag-
netic field does not directly excite vibrations of the nuclei
of molecules; instead, electrons of the molecules interact
parametrically with the vibrations of the nuclei [63–70]. The
complete Hamiltonian for the system under consideration,
written using the rotating-wave approximation, has the form
[71,72]

ĤS = h̄ωσ

∑
j

σ̂
†
j σ̂ j + h̄ωv

∑
j

b̂†
j b̂ j + h̄g

∑
j

σ̂
†
j σ̂ j (b̂

†
j + b̂ j )

+ h̄
∑

j

� j (σ̂
†
j e−iω�t + σ̂ je

iω�t )

+ h̄�pl(â
†e−iω�t + âeiω�t ) + h̄ωaâ†â

+ h̄
∑

j

�R j (σ̂
†
j â + σ̂ j â

†). (1)

Here, we consider the electronic subsystem of molecules
as a two-level system, with a transition energy h̄ωσ for each
molecule and a lowering operator σ̂ j for the j th molecule.
Vibrations of the nuclei of a molecule are considered using a
harmonic approximation, with a natural vibration frequency
ωv and a lowering operator b̂ j . We also denote the reso-
nance frequency of the plasmonic nanoantenna as ωa and
the lowering operator for the near electric field of the plas-
monic nanoantenna as â (for more details of the quantization
of the near field of subwavelength plasmonic structures,
see [73,74]). In terms of their physical meanings, the
operators σ̂ j and â are dimensionless operators of the dipole
moment of the molecule and the plasmonic nanoantenna, re-
spectively. They are connected with their dimensional dipole
moments d̂mol j and d̂pl through the expressions d̂mol j =
deg(σ̂ †

j + σ̂ j ) and d̂pl = dpl(â + â†), respectively, where deg

and dpl are the matrix elements of the corresponding dipole
moments. Similarly, the operator of the vibration amplitude
of the nucleus of the j th molecule x̂ j can be expressed in
terms of the operator b̂ j , according to x̂ j = x(b̂†

j + b̂ j ), where

x = √
h̄/2mωv is the quantum of the vibration amplitude of

the nuclei of the molecule. Hence, the meaning of the operator
b̂ is a dimensionless amplitude of vibration. The quantity
�R j = −Epl jdeg/h̄ is the constant of the interaction between
the plasmon and the electron subsystem of the molecule,
where Epl is the plasmonic nanoantenna electric field strength
per one plasmon at the point of location of the j th molecule
(for more details, see [75]). The quantity � j = −Eext jdeg/h̄
is the interaction constant between the external field at the
point of location of the j th molecule and the dipole moment
of the transition of the electronic subsystem of the molecule,
and ω� is the frequency of the external field. The quantity
�pl = −dplEext_pl/h̄ determines the constant of interaction
of the external field with the plasmonic nanoantenna, where
Eext_pl is the amplitude of the external field at the location of
the plasmonic nanoantenna. The constant g is the interaction
constant of the electronic subsystem of the molecule with its
vibrational subsystem.

The equations for the operators b̂ j , σ̂ j and â are obtained
from the Heisenberg equation dÂ/dt = i[Ĥ,Â] (below Â =
â,σ̂ j,b̂ j) using the Hamiltonian (1) and the commutation re-
lations [â,â†] = 1̂, [b̂i,b̂

†
j] = 1̂δi j , [σ̂i,σ̂

†
j ] = (1 − 2σ̂

†
j σ̂ j )δi j .

In addition, we will take into account the losses in the vi-
brational and the electronic subsystem of the molecules and
the plasmonic nanoantenna. To do this, we add to the Heisen-
berg equations relaxation terms of the form −γAA and noise
terms F̂A(t ), connected by the fluctuation-dissipation theorem.
As a result, we obtain the following system of Heisenberg-
Langevin equations (see also [76,77]):

d σ̂ j/dt = (−iωσ − γσ )σ̂ j + i(2σ̂
†
j σ̂ j − 1)

× (� je
−iω�t + i�R ja) − igσ̂ j (b̂

†
j + b̂ j ) + F̂σ j (t )

(2)

dâ/dt = (−iωa − γa)â − i
∑

j

�R j σ̂ j − i�ple
−iω�t + F̂a(t )

(3)

db̂ j/dt = (−iωv − γv)b̂ j − igσ̂ †
j σ̂ j + F̂b j (t ), (4)

where γσ , γa, and γv are the decay rates of the dipole moment
of molecules (i.e., dephasing rate), the dipole moment of the
plasmonic nanoantenna, and the amplitude of oscillations of
the nuclei of molecules, respectively. F̂σ j (t ), F̂a(t ), and F̂b j (t )
represent the noises in the electronic subsystem of the j th
molecule, plasmon nanoantenna, and the vibrational degree
of freedom of the j th molecule, respectively.

