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Echoes in a single quantum Kerr-nonlinear oscillator
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A quantum Kerr-nonlinear oscillator is a paradigmatic model in cavity and circuit quantum electrodynamics,
and quantum optomechanics. We theoretically study the echo phenomenon in a single impulsively excited
(“kicked”) Kerr-nonlinear oscillator. We reveal two types of echoes, “quantum” and “classical” ones, emerging
on the long and short time scales, respectively. The mechanisms of the echoes are discussed, and their sensitivity
to dissipation is considered. These echoes may be useful for studying decoherence processes in a number of
systems related to quantum information processing.
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I. INTRODUCTION

Echoes in physics can be defined as spontaneous delayed
responses following a series of pulsed excitations. Perhaps the
most famous example is the spin-echo effect [1,2] conceived
by Hahn in 1950. The effect is induced by irradiating a collec-
tion of spins by two delayed magnetic-field pulses, resulting
in a magnetization response appearing at twice the delay be-
tween the pulses. Over the years, echoes have been discovered
in various physical systems, such as systems consisting of
many interacting or noninteracting particles, or single quan-
tum particles. Examples of echoes in many-particle systems
include photon echoes [3,4], neutron spin echo [5], cyclotron
echoes [6], plasma-wave echoes [7], cold atom echoes in
optical traps [8–10], echoes in particle accelerators [11–14],
echoes in free-electron lasers [15], and echoes in laser-kicked
molecules [16–18]. In addition, echoes have been observed
in single quantum systems, such as atoms interacting with a
quantized mode of electromagnetic radiation [19,20], and in
single vibrationally excited molecules [21].

In this paper, we study echoes in a single impulsively ex-
cited quantum Kerr-nonlinear oscillator. In case of negligible
damping and without external drive, the system is modeled by
the Hamiltonian [22]

Ĥ0 = h̄ωâ†â + h̄χ (â†)2â2, (1)

where â† and â are the canonical creation and annihilation
operators (satisfying the commutation relation [â, â†] = 1),
ω is the fundamental frequency of the oscillator, and χ is
the anharmonicity parameter. The echoes studied here do not
require inhomogeneous broadening in an ensemble of many
oscillators. On the contrary, they occur in individual quantum
systems, like in [19–21], and completely rely on their intrinsic
unitary dynamics.

The exactly solvable model described by the Hamiltonian
in Eq. (1) [23–25] and its driven damped extensions [22]
have been extensively studied theoretically. For the recent

*Corresponding author: ilia.tutunnikov@weizmann.ac.il

theoretical developments in this direction, see [26] and the
references therein. In modern experiments, specially designed
superconducting quantum circuits allow studying the dynam-
ics of the dissipationless system [see Eq. (1)], including the
phenomena of state collapse and quantum revivals [27]. Such
circuits are important in the context of quantum computing,
and are used in developing various state preparation [28] and
state protection [29] protocols. For recent reviews of quantum
computing applications see, e.g., the references in [28,29].
The Hamiltonian in Eq. (1) also describes quantum nonlinear
mechanical and optomechanical mesoscopic oscillatory sys-
tems [30,31].

The paper is organized as follows. In Sec. II, we introduce
the interaction term used to model the impulsive excitation,
and define the corresponding classical Kerr-nonlinear oscil-
lator model. In Sec. III, the classical and quantum echoes
are presented, and the mechanisms of their formation are
discussed. In Sec. IV, we consider the effects of dissipation.
Finally, Sec. V concludes the paper.

II. THE MODEL

A. Quantum model

We begin by considering a quantized Kerr-nonlinear os-
cillator “kicked” by a pulsed coherent field. The system
including the external field is modeled by the Hamiltonian
Ĥ = Ĥ0 + Ĥint, where the interaction term is given by [22]

Ĥint = V0 f (t )(e−iωLt â† + eiωLt â). (2)

Here, ωL is the carrier frequency of the external field, V0

is the interaction energy, and f (t ) defines the envelope of
the pulse. The interaction term Ĥint is written under the
rotating wave approximation, assuming |ωL − ω| � ω [32].
For convenience, we apply the unitary transformation |ψ〉 =
exp(−iωLâ†ât ) |ψL〉, which removes the oscillating factors,
exp(±iωLt ), from the Hamiltonian. The details are summa-
rized in Appendix A. After the unitary transformation, the
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Hamiltonian reads [22]

ĤL = h̄�â†â + h̄χ (â†)2â2 + V0 f (t )(â† + â), (3)

where � = ω − ωL is the detuning. To simplify the notation,
the subindex L is omitted in the rest of the paper. We introduce
dimensionless parameters �̃ = �/χ , Ṽ0 = V0/(h̄χ ), and time
t̃ = tχ , such that the Hamiltonian in Eq. (3) becomes

Ĥ = �̃â†â + (â†)2â2 + Ṽ0 f̃ (t̃ )(â† + â), (4)

where energy is measured in units of h̄χ .

B. Corresponding classical model

A dimensionless classical Hamiltonian, formally corre-
sponding to the quantum one in Eq. (4), can be defined in
terms of the complex variable α and its complex conjugate
α∗, H = �̃α∗α + (α∗)2α2 + Ṽ0 f̃ (t̃ )(α∗ + α). For mechanical
systems, the variable α is expressed in terms of dimensionless
classical coordinate q̃ and momentum p̃, α = (q̃ + i p̃)/

√
2,

where q̃ = q/
√

h̄/ωm, p̃ = p
√

h̄ωm, m is the mass of the os-
cillator, and ω is the fundamental frequency of the oscillator.
The appearance of h̄ in these definitions is purely to allow a
convenient comparison with the quantum case [23]. In terms
of q̃ and p̃, the classical Hamiltonian reads

H = �̃

2
(q̃2 + p̃2) + 1

4 (q̃2 + p̃2)2 +
√

2Ṽ0 f̃ (t̃ )q̃. (5)

In the rest of this paper, we use the scalings defined in this
section, and omit the tildes to simplify the notation.

III. ECHO EFFECT: NEGLIGIBLE DAMPING

In this section, we study echoes in an impulsively excited
Kerr-nonlinear oscillator. We begin from considering the free
evolution of an oscillator initially prepared in a coherent state.
Then, we consider the case when a pulsed excitation is applied
after a delay τ . The results of direct numerical simulation
are qualitatively explained and compared with approximate
analytical results.

