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Application of the inhomogeneous Kibble-Zurek mechanism to quench dynamics in the transition
from a Mott insulator to a superfluid in a finite system
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We apply the theory of the inhomogeneous Kibble-Zurek mechanism to understand the quench dynamics in
the transition from a Mott insulator to a superfluid in a cold Bose gas confined in both a two-dimensional optical
lattice and a harmonic trap. The local quench time and the resulting Kibble-Zurek diabatic-adiabatic boundary
take a nontrivial positional dependence due to the Mott-lobe structure of the ground-state phase diagram of the
Bose-Hubbard model. We demonstrate the quench dynamics through the time-dependent Gutzwiller simulations,
revealing inhomogeneous properties of the growth of the superfluid order parameter. The inhomogeneous Kibble-
Zurek theory is applicable to the shallow harmonic trap.
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I. INTRODUCTION

Ultracold atomic gases are versatile testing beds for study-
ing many-body quantum phenomena under isolated, clean,
and highly controllable environments [1]. In this system,
nonequilibrium quantum dynamics under a sudden quench of
the system parameters, called quantum quench, is one of the
major topics, providing many challenging problems of many-
body quantum dynamics that are difficult solve by existing
theoretical treatments [2,3].

The Kibble-Zurek mechanism (KZM) is a well-known the-
ory that describes the nonequilibrium process of the phase
transition from a symmetric phase to a symmetry-breaking
one, predicting a density of topological defects generated by
a rapid quench of the parameters which induce the phase
transition [4,5]. The KZM has been studied for decades in
various condensed-matter systems [6,7]. Later, the theory was
extended to quantum phase transitions [8] and investigated
in cold Bose gases [9–15]. In the case of a Bose gas in an
optical lattice, the Mott insulator (MI) and the superfluid (SF)
can exist as the ground state, which depends on the depth
of an optical lattice, the strength of interatomic interactions,
and particle fillings [16,17]. The experiments of Refs. [10,12]
reported the quench dynamics in the transition from the MI
to the SF phase, where the applicability of the KZM was also
discussed. The theoretical works of the KZM in the MI-SF
transition has been studied by several authors [18–23].

In this work, we consider the quench dynamics of the
Bose-Hubbard model (BHM) in the presence of harmonic
confinement. A study of the impact of the harmonic potential,
which makes the system inhomogeneous, on the KZM in
the MI-SF transition appears to be lacking in the literature.
The harmonic potential gives rise to the spatially dependent
chemical potential, resulting in the core-shell structure of the
SF and MI domains [16,24]. The inhomogeneous nature of
the equilibration dynamics in the transition from the SF to
the MI has been studied in several experiments [25–27]. In

this case, the presence of the Mott shell, formed by a fast
equilibration process, prevents the escape of the central excess
SF component to the outside, leading to an anomalously long
timescale of the global equilibration [28–30]. For the discus-
sion of a quench in the transition from the MI to the SF, the
previous theoretical studies [19,21] did not take into account
the effect of a harmonic trap. In contrast, the experiment by
Chen et al. [10] demonstrated the quantum quench in the pres-
ence of a harmonic trap, so considering the inhomogeneous
effect is necessary to understand precisely the experimental
observations.

Here we apply the theory of the inhomogeneous Kibble-
Zurek mechanism (IKZM) proposed in Ref. [31] to study
the quench dynamics of the MI-SF transition in a two-
dimensional (2D) lattice system with harmonic confinement.
A recent work showed that, even for the inhomogeneous sys-
tem, the universality of the quench dynamics can be seen in
the quantum dynamics of the one-dimensional Ising model
[32]. We find that the presence of the Mott lobe in the
phase diagram of the BHM makes a nontrivial dependence
of the “local” quench time on the radial coordinate. Em-
ploying the time-dependent Gutzwiller methods [19,21], we
simulate the quench dynamics in the transition from the MI to
the SF and formation of quantized vortices in the superfluid
order parameter. We find that the quench dynamics is strongly
dependent on the frequency of the harmonic trap, where the
IKZM is valid for the system in a shallow harmonic trap,
while the growth of the SF component is rather adiabatic for a
steep harmonic trap. When the initial MI has a wedding cake
structure, long-lived extra vortices are generated at the inter-
face between the MI domain with different filling factors. This
indicates the difficulty in experiments to extract the vortices
created purely through the KZM.

The paper is organized as follows. Section II describes
a brief review of the KZM for both homogeneous and in-
homogeneous situations. In Sec. III we introduce the BHM
and apply the IKZM to describe the quantum quench in the
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transition from a MI to a SF phase in a harmonic trap potential.
In Sec. IV we demonstrate the quench dynamics by using the
time-dependent Gutzwiller mean-field equation and verify the
prediction of the IKZM. Section V summarizes the work.

II. SUMMARY OF THE INHOMOGENEOUS
KIBBLE-ZUREK MECHANISM

The KZM is a theory describing the physical picture of
nonequilibrium dynamics and topological defect formations
in the system undergoing a rapid continuous phase transition.
Here we briefly review the Kibble-Zurek (KZ) theory and its
extended version to inhomogeneous systems introduced by
del Campo et al. [31].

