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Resolving closely spaced levels for Doppler mismatched double resonance
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In this paper, we present experimental techniques to resolve the closely spaced hyperfine levels of a weak
transition by eliminating the residual or partial two-photon Doppler broadening and crossover resonances in
a wavelength-mismatched double-resonance spectroscopy. The elimination of the partial Doppler broadening is
based on velocity-induced population oscillation (VIPO) and velocity-selective saturation (VSS) effects followed
by the subtraction of the broad background of the two-photon spectrum. Since the VIPO and VSS effects are
the phenomena for near-zero-velocity group atoms, the subtraction gives rise to Doppler-free peaks and the
closely spaced hyperfine levels of the 6P3, state in Rb are well resolved. The double-resonance experiment is
conducted on the 58;,, — 5P;, strong transition (at 780 nm) and 55, — 6P;, weak transition (at 420 nm) at

room temperature.
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I. INTRODUCTION

Saturated absorption spectroscopy [1] is a commonly used
technique in the field of laser spectroscopy to overcome the
Doppler broadening effect by canceling it in the counterprop-
agation configuration of the probe and pump lasers. However,
the drawback of this technique is the formation of spurious (or
crossover) resonance peaks within the spectrum peaks, which
swamps the real resonance peaks if the levels are closely
spaced within the Doppler profile.

Furthermore, the cancellation of the Doppler effect for
two-photon (or multiphoton) processes such as electromag-
netically induced transparency (EIT) [2,3] requires appropri-
ate laser propagation direction. However, this cancellation is
only possible if the wavelength of the lasers is approximately
the same [3-6]; otherwise, it suffers through partial Doppler
broadening due to wavelength mismatch of the transitions
involved [7-10]. Recently this mismatch has been recovered
using velocity-dependent light shift for a detuned control laser
and with an extra dressing laser [11,12].

In this work, we eliminate both of these problems, i.e., (i)
the crossover peaks formed within the spectrum peaks and
(i) wavelength-mismatched partial Doppler broadening, for
double resonance at 780 and 420 nm of a V-type system to
resolve the closely spaced hyperfine level in Rb. The blue
transition (58,2 — 6P;,,) at 420 nm is weak and the infrared
(IR) transition (5812 — 5P3,2) at 780 nm is strong. The direct
detection of absorption on the weak blue transition [13,14]
is a bit challenging and hence the double-resonance spec-
troscopy [8,15—18] is commonly used, which again suffers
through partial Doppler broadening. The previous double-
resonance spectroscopy at 420 and 780 nm in Rb was mainly
done in ¥Rb due to the limitation posed by the residual
Doppler broadening effect [8,15,17,18]. Resolving the hy-
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perfine levels and stabilizing the blue laser at a particular
transition of Rb is very important for precision measurement
[14,17,19] and laser cooling as the expected temperature is
five times lower in the magneto-optical trap than the rou-
tinely used IR transition, similar to the case of K [20] and Li
[21]. This transition is also useful for the coherent Rydberg
excitation of Rb for quantum computation and information
processing [22].

The methods used to overcome the above-mentioned two
problems are velocity-induced population oscillation (VIPO)
and velocity-selective saturation (VSS) effects. In the atomic
frame for the moving atoms, the two counterpropagating
lasers with the same polarization and driving the same transi-
tion will be beating due to opposite Doppler shift. The beating
of the two lasers causes a temporal modulation of population
difference between the levels driven by the lasers and the
phenomenon is called population oscillation [23-29]. Since
the two beating fields have the same frequency, the induced
population oscillation is dependent on the velocity of the
atom, hence the name velocity-induced population oscillation
[30]. The VIPO effect occurs only for a narrow range of beat
frequencies (i.e., in the near-zero-velocity range) because of
the inherent population inertia, i.e., the slow response of elec-
tric dipoles to incident fields. The range of beat frequencies
is determined by the inverse of population relaxation times
of the upper levels [29-31]. Similarly, the VSS effect is also
for near-zero-velocity group atoms and hence the effect of
partial Doppler broadening and crossover peaks is removed
for multiphoton resonance.

This paper is organized in the following way. In Sec. II, we
describe the relevant energy levels with the transitions of the
various configurations and the experimental setup. In Sec. 111,
we describe the density matrix formalism for the various
systems considered and the numerically simulated absorption
profile of the probe. In Sec. IV, we present the experimental
results on resolving the closely spaced hyperfine levels of the
6P3/, state in 85Rb and ¥'Rb. Finally in Sec. V, we give the
conclusion on this work.

©2021 American Physical Society
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FIG. 1. Energy levels (**Rb) with hyperfine splitting (in MHz)
and the various transitions in different configurations for EIT. (a) V-
type open system, (b) V-type open system with the VIPO effect at IR
transition, and (c) V-type open system with the VIPO effect at the IR
transition and VSS effect at the blue transition. I, ~ 40 kHz [3] is
the ground-state mixing rate.

II. ENERGY LEVELS AND EXPERIMENTAL SETUP

The relevant energy levels and transitions are illustrated
in Figs. 1 and 2 for the V-type system and optical pumping
system, respectively. The propagation direction of the probe
and the pump (or control) lasers at 780-nm (IR) and 420-nm
(blue) transitions in various configurations is shown below the
energy-level scheme.

The probe and the counterpropagating pump lasers
at 780nm are locked to resonance on 5Si,(F =3) <
S5P3/p(F =4) transition. The lifetime, 7;, of the state
S5P3/5(F = 4)is 26.25 ns [32-34]. The absorption of the probe
is monitored as the 420-nm pump laser scans across the 6P3 />
hyperfine levels on the 55, (F = 3) <> 6P, weak transition
for a V-type system or on the 55;,2(F =2) < 6P3, weak
transition in the case of an optical pumping system. The
lifetime, 7, of 6P35 is 120.7 ns [35].

The 780-nm laser beam is generated from the Thorlabs
laser diode L785H1 which is a home-assembled extended cav-
ity diode laser (ECDL) with a typical linewidth of 500 kHz.