A. Evolution of a free oscillator

Initially, the oscillator is in a coherent state |α0〉. In terms
of number states {|n〉} (defined by â†â |n〉 = n |n〉) it is given
by

|ψ (t = 0)〉 = |α0〉 = e−|α0|2/2
∞∑

n=0

αn
0√
n!

|n〉 , (6)

where α0 is a complex number defining the coherent state. The
wave function of the oscillator at time t reads

|ψ (t )〉 = e−|α0|2/2
∞∑

n=0

αn
0√
n!

e−iEnt |n〉 , (7)

where En = (� − 1)n + n2 is the energy of the state |n〉 [see
Eq. (4), with V0 = 0]. To follow the wave-packet dynam-
ics, we use the expectation value of the operator q̂ = (â† +
â)/

√
2, which represents position in the case of mechanical

systems [33], or one of the field quadratures in the case
of a quantized cavity mode [34,35]. It can be shown (see

FIG. 1. The function 〈q̂〉 (t ) [see Eq. (8)] with � = 0 and α0 = 4.

Appendix B) that for the state in Eq. (7) the expectation value
〈q̂〉 (t ) is given by

〈q̂〉 (t ) = e−|α0|2
√

2
[α0 exp(|α0|2e−2it − i�t ) + c.c.], (8)

where c.c. stands for “complex conjugate.” Figure 1 shows an
example curve for 〈q̂〉 (t ) obtained using Eq. (8) with � = 0,
and α0 = 4. As can be seen from the figure [and from Eq. (8)],
the signal is π periodic due to the quantum revivals [36–38]
the wave packet experiences at t = kTrev = kπ, k = 1, 2, . . . .
In general, the revival time Trev is determined by the value of
the coefficient in front of n2 in the energy expression. This
means that here Trev is independent of �. On the other hand,
� �= 0 changes the frequency and shifts the oscillations of 〈q̂〉
during revivals.

Expanding the inner exponents, exp(±2it ) in Eq. (8) up to
the second order results in an approximate expression describ-
ing the behavior of 〈q̂〉 (t ) in the vicinity of quantum revivals
(t ≈ kπ, k = 1, 2, . . . ):

〈q̂〉 (t ) ≈
√

2|α0|e−2|α0|2t2

× cos[(2|α0|2 + �)t − arg(α0)]. (9)

The function in Eq. (9) oscillates at frequency (2|α0|2 + �)
and decays to zero on a time scale of tc = 1/(2|α0|), i.e.,
〈q̂〉 ∝ exp[−t2/(2t2

c )], which is the duration of the so-called
wave-packet collapse. The reason behind the collapse is the
nonequidistant energy spectrum of the Kerr-nonlinear oscilla-
tor. In other words, the frequencies of the |n〉 states (forming
the initial wave packet) are not integer multiples of the fun-
damental frequency ω, and, as a result, the states quickly step
out of phase.

Quantum-classical correspondence can be established by
considering an ensemble of classical Kerr-nonlinear oscilla-
tors. The initial position q(0) and momentum p(0) of the
oscillators are distributed according to

P[q(0), p(0)] = 1

π
exp

[
− [q(0) − q0]2

2σ 2
q

]

× exp

[
− [p(0) − p0]2

2σ 2
p

]
(10)

where q0 = √
2Re{α0}, p0 = √

2Im{α0}, and σq = σp =
1/

√
2. This initial classical distribution corresponds to a co-

herent state |α0〉. It can be shown (see Appendix C) that the
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FIG. 2. Quantum and classical echoes in a kicked Kerr-nonlinear
oscillator. 〈q̂〉 (t ) is the quantum expectation value, while 〈q〉 (t ) is
the average position of N = 5 × 104 classical oscillators. The de-
tuning parameter is � = 0.01. The initial coherent state is defined
by α0 = 6. The kick is applied at t = τ = 0.5. An immediate re-
sponse to the excitation can be seen. The classical echo emerges
at t = 2τ = 1.0. The quantum echo of the first order appears at
t = Trev − τ = 2.64, while the second-order quantum echo is cen-
tered at t = Trev − 2τ = 2.14 (Trev = π ). Excitation is Gaussian in
time, V0 f (t ) = V0 exp[−(t − τ )2/σ 2], with V0 = 3.0 and σ = 0.01.
The inset shows a magnified portion of the plot.

exact expression for the average position is given by

〈q〉 (t ) =
√

2|α0|exp[−2|α0|2t2/(1 + t2)]

(1 + t2)

× cos

[(
� + 2|α0|2

1 + t2

)
t + φ

]
, (11)

where

φ = tan−1

[
p0(t2 − 1) + 2q0t

2p0t − q0(t2 − 1)

]
. (12)

Compared to the exact quantum result in Eq. (8), the clas-
sical average position is not periodic, and 〈q〉 (t ) simply tends
to zero on a time scale of tc = 1/(2|α0|). On the short time
scale, we can neglect t2 as compared to 1, such that 〈q〉 (t ) ≈√

2|α0| exp[−2|α0|2t2] cos [(� + 2|α0|2)t + φ], where φ ≈
− tan−1(p0/q0), which is identical to Eq. (9) [tan−1(p0/q0) =
arg(α0)]. In the language of classical mechanics, the “col-
lapse” happens because the different Kerr-nonlinear oscilla-
tors vibrate at different frequencies. As a consequence, the
initial localized Gaussian distribution quickly spreads, result-
ing in 〈q〉 = 0.

B. Evolution of an impulsively excited oscillator

Next, we consider results of an impulsive excitation (a
“kick”) applied after a delay τ (counted from the beginning
of the evolution) to the oscillator being initially in a coherent
state |α0〉. Figure 2 shows the expectation value 〈q̂〉 (t ) =
〈â† + â〉 /

√
2 calculated numerically in two different ways:

(i) by solving the time-dependent Schrödinger equation with

Hamiltonian in Eq. (4), and (ii) by simulating the behavior of
a classical ensemble corresponding to |α0〉. The curve describ-
ing the free propagation [see Eq. (8)] is added for comparison.

The behavior of the classical ensemble is studied with the
help of the Monte Carlo approach. Hamilton’s equations of
motion, derived from the classical Hamiltonian in Eq. (5),
are solved numerically for an ensemble of N � 1 oscillators.
The initial position and momentum of the oscillators are dis-
tributed according to Eq. (10). The classical observable 〈q〉 (t )
is the average position of the oscillators.

