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We present a physically motivated variational wave function for the ground state of the asymmetric quantum
Rabi model (AQRM). The wave function is a weighted superposition of squeezed coherent states entangled with
nonorthogonal qubit states and relies only on three variational parameters in the regimes of interest where the
squeezing effect becomes negligible. The variational expansion describes the ground state remarkably well in
almost all parameter regimes, especially with arbitrary bias. We use the variational result to calculate various
relevant physical observables of the ground state and make a comparison with existing approximations and the
exact solution. The results show that the variational expansion is a significant improvement over the existing

approximations for the AQRM.
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I. INTRODUCTION

The quantum Rabi model (QRM), consisting of a two-level
system interacting with a single mode bosonic field, describes
the simplest interaction between light and matter [1]. The
QRM has found applications in various fields such as quan-
tum optics [2,3] and condensed-matter physics [4]. For many
decades, the QRM has continued to inspire developments
from both the physical and mathematical perspectives [5]. In
the past decade, the rapid development of experimental tech-
niques has given rise to the realization of the QRM in different
experimental platforms, most notably in circuit quantum elec-
trodynamics (cQED) [6-9]. These developments place the
QRM, along with its various generalizations, in the midst of
the emerging technology of quantum devices.

Despite the simple form and long history of the QRM,
the model was not solved until recently [10-16]. The exact
solutions obtained from various methods all rely on the zeros
of transcendental functions, making it hard to extract exact
information and to some extent, physical intuition from them.
For this reason approximations to the QRM are still valued
and thus actively sought. The most well-known approxima-
tion in the long history of the QRM is the rotating-wave
approximation (RWA), which leads to the Jaynes-Cummings
model (JCM) [17]. The RWA omits the energy nonconserving
terms, which are the counter-rotating terms, from the inter-
action Hamiltonian and thus reduces the system Hamiltonian
to infinitely many 2 x 2 block matrices, which is then eas-
ily solvable. The JCM successfully describes the light-matter
system in the strong coupling regime [3], where the cou-
pling strength is much smaller than the cavity and atomic
frequencies but is much larger than the dephasing and de-
coherence rates. However, the RWA no longer holds in the
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ultrastrong coupling (USC) [7,8] and deep-strong coupling
(DSC) [18,19] regimes, which have recently been achieved
in experiments [20-22].

Various approximation schemes have been proposed to
describe the QRM in the USC and DSC regimes [23-27].
Among them is the generalized rotating-wave approximation
(GRWA) proposed by Irish [25], which provides a frame-
work to treat the QRM and related models. The GRWA is
carried out by performing a displacement transformation [24]
before exploiting the RWA, hence being called the “gen-
eralized” RWA. The GRWA works surprisingly well with
arbitrary large coupling strengths in near resonant cases. It has
been further generalized by introducing a variational displace-
ment parameter [28,29], called the generalized variational
method (GVM), and by introducing squeezing effects [30,31],
called the generalized squeezing rotating-wave approximation
(GSRWA). The key point of all these approximations is to
unitarily transform the QRM and discard terms corresponding
to the counter-rotating terms such that the final form is similar
to the JCM, which can then be solved analytically.

The GRWA, as well as its further generalizations, have
been applied to other light-matter interaction models. The
example of interest here, and most relevant to the current
cQED experiments, is the asymmetric quantum Rabi model
(AQRM) [32-34]. The AQRM is a generalization of the
QRM [35-39] with a bias term which naturally appears in the
cQED setup to describe qubits with an asymmetric potential
such as flux qubits [7,9,20-22]. The approximating treat-
ments to the AQRM may be classified into the GRWA [32],
the GVM [33], and the GSRWA [34], following the afore-
mentioned methods. The work by Zhang et al. [32] is a
straightforward application of the GRWA, while Refs. [33,34]
further introduce the variational displacement and squeezing
parameters, respectively. These three approximations are seen
to describe the ground state of the AQRM reasonably well in
specific parameter regimes. However, we notice that none of
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them performs satisfactorily in the relatively large-bias cases,
where the bias is comparable to the field frequency w or qubit
transition rate A. This parameter regime is frequently used in
cQED experiments.