G2P3/2

FIG. 2. Energy levels (*'Rb) with hyperfine splitting (in MHz)
and the various transitions in different configurations for the en-
hanced absorption scheme. (a) Optical pumping system, (b) optical
pumping system with the VIPO effect at the IR transition, and (c) op-
tical pumping system with the VIPO effect at the IR transition and
VSS effect at the blue transition.

Probe laser, p1

Probe laser, p2

m————

Magnetic shield

RS

[FP cavit

N2

i 420.298 nm =%
M PBS

FIG. 3. The experimental setup for resolving the closely spaced
hyperfine levels of the 6P;), state in the Rb atom using the VIPO and
VSS effects.

This laser is locked to resonance on the 581, (F =3) <
5P3/2(F = 4) transition shown in Figs. 1 and 2 using a satu-
rated absorption spectroscopy (SAS) setup. The error signal
for locking the laser is generated by frequency modulation
using the current of the ECDL at 50 kHz. The recorded exper-
imental spectra are frequency scaled using the resolved peaks
location of the green trace (in each of the configurations) for
the hyperfine splitting values given in Ref. [14].

The 420-nm laser beam is generated from a commercially
available ECDL [36] with a typical linewidth of <200 kHz
and output power of 70 mW. A portion of the beam is fed
to Fabry-Pérot interferometer for monitoring the single-mode
operation of the blue laser. The beam diameter of the 780-nm
probe and pump beams is 2 x 3 mm and that of 420-nm pump
beams is 3 x 4 mm. The power of the probe beam used in the
experiment is 42 uW (or peak intensity, / = 1.78 mW /cm?).

The detailed experimental setup is shown in Fig. 3. In
order to extract the narrow linewidth, the probe laser beam is
divided into two beams with the same polarization and power
and propagated in the Rb cell with a spatial separation of about
1 cm. The blue beam is also divided into two beams with the
same polarization as the IR beams and copropagates with the
two probes as shown in experimental setup of Fig. 3. The IR
pump beam, which counterpropagates with one of the probe
beams, has the same polarization as the probe beam since hav-
ing the same polarization is key for the interference or beating
of the two fields. The interference or beating of the fields
requires the polarization of the two fields to be identical and
this aspect has been verified experimentally by rotating the
polarization of one of the fields. When the polarization of the
two fields is orthogonal, the VIPO dip disappears. There is a
retromirror for reflecting the blue beam (which is overlapping
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with the IR pump beam) to generate counterpropagating blue
beams in the cell when shutter 2 is open. It is very important
to keep the angle between the beams as small as possible (i.e.,
near-zero angle) and also to use a magnetic shield to minimize
broadening of the spectrum.

There are three shutters which are used to generate var-
ious conditions and configurations in the experiment. The
configuration represented by Figs. 1(a) and 2(a) is generated
with all the shutters closed. The configuration represented by
Figs. 1(b) and 2(b) is generated with shutter 1 open and shutter
2 closed. The configuration represented by Figs. 1(c) and 2(c)
is generated with shutter 1 and shutter 2 open. Opening shutter
3 removes the broad background of the transparency and
enhanced absorption (EA) peaks. The broad background is
removed by the subtraction of the absorption or transparency
spectra of the two probes using two identical IR photode-
tectors (PD1 and PD2) in the differential transimpedance
amplifier.

III. THEORETICAL MODEL

We have conducted the experiments in the six configu-
rations shown in Figs. 1 and 2; three of them are for the
V-type open system [Figs. 1(a)-1(c)] and the other three are
for the optical pumping system [Figs. 2(a)-2(c)]. The V-type
open system is further subcategorized into (i) the V-type open
system shown in Fig. 1(a), (ii) VIPO at the IR transition for the
V-type open system shown in Fig. 1(b), and (iii) VIPO at the
IR and VSS at the blue transition for the V-type open system
shown in Fig. 1(c). Similarly, the optical pumping system is
subcategorized into (i) the optical pumping system shown in
Fig. 2(a), (ii) VIPO at the IR transition for the optical pumping
system shown in Fig. 2(b), and (iii) VIPO at the IR and VSS
at the blue transition for the optical pumping system shown
in Fig. 2(c). We discuss the theory for all these configurations
one by one.

A. Transparency for V-type open system
1. V-type open system

This corresponds to the energy level and the configuration
shown in Fig. 1(a) and is achieved by closing all the shutters
of the experimental setup in Fig. 3. This system is very well
known and has been extensively studied [8,37]. This V-type
system is open as the population from 6P3/, decays to the
other ground -state hyperfine level, 55,2 (F = 2) and cannot
be recycled. In the presence of the blue pump laser, c2, there
is transparency of the IR probe laser due to two effects: one
is the coherence effect, i.e., EIT in a V-type atomic system
[38,39], and the other is the optical pumping effect [40—42].
The Hamiltonian of the system, the equations of motion, and
the analytical expression for the absorption of the probe, p»,
are given in Egs. (A1), (A2), and (A3), respectively.

The mixing rate, I1g, for the hyperfine ground states (ap-
pearing in the equations of motion) is due to thermal collisions
and the time of fight of atoms across the laser beam [3,43].
The contribution due to time of flight is defined as d /¥, where
? is the thermal velocity of the atoms in the atomic medium
and d is the diameter of the laser beam. The numerically
simulated absorption spectrum of the IR probe laser locked to
the resonance on the 5S8;,,(F = 3) <> 5P3,»(F = 4) cycling
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FIG. 4. Numerically calculated thermal averaged probe ab-
sorption vs detuning of 420-nm pump laser for the V-type
open system with various configurations shown in Fig. 1 (where
2, = +/0.0005T";). The blue curve corresponds to Fig. 1(a) with
Q. = +/1.5T'5. The red curve marked by circles corresponds to
Fig. 1(b) with Q,; = I'; and Q, = \/BF} The green curve marked
with dots corresponds to Fig. 1(c) with Q. = V05T, Qo =
V1.5T3, Ty =27 x 6.065 MHz, and I's = 27 x 1.32 MHz. The
vertical axis of the blue trace is on the left and the red trace marked
by circles and the green trace marked with dots are on the right.

transition vs detuning of the blue pump laser is plotted in
Fig. 4 (see the blue trace). The Lorentzian fitting to this curve
gives a linewidth of 16 MHz, while the linewidth is 11 MHz
if the pump laser wavelength is taken to be 780 nm instead of
420 nm (see Table I). This broadening by 1.5 times is due to
residual or partial Doppler broadening caused by wavelength
mismatch between the probe and the pump laser.