As seen in Fig. 2, the quantum and classical results are
in good agreement during the initial stages of evolution. The
kick is applied at t = τ = 0.5, and both quantum and clas-
sical simulations predict the expected immediate response
to the applied excitation. Later on, at twice the kick delay
(t = 2τ = 1.0), coherent oscillations appear again without
any additional kicks. On the long time scale, several additional
pulsed responses having remarkably large amplitudes emerge
at t = Trev − τ = 2.64 and t = Trev − 2τ = 2.14 (Trev = π ).

The described pulsed responses are similar to echo signals
known in many other physical systems. The characteristic
property of echoes is their timing—echoes appear at multiples
of the kick delay, i.e., t = ±lτ mod(Trev), where l = 1, 2, . . . .
Here, we refer to echoes at t = +lτ mod(Trev) as “classical
echoes of order l ,” because they emerge in the quasiclassical
limit (see Fig. 2, at t = 2τ = 1.0) and the mechanism be-
hind their formation is classical. In contrast, echoes at t =
−lτ mod(Trev) are of purely quantum origin. They emerge
due to the quantum revivals phenomenon, and we refer to
them as “quantum echoes of order l” (see Fig. 2, at t =
Trev − τ = 2.64 and t = Trev − 2τ = 2.14). Quantum echoes
having similar timing were studied theoretically in ensembles
of anharmonically confined atoms [10], and observed experi-
mentally in a gas of laser-kicked linear molecules [17,18,39].
Similar effects, but unrelated to the revivals phenomenon,
were also studied in ensembles of nonlinear systems with
equidistant spectrum [40,41].

Before proceeding further, it is important to emphasize
the conceptual difference between the echoes observed in
inhomogeneous ensembles of many particles and echoes in
single quantum systems [19–21]. In the latter case, including
the echo in a single mode of electromagnetic field described
by Hamiltonian in Eq. (4), the effect does not require inhomo-
geneous broadening of the particle properties, but relies solely
on the quantum nature of the dynamics.

C. Quantum echo: Mechanism of formation

To reveal the mechanism of echo formation, we begin by
considering the limit of weak impulsive excitations. In this
limit, the temporal extent of f (t ) [the function defining the
time dependence of the kick, see Eq. (4)] is much shorter than
unity (in units of χ−1).

In the impulsive approximation, during the kick,
the Hamiltonian in Eq. (4) can be approximated by
Ĥ ≈ V0 f (t )(â† + â). This allows us to model the effect
of the kick as |ψ+〉 ≈ exp(βâ† − β∗â) |ψ−〉, where |ψ±〉 are
the wave functions before or after the kick, and β = iλ =
−iV0

∫ ∞
−∞ f (t ) dt . The action of the kick is equivalent to appli-

cation of the displacement operator D̂(β ) = exp(βâ† − β∗â),
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which shifts coherent states, D̂(β ) |α〉 = exp[(α∗β −
αβ∗)/2] |α + β〉.

The kick is applied at t = τ , and at that moment the state
of the oscillator reads

|ψ−〉 = e−|α0|2/2
∞∑

n=0

αn
0√
n!

e−iEnτ |n〉 . (13)

Using the completeness property of coherent states, we ex-
pand each number state |n〉 in terms of coherent states:

|n〉 = 1

π

∫
C

e−|α|2/2 (α∗)n

√
n!

|α〉 d2α. (14)

Immediately after the kick, the state is given by

|ψ+〉 ≈ D(β ) |ψ−〉 = e−|α0|2/2

π

∞∑
n=0

αn
0

n!
e−iEnτ

×
∫
C

e−|α|2/2(α∗)nD̂(β ) |α〉 d2α. (15)

Next, we expand each coherent state |α + β〉 in terms of
number states {|m〉}, and substitute β = iλ:

|ψ+〉 = e−|α0|2/2
∞∑

m,n=0

αn
0

n!

1√
m!

e−iEnτ |m〉

× 1

π

∫
C

e−|α|2 (α∗)neiαλ−λ2
(α + iλ)m d2α. (16)

Up to the first order in λ (i.e., assuming |λ| =
V0

∫ ∞
−∞ f (t ) dt � 1) the complex integral in Eq. (16) becomes

1

π

∫
C

e−|α|2 (α∗)n[αm + iλmαm−1 + iλαm+1] d2α. (17)

The three resulting integrals can be evaluated by substituting
α = reiϕ , changing variables t = r2, and using the definition
of the Gamma function �(n) = ∫ ∞

0 e−t t2n dt = (n − 1)!.
The state at time T (counted from the moment of the kick)

is given by

|ψ (T )〉 = |ψ f (T )〉 + |ψ−1(T )〉 + |ψ1(T )〉 , (18)

where

|ψ f (T )〉 = A
∞∑

n=0

αn
0√
n!

e−iEn (τ+T ) |n〉 ,

|ψ−1(T )〉 = A
iλ

α0

∞∑
n=0

nαn
0√

n!
e−i(En−1τ+EnT ) |n〉 ,

|ψ1(T )〉 = Aiλα0

∞∑
n=0

αn
0√
n!

e−i(En+1τ+EnT ) |n〉 , (19)

and A = exp(−|α0|2/2). After the weak kick, the state of
the oscillator is composed of three wave packets. The
first one, |ψ f 〉, is identical to the freely evolving initial
coherent state |α0〉 [see Eq. (7)]. Using the expression
for energy En = (� − 1)n + n2, the newly created wave

packets read

|ψ−1(T )〉 ∝
∞∑

n=0

n[α0e2iτ ]n

√
n!

e−iEn (τ+T ) |n〉 ,

|ψ1(T )〉 ∝
∞∑

n=0

[α0e−2iτ ]n

√
n!

e−iEn (τ+T ) |n〉 . (20)

This shows that |ψ1〉 has the form of a coherent state
|α0 exp(−2iτ )〉 propagating freely for the time τ + T .