A. The KZM in homogeneous systems

We suppose that the phase transition is driven by the
time-dependent controllable parameter T (t ) = Tc(1 + t/τQ),
where Tc represents the critical point and τQ provides the
timescale of the quench. Here we assume that the symmetry-
preserved (symmetry-broken) phase exists at T < Tc (T > Tc)
and the system passes the critical point at t = 0 through the
linear ramp of T (t ). In the vicinity of the transition point, the
relaxation time τ and the correlation length ξ in equilibrium
diverge as

τ (ε) = τ0

|ε|zν , ξ (ε) = ξ0

|ε|ν , (1)

where τ0 and ξ0 are typical scales of time and length, respec-
tively, and ν and z are the critical exponents of a system.
The time-dependent dimensionless parameter ε = [T (t ) −
Tc]/Tc = t/τQ describes the deviation from the critical point.

The dynamics of the phase transition is effectively divided
into adiabatic and nonadiabatic regimes, by comparing the
velocity with which the correlation length would have to in-
crease to maintain its equilibrium value vξ = ξ̇ = (dξ/dε)ε̇
with the propagation speed s = ξ/τ of the fluctuation. Under
the condition vξ = s at t = t̂ , the dynamics can be regarded
as adiabatic (nonadiabatic) for t > |t̂ | (t < |t̂ |). The time t̂ is
given by t̂ = (τ0τ

zν
Q )1/(1+zν). During the time interval −t̂ �

t � t̂ , referred to as a frozen region, the ordered phase de-
velops heterogeneously in the space and the mismatch of the
phases of the order parameters leaves the phase defects. The
size of the generated domains of the ordered phase can be es-
timated as ξ̂ = ξ (ε(t̂ )) and the defect density as ndef ∼ ξ̂ d−D,
where D and d are the dimensions of the space and defect,
respectively. Thus, we have the power-law relation for ξ̂ and
ndef with respect to the quench rate τQ as

ξ̂ = ξ0

(τQ

τ0

)ν/(1+zν)
, (2)

ndef = 1

ξD−d
0

(τQ

τ0

)(D−d )ν/(1+zν)
. (3)

B. The KZM in inhomogeneous systems

The above KZ theory can be extended to the inhomoge-
neous system [31]. Keeping in mind the subsequent discussion
in which we consider an isotropic harmonic potential, we take
into account the inhomogeneity through the radial dependence

of the critical point as Tc → Tc(r). The dimensionless param-
eter ε also has a radial dependence

ε(t, r) = T (t ) − Tc(r)

Tc(r)
. (4)

Suppose that the time-dependent parameter T (t ) passes the
critical point at t = tF . Then the time tF should be determined
locally as tF = tF (r); the condition ε(tF (r), r) = 0 gives the
transition point at the radial position r. When the controllable
parameter changes as T (t ) = Tc(0)(1 + t/τQ), predetermined
by Tc(0) at r = 0, we can define the local quench time as

τQ(r) = Tc(r)

Tc(0)
τQ (5)

and get the relation tF (r) = τQ(r) − τQ. By using τQ(r),
Eq. (4) can be rewritten as

ε(t, r) = t + τQ − tQ(r)

τQ(r)
= t − tF (r)

τQ(r)
. (6)

As a result, τ̂ = τ (ε(t̂ )) and ξ̂ = ξ (ε(t̂ )) in the KZM also
have a radial dependence through the replacement of the local
quench time τQ → τQ(r).

To determine the region in which the KZM may take place
in an inhomogeneous system, we introduce another character-
istic velocity, namely, the propagation velocity of the region
passing the local transition point. This can be estimated as

vF =
∣∣∣∣dτQ(r)

dr

∣∣∣∣
−1

= Tc(0)

τQ

∣∣∣∣dTc(r)

dr

∣∣∣∣
−1

. (7)

In a homogeneous system, vF should be infinity. Then the
adiabaticity condition can be gained by comparing the prop-
agation velocity vF and the sound velocity s at t = t̂ , where
s(t̂ ) ≡ ŝ is written as

ŝ = ξ̂

τ̂
= ξ̂

|t̂ | = ξ0

τ0

∣∣∣∣ τ0

τQ(r)

∣∣∣∣
ν(z−1)/(1+νz)

. (8)

The inequality vF > ŝ gives the condition in which the con-
ventional KZM is expected, determining the spatial region for
the appearance of defects through the KZM. Using a particular
model, e.g., the BHM as shown below, we will calculate the
threshold value of the radius r from the above condition.

III. THE BHM AND INHOMOGENEOUS QUENCH

In this section we introduce the BHM to describe the cold
bosons in an optical lattice and apply the IKZM to study
quench dynamics in the transition from the MI to the SF in
an inhomogeneous situation. The inhomogeneity is included
by the radial harmonic potential, which exists in typical ex-
perimental setups [10,12].