2. VIPO at IR transition for V-type open system

This configuration corresponds to the energy scheme given
in Fig. 1(b) and the experimental setup when shutter 1 is
open and shutter 2 is closed. This is theoretically modeled
by considering the Hamiltonian H under electric-dipole and
rotating-wave approximation and in the interaction picture as
follows:

h .
H = 2{(Q + Q™| 1) (2] + Qea 1) (3]

— Ac1]2)(2] = A2I3) (3] + Hoc}, (1)

TABLE I. Comparison of numerically calculated linewidth for
various configuration.

System and configuration Linewidth (MHz)
Configuration as shown in Fig. 1(a) 16
Configuration as shown in Fig. 1(a) but considering 11

pump wavelength 780 nm instead of 420 nm
Configuration as shown in Fig. 1(b) 7+1
Configuration as shown in Fig. 1(c) 6+1

Configuration as shown in Fig. 2(a) 17

Configuration as shown in Fig. 2(a) but considering 12+1
pump wavelength 780 nm instead of 420 nm

Configuration as shown in Fig. 2(b) 9+1

Configuration as shown in Fig. 2(c) 61
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where 581,(F =3) = 1), SP3p(F =4) = [2), 6P3(F =
2) =13), 81 = (wp — k1v) — (wc1 + kv) = —2k;v is the fre-
quency difference between the IR probe and pump beams in
the atomic frame (since w, = wc), ki = 27 /A is the wave
vector of the IR laser with A; the wavelength, v is the ve-
locity of the atom in the direction of the probe, A.j = w¢1 —
(wr — w1) + kyv is the detuning of the IR control laser, Ay, =
wer — (w3 — w1) — kyv is the detuning of the blue laser, and
ky = 2m /A, is the wave vector of the blue laser with A,
the wavelength. The Rabi frequency for the fields is 27 =
—d;;Ep/l where, d;; = (i|c?|j) is the dipole matrix element,
d is the atomic dipole operator, and subscript L = p, cl, c2
represents the fields (i.e., p is the probe, c1 is the pump of the
780-nm laser, and c2 is the pump of the 420-nm laser).

The atom-field interaction is described by writing the
Liouville-von Neumann equation for the density matrix,

. i 1

where p is the atomic density operator, I is the relaxation
operator defined as (i|I'|j) = yi6;; (§;; =11if i=j and O
if i # j) and y; is the decay rate of state |i). The temporal
behavior of the element of the density matrix governed by
Eq. (2) is velocity dependent due to the Doppler effect and
oscillates at the harmonics of the beat frequency §; = —2k;v.
The oscillation is caused by the beating of the two fields
addressing the same transition 557 ,,(F = 3) <> 5P;p(F =4)
in Fig. 1(a). The equations of motion of the density matrix
elements are given in Eq. (A4) and obtained using Eqs. (1)
and (2). The harmonically oscillating density matrix elements
at the beat frequency can be written in the Floquet expansion
[44—46] in the following form:

i)=Y o 0e™, 3)

n=—00

where pl.(j'.’)(t) are the nth harmonic amplitudes of the density

matrix elements. The imaginary part of the zeroth harmonic,
0) . .

Py, » corresponds to the IR pump absorption, while the

imaginary part of the first harmonic, pgl), is for IR probe

absorption in first order and all the others are for wave mix-

ing [47]. In the steady-state condition (,bl.(]’.’) = for all n, i,

and j), the absorption of the probe laser (pgl)) is obtained

by substituting the truncated series of the Floquet expansion
given in Eq. (3) up to first order into Eq. (A4). The coefficients
of the same power in 1§, are then compared, which yields a
set of steady-state equations of motion in the Floquet expan-

sion. The pgl) element of the density matrix is expressed as
follows:
I
o _ 152 o _ 0
P12 2(y12+i51)(p” 1022)
€21 (+1) (+1) i€ (+1)
+ - - ,
2(y12 +id1) (i rn) 2(y12 + l51)p32

11 11

4)

where yip = iA, + Y&, Ay = Ay =0, y2¢ = LI +T)),

J
and I'; is the decay rate of the ith level. The quantity (p}?) -

,o;(z))) in term I is the population inversion created by the pump

lasers at the IR and blue transitions. The quantity (pflﬂ) -

pgl)) in term II is the population oscillation difference, and
its contribution is significant for the velocity group atoms in
the range of |v| ~ I'z/k; and forms a dip inside the trans-
parency window. The density matrix element pgl) in term III
is the coherence oscillation, which further modifies the line
shape of the dip inside the transparency window. The role of
individual terms for the probe absorption is shown in Fig. 12.

The absorption of the probe laser is obtained by ther-
mal averaging of Eq. (4) at room temperature as follows:
ﬁ [ pdPeG dv, where © = /kgT /m, m (=85 a.m.u)
is the atomic mass, and 7 (=300 K) is the temperature. The
line shape of the probe absorption after thermal averaging
is shown in Fig. 4 (see the red trace marked by circles).
The linewidth of the dip inside the transparency window is
around 7 MHz, which is less than the linewidth for a V-type
system if the pump laser had wavelength at 780 nm instead of
420 nm. The linewidth of the dip is determined by fitting with
a Gaussian line profile (which fits better than a Lorentzian
line profile). The full width at half maximum of a Gaussian
fit (i.e., Ae=@=%0/29M) i$2./21n 20, where A, xo, and o are
the fitting parameters and x is the frequency detuning.