As noted above, the correlation properties of the
noises in the vibrational and electronic subsystems
are related to the relaxation rates according to the
fluctuation-dissipation theorem [62,78]: 〈F̂ †

σ j
(t )F̂σi (t

′)〉 =
γσ 〈σ̂ †

j σ̂ j〉δi jδ(t−t ′), 〈F̂ †
bi

(t )F̂b j (t
′)〉 = γvn̄th

v δi jδ(t−t ′), where
n̄th

v = [exp(h̄ωv/kBT ) − 1]−1 is the average number of quanta
in the reservoir, which gives the relaxation of vibration
of the molecular nuclei. The quantity 〈σ̂ †

j σ̂ j〉 determines
the amplitude of the noise in the electronic subsystem,
and can be estimated as 〈σ̂ †

j σ̂ j〉 ∝ 1/|ω� − ωσ |2 ∼ 1/ωσ
2.

Since we are considering the case of a large detuning,
|ω� − ωσ | ∼ ωσ � �R j,� j , then the value 〈σ̂ †

j σ̂ j〉 	 1, and
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FIG. 1. Spectrum of Raman scattering from a molecule in the presence of a plasmonic nanoantenna. (a) Different components of the
spectrum: the Stokes signal from the molecule (solid red line), the anti-Stokes signal from the molecule (blue solid line), the background
created by noise in the plasmonic nanoantenna (dashed green line). (b) Total scattering spectrum from the system. The spectrum of Rayleigh
scattering is not shown.

we therefore neglect the noise in the electronic subsystem.
For a vibrational subsystem, both the ratio h̄ωv/kBT and the
value of n̄th

v can be either greater or less than unity. For this
reason, we will retain the noise in the vibrational subsystem.

We also note that the noise and losses in the plasmonic
nanoantenna can be divided into three parts: F̂a(t ) = F̂ rad

a (t ) +
F̂ nonrad

a (t ) + âF̂ Bg
a (t ) and γa = γ rad

a + γ nonrad
a + γ

Bg
a . The

“rad” index denotes radiative noise and losses, whereas
the “nonrad” index denotes nonradiative Joule losses
and corresponding noise. The sources of noise describ-
ing the radiative and nonradiative Joule losses are re-
lated to the corresponding relaxation rates through the
relations 〈F̂ †(non)rad

a (t )F̂ (non)rad
a (t ′)〉 = γ (non)rad

a n̄(non)rad
a δ(t−t ′),

where n̄(non)rad
a = [exp(h̄ωa/kBT (non)rad ) − 1]−1 represents the

average number of quanta in the (non)radiative reservoir.
Since at optical frequencies at room temperature the ratio
h̄ωa/kBT (non)rad � 1, then n̄(non)rad

a 	 1. We will therefore
neglect the sources of noise F̂ rad

a (t ) and F̂ nonrad
a (t ) in the

nanoantenna.
Finally, F̂ Bg

a (t ) and γ
Bg
a represent the noise and loss as-

sociated with the interaction of the electric field in the
nanoantenna with phonons. The latter are responsible for
the broad luminescent background (hereinafter referred to as
the background) of the nanoantenna, the intensity of which
is comparable to that of the SERS spectra [47]. However, a
rigorous calculation of the noise is not possible, due to the
large number of degrees of freedom, and we will therefore
proceed as follows. We will assume that the correlation prop-
erties of the noise F̂ Bg

a (t ) are such that the spectrum of a
single plasmonic nanoantenna reproduces the experimentally
observed shape of the spectrum [41–47]. More specifically,
we will assume that the frequency components of the noise
f̂ Bg
a (ν) have the following correlation properties:〈

f̂ Bg
a (ν)† f̂ Bg

a (ν ′)
〉 = JBg(v)δ(ν − ν ′) (5)

where

F̂ Bg
a (t ) =

∫ +∞

−∞
f̂ Bg
a (ν)e−ivt dv (6)

The factor â before F̂ Bg
a (t ) in the expression F̂a(t ) =

F̂ rad
a (t ) + F̂ nonrad

a (t ) + âF̂ Bg
a (t ) for the total noise in the plas-

monic nanoantenna F̂a(t ) reflects the fact that the intensity
and characteristic frequencies of the spectrum of the lumi-
nescent background of the plasmonic nanoantenna depend
on the intensity and frequency of the incident field [41–47].
We note once again that we choose the quantity JBg(v) in a
phenomenological way, such that it describes the shape of the
luminescent background observed from experiment [41–47]
(see also Fig. 1).