A. The BHM

We start from the 2D Bose-Hubbard Hamiltonian

Ĥ = −J
∑
〈i, j〉

(b̂†
j b̂i + H.c.) −

∑
j

μ(r)n̂ j

+ U

2

∑
j

n̂ j (n̂ j − 1), (9)
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where J (>0) represents a tunneling term, b̂ j and b̂†
j are,

respectively, the annihilation and creation operators which
obey the commutation relation [b̂i, b̂†

j] = δi j , n̂ j = b̂†
j b̂ j is the

number operator of bosons at a lattice site j = ( jx, jy), and U
is the strength of the on-site repulsion between two bosons.
The sum of the first term is taken for nearest-neighbor sites
〈i, j〉. Since we consider the inhomogeneous 2D system by
introducing a harmonic potential, the chemical potential μ has
a radial dependence as

μ(r) = μ(0) − 1
2 kr2, (10)

with the spring constant k and the chemical potential μ(0) at
the origin. The radial coordinate r can be represented as r =
a0| j|, with the lattice constant a0. The particles are confined
within the Thomas-Fermi radius given by RTF = √

2μ(0)/k.
The ground state of the BHM in a homogeneous system

(k = 0) has been well known, as seen in the standard textbook
[1]. There are two ground-state phases, namely, the SF and
the MI. According to the second-order perturbative mean-field
theory, the phase boundary can be given by

Jc

U
= −n(n − 1) − (μ/U )(2n − 1) + (μ/U )2

Z (1 + μ/U )
, (11)

where n is the mean occupation number at each site and Z
is the number of nearest neighbors; Z = 4 in a 2D square
lattice system. The phase boundary is plotted as shown in
Fig. 1. The phase diagram constitutes a well-known Mott-
lobe structure. Although the boundary has been determined
more precisely by the Monte Carlo simulations [33], use of
Eq. (11) is enough for our purpose. The phase transition across
the boundary is known as the second-order transition, and
the critical exponent belongs to the universality class of the
(d + 1)-dimensional XY model [34]. In this work we take
ν = 1/2 and z = 2 according to the mean-field theory; a more
precise analysis shows that the dynamical exponent is z = 1
at the multicritical point at the tip of the Mott lobe.

B. The IKZM for the BHM

Now we consider the KZM for the BHM including a har-
monic potential. Here the transition from the MI to the SF is
caused by a rapid increase of the parameter J/U . We assume
that the on-site interaction U is constant in the following.
In previous literature, Shimizu et al. considered the KZM of
the BHM in a homogeneous system by means of the time-
dependent Gutzwiller simulations [21]. In the homogeneous
situation, however, the unitary time evolution is free from the
value of the chemical potential, which allows the transition
from the MI to the SF only at the tip of the Mott lobe. For
inhomogeneous cases, the transition point is dependent on the
position, since the local chemical potential decreases from the
center toward the outer region as shown in the right panels
of Fig. 1. Also, μ(0) can be chosen to be arbitrary in finite-
size systems, being determined by the particle number in a
confining potential.

In the right panels of Fig. 1, we plot the density profile
for J/U = 0.001 and μ(0) = 0.4 [Fig. 1(a)] and μ(0) = 1.5
[Fig. 1(b)], where the phase at the center is in a deep MI with
n = 1 and 2, respectively. The equilibrium state is calculated
by the Gutzwiller ansatz of the wave function, introduced in

FIG. 1. Inhomogeneous quench in the transition from the MI
to the SF in a harmonically trapped system. The left panels show
the ground-state phase diagram of homogeneous BHM for the 2D
system in the J/U -μ/U plane, where the phase boundary is given
by Eq. (11). The right panels show the cross section of the equilib-
rium density profile n (red solid line), the local chemical potential
μ(r)/U (blue dashed curve), and the local quench time τQ(r)/τQ =
Tc(r)/Tc(0) (green dotted curve) along the x axis in the presence
of the harmonic trap. Here we set the hopping J/U = 0.001, the
dimensionless spring constant k̃ = a2

0k/U = 0.0005, and the central
chemical potential (a) μ(0)/U = 0.4 and (b) μ(0)/U = 1.5. In the
left panel of (a), the leftmost vertical line at J/U = 0.001 represents
the range of the chemical potential in the trapped system, being
rapidly changed to J/U = 0.05 in the simulations of Sec. IV. The
other vertical lines show the range where the transition from the MI
to the SF takes place diabatically (vF > ŝ) and adiabatically (vF <

ŝ), represented by red and gray, respectively, for the quench times
τQ/τ0 = 50, 100, and 200. In the right panels, the corresponding
diabatic and adiabatic regions are shown by the red and gray colored
bands, respectively, for τQ/τ0 = 50 (see the analysis in Sec. III B and
Fig. 3). The SF region exists at the very narrow region (approxi-
mately a one-site interval) between the domains of the MI phases
with different fillings. The SF phase starts to grow during the quench
dynamics in the simulations of Sec. IV.