3. VIPO at IR and VSS at blue transition for V-type open system

The energy scheme for this configuration is given in
Fig. 1(c) where the probe and IR pump are similarly locked
to resonance on the 5S1,,(F = 3) <> 5P;,(F = 4) cycling
transition. The blue pump scans across the hyperfine levels of
the 6P;/, at the weak transition 55 ,,(F = 3) <> 6P, and is
retroreflected by mirror M to generate the two counterprop-
agating beams inside the Rb vapor cell. The VIPO on the
5812(F = 3) <> 5P32(F = 4) transition will induce a dip in
the transparency peak as previously explained in Sec. III A
2. This dip is further enhanced by the VSS effect of the two
counterpropagating blue pump laser beams.

The VSS effect can be understood in the following sim-
ple way. We consider population dynamics between the two
states, [1) (5812, F =2) and |3) (6P3/,), due to two coun-
terpropagating blue pump laser beams only in the absence
of the IR laser. For simplicity, consider three velocity groups
of atoms, +v, 0, and —v. For the detuned case of the blue
pump laser (A¢y), both the nonzero-velocity group of atoms
+v = A /ky will be in resonance with either of the two
counterpropagating blue pump laser beams and hence the
number of atoms in the excited state will be doubled. For
the zero-detuning case, the near-zero-velocity (<I'3/k,) group
of atoms will be in resonance with both of the blue pump
lasers and hence the intensity seen by this group of atoms
will be doubled. However, the excited-state population will
be less than double due to saturation effect, thus inducing a
dip in the absorption spectrum of the probe beam with the
scan of the blue pump laser. The linewidth of this dip is in
the range of I';. This qualitative picture is also presented in
Ref. [48]. Mathematically, the population transfer due to blue
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pump lasers will be given by the following equation [30]:

1) Sao—tw +Saothw
211 + SAcszzL' + SAC2+k2v

P33 = ®)

with
S() SO

SAcz-‘rkzv = 4 Aaathav) ’ Ao—kv =
3

IR
1+ 4(Ac2r2kzv)
3

where So(= 2932 /T'3) is the saturation intensity of the blue
transition for the stationary atoms. In the presence of the IR
pump laser, i.e., when shutters 1 and 2 are open, the VSS effect
will induce a dip in the transparency spectra of both the IR
pump and the probe.

The detailed formalism for the VIPO at IR and the VSS at
blue transitions is as follows. For the given velocity v there
is a beating for the two counterpropagating blue pump lasers
in the atomic frame with a beat frequency (6, = —2k,v). The
Hamiltonian H of a V-type system shown in Fig. 1(c) under
electric-dipole and rotating-wave approximation and in the
interaction picture is as follows:

h . .
H = S{(Qa + QeI 2| + (2 + Reae™)|1) (3]

—Act]2)(2] = Ax213)(3] + Hec.}. (6)

The equations of motion of the density matrix elements are
given in Egs. (AS5), which is obtained using Egs. (2) and (6).
The coefficients of the harmonically oscillating density matrix
elements have two different time dependencies, which is also
the case for the Hamiltonian in Eq. (6). The Floquet expansion
for the density matrix elements in such a case is modified and
written as follows:

,Oij(t)= Z ( Z p(n m)(t)ez(nél-&-lnéz)z), (7)

m=—0Q

where 7 is the nth harmonic component due the beating of
the IR laser beams and m is the mth harmonic component
due the beatmg of the blue pump laser beams. The imag-
inary part of p12 corresponds to the IR pump absorption,
while the imaginary part of ,o(Jrl 0 s for IR probe absorption
and all the others are for wave mixing. In the steady-state
condition (i.e., p(” ™ =0 for all n, m, i, and j), ,01“0) is
obtained by substltutmg the truncated series of the Floquet
expansion given in Eq. (7) up to first order into Egs. (AS).
The coefficients of the same power in (n8;, m§,) are similarly
compared and yield a set of steady-state equations of motion
in the Floquet expansion. The ,0(+1 0 element of the density
matrix is expressed as follows:

I

: (0,0) (0,0)
(+1.0) _ i£2 (1011 — Py )
2 2(y12 +id1)

. (+1,0) (+1,0)
i€ (pll — Py )
2(y12 +id1)

I

Qe+ oY) )
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FIG. 5. Numerically calculated thermal averaged probe absorp-
tion vs detuning of 420-nm pump laser for optical system with
various configurations shown in Fig. 2 (where €, = +/0.0005I",).
The blue curve corresponds to Fig. 2(a) with Q, = \/ER. The
red curve marked by circles corresponds to Fig. 2(b) with . =
I, and Qe = +/1.5T;. The green curve marked with dots corre-
sponds to Fig. 2(c) with Q. = V05T, Qo = +/1.5T3, T =27 x
6.065 MHz, and I'; = 2 x 1.32 MHz. The vertical axis of the blue
trace is on the left and the red trace marked by circles and the green
trace marked with dots are on the right.

In Eq. (8), the quantity (,0(0 0 ,oég 9y in term I is the pop-

ulation inversion induced by the IR pump and the saturation of
the counterpropagating blue pumps and (p](T]’O) pgl 9 in
term II is the population oscillation induced by the beating
of the IR probe and pump laser beams and the saturation
of the counterpropagating blue pumps. The density matrix
elements, pgl’o) and pgl’_l) in term III, are the oscillat-
ing coherence terms due to the beating of the fields on IR
and blue transitions. The thermal averaged probe absorption,

zm i p(+l 0=’ du, is calculated numerically and is plot-

ted in Fig. 4 (see the green trace marked with dots). The
linewidth of the induced dip is around 6 MHz.