In this paper we introduce a variational wave function to
describe the ground state of the AQRM. We start from phys-
ical observations of the system evolution with respect to the
coupling strength and propose a trial wave function consisting
of a weighted superposition of squeezed coherent states en-
tangled with nonorthogonal qubit states [40,41]. The resulting
trial function, depending on only three variational parameters,
describes the system ground state remarkably well in almost
all parameter regimes. A fourth variational parameter, based
on the squeezing parameter, can also be introduced but does
not make any noticeable difference to the eigenvalues. In
particular, our ansatz exhibits excellent agreement with the
exact numerical solutions for arbitrary bias, which is crucial
to the AQRM.

This paper is organized as follows. In Sec. II we make
several physical observations, based on which we propose the
ansatz to describe the ground state of the AQRM. We calculate
the ground-state eigenvalues and some physical observables
with this ansatz and compare them with the exact numeri-
cal solutions, as well as with the known approximations, in
Sec. III. Section IV is devoted to further discussion, including
the validity of the variational ansatz and its correspondence
to other methods. Finally, a brief summary with an outlook to
future directions is given in Sec. V.

II. NONORTHOGONAL-QUBIT-STATES ANSATZ
A. Model Hamiltonian
The Hamiltonian of the AQRM reads (& = 1)

A + ¥ €
H = 30’2 —+ wa a+g(a +a)0x + EUx, (1)

where o, and o, are Pauli matrices for a two-level system with
level splitting A. The single-mode bosonic field is described
by the creation and annihilation operators ' and a, and fre-
quency w. The interaction between the two systems is via the
coupling g. Regarding the Hamiltonian of the AQRM, there is
another form often used, which effectively resorts to exchang-
ing the Pauli matrices o, and o,. Formally, we can think of this
unitary transformation to take form as a Hadamard transform.
Alternatively, by redefining A as —A, the other conventional
form of the Hamiltonian can be obtained through a similar
transform but with a unitary operator of the form U = ¢'5%.
Throughout this paper we shall work with the Hamiltonian
defined in Eq. (1).

To gain some intuition of the ground state of the AQRM,
we first consider the symmetric case € = 0, i.e., the standard
QRM, with

A T T
Hi = EUZ 4+ wa'a + gla' + a)o,. 2)

The QRM possesses parity symmetry [16], namely, [P, Hg] =
0 with P = o, (— 1),

The QRM has two known limits in which the system can
be easily solved.

B. Zero coupling limit g = 0

The first case is g = 0, where the system is decoupled to
the field part and the qubit part, with the effective Hamiltonian
now being

_ . A
ng_o =wa'a + Eaz, 3)

which can be diagonalized by the trivial tensor products |n) ®
| & z). Here |n) denotes the standard Fock states and | & z)
are the eigenstates of o,. In this limit the ground state simply
reads

Y& =10)®|-2). 4)

C. Large coupling limit g/A — oo
In the limit g/ A — o0, the system Hamiltonian is
He=" = wa'a+ goy(a’ +a), 5)

which can be regarded as two displaced harmonic oscilla-
tors [24]. This limit is achieved either with g/w — oo, but
A/w being finite, or simply A = 0. For the A = 0 case, the
physical interpretation of the system is two harmonic oscil-
lators displaced in different directions, sharing no tunneling
between each other. On the other hand, if g/w — oo and
A/w is finite, physically this means that the two oscillators
are so far away that finite A/w cannot induce any tunneling.
Therefore these two limiting cases are physically equivalent.

The Hamiltonian (5) is diagonalized by a bosonic displaced
transformation [24]

D(a) = *@ 0, (6)

with displacement amplitude @ = g/w. The eigenstates of the
displaced oscillators are obtained as

Y& = |ta,n Q|Fx), (7)

where |+ «, n) = D(£a)|n) are the displaced Fock states.
The displacement directions are determined by the qubit states
|F x). Note that the states |+ g/w,0) ® |F x) are doubly
degenerate, and the ground state with definite parity can be
expressed as

_ 1
07 = Fl @l - —a e, ®
in which |«) denotes the displaced vacuum state. The negative
parity of Eq. (8) is chosen to be consistent with the ground
state of the QRM in general cases.