We proceed with the analysis of the expectation value of
the operator q̂ = (â† + â)/

√
2. It can be shown (see Appendix

D) that up to the terms first order in λ, 〈q̂〉 (t ) is given by

〈q̂〉 (t ) = c f (t )ez(t )

+ λc−1(t )ez(t−τ ) + λc1(t )ez(t+τ ) + c.c., (21)

where “c.c.” stands for complex conjugate, t is time counted
from the beginning of the evolution, z(t ) = |α0|2e−2it , and
c f (t ) = α0 exp(−|α0|2 − i�t )/

√
2. The first term in Eq. (21)

is identical to 〈q̂〉 (t ) of the freely evolving initial coherent
state |α0〉 [see Eq. (8)], while the other two stem from the
quantum interference of |ψ f 〉 and |ψ±1〉 [see Eq. (19)]. The
time-dependent coefficients c±1 are defined in Appendix D
[see Eq. (D20)]. The overall behavior of the two terms propor-
tional to λ is determined by the functions exp[z(t ± τ )], which
have a characteristic width of tc = 1/(2|α0|) [see Eqs. (8) and
(9)].

The function exp[z(t − τ )] is centered at t = τ (the mo-
ment of the kick) and describes the expected impulsive
response to the kick, while exp[z(t + τ )] is centered at t =
−τ . Both functions are π periodic, and therefore exp[z(t +
τ )] describes localized oscillations emerging periodically be-
fore each revival, at t = kTrev − τ , k = 1, 2, . . . . This delayed
response is the previously discussed quantum echo of the first
order (see Fig. 2 at t = Trev − τ = 2.64).

Figure 3 shows two examples in which the kick is applied
at τ = 0.8 [panel (a)], and τ = 2.0 [panel (b)]. In Fig. 3(a), the
quantum echo appears for the first time before the first revival,
at t = Trev − τ = π − τ = 2.34. In Fig. 3(b), the timing of the
kick is such that the echo appears only before the second re-
vival, at t = 2Trev − τ = 2π − τ = 4.28. For the chosen kick
parameters, the analytical result [see Eq. (21)] and the result of
direct numerical solution of the time-dependent Schrödinger
equation are in good agreement.

So far, we have demonstrated that the quantum echo at
t = Trev − τ is a first-order effect in λ (the excitation strength
parameter). In the next section, we show that the classical echo
at t = 2τ (see Fig. 2) emerges only in the second order of
λ, which explains the dominating amplitude of the quantum
echo.

As an additional numerical example, we consider the case
of a kick having a slightly higher interaction energy (V0 = 1.0)
and longer duration (σ = 0.1), which cannot be treated within
the impulsive approximation used to derive Eq. (21). Figure 4
shows that the first-order quantum echo still appears before
the quantum revival, and also a weak classical echo is visible
at t = 2τ .
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kick

kick

(a)

(b)

quantum
echo

quantum
echo

quantum
echo

quantum
echo

FIG. 3. Comparison of the expectation value 〈q̂〉 (t ) obtained
using Eq. (21) (solid blue), and numerically (dashed orange). Detun-
ing parameter is � = 0.01. The initial coherent state is defined by
α0 = 4. The kick is applied at (a) t = τ = 0.8 and (b) t = τ = 2.0,
while the first echo response emerges at t = Trev − τ = 2.34 and
t = 2Trev − τ = 4.28, respectively. Excitation is Gaussian in time,
V0 f (t ) = V0 exp[−(t − τ )2/σ 2], with V0 = 0.50 and σ = 0.02.

D. Classical echo: Mechanism of formation

In this section, we consider the effects up to the second
order in the kick strength λ, and discuss the emergence of the
classical echo. It can be shown (see Appendix D) that up to
the second order in λ, the expectation value of the operator
q̂ = (â† + â)/

√
2 is given by

〈q̂〉 (t ) = [c f (t ) + λ2c0(t )]ez(t ) + λ
∑
j=±1

c j (t )ez(t+ jτ )

+ λ2
∑
j=±2

c j (t )ez(t+ jτ ) + c.c., (22)

where “c.c.” stands for complex conjugate,
λ = −V0

∫ ∞
−∞ f (t ) dt , z(t ) = |α0|2e−2it , and c f =

α0 exp(−|α0|2 − i�t )/
√

2. The terms proportional to λ2

kick classical 
echo

quantum
echo

quantum
echo

FIG. 4. Numerically calculated quantum expectation value
〈q̂〉 (t ). The detuning parameter is � = 0.01. The initial coherent
state is defined by α0 = 4. The kick is applied at t = τ = 0.8, and
the immediate response to the excitation can be seen. Low-amplitude
classical echo is visible at t = 2τ = 1.6, while the quantum echo
appears at t = Trev − τ = 2.14. Excitation is Gaussian in time,
V0 f (t ) = V0 exp[−(t − τ )2/σ 2], with V0 = 1.0 and σ = 0.1.

introduce two new time points when the signal exhibits pulsed
responses (echoes). The term exp[z(t + 2τ )] corresponds to
second-order quantum echo appearing before each revival,
at t = kTrev − 2τ , k = 1, 2, . . . . The term exp[z(t − 2τ )]
corresponds to a response appearing after an additional delay
τ after the kick, at t = 2τ . This is the classical echo of the
first order. The time-dependent coefficients c±1,2 are defined
in Appendix D [see Eq. (D20)].

We can gain a physical insight into the mechanism of the
classical echo formation by considering the classical phase-
space dynamics. Figure 5 shows a series of snapshots of
the classical phase-space distribution at several times before
and after the kick applied at t = τ = 0.5. For comparison,
the lower row shows the corresponding quantum Husimi Q
distribution, defined as [35]

Q(q, p, t ) = Q(
√

2Re{α},
√

2Im{α}, t ) = 1

π
〈α|ρ̂|α〉 ,

where ρ̂ is the density matrix of the oscillator (for a pure
quantum state ρ̂ = |ψ〉 〈ψ |). In an anharmonic oscillator, the
frequency (period) of oscillations is energy dependent, or,
in other words, the period of oscillations depends on the
radial distance from the phase-space origin. As a result, with
time, the initial smooth distribution at t = 0 evolves into a
spiral-like structure (seen at t = 0.15). This filamentation of
the phase space results in an increasing number of spiral
turns, which become thinner in order to conserve the initial
phase-space volume (Liouville’s theorem). Filamentation of
the phase space is a known nonlinear phenomenon, which
emerges in various physical systems, e.g., in the dynamics of
stellar systems [42], and in accelerator physics [11,13,43].