We now find a stationary solution to Eqs. (2)–(4). To do
this, we apply perturbation theory, assuming that the param-
eters �R j/|ωσ − ω�| and g/|ωσ − ω�| are both small and
expanding the operators â, σ̂ j , and b̂ j as a series in terms of
these small parameters. This theory was developed in [76],
and we give only the final expressions here.

According to perturbation theory, there are only thermal
vibrations of the nuclei of molecules in the zeroth order:

b̂ jth(t ) =
∫ t

0
dt ′ exp [(−iωv − γv)(t − t ′)]F̂b j (t

′). (7)

The average number of quanta of thermal vibrations is
determined by the temperature of the vibrational reservoir:

〈b̂†
jth(t )b̂ith(t )〉 = nvδi j = [exp (h̄ωv/kBT ) − 1]−1δi j (8)

In the first order, we obtain a response at the frequency of
the external field, which is proportional to the amplitude of
the external field,

âR(t ) = �pl

(ω� − ωa) + iγa
e−iω�t Î, σ̂ jR(t ) = �R j

ω� − ωσ

âR(t ),

(9)
and corresponds to Rayleigh scattering. The operator âR(t )
in Eq. (9) is proportional to the identity operator Î . Here we
assume that at the location of the j th molecule, the amplitude
of the local field of the plasmonic nanoantenna induced by
the external field is much greater than the amplitude of the
external field itself.
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In the second order, we obtain responses at the Stokes and
anti-Stokes frequencies of both molecules and the plasmonic
nanoantenna:

σ̂ jSt (t ) = g

ωSt − ω�

σ̂ jR(t )b̂†
jth(t ),

(10)

âSt (t ) =
∑

j � jRσ̂ jSt (t )

(ωSt − ωa) + iγa
,

σ̂ jaSt (t ) = g

ωaSt − ω�

σ̂ jR(t )b̂ jth(t ),

(11)

âaSt (t ) =
∑

j � jRσ̂ jaSt (t )

(ωaSt − ωa) + iγa
,

where we denote the Stokes and anti-Stokes frequencies of
the molecule as ωSt = ω� − ωv and ωaSt = ω� + ωv, respec-
tively. In addition, we obtain the luminescent background of
the nanoantenna:

âBg(t ) = âR(t )
∫ +∞

−∞

i f̂ Bg
a (ν)e−ivt

(v + ω� − ωa) + iγa
dv. (12)

III. EMISSION SPECTRUM OF A PLASMON
NANOANTENNA FED BY A RAMAN SCATTERED SIGNAL

FROM A MOLECULE

Since the dipole moment of the plasmonic nanoantenna
dpl is several orders of magnitude greater than the dipole
moment of the electronic transition of the molecule deg,
we neglect the contribution of light scattered from the

molecule to the total spectrum for the system [36]. In this
approximation, to calculate the total scattering spectrum for
the system, it is sufficient to calculate the spectrum of the light
scattered from the plasmonic nanoantenna. According to the
Wiener-Khinchin theorem [62,79], the emission spectrum of a
plasmonic nanoantenna is expressed in terms of the two-time
autocorrelation function of its dipole moment:

S(ω) = |dpl|2Re
∫ +∞

0
〈â†(t + τ )â(t )〉e−iωτ dτ . (13)

To calculate the spectrum in (13), we use the solution for
the dipole moment of the nanoantenna in the form â ≈ âR +
âSt + âaSt + âBg. From the explicit form of solutions (9)–(12)
it follows that the correlators 〈â†

RâR〉, 〈â†
StâSt〉, 〈â†

aStâaSt〉, and
〈â†

BgâBg〉 are nonzero, while the cross correlators 〈â†
StâR〉,

〈â†
aStâR〉, 〈â†

BgâR〉, 〈â†
StâaSt〉, 〈â†

StâBg〉, and 〈â†
aStâBg〉 are equal

to zero. This means that in the scattering spectrum from the
system, the intensities of the Rayleigh, Stokes, and anti-Stokes
responses and the luminescent background of the plasmonic
nanoantenna are added independently. Moreover, due to the
independence of the vibrational thermal noises in different
molecules [see (8)], Raman signals from different molecules
will also appear independently in the general expression for
the spectrum. This means that the scattering spectrum in (13)
for the system can be represented in the form