D. Intermediate coupling regime

Having discussed the easily solvable limits, we now con-
sider the intermediate regime. It is natural to think about the
evolution of the system with respect to the coupling strength
g, given that we have exact solutions in the two limits. If we
increase the coupling strength g from 0 to oo, the qubit of the
ground state evolves from | — z) to | % x).

A reasonable description for the qubit ground state in the
intermediate regime would be of some spin states in between,
as depicted in Fig. 1(a). The qubit state may be regarded as
a superposition of two spin states obtained through rotating
|+ z) by an angle £6 with respect to the y axis. When g = 0,
this angle takes the value & = 7, and the qubit sits in the state
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FIG. 1. (a) Schematic qubit states on the Bloch sphere. Regard-
ing the ground state, when g = 0 the qubit is in the state |— z),
and in the limit g — oo the qubit is in a superposition of the states
|+ x). In the intermediate coupling regimes, the qubit takes the states
|+ ¢) in between. (b) Schematic effective potentials of the QRM.
In the intermediate coupling regimes, nonzero A induces tunneling
between the two displaced oscillators, leading to anharmonicity and
smaller displacements. The resulting effective potential is symmetric
with respect to the y axis, indicating the existence of parity symmetry.
(c) Schematic effective potentials of the AQRM. Nonzero bias €
introduces energy shifts to the oscillators, leading to asymmetry of
the combined effective potential.

|— z). In the limit g — oo, the state is rotated by +6 = +7,
and the qubit is in a superposition of |+ x).

On the other hand, tunneling between the two displaced os-
cillators is induced by nonzero A in the intermediate regime,
such that the effective potentials tend to get closer [34,40,42],
see Fig. 1(b). As a result the displacement amplitude is no
longer fixed as g/w but should be a free parameter. Mean-
while, due to the tunneling effect the two displaced oscillators
are no longer harmonic but come with some nontrivial anhar-
monicity. Effectively, the field frequencies have changed and
can be described by a squeezing parameter.

We now consider the full AQRM and switch on the bias
term %e oy, which breaks the parity symmetry in the stan-
dard QRM. From the perspective of effective potentials, this
asymmetric term leads to energy shifts to the oscillators, as
displayed in Fig. 1(c). The contributions to the ground-state
wave function from the two oscillators are therefore now
unequal and generally the wave functions of the AQRM do
not have any parity [43].

E. The nonorthogonal qubits ansatz

With the above observations and analysis, it is now
straightforward to write down an un-normalized trial function

for the ground state of the AQRM, namely,

Yo=pla,y)®lp-) —VI-pPl—a,y)®Id:), (9

where the weight p generally breaks the parity of the wave
function. The field is described by standard squeezed coherent
states [2],

|£a,y) =S¥)D(+w)|0). (10)

Here the displacement operator has been given in Eq. (6), and
the squeezing operator is [2,3]

S(y) = e ¥~ (11)

with unfixed squeezing parameter y. The qubit is described
by rotated spin states

0 0
|f+) = cos = [ +2) £ sin 5 | —2), 12)

which generally are not orthogonal to each other [40,41].
We thus refer to Eq. (9) as the nonorthogonal qubits (NOQ)
ansatz.

There are four free parameters, o, 6, ¥, and p, in the NOQ
ansatz (9). For practical reasons we would like to keep the
number of variational parameters as few as possible, without
sacrificing accuracy. In the limit A/w — o0, a superradiance
phase transition occurs in the QRM [44,45], accompanied
by the spontaneous breaking of parity symmetry, and the
squeezing effect is dominant [46]. However, in the AQRM
with nonzero €, the parity symmetry is already broken, and no
quantum phase transition is known to take place. Additionally,
cQED experiments generally operate with negative detun-
ing (A/w < 1) [20,22,47]. We thus focus on the parameter
regimes where A/w is not too large. Numerical observations
show that in the regimes of interest, the squeezing effect
becomes negligible. We therefore safely set y =0 in the
following calculations and simply write the field states as
lot) = |£ «, y). As a result, we are left with only the three
variational parameters («, 8, p).