the next section. There are extremely narrow regions of the SF
phase between the MI domains with different filling numbers.
A sudden change of J/U induces the growth of the SF region,
which starts from these narrow SF regions. This can be seen
from the local quench time τQ(r), which is suppressed at the
boundary between the MI domains as seen in the right panels
of Fig. 1. However, the region in which the KZM takes place is
not trivial when we compare the characteristic velocity vF and
s, because the fluctuations can catch up with the equilibrium
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FIG. 2. Function f (r), the radial dependence of the ratio vF /v̂,
shown for several values of μ(0) as a function of r/RTF. The tran-
sition is shown across (a) the boundary of the n = 1 Mott lobe
and (b) the boundaries of both the n = 1 and n = 2 Mott lobes. In
(a) the curves represent μ(0) = 0.4 (red solid curve), μ(0) = 0.7
(blue dashed curve), and μ(0) = 0.9 (green dash-dotted curve). In
(b) the curves represent μ(0) = 1.2 (red solid curve), μ(0) = 1.5
(blue dashed curve), and μ(0) = 1.9 (green dash-dotted curve).

values (the dynamics is adiabatic) when vF < ŝ, even for
small τQ.

Let us apply the theory of the IKZM in Sec. II B to the
Bose-Hubbard system. Our controllable parameter is now J
in Eq. (9). From Eq. (11), the critical point Jc has a radial
dependence through the chemical potential Jc(r) = Jc[μ(r)].
According to Eq. (7), we obtain the velocity of the transition
front as

vF = Jc(0)

τQ

∣∣∣∣dJc

dμ

dμ

dr

∣∣∣∣
−1

= Jc(0)

τQ

∣∣∣∣−n2 − n + 1 + 2(μ/U ) + (μ/U )2

Z (1 + μ/U )2
kr

∣∣∣∣
−1

. (12)

Using Eqs. (5), (8), and (11), we can also obtain the expression
ŝ as a function of r. The comparison of vF and ŝ determines
the condition for the defect formation through the KZM, the
ratio being represented as

vF

ŝ
= A f (r), (13)

with the constant

A = U

2μ(0)

RTF

ξ0

(
Jc(0)

U

τ0

τQ

)(1+ν)/(1+νz)

(14)

determined by the quench time τQ and the chemical potential
μ(0) at r = 0. The radial dependence is given by

f (r) =
(

Jc(r)

U

)ν(z−1)/(1+νz)

×
∣∣∣∣ Z (1 + μ/U )2(RTF/r)

−n2 − n + 1 + 2(μ/U ) + (μ/U )2

∣∣∣∣; (15)

the function f (r) is shown in Fig. 2 for several values of μ(0).
The condition vF > ŝ gives the region in which the vortex

formation via the KZM can take place; hereafter we refer to
this region as the KZ region. This condition can be obtained
by drawing the horizontal line at A−1 in Fig. 2 and reading
the crossing points given by f (r) = A−1, which gives the
threshold value of the radius r̃c = rc/RTF. In the calculation,

we give the scaled spring constant k̃ = a2
0k/U = 0.0005 or

0.0025 and assume ξ0 ∼ a0. We also confine ourselves to the
exponents for the mean-field theory ν = 1/2 and z = 2.

Let us first consider the phase transition across the bound-
ary of the Mott lobe with n = 1, corresponding to μ(0) < U
and Fig. 2(a). For μ(0) < 0.41U ≡ μ1, corresponding to the
tip of the Mott lobe at r = 0, f (r) decreases monotonically
with r and diverges at the origin. This divergence is due to the
existence of a maximum of μ(r) at the origin, which causes
dμ/dr|r=0 = 0 and the infinite velocity vF of the transition
front [see Eq. (12)]. For μ(0) > μ1 there are two divergent
peaks: One is at the origin and the other corresponds to the
tip of the Mott lobe, at which Jc(r) becomes a maximum with
respect to μ(r) and thus dJc/dμ = 0. This nontrivial radial
dependence of the front velocity vF is a characteristic feature
of the Bose-Hubbard system. Figure 3 shows the threshold
radius as a function of τQ, obtained by taking the crossing
points of the f (r) curve and the A−1 line in Fig. 2. Here
we plot the results for the different values of k̃ = 0.0025 and
0.0005. The KZ region is strongly dependent on the value of
μ(0). For μ(0) < μ1 the critical radius decreases monotoni-
cally with increasing τQ, namely, the KZ region gets narrow
from the outside [Fig. 3(a)]. We show the KZ region for
μ(0) = 0.4, k̃ = 0.0005, and τQ/τ0 = 50 by the shaded band
in the right panel of Fig. 1(a), where r̃c � 0.8. For μ(0) > μ1,
however, another non-KZ region appears around the interme-
diate region at r ∼ 0.4RTF [Fig. 3(b)] for τQ/τ0 > 100. This
means that the KZM occurs at the central region and the
ring-shaped region separates from the central KZ region for
a relatively slow quench. Near μ(0) � U the KZ regions are
further shrunk to the narrow region around the center and r ∼
0.75RTF as shown in Fig. 3(c). Thus, the IKZM would predict
a very different behavior of the KZ dynamics in the transition
from the MI to the SF depending on whether the central
chemical potential μ(0) is smaller or larger than the μ1.