B. Enhanced absorption for optical pumping system
1. Optical pumping system

This system corresponds to the energy level and the con-
figuration shown in Fig. 2(a) and is achieved when all the
shutters in the experimental setup of Fig. 3 are closed. Again,
the probe laser is locked to resonance on the 58, (F =
3) <> 5P3;p(F = 4) transition. The absorption of the probe
is monitored as the copropagating blue pump laser scans
across the 6P3; hyperfine levels on the 58 > (F = 2) — 6P3)»
transition instead of the 552 (F = 3) — 6P3, transition. The
absorption of the probe is increased by optical pumping of
population to the upper ground hyperfine level 58, (F =
3) [40-42] via 58 (F =2) — 6P3,(F =1,2,3) excita-
tion and various decay channels [i.e., direct 6P3,(F =
2,3) — 581,2(F = 3) and indirect decay channels [49] such
as 6P3/2(F = 1) —> 6S1/2 —> 5P3/2 — SS]/Z(F = 3)] There-
fore, optical pumping [50,51] gives rise to EA Doppler-free
peaks of the 6P;, hyperfine levels. The numerically simulated
absorption spectrum considering only one hyperfine level is
plotted in Fig. 5 (see the blue trace). Note that the Hamilto-
nian of the system, equations of motion, and the analytical
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expression for the absorption of the probe, pj,, are given in
Egs. (B1), (B2), and (B3), respectively. The Lorentzian fitting
to this curve gives a linewidth of 17 MHz, while it is 11 MHz
if we consider the pump laser wavelength to be 780 nm instead
of 420 nm (see the Table I). This broadening by 1.5 times is
again due to residual or partial Doppler broadening caused by
wavelength mismatch between the probe and the pump laser.

2. VIPO at IR transition for optical pumping system

This corresponds to the energy level and the configuration
shown in Fig. 2(b) and is achieved when shutter 2 is closed in
the experimental setup of Fig. 3. This is theoretically modeled
by considering the Hamiltonian H of the optical pumping
system shown in Fig. 2(b) under electric-dipole and rotating-
wave approximation and in the interaction picture as follows,

h .
H = S{(Qa + Q¢ |1) (2] + Qea|4) (3]
— Ac|2)2] = Ae2|3)(3] + Hoc.) 9)

where, 5S1,2(F =3) =1|1), 5P32(F =4) = |2), 6P3p(F =
1) =13), and 5S;,2(F = 2) = [4). The Hamiltonian is time
dependent and the equations of motion of the density matrix
elements are given in Eqgs. (B4). The equations of motion are
solved in steady state after the Floquet expansion given in
Eq. (3) and the imaginary part of the density matrix element
pgl) gives the absorption of the probe as follows:

I

@n _ 18 o _ O
P12 20712 + i81) (pll Py )
i€ G (D)
—— o P . (10)
2(V12+l51)( i 2 )

I

Equation (10) is similar to the Eq. (4) except for the coher-
ence term. Term I in Eq. (10) is due to population inversion
created by the pump laser at IR and blue transitions and gives
only the EA line shape. The second term is due to VIPO at the
IR transition and gives a dip inside the EA spectrum as shown
Fig. 5 (see the red trace marked by circles). The linewidth
of the dip is 9 MHz using a Gaussian line profile fit. The
contribution of each of terms I and II is given in Fig. 14.

3. VIPO at IR and VSS at blue transition for optical
pumping system

The energy levels for this configuration are given in
Fig. 2(c). The probe and the IR pump lasers are again locked to
resonance on the 551> (F = 3) < 5P;>(F = 4) cycling tran-
sition. The blue pump laser is scanning across the hyperfine
levels of 6P;/, at the weak transition, 581 ,,(F = 2) <> 6P;),,
and is retroreflected to generate the two counterpropagating
beams inside the Rb vapor cell.

The Hamiltonian H of the optical pumping system shown
in Fig. 2(c) under electric-dipole and rotating-wave approxi-
mations and in the interaction picture is given as follows:

h ) .
H = S8 + Qe 2] 4 (Re2 + Qe2e™")]4) (3]
—Actl2)(2] = A2|3)(3] + Hec.}. Y

The probe absorption is similarly obtained in the steady-state
condition using the equations of motion given in Egs. (B5) and
the Floquet expansion given in E% (7). The imaginary part of
the density matrix element PSI’ ) in the Floquet expansion
gives the probe absorption and is expressed as follows:

1

. 0,0) (0,0) . (+1,0) (+1,0)
p<+1,0) _ lQp(Pn — Py ) ’ch(pn — Pxn )
12 2(y12 +i81) 2(y12 + i61)

1T
12)

In Eq. (12), the quantity (pf(l)’o) — pég’o)) in term I is the

population inversion induced by the 780- and 420-nm pump
lasers. The quantity (,of‘lH’O) - pgl’o)) in term II is the popu-
lation oscillation induced by the beating of the 780-nm laser
beams and the saturation effect induced by the counterpropa-
gating 420-nm pump beams. The thermal averaged absorption
in this configuration is shown in Fig. 5 (see the green trace
marked with dots). The linewidth of the induced dip in the EA

peak is about 6 MHz.

IV. EXPERIMENTAL RESULTS

A. Resolving 6P;,, hyperfine levels in 85Rb
1. V-type open system

The transparency spectrum of the energy scheme in
Fig. 1(a) is shown by the red dashed trace of Fig. 6. This spec-
trum is obtained when all three shutters in the experimental
setup of Fig. 3 are closed. The three peaks of the 6P/, (F =
2,3,4) hyperfine levels are merged, forming a broad trans-
parency spectrum due to the residual Doppler broadening
effect. When shutter 1 is open, dips corresponding to three
hyperfine levels are induced inside the broad transparency
peaks caused by VIPO at IR transition [see the blue trace
marked with dots in Fig. 6(a)]. However, the dips appear very
small due to the broad transparency background. The effect is
removed when shutter 3 is open to subtract the broad trans-
parency profile and the spectrum of the resolved hyperfine
levels is shown by the green trace of Fig. 6(a). The linewidth
of the resolved peaks are as follows: F =4 is 13.3 MHz,
F =3 is 14.1 MHz, and F =2 is 12.1 MHz. The powers
of the pump beams labeled c1, c2, and c3 used for optimal
signal-to-noise ratio of the spectrum are 276.2 uW (or peak
intensity / = 11.7 mW/cm?), 5.02 mW (or peak intensity [ =
106.5 mW /cm?), and 3.64 mW (or peak intensity I = 77.2
mW /cm?), respectively.