We now turn to tests of the NOQ ansatz Eq. (9).

III. PHYSICAL PROPERTIES IN THE GROUND STATE

To calculate the ground-state energy and other physical
observables of interest, we first collect the relevant inner prod-
ucts. These are

(ajlaj) = 6;;+ (1 — 5,-_,~)e_2°‘2,
(@ilp;) = 8ij + (1 —5;;)cos b, (13)

with i, j = =£. The normalization factor follows as

N = (ol =1 —2py/1— p2e 2 cosh.  (14)

The ground-state energy consists of some physical observ-
ables of interest, namely,

A + €
Eg = Z (o) + w(a‘a) + glox(a" + a)) + 5o (3
where the atomic population is
N —sin?6
=— 16
{z) N cos 0 (16)
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FIG. 2. Comparison of the ground-state energy deviations for the
AQRM obtained using the GVM [33], GSRWA [34], and the NOQ
ansatz. The parameter values are displayed in the figures, with w = 1.

the mean photon number is

(d'a) = az(% — 1), (17)

the qubit-photon correlation is

(on(a’ +ayy = 22300 (1)
oy(a" +a)=—"F"7",
N
and the qubit orientation in the x direction is
(1 —2p?)siné
(0y) = ————. (19)

N

To incorporate squeezing effects if required, it is relatively
straightforward to show that the mean photon number is

N 2
(a'a), = o? (/T/ cosh2y — ezy> +sinh?y,  (20)

and the qubit-photon correlation is

—2asinf
(ox(a" +a)), = — ¢ 1)
The atomic population and the qubit orientation in the x direc-
tion remain unchanged.
According to the standard variational approach, we need to
solve the equations
0E,  0E,  0E,

do a0 ap
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FIG. 3. Comparison of the results obtained for the ground-state
mean photon number deviations using the same methods as in Fig. 2.
The parameter values are displayed in the figures, with w = 1.

These are transcendental equations which cannot be solved
easily through analytic methods. Nevertheless, they are read-
ily solved numerically [48].

In Fig. 2 we compare the deviation of the ground-state
energies obtained using the approximate methods from the
exact results from numerical diagonalization in the truncated
Hilbert space. In this way we compare the results obtained
using the NOQ ansatz with the GVM and GSRWA ap-
proximation schemes [32-34]. Even though the authors of
the GVM [33] and the GSRWA [34] obtained approximate
analytic expressions for some specific parameter regimes,
we still calculate eigenvalues and other physical observ-
ables variationally in order to make the best comparison
with their trial functions. For relatively small €, the previ-
ous approximations work reasonably well in the coupling
regimes where g/w < 1. However, for large €, all previous
approximations deviate substantially from the exact results.
In contrast, the NOQ ansatz performs quite well in all param-
eter regimes. Only very small deviations are observed around
g = 1. As mentioned earlier, with extremely large A/w, we
need to take the squeezing effect into consideration. In the
regimes where A/w < 5, however, optimizing the squeezing
parameter does not make any noticeable difference to the
eigenvalues.

Apart from the eigenvalues of the ground state, we also
calculate the mean photon number, shown in Fig. 3, the atomic
population, shown in Fig. 4, and the qubit-cavity correlation,
shown in Fig. 5. These results are based on Egs. (16)—(18). We
again make comparisons with the previous approximations
in terms of their deviation from the exact numerical results.
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FIG. 4. Comparison of the results obtained for the atomic pop-
ulation (o) deviations in the ground state using the same methods
as in Fig. 2. The parameter values are displayed in the figures,
withw = 1.

The parameters are chosen to cover a wide range of regimes.
Again, the NOQ ansatz is seen to agree excellently with the
exact results in all cases.

We stress that the near perfect agreement is not limited
to the displayed regimes but also with arbitrary parameter
values. The accuracy of Eq. (9) proves that the NOQ ansatz
has indeed captured the nature of the light-matter interaction
process in the AQRM. Although as already mentioned, for
very large A/w the squeezing effect can no longer simply be
omitted.