S(ω) = SR(ω) +
∑

j

SSt j (ω) +
∑

j

SaSt j (ω) + SBg(ω), (14)

where

SR(ω) = |dpl|2δ(ω − ω�)

(
�2

pl

(ω� − ωa)2 + γ 2
a

)
, (15)

SSt j (ω) =
( |dpl|2γv(1 + nv)

(ωSt − ω)2 + γ 2
v

)(
�2

pl

(ω� − ωa)2 + γ 2
a

)(
�2

R j

(ωSt − ωa)2 + γ 2
a

)(
g2

(ωSt − ωσ )2

)(
�2

R j

(ω� − ωσ )2

)
, (16)

SaSt j (ω) =
( |dpl|2γvnv

(ωaSt − ω)2 + γ 2
v

)(
�2

pl

(ω� − ωa)2 + γ 2
a

)(
�2

R j

(ωaSt − ωa)2 + γ 2
a

)(
g2

(ωaSt − ωσ )2

)(
�2

R j

(ω� − ωσ )2

)
, (17)

SBg(ω) =
( |dpl|2JBg(ω − ω�)

(ω − ωa)2 + γ 2
a

)(
�2

pl

(ω� − ωa)2 + γ 2
a

)
. (18)

In expressions (16)–(18), the factors in front of the square
brackets determine the dependence of the spectrum on the
frequency, and the expression in all but the first parentheses
represents the frequency-independent coefficients that deter-
mine the total intensity of the scattered light. Expression
(15) determines the spectrum of Rayleigh scattering. It can
be seen that it is a δ function, which reflects the fact that
Rayleigh scattering is elastic. The terms in (16) and (17)
represent the responses from the plasmonic nanoantenna at
the Stokes and anti-Stokes frequencies, respectively. In this
case, the spectrum of the Stokes and anti-Stokes compo-
nents is a Lorentz line with a width equal to the decay
rate of the vibrations of the nuclei of the molecule (Fig. 1,
red and blue solid lines). The ratio of the intensities of the

Stokes and anti-Stokes components is equal to nv/(nv + 1) =
exp(−h̄ωv/kBT ), which is consistent with the results of the
experiment reported in [80]. It should be emphasized that
expressions (16) and (17) determine the response ampli-
fied by the nanoantenna. Its intensity is in the square of
the Purcell factor greater than the intensity of the Stokes
radiation of a single molecule [81] [see also Eq. (20) in
[76]]. In the theory presented here, the Purcell factor FP j

can be written explicitly as FP j = �2
R j/γaγσ (a similar def-

inition of the Purcell factor is presented, for example, in
[82]). The spectrum of the luminescent background of a plas-
monic nanoantenna is the product of the spectral function
JBg(ω − ω�) and the plasmon resonance line (for more de-
tails, see [47]).
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FIG. 2. (a) Scattering spectrum from the system without the Rayleigh contribution. The areas of the spectrum for detecting Stokes and
anti-Stokes light are indicated as blue region. (b) Dependence of the ratio of the second-order cross-correlation function to the maximum
possible value as a function of the ratio of the intensity of the Stokes signal from the molecule to the background signal from the plasmonic
nanoantenna.

Figure 1(a) shows a typical form of the scattering spectrum
from molecules placed near a plasmonic nanoantenna [51].
In addition to Rayleigh scattering, the spectrum has a Stokes
component [Fig. 1(a), red line, Eq. (16)], an anti-Stokes com-
ponent [Fig. 1(a), blue line, Eq. (17)], and a luminescence
spectrum [Fig. 1(a), green dashed line, Eq. (18)]. Figure 1(b)
shows the full spectrum of scattering from the system, as
determined by expression (14).

IV. CROSS CORRELATIONS OF STOKES AND
ANTI-STOKES LIGHT

In recent experimental studies [1–6], it was found that
the Raman scattered light is nonclassical [7,62]. This non-
classicality arises because the excitation of both Stokes and
anti-Stokes photons occurs due to the same vibrations of
molecular nuclei. As a result, the Stokes and anti-Stokes pho-
tons are emitted in pairs, causing the nonclassical behavior of
the mutual second-order coherence function, that is, in viola-

tion of the Cauchy-Schwarz inequality g(2)
St,aSt �

√
g(2)

St g(2)
aSt.