The filamented phase space serves as a basis for the echo
formation induced by a kick applied at the moment of well-
developed filamentation (at t = τ = 0.5). The kick suddenly
shifts the phase-space distribution along the momentum axis,
leading, with time, to the appearance of density bunches on the
spiral. The panels corresponding to t = 0.63 and 0.72 show
the creation of the bunches. As the time goes on, the bunches
evolve into sharp “tips.” The tips are located on different turns
of the spiral, therefore they rotate with different frequencies
and step out of phase with time. However, at twice the kick
delay (at t = 2τ = 1.0) the bunches and tips synchronize.
This synchronization is manifested as the classical echo effect
[13,17,18,44]. The similarity between the behavior of the clas-
sical phase-space distribution and the Q distribution is evident
in Fig. 5. In principle, the synchronization recurs periodically
with a period of τ . The so-called higher-order classical echoes
[13,16,17] (partially visible in Fig. 2 at t = 3τ = 1.5) can be
observed at higher multiples of the kick delay t = 3τ, 4τ, . . . .

Finally, we would like to point out the existence of the
so-called fractional echoes in our system. These echoes are
visible when higher moments of the field distribution are
considered, e.g., 〈q̂n〉 n � 2 (see, e.g., [17,45,46] and ref-
erences therein). These echoes appear at rational fractions
of the kick delay kτ/l (where k and l are mutually prime
numbers) after the kick, and before or after revivals of var-
ious orders. Figure 6 shows the quantum expectation value
of the operator q̂2 = (â† + â)2/2 demonstrating the regular
and fraction quantum echoes at t = Trev/2 ± τ/2, Trev/2 − τ,
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FIG. 5. Top row: Snapshots of the classical phase-space distribution. Bottom row: Corresponding Husimi Q distribution. The detuning
parameter is � = 0.01. The initial coherent state is defined by α0 = 6. The kick is applied at t = τ = 0.50. The snapshot at t = 2τ = 1.0 shows
how the bunches in the classical phase-space distribution synchronize, producing the classical echo. A similar synchronization phenomenon is
seen in the Q distribution at the same moment. Excitation is Gaussian in time, V0 f (t ) = V0 exp[−(t − τ )2/σ 2], with V0 = 15 and σ = 0.01.

Trev ± τ/2, Trev − τ , as well as low-amplitude classical frac-
tional echo at t ≈ 3τ/2.

IV. ECHO EFFECT: DISSIPATION EFFECTS

In this section, we consider the role of damping effects
caused by interaction of the oscillator with a reservoir at
finite temperature T . The whole system (oscillator + reser-
voir) is described by the time-dependent density matrix ρ̂(t ).
The oscillator is described by the reduced density matrix
Ŝ(t ) = TrRρ̂(t ), where TrR denotes the partial trace over the
reservoir’s degrees of freedom. We use the quantum optics
model of a single mode of a Kerr resonator interacting with a
reservoir. In this model, Ŝ(t ) satisfies the following differential
equation [22,47]:

∂ Ŝ

∂t
= −i[Ĥ, Ŝ] + γ n̄[[â, Ŝ], â†]

+ γ

2
(2âŜâ† − â†âŜ − Ŝâ†â), (23)

1/2 revival

kick

revival

FIG. 6. Fractional echoes in the expectation value 〈q̂2〉. The kick
is applied at t = τ = 0.5. All the simulation parameters are iden-
tical to Fig. 2. Regular and fractional quantum echoes (marked in
green/light gray) are visible at t = Trev/2 ± τ/2, Trev/2 − τ, Trev ±
τ/2, Trev − τ . Low-amplitude classical echo (marked in black) is
visible at t ≈ 3τ/2.

where Ĥ is given in Eq. (4), [Â, B̂] = ÂB̂ − B̂Â, γ is the
dimensionless damping constant, n̄ = [exp(ε) − 1]−1 [where
ε = h̄ω/(kBT )] is the mean number of bosonic excitations in
the reservoir’s mode having frequency ω (the fundamental
frequency of the quantized mode of the field), and kB is the
Boltzmann constant.

Figure 7 shows two examples of the damped dynamics of
〈q̂〉 for the case of a field being initially in a coherent state |α0〉
[i.e., Ŝ(t = 0) = |α0〉 〈α0|]. For weak damping [γ = 10−3,
see Fig. 7(a)], the amplitudes of all oscillations (revivals and

classical 
echo

kick

classical 
echo

kick

(a)

(b)

revival

FIG. 7. Numerically calculated quantum expectation value of the
field quadrature operator q̂ = (â† + â)/

√
2 for the case of an initially

coherent state defined by α0 = 4. The detuning parameter is � =
0.01. (a) Weak damping (γ = 10−3); the kick is applied at t = τ =
0.8. (b) Strong damping (γ = 0.1); the kick is applied at t = τ =
0.6. In both cases, the excitations are Gaussian in time, V0 f (t ) =
V0 exp[−(t − τ )2/σ 2], with V0 = 3.0 and σ = 0.02.
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Sec. kick

quantum
echo

quantum
echo

Sec. kick

classical
echo

(a)

(b)

FIG. 8. Numerically calculated quantum expectation value of the
field quadrature operator q̂ = (â† + â)/

√
2 for the case of an initially

thermal state and γ = 5 × 10−3. The detuning parameter is � =
0.01. The excitations are Gaussian, and the time dependent inter-
action energy is given by V01 exp[−t2/σ 2

1 ] + V02 exp[−(t − τ )2/σ 2
2 ].

(a) Low temperature ε = 1; the second kick is applied at t = τ =
1.7, with V01 = 20, σ1 = 0.1 and V02 = 1, σ2 = 0.05. (b) High tem-
perature ε = 0.1; the second kick is applied at t = τ = 1.0, with
V01 = 20, σ1 = 0.1 and V02 = 13, σ2 = 0.02.

echoes) gradually diminish with each revival cycle. In the case
of stronger damping [γ = 0.1, see Fig. 7(b)], even the first
revival at t = Trev = π is not visible. In contrast, the classical
echo appearing on the short time scale is clearly visible. Since
the quantum echo appears on the longer time scale (just before
the revival), its amplitude is negligible as compared to the
amplitude of the classical echo.