Further line narrowing of the resolved peaks is achieved
using the configuration shown in Fig. 1(c) (i.e., VIPO at the
IR and VSS at the blue transition). The energy configuration
scheme in Fig. 1(c) (i.e., VIPO at the IR and VSS at the blue
transition) is implemented in the experimental setup given
in Fig. 3, when shutter 1 and shutter 2 are open. A lower
power of the IR pump beam is used in this configuration
since the induced dips by VIPO at IR are enhanced by the
VSS effect at the blue transition. The transparency spectrum
of this configuration is shown by the blue trace marked with
dots in Fig. 6(b). The broad transparency background is re-
moved when shutter 3 is open and the well-resolved peaks of
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FIG. 6. The transparency spectrum of the 6P3;, hyperfine levels
in %°Rb under various configurations shown in Fig. 1. The red dashed
trace is for the V-type open system [Fig. 1(a)], the blue trace marked
with dots in (a) is for the V-type open system with VIPO effect at
IR transition [Fig. 1(b)], while the blue trace marked with dots in
(b) is for the V-type open system with the VIPO effect at IR and the
VSS effect at the blue transition [Fig. 1(c)]. The green trace is the
final result after removing the broad transparency background and it
is magnified 3 x for visibility purposes.

the 6P;>(F = 2, 3, 4) hyperfine levels is shown by the green
trace of Fig. 6(b). The linewidth of the resolved peaks are as
follows: F =4 is 10.8 MHz, F =3 is 9.1 MHz, and F =2
is 11.4 MHz. The power of the pump beams labeled cl1, c2,
and c3 used for optimal signal-to-noise ratio of the spectrum
are 176.4 uW (or peak intensity / = 7.5 mW/cm?), 6.01 mW
(or peak intensity / = 127.5 mW/cm?) and 8.62 mW (or peak
intensity I = 182.9 mW/cm?), respectively.

In the final result of the resolved peaks [see the green trace
of Fig. 6(b)], there are small peaks between the main peaks
of F =3 and F =4 and between F =2 and F = 3. These
are not crossover peaks (or real peaks), but the residue due to
incomplete removal of the broad transparency background in
the overlapped regions. The effect also occurs for the optical
pumping system when the broad absorption background is
removed [see the green trace of Fig. 7(b) the small peak
between F = 2 and F = 3].

2. Opftical pumping system

The EA spectrum of the optical pumping system is shown
by the red dashed trace in Fig. 7. This spectrum is obtained
when all three shutters in the experimental setup of Fig. 3 are
closed. The absorption peaks corresponding to the 6P, (F =
1,2, 3) hyperfine levels are completely merged. The levels
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FIG. 7. The EA spectrum of the 6P;, hyperfine levels in **Rb
under various configurations shown in Fig. 2. The red dashed trace is
for the optical pumping system [Fig. 2(a)], the blue trace marked with
dots in (a) is for the optical pumping system with the VIPO effect at
the IR transition [as shown in Fig. 2(b)], while the blue trace marked
with dots in (b) is for the optical pumping system with the VIPO
effect at the IR and the VSS effect at the blue transition [Fig. 2(c)].
The green trace is the final result after removing broad absorption
background and it is magnified 3 x for visibility purposes.

6P3>(F = 2, 3) are detected by the probe via both the direct
decay and indirect decay channels [49], while level 6P3(F =
1) is detected via the indirect decay channels to 55y ,>(F = 3)
only. When shutter 1 is open, dips corresponding to the hyper-
fine levels are induced inside the broad EA peaks due to VIPO
at the IR transition [see the blue trace marked with dots in
Fig. 7(a)]. The dips appear small due to broad EA background
caused by the residual Doppler broadening effect. The broad
EA background is removed when shutter 3 is open and the
dips corresponding to the hyperfine levels 6P, (F = 1, 2) are
still not resolved while the 6P3,,(F = 3) peak is resolved [see
the green trace of Fig. 7(a)]. The linewidth of the resolved
peak at F' =3 is 13.9 MHz. The power of the pump beams
labeled cl1, c2, and c3 used for optimal signal-to-noise ratio
of the spectrum are 806.2 uW (or peak intensity I = 34.2
mW /cm?), 5.01 mW (or peak intensity I = 106.3 mW /cm?),
and 1.84 mW (or peak intensity I =39.0 mW/cm?),
respectively.

The peaks corresponding to the 6P/, (F = 1,2, 3) hyper-
fine levels can be completely resolved using the configuration
shown in Fig. 2(c), i.e., VIPO at the IR and VSS at the blue
transition. This configuration is implemented when shutter 1
and shutter 2 are open in the experimental setup of Fig. 3. The
broad EA spectrum is removed when shutter 3 is open and
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the green trace of Fig. 7(b) shows well-resolved peaks of the
6P, (F' =1, 2, 3) hyperfine levels. Note that the frequency
scaling of the spectra in Fig. 7 is assigned using the peak
locations of F =2 and F = 3 after the complete resolution
of all three peaks of 6Ps/,(F =1, 2, 3) hyperfine levels. The
linewidths of the resolved peaks are as follows: F =3 is
9.8 MHz, F =2 is 10.1 MHz, and F =1 is 7.2 MHz. The
power of the pump beams labeled cl, c2, and c3 used for
optimal signal-to-noise ratio of the spectrum are 276.3 uW
(or peak intensity 7 = 11.7 mW /cm?), 5.02 mW (or peak in-
tensity / = 106.7 mW /cm?), and 15.19 mW (or peak intensity
I =322.3 mW/cm?), respectively.