The cross correlations of the Stokes and anti-Stokes radi-
ation from the molecule are described by the second-order

correlation function [83]

g(2)
St,aSt (0) = 〈Â†

St (t )Â†
aSt (t )ÂaSt (t )ÂSt (t )〉

〈Â†
St (t )ÂSt (t )〉〈Â†

aSt (t )ÂaSt (t )〉 . (19)

Note that the operators ÂSt (t ) and ÂaSt (t ) in (19) corre-
spond only to those parts of the SERS spectrum that lie in the
frequency ranges near ωSt = ω� − ωv and ωaSt = ω� + ωv,
respectively [see Fig. 2(a)]. According to the spectral theory
of operators developed in [84], the explicit expression for the
operators ÂSt (t ) and ÂaSt (t ) has the form

ÂSt (t ) = 1

2π

∫ ωSt+3γv

ωSt−3γv

dωe−iωt
∫ +∞

−∞
dt ′eiωt ′

â(t ′), (20)

ÂaSt (t ) = 1

2π

∫ ωaSt+3γv

ωaSt−3γv

dωe−iωt
∫ +∞

−∞
dteiωt ′

â(t ′). (21)

By substituting the operator â(t ) in the form â(t ) ≈
âR(t ) + âSt (t ) + âaSt (t ) + âBg(t ) into expressions (20) and
(21), and taking into account (9)–(12), we obtain approximate
expressions for the operators ÂSt (t ) and ÂaSt (t ):

ÂSt (t ) ≈ âSt (t ) + âR(t )
∫ ωSt+3γv

ωSt−3γv

i f̂a(ω − ω�)

(ω − ωa) + iγa
e−i(ω−ω� )t dω, (22)

ÂaSt (t ) = âaSt (t ) + âR(t )
∫ ωaSt+3γv

ωaSt−3γv

i f̂a(ω − ω�)

(ω − ωa) + iγa
e−i(ω−ω� )t dω. (23)

The explicit forms of the operators in (22) and (23) can
be used to calculate the cross-correlation function of the
second order (19). Substitution of (22) and (23) into (19)
gives

g(2)
St,aSt (0) = 1 + 1 + nv

nv

1

(1 + IBg-St/ISt )(1 + IBg-aSt/IaSt )
,

(24)

where ISt, IaSt, IBg-St, and IBg-aSt are defined as

ISt =
∫ ωSt+3γv

ωSt−3γv

∑
j

SSt j (ω)dω, (25)

IaSt =
∫ ωaSt+3γv

ωaSt−3γv

∑
j

SaSt j (ω)dω, (26)
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IBg-St =
∫ ωSt+3γv

ωSt−3γv

SBg(ω)dω, (27)

IBg-aSt =
∫ ωaSt+3γv

ωaSt−3γv

SBg(ω)dω. (28)

As noted above, we choose the quantity JBg(ν) in a phe-
nomenological way to describe the shape of the luminescent
background observed experimentally [41–47]. If we assume
that JBg(−v) = exp(−h̄v/kBT )JBg(v), then from expressions
(25)–(28) and (16)–(18) we obtain that the ratio of the
background to the Raman signal from the molecule in the
anti-Stokes part of the spectrum coincides with the ratio of
the background to the Raman signal from the molecule in
the Stokes part of the spectrum, ISt/IBg-St = IaSt/IBg-aSt. This
result is consistent with experimental data [79].

In the absence of a background signal from the plasmonic
nanoantenna, IBg-St = IBg-aSt = 0, the cross-correlation func-
tion of the second order (24) reaches its maximum value
g(2) max

St,aSt (0) = 1 + (1 + nv)/nv. Figure 2 shows a decrease in

the cross-correlation function of the second order g(2)
St,aSt (0) as

a function of the ratio of the intensities of the Stokes signal
from the molecule to the noise signal from the plasmonic
nanoantenna ISt/IBg-St.