As an additional example, we consider the case of a field
being initially in thermal equilibrium with the reservoir, i.e.,
the initial density matrix of the quantized mode is given by

Ŝ(t = 0) =
∞∑

n=0

Pn |n〉 〈n| Pn = 1

1 + n̄

( n̄

1 + n̄

)n

(24)

where {Pn} is the Bose-Einstein distribution. Figure 8 shows
the damped dynamics of 〈q̂〉, for both low- and high-
temperature reservoirs, and γ = 5 × 10−3. Here, we apply
two delayed kicks to the system. The first one is stronger and it
initiates the dynamics, while the second delayed kick induces
the echoes.

In the case of low temperature [see Fig. 8(a)], the first kick
at t = 0 is followed by decaying oscillations of 〈q̂〉 with each
revival. The timing of the second kick is such that the first
quantum echo appears at t = 2Trev − τ , similar to Fig. 3(b).
For high temperature [see Fig. 8(b)], the oscillatory response
to the first kick decays faster as compared to the previous case,
due to wider distribution of initially populated states of the
field. The second kick is applied after the response to the first
kick has been decayed, and the classical echo arises at twice
the kick delay, t ≈ 2τ . Since the contact with the hot reservoir

leads to faster decoherence, even the first quantum revival is
not visible in this case.

V. CONCLUSIONS

Two types of echoes, quantum and classical ones, are
demonstrated in the kicked Kerr-nonlinear oscillator. The
classical echoes exist on the short time scale in the semi-
classical limit, while the quantum ones show themselves near
the quantum revivals of various order. For weak excitation,
the amplitude of the quantum echoes is much higher than the
classical ones. The reason is that the quantum echo emerges
in the first-order perturbation theory in the excitation strength,
while the classical echo first appears in the second order.

The echoes discussed in the present paper are somehow
different from echoes emerging in inhomogeneously broad-
ened ensembles of many particles, e.g., spin echoes [1,2].
Here, they take place in a single quantum object, and, in prin-
ciple, can be observed in a single quantum oscillator. In this
case, the measurement should be repeated many times starting
from the same initial condition. The interference echo struc-
ture developing after many measurements is a time-domain
analog of spatial interference pattern appearing on a screen
as a result of sending single electrons one by one through a
double slit (the famous Feynman gedanken experiment, see
[48] and references therein). Recently, a related phenomenon
of echoes in single vibrationally excited molecules was ob-
served [21].

The amplitudes of the various echoes are sensitive to the
decoherence processes. In the presence of strong damping, the
quantum echoes and revivals may be completely suppressed,
because they emerge on the long time scale. In contrast,
classical echoes appear on the short time scale and may still
be measured. A similar situation was recently encountered in
experiments [49–52] studying collisional rotational relaxation
in dense molecular gases. Although the rotational revivals
were essentially suppressed at high pressure, the classical
alignment echoes were readily observable and successfully
used to measure the relaxation rates.
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APPENDIX A: UNITARY TRANSFORMATION [EQ. (3)]

The unitary transformation |ψ〉 = exp(−iωLN̂t ) |ψL〉,
where N̂ = â†â, allows removing the oscillating factors,
exp(±iωLt ), from the interaction term Ĥint in Eq. (2). It can
be shown that |ψL〉 satisfies the Schrödinger equation with the
Hamiltonian

ĤL = h̄�â†â + h̄χ (â†)2â2 + eiωLN̂t Ĥinte
−iωLN̂t , (A1)

where � = ω − ωL is the detuning. The time-dependent
operators â†

L(t ) = exp(iωLN̂t )â† exp(−iωLN̂t ) and
âL(t ) = exp(iωLN̂t )â exp(−iωLN̂t ) appearing in Eq. (A1)
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satisfy the differential equations

∂ â†
L(t )

∂t
= iωLeiωLN̂t [N̂, â†]e−iωLN̂t ,

∂ âL(t )

∂t
= iωLeiωLN̂t [N̂, â]e−iωLN̂t ,

(A2)

having solutions â†
L(t ) = â† exp(iωLt ) and âL(t ) =

â exp(−iωLt ). Substituting these into the Hamiltonian in
Eq. (A1) results in

ĤL = h̄�â†â + h̄χ (â†)2â2 + V0 f (t )(â† + â), (A3)

which is the Hamiltonian in Eq. (3).

APPENDIX B: FREE PROPAGATION OF A COHERENT
STATE [EQ. (8)]

In this Appendix, we calculate the time-dependent quan-
tum expectation value of the operator q̂ = (â† + â)/

√
2 for

the free oscillator being initially in a coherent state |α0〉 [see
Eq. (6)]. The wave function at time t reads

|ψ (t )〉 = e−|α0|2/2
∞∑

n=0

αn
0√
n!

e−iEnt |n〉 , (B1)

where En = (� − 1)n + n2. Applying the operator â to the
wave function yields

â |ψ (t )〉 = e−|α0|2/2
∞∑

n=1

αn
0√
n!

e−iEnt√n |n − 1〉 . (B2)

For convenience, we change the index of summation n to k =
n − 1, such that

â |ψ (t )〉 = e−|α0|2/2
∞∑

k=0

αk+1
0√
k!

e−iEk+1t |k〉 . (B3)

The expectation value 〈ψ (t )|â|ψ (t )〉 is given by

α0e−|α0|2−i�t
∞∑

n=0

(|α0|2e−2it )n

n!
|n〉

= α0e−|α0|2 exp(|α0|2e−2it − i�t ) (B4)

where we used En+1 − En = � + 2n. The expectation value
of 〈ψ (t )|â†|ψ (t )〉 is the complex conjugate of Eq. (B4). Fi-
nally, we have

〈q̂〉 = 1√
2

〈â† + â〉

= e−|α0|2
√

2
[α0 exp(|α0|2e−2it − i�t ) + c.c], (B5)

where c.c. stands for complex conjugate.

APPENDIX C: CLASSICAL AVERAGE POSITION, 〈q〉 (t )

Here, we derive an analytical expression for the average
position of an ensemble of classical free Kerr-nonlinear os-
cillators, 〈q〉 (t ). Following [23], we introduce the complex
variable α = (q + ip)/

√
2. In terms of α, the free part of

the classical Hamiltonian in Eq. (5) reads H = �|α|2 + |α|4.