Besides the main peaks due to near-zero-velocity group
atoms in Fig. 7(a), the extra peaks (or crossover peaks) formed
outside the main spectrum are caused by atoms moving with
velocities of 94 and 143 m s~!, respectively. Atoms moving
with velocities of 94 and 143 m s~! along the propagation
direction of the IR probe will see the probe laser to be on reso-
nance with the 551/2(F =3)—> 5P3/2(F =3)and 5S1/2(F =
3) = 5P;;,(F = 2) transitions, respectively. The correspond-
ing extra peak locations will be at 224 and 342 MHz from the
main peaks. In Fig. 7(b), the counterpropagating blue laser
beams will form extra peaks on both the left and right side
of the main peaks. Ideally the extra peak on the right side of
the green spectrum should vanish, but it is still visible due to
incomplete subtraction.

B. Resolving 6P, hyperfine levels in 8"Rb
1. V-type open system

The 6P, hyperfine levels of 87Rb were also resolved using
similar configurations shown in Figs. 1 and 2. The results of
VIPO at the IR plus VSS at the blue transition configuration
both in the case of a V-type open system and optical pumping
system are reported here. In this configuration, the probe and
the counterpropagating pump lasers at 780 nm are locked
to resonance on the 581, (F = 2) <> 5P3(F = 3) transition.
The 420-nm pump laser scans across the 6P;,, hyperfine lev-
els on the 581 ,2(F = 2) <> 6P;), weak transition in the case
of a V-type system and on the 55;,,(F = 1) <> 6P, weak
transition in the case of the optical pumping system.

The transparency spectrum of the configuration given in
Fig. 1(a) for ¥’Rb is shown by the red dashed trace of Fig. 8
when all three shutters in the experimental setup of Fig. 3
are closed. The peaks of the 6P3/,(F = 2, 3) hyperfine levels
are well resolved but the peaks of 6P/, (F = 1,2) are par-
tially resolved due to the residual Doppler broadening effect.
When shutters 1 and 2 are open, the dips induced by VIPO
at the IR and VSS at the blue transition inside the broad
transparency peaks correspond to the three hyperfine levels
of the 6P;,(F =1,2,3) state (see the blue trace marked
with dots in Fig. 8). The residual Doppler broadening effect
is removed when shutter 3 is open and the spectrum of the
resolved hyperfine levels is shown by the green trace of Fig. 8.
The linewidth of the resolved peaks are as follows: F =3
is 144 MHz, F =2 is 15.7 MHz, and F =1 is 15.8 MHz.
The power of the pump beams labeled c1, c2, and ¢3 used
for optimal signal-to-noise ratio of the spectrum are 302.6
uW (or peak intensity / = 12.8 mW/cm?), 4.82 mW (or
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FIG. 8. The transparency spectrum of the 6P3;, hyperfine levels
in 8Rb recorded for similar configurations of ®*Rb shown in Fig. 1.
The red dashed trace is for the V-type open system [Fig. 1(a)], the
blue trace marked with dots is for the V-type open system with VIPO
effect at the IR and VSS effect at the blue transition [Fig. 1(c)], and
the green trace is the final result after removing the broad trans-
parency background and it is magnified 3 x for visibility purposes.

peak intensity / = 102.3 mW/cm?), and 13.2 mW (or peak
intensity / = 280.1 mW /cm?), respectively.

2. Opftical pumping system

The EA spectrum of the optical pumping system is shown
by the red dashed trace in Fig. 9 when all three shutters in
the experimental setup of Fig. 3 are closed. The absorption
peaks correspond to the 6P, (F = 0, 1, 2) hyperfine levels in
87Rb. The peaks for 6P; ,2(F =0, 1) are completely merged
while the peaks for 6P; > (F = 1, 2) are partially merged. The
levels 6P;>(F = 1, 2) are detected by the probe via both the
direct decay and indirect decay channels [49] while the level
6P;,>(F' = 0) is detected via the indirect decay channels to
5812(F =2) only. When shutters 1 and 2 are open, dips
corresponding to the hyperfine levels are induced inside the
broad EA peaks due to VIPO at the IR and VSS at the blue
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FIG. 9. The EA spectrum of the 6P, hyperfine levels in ¥Rb
recorded for similar configurations of 3°Rb shown in Fig. 2. The
red dashed trace is for the optical pumping system [Fig. 2(a)], the
blue trace marked with dots is for the optical pumping system with
the VIPO effect at the IR and the VSS effect at the blue transition
[Fig. 2(c)], and the green trace is the final result after removing the
broad absorption background and it is magnified 3x for visibility
purposes.
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FIG. 10. (a) The result of the final spectra of the VIPO dips of
the 6P, hyperfine levels in 87Rb recorded for various powers of IR
pump laser after removing the broad absorption background. (b) The
variation of the linewidth of the resolved peak F = 2 with the power
of the IR pump.

transition (see the blue trace marked with dots in Fig. 9).
The dips appear small due to broad EA background caused
by the residual Doppler broadening effect. The broad EA
background is removed when shutter 3 is open and the dips
corresponding to the hyperfine levels 6Ps,»(F =0, 1, 2) are
resolved (see the green trace of Fig. 9). The linewidth of the
resolved peaks are as follows: F =2 is 16.4MHz, F =1 is
13.1 MHz, and F = 0 is 12.3 MHz. The power of the pump
beams labeled cl1, c2, and ¢3 used for optimal signal-to-noise
ratio of the spectrum are 823.6 uW (or peak intensity / = 35.0
mW /cm?), 4.82 mW (or peak intensity 7 = 102.3 mW /cm?),
and 15.3 mW (or peak intensity / = 325.5 mW/cm?),
respectively.