When the transition includes the several Mott lobes, the sit-
uation becomes more complicated, as shown in Figs. 2(b) and
3(d)–3(f) for the case including both the n = 1 and n = 2 Mott
lobes. The KZ region can be obtained similarly by considering
that the velocity vF diverges both at the center and at the tips
of the Mott lobes. The KZ region for the n = 2 MI domain
is maximized when μ(0) is located near the tip of the Mott
lobe, while it takes place only near the tip of the Mott lobe
for the surrounding n = 1 MI domain. We show the KZ re-
gion for μ(0) = 1.9 [Fig. 3(f)] and τQ/τ0 = 50 by the shaded
region in the right panel of Fig. 1(b), where the KZ region
corresponds to 0 � r/RTF � 0.16, 0.38 � r/RTF � 0.54, and
0.71 � r/RTF � 0.96.

IV. TIME-DEPENDENT GUTZWILLER ANALYSIS
OF QUENCH DYNAMICS

To demonstrate the above prediction of the IKZM, we
make numerical simulations of the quench dynamics de-
scribed by the BHM with the harmonic potential of Eq. (9).
To study the real-time evolution in the 2D system, we em-
ploy the time-dependent Gutzwiller method. The Gutzwiller
approximation is based on the assumption of a variational
state which has a product form in which correlations be-
tween different sites factorize into single-site state vectors,
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FIG. 3. Critical radius giving the KZ region in a harmonically trapped system with respect to the quench time τQ/τ0. We show the results
for two scaled spring constants k̃ = a2

0k/U = 0.0025 and 0.0005 by red solid curves and blue dashed curves, respectively. The chemical
potentials at the center are (a) μ(0) = 0.4, (b) μ(0) = 0.7, (c) μ(0) = 0.9, (d) μ(0) = 1.2, (e) μ(0) = 1.5, and (f) μ(0) = 1.9.

which does not capture correlations involving different sites.
Nevertheless, because of its simplicity, it is a useful method
for gaining an understanding of physics for regimes where
exact numerical results are not easily obtained, e.g., out-of-
equilibrium dynamics in dimensions higher than unity [29,35–
41]. Also, some studies have used this method to study the
quench dynamics relevant to the KZM [19,21,23,42]. In this
work, we employ this method to consider quench dynamics
in the 2D system, thus giving a qualitative discussion of how
the inhomogeneous phase transition occurs and whether the
IKZM can apply the simulation results or not. Within the
mean-field approximation, only local quantum fluctuation is
taken into account, whereas long-wavelength fluctuations are
important in a lower dimension, because they destroy true
superfluid long-range order. For the trapped system at a zero
temperature, however, the concern is less important since the
harmonic potential provides a natural cutoff for the long-
wavelength fluctuation.

The Gutzwiller ansatz for the many-body wave function is
written as

|�G(t )〉 =
∏

j

∑
n

f j,n(t ) |n〉 j , (16)

where f j,n(t ) represents the complex coefficients for the num-
ber state |n〉 j at the jth site. The ansatz corresponds to a
mean-field approximation by ignoring the correlation between

different sites. Under the variational principle, we minimize
〈�G| Ĥ − ih̄ d

dt |�G〉 with respect to f ∗
j,n to obtain the time-

dependent Gutzwiller equation

ih̄
df j,n

dt
= −J

∑
〈i, j〉

[
√

nψi f j,n−1 + √
n + 1ψ∗

i f j,n+1]

+
[
μ(r)n + U

2
n(n − 1)

]
f j,n. (17)

Here the SF order parameter is given as

ψ j = 〈b̂ j〉 =
∑

n

√
n + 1 f ∗

j,n f j,n+1. (18)

Equation (17) is solved numerically by the Crank-Nicolson
method, where the Neumann boundary condition is used at
the edge of the simulation system. We have confirmed that
the total energy and the norm are conserved during the time
evolution in the case of constant values of J and U .

In order to induce the quench in the transition from the MI
to the SF phase and study the IKZM, the hopping amplitude
is varied as

J (t ) − Jc(0)

Jc(0)
= t

τQ
, (19)

with the critical hopping Jc(0) at r = 0, determined by
Eq. (11) within the perturbation theory. The initial states of
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the simulations are prepared in the deep MI region, where we
choose the hopping amplitude as J (t = 0) = 0.001U . Then
the value J (t ) is linearly increased according to Eq. (19) to
the final value J (t = t f ) = 0.05U at which the whole system
is in the SF phase. The slope of the ramping up of J (t ) is given
by Jc(0)/τQ.