The equation of motion for α is given by α̇ = (q̇ + i ṗ)/
√

2 =
(∂pH − i∂qH)/

√
2 = −i(� + 2|α|2)α. The solution is

α(t ) = α(0) exp[−i(� + 2|α|2)t]

= α(0) exp[−i(� + 2|α(0)|2)t], (C1)

where we used the fact that |α| = |α(0)|. In terms of α, the
initial probability density with σq = σp = 1/

√
2 [see Eq. (10)]

is given by

P[α(0)] = 1

π
exp

(−2|α(0) − α0|2
)
. (C2)

The average position is given by

〈q〉 (t ) =
√

2
∫

Re{α(t )}P[α(0)] d2α(0)

= exp[−2|α0|2t2/(1 + t2)]

(1 + t2)2

× [p0Im{g(t )} − q0Re{g(t )}] (C3)

where q0 and p0 are related to α0 by α0 = (q0 + ip0)/
√

2, and

g(t ) = (t + i)2 exp

[
−it

(
� + 2|α0|2

1 + t2

)]
. (C4)

We can further simplify the expression in the square brack-
ets in Eq. (C3):

Re{g(t )} = Re{(t2 + 2it − 1)(cos θ − i sin θ )}
= (t2 − 1) cos θ + 2t sin θ, (C5)

Im{g(t )} = Im{(t2 + 2it − 1)(cos θ − i sin θ )}
= 2t cos θ − (t2 − 1) sin θ, (C6)

where θ = t[� + 2|α0|2/(1 + t2)], such that

p0Im{g(t )} − q0Re{g(t )} = p02t cos θ − p0(t2 − 1) sin θ

− q0(t2 − 1) cos θ − 2q0t sin θ

= [2p0t − q0(t2 − 1)] cos θ

− [p0(t2 − 1) + 2q0t] sin θ.

(C7)

By setting a = [2p0t − q0(t2 − 1)] = c cos φ and
b = [p0(t2 − 1) + 2q0t] = c sin φ, Eq. (C7) becomes
p0Im{g(t )} − q0Re{g(t )} = c(cos φ cos θ − sin φ sin θ ) =
c cos(θ + φ), where c = √

a2 + b2 = √
2|α0|(1 + t2). To

summarize, the average position of an ensemble of classical
Kerr-nonlinear oscillators is given by

〈q〉 (t ) =
√

2|α0|exp[−2|α0|2t2/(1 + t2)]

(1 + t2)

× cos

[
t

(
� + 2|α0|2

1 + t2

)
+ φ

]
, (C8)

where

φ = tan−1

[
p0(t2 − 1) + 2q0t

2p0t − q0(t2 − 1)

]
. (C9)
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APPENDIX D: DERIVATION OF EQ. (22)

In this Appendix, we derive the formula for 〈q̂〉 (t ) =
〈â† + â〉 /

√
2 up to the second order in λ (the excitation

strength parameter) for an oscillator being initially in a coher-
ent state |α0〉, and which is impulsively kicked after a delay τ .
We derive the expectation value 〈â〉 only, because 〈â†〉 = 〈â〉∗.
At the moment of the kick (t = τ ), the wave function reads

|ψ−〉 = e−|α0|2/2
∞∑

n=0

αn
0√
n!

e−iEnτ |n〉 . (D1)

Using the completeness of coherent states, we expand each |n〉
state in terms of coherent states:

|n〉 = 1

π

∫
C

e−|α|2/2 (α∗)n

√
n!

|α〉 d2α. (D2)

In the impulsive approximation (for details see Sec. III C), the
wave function immediately after the kick reads

|ψ+〉 ≈ D̂(β ) |ψ−〉 = e−|α0|2/2

π

∞∑
n=0

αn
0

n!
e−iEnτ

×
∫
C

e−|α|2/2(α∗)nD̂(β ) |α〉 d2α,

(D3)

where D̂(β ) = exp(βâ† − β∗â) is the displacement oper-
ator, which shifts coherent states D̂(β ) |α〉 = exp[(α∗β −
αβ∗)/2] |α + β〉. Then, we express each coherent state
|α + β〉 in terms of number states {|m〉} and substitute β = iλ,
where λ = −V0

∫ ∞
−∞ f (t ) dt . After rearrangement, |ψ+〉 reads

|ψ+〉 = e−|α0|2/2
∞∑

m,n=0

αn
0

n!

1√
m!

e−iEnτ |m〉

× 1

π

∫
C

e−|α|2 (α∗)neiαλ−λ2
(α + iλ)m d2α. (D4)

Keeping terms up to the second order in λ in the complex
integral in Eq. (D4) results in

1

π

∫
C

e−|α|2 (α∗)n[αm − λ2(1 + m)αm

+ iλmαm−1 + iλαm+1

+ (λ2/2)(m − m2)αm−2 − (λ2/2)αm+2] d2α. (D5)

The task now is to evaluate the six integrals in Eq. (D5):

I f = 1

π

∫
C

e−|α|2 (α∗)nαm d2α,

I j = Cj (m)

π

∫
C

e−|α|2 (α∗)nαm+ j d2α,

(D6)

where j = −2, . . . , 2, and the coefficients are defined as

C−2(m) = (λ2/2)(m − m2),C2(m) = −(λ2/2),

C−1(m) = iλm,C1(m) = iλ,

C0(m) = −λ2(1 + m). (D7)

To evaluate the integrals, we substitute α = reiϕ , change
variables t = r2, and use the definition of the Gamma func-
tion, �(n) = ∫ ∞

0 e−t t2n dt = (n − 1)!. This results in I f = n!

and I j = Cj (m − j)!. Substituting these back into Eq. (D4)
and propagating each number state |m〉 by multiplying it with
exp(−iEmT ), results in six sums:

� f = e−|α0|2/2
∞∑

n=0

αn
0√
n!

e−iEn (τ+T ) |n〉 ,

� j = e−|α0|2/2
∞∑

n=0

Cjα
n+ j
0√
n!

e−i(En+ jτ+EnT ) |n〉 .

(D8)

Note that the time T here is counted from the moment of the
application of the kick.

After acting with the operator â, the first sum becomes

â� f = e−|α0|2/2
∞∑

n=1

αn
0√
n!

e−iEn (τ+T )√n |n − 1〉 , (D9)

and changing the index of summation from n to k = n − 1
results in

â� f = e−|α0|2/2
∞∑

k=0

αk+1
0√
k!

e−iEk+1(τ+T ) |k〉 . (D10)

The rest of the sums become

â� j = e−|α0|2/2
∞∑

n=1

Cj (n)αn+ j
0√

(n − 1)!