V. INFLUENCE OF THE GEOMETRY OF THE
PLASMONIC NANOANTENNA ON THE CORRELATIONS

OF STOKES AND ANTI-STOKES LIGHT

In the previous section, we showed that the higher the
values ISt/IBg-St and IaSt/IBg-aSt, the closer the second-order
cross-correlation function g(2)

St,aSt (0) to its maximum possible

value g(2) max
St,aSt (0) [see expression (24) and Fig. 2]. On the other

hand, for practical applications, not only is the value of the
second-order autocorrelation function, g(2)

St,aSt (0), important,
but also the absolute values of the intensities of the Stokes and
anti-Stokes signals, ISt and IaSt. In this section, we investigate
the question of whether it is possible, by changing the geome-
try of the plasmonic nanoantenna, to increase the second-order
cross-correlation function g(2)

St,aSt (0) while maintaining a high
intensity of the Raman signals ISt and IaSt.

It follows from expressions (25), (26) and (16), (17) that
regardless of the geometry and size of the plasmonic nanoan-
tenna, the intensities of the Stokes and anti-Stokes signals are

IaSt ∝ ISt ∝ N ×
(

γ rad
a

γa

)2

× �2
R

γa
× �2

R

γa
∝ N (ηFP)2, (29)

where η is the quantum yield of the plasmonic nanoantenna,
determined by the ratio of the rate of radiative losses in the
nanoantenna γ rad

a to the rate of total losses in the plasmonic
nanoantenna γa, η = γ rad

a /γa; FP is the characteristic value of
the Purcell factor for molecules located near the plasmonic
nanoantenna; and N is the number of molecules that effec-
tively interact with the plasmonic nanoantenna.

Similarly, it follows from expressions (27), (28), and (18)
that the expression for the photoluminescence intensity of a
plasmonic nanoantenna is

IBg-St ∝ J (ωSt − ω�)

γ 2
a

(
γ rad

a

γa

)2

= J (ωSt − ω�)

γ 2
a

η2, (30)

IBg-aSt ∝ J (ωaSt − ω�)

γ 2
a

(
γ rad

a

γa

)2

= J (ωaSt − ω�)

γ 2
a

η2. (31)

Using expressions (29)–(31) we will consider ways of in-
creasing the cross-correlation function of the second order
of the Stokes and anti-Stokes signals while simultaneously
maintaining a high intensity of the Raman signal. To achieve
this goal, we can attempt to optimize both the size and the
shape of the plasmonic nanoantenna.

First, we consider the possibility of optimizing the
size of the plasmonic nanoantenna. For simplicity, we
consider a spherical plasmonic nanoantenna of radius R. The
factors included in expression (29) depend on the radius
of the plasmonic nanoparticle, according to η = γ rad

a /γa =
R3/(R3 + R3

rad ) and FP = �2
R/γaγσ ∼ R6

rad/R3(R3 + R3
rad )

[75]. We denote the radius of the plasmonic nanoantenna, for
which the radiative losses are compared with the nonradiative
ones [85,86], as Rrad. For a plasmonic nanoantenna made of
gold, the characteristic size Rrad is about 50 nm [85,86]. From
this and from expression (29) we obtain

IaSt ∝ ISt ∝ N

[1 + (R/Rrad )3]
4 . (32)

In an analogous way, for the intensities of the photolumi-
nescent background (30) and (31), we obtain

IBg-aSt ∝ IBg-St ∝ 1

[(R/Rrad )3 + 1]
2

1

[(Rrad/R)3 + 1]
2 . (33)

Note that the dependence of the number of particles N
that effectively interact with the plasmonic nanoantenna on
the size of the nanoantenna is determined to a large extent
by the experimental design. In some experiments, the system
under consideration is a single molecule interacting with a
plasmonic nanoantenna [48]. In this case, N equals unity and
does not depend on the size of the nanoantenna. In other
experiments [87], the plasmon nanoantenna is completely
covered by molecules; in this case, the number of molecules
effectively interacting with the plasmonic nanoantenna is pro-
portional to the nanoantenna’s surface, i.e., N ∝ (R/Rrad )2,
where we introduce Rrad to obtain a dimensionless quantity.