IV. DISCUSSION
A. Validity analysis

We have demonstrated the accuracy of the NOQ ansatz in
almost all parameter regimes. Nevertheless, it is still meaning-
ful to further discuss the validity of the approximation. In most
cases the NOQ ansatz precisely describes the ground-state
eigenvalue and other static physical properties of the AQRM
ground state, with, however, a tiny deviation from the exact
results observed around g/w = 1 in Fig. 2. This deviation is
more obvious if we focus on the difference between the energy
determined from Eq. (15) and the exact result, as shown in
Figs. 6(a) and 6(b). It can be seen that the small deviation oc-
curs in intermediate coupling regimes for different parameter
values. It is also apparent from these figures that our ansatz is
more accurate with larger € and smaller A.

The reasons for the small deviation may originate in
the number of variational parameters. Firstly, the physical

0.015
— 095 0.4 ok
0,010 A =0.25 — os A=25
= e=0.3 = e=3
+ 0005 + o2
= /\/__ < o041
8 &l
<& 0.000 S L
T T 00
-0.005} (a) 01 (b)
-0.2
00 05 10 15 20 00 05 10 15 20
g/w g/w
030 (¢) 0.12 (d)
=~ 025 = 0.10
i~ =]
+ 020 + 0.08
< 015 g=05 < 006
S S _
£ 010 =3 = 0.04 g=05
0.05 0.02 A=1
P i _— 0.00 /\
0 1 2 3 4 0 1 2 3 4
Alw €/w
------ GVM GSRWA —— NOQ

FIG. 5. Comparison of the results obtained for the qubit-cavity
correlation (o (a’ + a)) deviations in the ground state using the same
methods as in Fig. 2. The parameter values are displayed in the
figures with w = 1.

motivation given in Sec. II simplifies some facts. For in-
stance, the displacements associated with two different qubit
states are not necessarily the same. On the other hand, the
nonorthogonal qubit states may not always have equal ro-
tating angles. One could further improve the accuracy by
imposing more variational parameters [46,49]. However, hav-
ing too complicated a trial function may not only increase
the computational difficulties but also will conceal the un-
derlying physics. Another possible reason for the deviation
is the complicated multiphoton processes in this coupling
regime [33].

Now we consider the necessity of the squeezing effect
for large A. Intuitively, the effective potentials in Fig. 1 are
harmonic when there is no tunneling. In the presence of tun-
neling, the potentials become nontrivially anharmonic, and the
oscillator frequencies are changed accordingly. The modula-
tion of frequency can be described by the squeezing effect in
phase space [3]. As we have seen in the previous section, this
modulation is negligible for the parameter regimes of interest,
i.e.,, with A/w < 1. However, the tunneling-induced anhar-
monicity dominates when the tunneling parameter A becomes
large. When A/w — oo and € = 0, a superradiance phase
transition occurs. The squeezing effect is strongest around the
critical coupling point determined by g = +/Aw/2 [46,49].
In this case omitting the squeezing effect may yield inac-
curate results. The absolute value of the optimal squeezing
parameter |y | with respect to different values of A and € is
displayed in Fig. 6(c). Also shown is the contour line of |y| =
0.1. Including the squeezing parameter brings noticeable

013711-5



LI, FERRI, AND BATCHELOR

PHYSICAL REVIEW A 103, 013711 (2021)

0.012 ; '
0.010 0= ¢/w=0.3
3 0008} efw—1
& 0008 (a)
< 0.004F - ejw=3
0.002 /0’—\*: ~
0.000 fp—a="" . . el
0.0 05 1.0 15 2.0 25 3.0
g/w
0.08f o e Afu—05]
0.06f ]
3 AJw=15
& 0.04 ]
2 = AJw=5
0.02f
0.00 b—p-m0-- 15380 09-0-0-0-0-¢ mamimoeio oo