For the initial Mott state, we set the phases of { f j,n(t = 0)}
fully random to mimic the quantum fluctuation in the mean-
field method [21,23,42]. However, the amplitude of the initial
noise plays a crucial role in the growth time of the superfluid
order parameter ψ . Thus, it is difficult to determine the ob-
servation time of the vortex number, called the KZM time,
from the ψ-based protocols [21,23]. Furthermore, the ampli-
tude of the superfluid density also grows inhomogeneously
in our inhomogeneous system; we cannot determine uniquely
the KZM time fitted to the whole system. Thus, we do not
discuss the scaling property of the defect density with respect
to the global quench time τQ. Alternately, we discuss how
the vortices nucleate from the inhomogeneous system and the
difference from the homogeneous situation.

When J (t ) is increased, topological defects (vortices) can
be created. The vortices are identified by calculating the cur-
rent density jkl = −√

nknl sin(θk − θl ) between k and l sites,
where k ( 
=l) represents the label of the spatial grids in the 2D
space; if all jkl along a certain minimal loop (k, l ) → (k +
1, l ) → (k + 1, l + 1) → (k, l + 1) → (k, l ) have the same
sign, a vortex exists at the inside of the loop. Due to the
random phases in the initial state, there are vortices even
before the SF order parameter develops.

In the following, we consider the situations with three
different values of the chemical potential μ(0) at the origin,
namely, μ(0)/U = 0.4, μ(0)/U = 0.9, and μ(0)/U = 1.5,
and demonstrate the quench dynamics in the transition from
the MI to the SF in the harmonic trap potential.

A. The case μ(0)/U = 0.4

In this case, the quench of J (t ) induces the quantum
phase transition from the periphery of the system. Under
the local approximation, the timing which passes through
the transition point is latest at the center, where the criti-
cal value is Jc(0)/U = 0.0429. To see the inhomogeneity of
the transition dynamics, we represent the time development
of the radial distribution of the superfluid density |ψ (r)|2 =
(2π )−1

∫
dθ |ψ (r, θ )|2 and the radial vortex density nv (r) =

(2π )−1
∫

dθ nv (r, θ ). Here the vortex density is taken only for
vortices within the Thomas-Fermi radius RTF. In Fig. 4 we plot
the results for k̃ = 0.0025 and 0.0005 and τQ = 50. For the
steep trap k̃ = 0.0025, the superfluid component arises from
the periphery of the MI domain. The superfluid density grows
from the periphery to the center, along with the transition line
of the Mott lobe. Since the MI has a strong phase fluctuation,
the region within the Thomas-Fermi radius is initially filled
with vortices. After the quench, due to the appearance of the
phase coherence in the superfluid phase, the vortices disappear
from the outside to the inside smoothly, as shown in the left
panel of Fig. 4(b). The mechanism of the disappearance of
vortices is the vortex-antivortex pair annihilation.

For the shallow trap k̃ = 0.0005, the dynamics is slightly
different. The superfluid density begins to grow and the

FIG. 4. Time development of (a) the radial SF density |ψ (r)|2
and (b) the radial vortex density nv (r) for μ(0)/U = 0.4 and τQ =
50. The left and right panels correspond to k̃ = 0.0025 and 0.0005,
respectively. In each figure, we also show the cross section for several
values of the radius along the time axis. The Thomas-Fermi radius is
(a) RTF/a0 = 18 and (b) RTF/a0 = 40.

vortices are erased gradually from the outside. At a certain
time, however, the transition occurs homogeneously within
the radius rc smaller than RTF. The right panel of Fig. 4(b)
clearly indicates that most of the vortices due to the ran-
dom noise in the MI suddenly disappear at t/U = 60 within
the radius rc. From the development of the vortex density,
we can identify the region of the nonadiabatic KZM. Thus,
the applicability of the IKZM theory is strongly dependent
on the shallowness of the harmonic trap potential. We find
that the critical radius rc is dependent on the quench time
and the trap spring constant k̃. Figure 5 shows the critical
radius rc/RTF, extracted from the development of nv (r), as
a function of the spring constant k̃ for several quench times
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FIG. 5. Critical radius giving the KZ region as a function of the
spring constant k̃ of the harmonic trap. The plots are obtained from
the numerical simulations, where the global quench times are given
by τQ = 50 (red circles), 100 (blue triangles), 200 (green squares),
and 300 (black diamonds). The dashed lines correspond to rc given
by the IKZM theory, where τQ = 50, 100, 200, and 300 from top to
bottom.

τQ. The critical radius rc/RTF increases as k̃ decreases, as
expected from the fact that the transition approaches the ho-
mogeneous limit rc/RTF → 1 for k̃ → 0. The slow quench
suppresses the appearance of the KZ region, where rc = 0
means that the transition is adiabatic. We also plot rc obtained
from the IKZM in Sec. III B. Although the numerical result
underestimates the KZ region obtained from the theory, it
approaches the theoretical estimation for smaller values of
k̃, i.e., a shallow trap potential, and the fast quench. The
difficulty of the application to the IKZM in our case might
be the breakdown of the local approximation of the chemical
potential to evaluate the MI-SF phase diagram.