Figure 3 shows the normalized intensities of the Raman
signal (32) and the intensities of the luminescent background
of the plasmonic nanoantenna (33) as functions of the radius
of the spherical plasmonic nanoantenna in the case where
one molecule interacts with the nanoantenna. As can be seen
from Fig. 3(a), in order to optimize the second-order cross-
correlation function, it is necessary to reduce the size of the
nanoantenna. At the same time, when the size is reduced,
the fluorescent background of the plasmonic nanoantenna is
suppressed [see Eq. (33)], and the intensity of the Raman
signal increases. This behavior of the Raman signal intensity
is consistent with the experimental data presented in [48].
Hence, to achieve both a high intensity and a degree of non-
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FIG. 3. Normalized values of the intensity of the Raman signal (32) (blue solid line) and the fluorescent background (33) (red dotted line)
and ratio of the second-order cross-correlation function to the maximum possible value (green dash-dotted line) depending on the radius of the
spherical nanoantenna in the case of a single molecule (a) and many molecules covering nanoantenna (b).

classicality simultaneously, it is necessary to reduce the size
of the plasmonic nanoantenna.

Figure 3(b) shows the dependence of the intensity of the
Raman signal and the intensity of the fluorescent background
of the plasmonic nanoantenna on the radius of the nanoan-
tenna, in the case where the molecules completely cover the
nanoantenna. In this case, the optimal radius of the plasmonic
nanoantenna at which a high intensity and a degree of non-
classicality are achieved simultaneously is about 0.5Rrad.

We now analyze the way in which the shape of the plas-
monic nanoantenna affects the second-order cross-correlation
function of the Stokes and anti-Stokes signals and the intensi-
ties of these signals. A change in its shape leads to a change
in the volume of the mode [88]. By changing the shape of the
plasmonic nanoantenna, it is possible to create a so-called “hot
spot,” i.e., a distribution of the electric field strength of the
eigenmode of the plasmonic nanoantenna in which the field is
concentrated within a small volume. For example, a hot spot
can be implemented in a plasmonic nanoantenna composed of
two spherical nanoparticles located close to each other [48].
Let the shape of the plasmonic nanoantenna be chosen so that
the volume of the mode is equal to V . As can be seen from
formulas (30) and (31) the intensity of the photoluminescent
background of the plasmon nanoantenna does not depend on
V ; however, the intensity of the Raman signal (29) is pro-
portional to the square of the Purcell factor, and therefore
does depend on V . The Purcell factor for a molecule in a hot
spot is inversely proportional to the volume of the plasmonic
nanoantenna mode, FP ∝ 1/V [89]. In this case, the intensity
of the Raman signal, according to (29), is proportional to the
following ratio:

IaSt ∝ ISt ∝ N

V
. (34)

From expression (34) we can conclude that a decrease in
the volume of a plasmonic nanoantenna mode does not lead
to an increase in the Raman signal intensity if the hot spot is
completely filled with molecules. In this case, the number of
molecules effectively interacting with the plasmonic nanoan-
tenna is determined by the concentration of these molecules n
according to N = nV , where V is the volume of the plasmonic
nanoantenna mode. Thus, the magnitude of the Raman signal
ceases to depend on the volume of the plasmonic nanoantenna

mode when the molecules occupy the hot spot in a uniform
way.

The situation is quite different when we consider a single
molecule placed in a hot spot [48,90]. In this case (34) N = 1
and the intensity of the Raman signal turns out to be inversely
proportional to the volume of the plasmonic nanoantenna
mode. Thus, in the case of the interaction of a single molecule
with a plasmonic nanoantenna, it turns out to be advantageous
to decrease the volume of the plasmonic nanoantenna mode
and to place the molecule within a hot spot.

VI. CONCLUSION

We consider the influence of a plasmonic nanoantenna on
the cross correlations of the Stokes and anti-Stokes signals
from a molecule placed near the plasmonic nanoantenna.
It is shown that the plasmonic nanoantenna decreases the
second-order cross-correlation functions for the Stokes and
anti-Stokes signals. This decrease is due to the presence of
a background signal from the plasmonic nanoantenna. It is
found that there is a size of the nanoantenna for which non-
classical correlations are preserved and the emitted signal
is amplified, as in SERS experiments. It is also shown that
in the case where the plasmonic nanoantenna is completely
covered with molecules, its optimal size is about half the size
at which the radiative losses of the plasmonic nanoantenna are
comparable with the nonradiative ones. At the optimal size
of the plasmonic nanoantenna, the cross-correlation functions
of the second order for the Stokes and anti-Stokes signals
increase, and the intensities of these signals reach a maximum
value. For the case where a single molecule interacts with
the plasmonic nanoantenna, the geometry of the plasmonic
nanoantenna can be optimized by both reducing the size of
the nanoantenna and decreasing the volume of its mode. This
result can be used to increase the intensity of paired photon
sources based on spontaneous Raman light scattering.
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