× e−i(En+ jτ+EnT ) |n − 1〉 , (D11)

and after changing the index of summation the sums read

â� j = e−|α0|2/2
∞∑

k=0

Cj (k + 1)αk+1+ j
0√

k!

× e−i(Ek+1+ jτ+Ek+1T ) |k〉 . (D12)

The expectation value 〈â〉 involves the products (�∗
f +

�∗
j1 )(â� f + â� j2 ), where j1,2 = −2, . . . , 2. Without loss of

generality, we assume α0 is real, such that α∗ = α and |α|2 =
α2. Considering the products second order in λ and expanding
the exponentials using the expression for energy, the products
read

�∗
f â� f = α0e−|α0|2

× exp{|α0|2e−2i(T +τ ) − i�(T + τ )},
�∗

f â� j = α
j+1
0 e−|α0|2

× exp[−i( j + � j + j2)τ − i�(T + τ )]

×
∞∑

k=0

Cj (k + 1)[α2
0e−2i(T +τ+ jτ )]

k

k!

j = −2, . . . , 2,

�∗
j â� f = α

j+1
0 e−|α0|2

× exp[−i( j − � j − j2)τ − i�(T + τ )]

×
∞∑

k=0

C∗
j (k)[α2

0e−2i(T +τ− jτ )]
k

k!

j = −2, . . . , 2,
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�∗
j1 â� j2 = e−|α0|2α j1+ j2+1

0

× exp
[ − iτ

(
j1 + j2 + j2

2 − j2
1

)]
× exp{−i�[( j2 − j1)τ + (T + τ )]}

×
∞∑

n=0

C∗
j1 (k)Cj2 (k + 1)

[
α2

0e−2i[T +τ+( j2− j1 )τ ]
]k

k!

j1,2 = ±1. (D13)

The first term �∗
f â� f is independent of λ, and it identical

to Eq. (B4), describing the free propagation of a coherent
state. The rest of the terms are proportional to λ and λ2 and
arise due to the kick. The series in Eq. (D13) are of the form∑∞

k=0 f (k)zk/k!, where f (k) (the Cjs) are polynomials in k.
Such series can be summed up, producing terms of the form
p(z)ez, where p(z) is a polynomial in z. The results are

�∗
f â� j = α

j+1
0 e−|α0|2

× exp[−i( j + j� + j2)τ − i�(t + τ )]

× g j
[
α2

0e−2i(T +τ+ jτ )
]

exp
[
α2

0e−2i(T +τ+ jτ )
]

j = −2, . . . , 2,

�∗
j â� f = α

j+1
0 e−|α0|2

× exp[−i( j − j� − j2)τ − i�(t + τ )]

× h j
[
α2

0e−2i(T +τ− jτ )
]

exp
[
α2

0e−2i(T +τ− jτ )
]

j = −2, . . . , 2,

�∗
j1 â� j2 = α

j1+ j2+1
0 e−|α0|2 e−i�(T +τ )

× exp
{ − i

[
j1 + j2 + j2

2 − j2
1 + �( j2 − j1)

]
τ
}

× w j1 j2 exp
[
α2

0e−2i[T +τ+( j2− j1 )τ ]
]

j1,2 = ±1, (D14)

where the polynomials g j , h j , and w j1, j2 are given by

g−2(z) = −λ2

2
(2z + z2), g2(z) = −λ2

2
,

g−1(z) = iλ(z + 1), g1(z) = iλ,

g0(z) = −λ2(z + 2), (D15)

h−2(z) = −λ2

2
z2, h2(z) = −λ2

2
,

h−1(z) = −iλz, h1(z) = −iλ,

h0(z) = −λ2(z + 1), (D16)

and

w−1,−1(z) = λ2
(
z2 + 2z

)
, w−1,1(z) = λ2z,

w1,−1(z) = λ2(z + 1), w1,1(z) = λ2. (D17)

To simplify the notations, we define

Aj = α
j+1
0 e−|α0|2

× exp{−i[ j(1 + �) + j2]τ − i�t},
Bj (t ) = α

j+1
0 e−|α0|2

× exp{−i[ j(1 − �) − j2]τ − i�t},
Cj1, j2 (t ) = α

j1+ j2+1
0 e−|α0|2 e−i�t

× exp{−i[ j1 + j2 + j2
2 − j2

1 + �( j2 − j1)]τ },
(D18)

where z(t, j; τ ) = α2
0e−2i(T + jτ ), and t counts from the begin-

ning of the evolution. Finally, the expectation value of the
operator q̂ = (â† + â)/

√
2 reads

〈q̂〉 (t ) = [c f + λ2c0(t )]ez(t ) + λ
∑
j=±1

c j (t )ez(t+ jτ )

+ λ2
∑
j=±2

c j (t )ez(t+ jτ ) + c.c., (D19)

where

c f = A0√
2
,

λ2c0(t ) = 1√
2

(A0g0 + B0h0

+ C11w11 + C−1,−1w−1,−1),

λ2c−2(t ) = 1√
2

(A−2g−2 + B2h2 + C1,−1w1,−1),

λ2c2(t ) = 1√
2

(A2g2 + B−2h−2 + C−1,1w−1,1),

λc−1(t ) = 1√
2

(A−1g−1 + B1h1),

λc1(t ) = 1√
2

(A1g1 + B−1h−1). (D20)

kick
classical 

echo

quantum
echo

2nd order
quantum echo

re
vi

va
l

FIG. 9. The quantum expectation value 〈q̂〉 (t ) obtained (i) using
Eqs. (D19) and (D20) and (ii) numerically solving the time-
dependent Schrödinger equation with the Hamiltonian in Eq. (4).
The detuning parameter is � = 0.01. The initial coherent state is
defined by α0 = 6. The kick is applied at t = τ = 0.5. Excitation
is Gaussian in time, V0 f (t ) = V0 exp[−(t − τ )2/σ 2], with V0 = 3.0
and σ = 0.01. The parameters are identical to Fig. 2.
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Figure 9 compares the expectation value 〈q̂〉 (t ) obtained
using Eqs. (D19) and (D20), with the results of direct numer-
ical integration of the time-dependent Schrödinger equation.
The numerical result shows the overlapping classical echo

of the second order and quantum echo of the third order
between t ≈ 1.50 and ≈1.64. These echoes are higher-order
effects that emerge in the third-order perturbation theory in
the parameter λ.
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