As can be seen in the time evolution of nv , the vortices
caused by the original phase fluctuation almost disappear
along with the growth of the superfluid density. The vortices
surviving after the growth of the phase coherence can be
regarded as the vortices created by the KZM. However, we see
that the vortices are invaded from outside the Thomas-Fermi
radius even after the superfluid order parameter is sufficiently
grown. These vortices are not relevant to the KZM.

B. The case μ(0)/U = 0.9

Next we consider the case μ(0)/U = 0.9, where the MI-SF
transition is expected to start at both the periphery and the
center, according to the phase diagram of Fig. 1. Figure 6
shows a plot similar to Fig. 4 for steep and shallow trap
cases and τQ = 50. The timescale of the dynamics becomes
longer than that of Fig. 4 since, according to Eq. (19), the
slope of J (t ) becomes gentle due to the small critical value
Jc(0)/U = 0.0118 at the center. In both cases of the trap, we
obtain results similar to those in Fig. 4. Contrary to expecta-
tions, the superfluid component grows only from the outside,
not from the center. This is due to the breakdown of the local
argument. Since the Gutzwiller equation conserves the mean

FIG. 6. Time development of (a) the radial SF density |ψ (r)|2
and (b) the radial vortex density nv (r) for μ(0)/U = 0.9 and τQ =
50. The left and right panels correspond to k̃ = 0.0025 and 0.0005,
respectively. In each figure, we also show the cross section for several
values of the radius along the time axis. The Thomas-Fermi radius is
(a) RTF/a0 = 27 and (b) RTF/a0 = 60.

total particle number, the phase transition at the central region
takes place with the fixed particle density n = 1. Then the
transition from the n = 1 MI to the SF is prohibited, where the
equilibrium local particle number is determined by the local
chemical potential in the SF phase and should be increased
more than unity. However, the central region is embedded
deeply in the MI, so the change of the particle density cannot
occur. In contrast, at the boundary of the n = 1 and n = 0 MI
domains (r � RTF) a small fraction of the SF order parameter
exists, which can grow through the quench since there is
no gap of the SF order parameter determined by the local
chemical potential. Therefore, the inhomogeneous nature of
the quench dynamics is important only for the transition from
the outside in the number-conserving simulations.
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The long-time development shows that a depression of
the superfluid density emerges around r = 0.7RTF, where the
chemical potential μ(0.7RTF) corresponds to the tip of the
Mott lobe. This radial position can exhibit an anomalous be-
havior because the vF /ŝ diverges, but the local quench time
becomes the longest one. We see that, in the later stage of
the dynamics, the vortices are accumulated in the ring-shaped
region around r ∼ 0.7RTF. These behaviors are not changed
for different values of the global quench time τQ.

C. The case μ(0)/U = 1.5

Finally, we study the quench dynamics for μ(0)/U = 1.5,
where the initial state consists of a wedding cake of the n = 2
and n = 1 MI islands. The critical value at the center is given
by Jc(0)/U = 0.025. As seen in Fig. 7(a), for both the shallow
and steep trap cases, the SF component grows from both the
periphery and the boundary between the n = 2 and n = 1 MI
domains, where the very small fraction of the SF density exists
even in the initial state. For the steep trap, the SF order grows
continuously from these boundaries to the inside of the respec-
tive MI domain. A similar behavior can be seen for the shallow
trap case, but a clear separation of the SF density can be seen
between the inner and outer regions. In Fig. 7(b) there are
small central regions that are relevant to the KZM, where most
of the noisy vortices disappear homogeneously. In the right
panel of Fig. 7(b), the transition takes place adiabatically in
the surrounding n = 1 MI domain since the local quench time
is longer than the inner region as seen in Fig. 1. In addition
to these observations, we can see that long-lived vortices are
generated from the boundary between the n = 2 and n = 1
MIs. Since the SF order parameters have the different origins
in the two regions, the discontinuity of the SF phase may
yields the vortices. These vortices can have a long lifetime
compared with the vortices arising from the random phase
distribution; the latter soon disappear via pair annihilation.
This represents a difficulty in the experimental identification
of vortices purely through the KZM.

V. CONCLUSION

We have considered the quench dynamics in the transi-
tion from the MI to the SF of bosons in an optical lattice
and a harmonic trap, which is usually utilized in cold-atom
experiments, and the applicability of the IKZM [31]. Due
to the nontrivial radial dependence on the transition point,
we can identify the region where the KZM is expected by
applying the theory of the IKZM to the system of the BHM.
The simulation of the BHM, based on the time-dependent GW
equation, demonstrates the rich phenomenology of the quench
dynamics, where the IKZM is applicable only for the sys-
tem with a shallow harmonic trap. The inhomogeneity of the
system may cause the unexpected generation of the vortices,
from the periphery of the Thomas-Fermi radius as well as the
phase boundary between the n = 1 and n = 2 MI domains.
These introduce difficulty in the quantitative evaluation of the
KZM in the cold-atom system in the optical lattice and the
harmonic trap potential. More precise simulations including
precisely quantum fluctuations in the initial state, e.g., through
the truncated Wigner approximation, remain for future work.