0.0 0.5 1.0 15 2.0 25 3.0

0.4

0.3

0.2

0.1

0.0 05 1.0 15 2.0 0

FIG. 6. (a) Difference between the energy determined through
Eq. (15) and the exact results with fixed A /w = 1 and various values
of €. Slight deviation around g/w = 1 is observed. (b) Energy devi-
ations with fixed €/w = 0.5 and various values of A. Dashed lines
are calculated with the squeezing effect included. (c) Absolute value
of optimal squeezing parameter |y| with respect to different values
of A and €. The contour line of || = 0.1 is indicated. The coupling
strength is determined by g = v Aw/2, corresponding to the critical
coupling strength for the superradiant phase transition in the QRM.

improvement when |y| 2 0.1. Examples are displayed with
dashed lines in Fig. 6(b). The squeezing parameter lowers
the energy deviation of the A /w = 5 case in the intermediate
regime, whereas the improvement for smaller A values is
negligible. It is clear that in the parameter regimes of interest,
y can be safely dropped.

B. Relation to other approximations

The nonorthogonal-qubit-states approach was exploited to
study the standard QRM [40,41], where parity plays a crucial
role. Here in the AQRM, however, parity symmetry is broken
by the asymmetric term with nonzero €, leading to unequal
contributions from different effective potentials, as displayed
in Fig. 1(c). Meanwhile, the ground-state energy is lowered
by nonzero €. This breaking of symmetry is encoded in the
variational parameter p appearing in Eq. (9). Without this
weight parameter p, the wave function is independent of e,
as can be seen in Fig. 7. When € = 0, the AQRM reduces to
the symmetric QRM and the parameter p in Eq. (9) becomes

o

g/w

FIG. 7. Ground-state energy of the AQRM with A =1,w =1
and values of € as indicated. The results obtained from our variational
ansatz are denoted by solid lines, with the exact results denoted by
open markers. The dashed line is the result obtained with the fixed
weight parameter p = 1/+/2, which only works for ¢ = 0 and does
not capture changes in €.

the constant 1/+/2 as expected, coinciding with the variational
ansatz and results for the QRM in Refs. [40,41].

We also notice that there is a correspondence between the
NOQ ansatz and the so-called polaron picture [40,42,50-52].
This correspondence is not immediately obvious in the form
of Eq. (9). To see this we expand the nonorthogonal qubit
states |¢+) and write the ansatz in the | z) basis as

0
gzcosz(pw)—ml—a)ﬂ‘i‘@

0
— sin > (pla) + VIi—pPl—a)|—2. (23)

Now the cavity states |4 «) correspond to the polaron and
antipolaron associated with the qubit states |+ z).

V. CONCLUSION

In conclusion, starting from physical observations, we
have proposed an ansatz to describe the ground state of
the AQRM based on a weighted superposition of squeezed
coherent states and nonorthogonal qubit (NOQ) states. The
ansatz relies only on three variational parameters («, 6, p)
and precisely describes the system ground state, exhibiting
very good agreement with the numerical exact solution. A
fourth variational parameter can also be introduced based on
the squeezing parameter, but does not make any noticeable
difference to the eigenvalues. As shown in Figs. 2-5 for the
ground-state energy, the ground-state mean photon number,
the atomic population in the ground state, and the qubit-cavity
correlation in the ground state, the ansatz with the three
variational parameters works remarkably well in almost all
parameter regimes. These figures also show a comparison
with the existing approximations [32-34], and clear qualita-
tive improvements are observed.

The asymmetric term in the AQRM arises naturally in
the cQED setup and can be conveniently manipulated exter-
nally. It is expected that the asymmetric counterparts of other
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currently studied light-matter interaction models, such as the
anisotropic QRM [53,54] and the Rabi-Stark model [55-58],
will be realized in future experiments. The NOQ ansatz pre-
sented here can be straightforwardly generalized to these
related models for which similarly good performance is
expected.

We conclude by emphasizing that the generalization of
the NOQ ansatz to excited states remains an open ques-
tion. It would be particularly worthwhile, with regard to
investigating topological properties, if the conical intersection

structure [59] in the energy spectrum of the AQRM can be
recovered correctly in this way.
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