FIG. 7. Time development of (a) the radial SF density |ψ (r)|2
and (b) the radial vortex density nv (r) for μ(0)/U = 1.5 and τQ =
50. The left and right panels correspond to k̃ = 0.0025 and 0.0005,
respectively. In each figure, we also show the cross section for several
values of the radius along the time axis. The Thomas-Fermi radius is
(a) RTF/a0 = 35 and (b) RTF/a0 = 78.

In the 1D case, calculations based on the matrix product state
can reliably include the quantum fluctuation, enabling us to
study the inhomogeneous nature of the KZ scaling, as reported
in [32], by measuring the number of quantum solitons after the
quantum quench.
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[33] B. Capogrosso-Sansone, Ş. G. Söyler, N. Prokofev, and B.
Svistunov, Monte Carlo study of the two-dimensional Bose-
Hubbard model, Phys. Rev. A 77, 015602 (2008).

[34] S. Sachdev, Quantum Phase Transitions (Wiley Online Library,
Hoboken, 2007).

[35] J. Zakrzewski, Mean-field dynamics of the superfluid-insulator
phase transition in a gas of ultracold atoms, Phys. Rev. A 71,
043601 (2005).

[36] M. Snoek and W. Hofstetter, Two-dimensional dynamics of
ultracold atoms in optical lattices, Phys. Rev. A 76, 051603(R)
(2007).

[37] E. Lundh, Mott-insulator dynamics, Phys. Rev. A 84, 033603
(2011).

[38] K. V. Krutitsky and P. Navez, Excitation dynamics in a lattice
Bose gas within the time-dependent Gutzwiller mean-field ap-
proach, Phys. Rev. A 84, 033602 (2011).

[39] M. Snoek, Collective modes of a strongly interacting Bose gas:
Probing the Mott transition, Phys. Rev. A 85, 013635 (2012).

[40] Á. Rapp, Mean-field dynamics to negative absolute tempera-
tures in the Bose-Hubbard model, Phys. Rev. A 87, 043611
(2013).

013310-9

https://doi.org/10.1103/RevModPhys.83.863
https://doi.org/10.1155/2013/393616
https://doi.org/10.1088/0305-4470/9/8/029
https://doi.org/10.1038/317505a0
https://doi.org/10.1016/S0370-1573(96)00009-9
https://doi.org/10.1080/00018732.2010.514702
https://doi.org/10.1038/nature05094
https://doi.org/10.1103/PhysRevLett.106.235304
https://doi.org/10.1038/nphys2734
https://doi.org/10.1073/pnas.1408861112
https://doi.org/10.1126/science.1258676
https://doi.org/10.1103/PhysRevLett.116.155301
https://doi.org/10.1103/PhysRevLett.122.040406
https://doi.org/10.1103/PhysRevLett.81.3108
https://doi.org/10.1038/415039a
https://doi.org/10.1103/PhysRevA.75.023603
https://doi.org/10.1088/1742-6596/150/3/032007
https://doi.org/10.1103/PhysRevB.86.144521
https://doi.org/10.1103/PhysRevA.97.033626
https://doi.org/10.1103/PhysRevA.98.063601
https://doi.org/10.1103/PhysRevA.101.013427
https://doi.org/10.1103/PhysRevLett.89.117203
https://doi.org/10.1103/PhysRevLett.104.160403
https://doi.org/10.1126/science.1192368
https://doi.org/10.1038/nature09378
https://doi.org/10.1103/PhysRevLett.106.200601
https://doi.org/10.1103/PhysRevLett.106.125301
https://doi.org/10.1103/PhysRevA.85.033641
https://doi.org/10.1088/1367-2630/13/8/083022
https://doi.org/10.1103/PhysRevLett.122.080604
https://doi.org/10.1103/PhysRevA.77.015602
https://doi.org/10.1103/PhysRevA.71.043601
https://doi.org/10.1103/PhysRevA.76.051603
https://doi.org/10.1103/PhysRevA.84.033603
https://doi.org/10.1103/PhysRevA.84.033602
https://doi.org/10.1103/PhysRevA.85.013635
https://doi.org/10.1103/PhysRevA.87.043611


YOSHIHIRO MACHIDA AND KENICHI KASAMATSU PHYSICAL REVIEW A 103, 013310 (2021)

[41] M. Yan, H.-Y. Hui, M. Rigol, and V. W. Scarola, Equi-
libration Dynamics of Strongly Interacting Bosons in 2D
Lattices with Disorder, Phys. Rev. Lett. 119, 073002
(2017).

[42] K. Shimizu, T. Hirano, J. Park, Y. Kuno, and I. Ichinose, Dy-
namics of first-order quantum phase transitions in extended
Bose-Hubbard model: From density wave to superfluid and vice
versa, New J. Phys. 20, 083006 (2018).

013310-10

https://doi.org/10.1103/PhysRevLett.119.073002
https://doi.org/10.1088/1367-2630/aad5f9