3. Power broadening effect

The contribution of the IR pump power broadening effect
to the final result (i.e., the resolved spectrum of the 6P, state)
is illustrated in Fig. 10(a). The configuration used here is given
in Fig. 2(b) (i.e., VIPO at the IR transition) for the case of
87Rb. The power of the blue pump laser beams is fixed (i.e., c2
is 4.26 mW and c3 is 3.27 mW) as the power of the IR pump
is changed. At 1 mW of the IR pump, all three peaks corre-
sponding to the 6P;,>(F = 0, 1, 2) hyperfine levels are well
resolved [see the red trace of Fig. 10(a)]. However, as the IR
pump power is increased to 5 mW, the peaks corresponding to
6P;,(F = 0, 1) are completely merged as shown by the cyan
trace marked by circles in Fig. 10(a). The high intensity of
the IR pump broadens the VIPO dips and limits the resolution

of the closely spaced hyperfine levels of F =0 and F = 1
which are 23.739 MHz apart [14]. The frequency scaling of
the spectra in Fig. 10(a) is assigned using the resolved peak
locations of F' =1 and F = 2 of the red trace. The variation
of the linewidth of the resolved peak corresponding to F = 2
with the IR pump power is shown in Fig. 10(b).

V. CONCLUSIONS

In conclusion we have presented a detailed experimen-
tal technique to eliminate the residual (or partial) Doppler
broadening in a Doppler mismatched double-resonance spec-
troscopy for a transparency spectrum (or enhanced absorption
spectrum). The residual two-photon Doppler broadening is
removed using VIPO at the IR transition, VSS at the blue
transition, and a combination of the two effects followed
by the subtraction of the broad transparency background or
EA background. The technique has been used to resolve
the closely spaced hyperfine levels of weak transitions for a
Doppler mismatched double resonance at 780 and 420 nm in
Rb at room temperature.
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APPENDIX A: TRANSPARENCY FOR V-TYPE
OPEN SYSTEM

1. V-type open system

The Hamiltonian H of a V-type open system shown in
Fig. 1(a) under electric-dipole and rotating-wave approxima-
tions and in the interaction picture is given as follows:

h
H = E{Qp|1><2|+902|1)(3|_Ap|2><2| — Ax|3)(3| +Hel,
(AD)
where the levels are 58 »(F = 3) = |1), 5P30(F = 4) = [2),
6P;/2(F =2) =13), and 5S,,2(F = 2) = |4). The equations

of motion of the density matrix are obtained using Eqs. (2)
and (A1) and are given as follows:

iR, i
P12 = 7(;011 — p2) — — PR vrpu,

. iQCZ lQp
P13 = T(’O” — 033) — V13013 — —5 023,

2
. Qo i,
P14 = ) P34 — Y14P14 ) 024,
. i iQ; r
P22 = ) P21 3 P12 20225
e iQ; Qe
P23 = — —— P13 + —— P21 — V23023,
2 2
) iQ;
P24 = — TPM — V24024,
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i

. o Qo

= — +—p5—T )
P33 ) P13 5 P31 3033
. QY
P34 = — ) P14 — V34034,

044 =T34033 + Mg(p11 — Pa4), (A2)

where  yio = iAp, + Y5, yi3 = iAo + 5 yia =y
Vs = i(Aca — Ap) + 1555, v = —iDp+ VS, yu=

J

iM,Qp(T3((T3 4 My)* +4A2) +

P12 =

—iAgy + J/3d4ec, Iy =T4 =TI, '3 =T34+ g, and
yif}ec = %(F,- +1T';), where T; is the decay rate of the ith
level, and T';; and '3y are the decay rates of level 3 to
levels 1 and 4, respectively. The remaining density matrix
equations are obtained using the population conservation law
Zj;l pjj =1 and the complex conjugate p;; = pj;. In the
steady-state condition (p;; = O for all i and j), the imaginary
part of pi, corresponds to the absorption of the probe laser
and in the weak probe approximation it is given as follows:

QZ:(rz(1“3+ng)—2iAc(2r3+1‘1g>+2mp(r3+ng)))
To+T5—2i(Ac—Ap)

2
(Q22(I'3 + M)(T4 + 311,) + 2051, (T + ITy)2 + 4Ag))(—r2+r3_§izc+mp + Ta + T, +2iA,)

The solution of a V-type open system given in Eq. (A3) is
graphically represented in Fig. 11 and is well matched with
the numerical simulation of the full density matrix given in
Egs. (A2).

2. VIPO at IR transition for V-type open system
The Hamiltonian of the VIPO at the IR transition for a
V-type open system shown in Fig. 1(b) is given in Eq. (1).
The following set of equations of motion is obtained by sub-
stitution of Eq. (1) into Eq. (2):

. l i51f lQC2
P12 = E(QCI + e )(p11 — p22) — —5— P32 — Vi2P12,

2
) Qe J isi
P13 = T(,On — p33) — V13013 — E(Qd + Qe )23,
) Qe i isit
Pla = — —5=P34 = Y14P14 — E(QCI + ©2,¢") 024,

. i 8t i * * —idit
P2 = E(QCI + Qpe")p21 — E(QCI + 257" ) p12 — Moo,

i . Qo
B E(Qil + Qe 13 + —=pa1 — V2323,

03 =
2
i .
. * x —idt
P = — E(QCI + 2,7 ) p1a — yoap24,
-4
210 : : :
T P —— ~a. P e m——————————— J
\\ //
S8} N s .
= ) !
g \ |
§1.6 | ‘-\‘ ’.' --- Analytical
Qo [ |
ol [ 4
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FIG. 11. Comparison of the full numerical solution of the density
matrix in a V-type open system with the analytical solution given in
Eq. (A3). Qe = +/1.5T3, Ty = 27 x 6.065 MHz, and T3 = 27 x
1.32 MHz.

) (A3)

[
, i, Qe

= _ 222 — Tapss,
033 ) P13 + 5 031 3033
. iQ:z
P34 = — ) P14 — V34034,
Pas = T'34p33 + Io(o11 — p4s), (A4)

where Y12 = iAct + VS, vi3 = iAo + S, yia =y,
i3 = i(Ac = D) + 735, vou = —ier +y35°, and y =
—iAg + yi¥e. The steady-state solution of the equations of
motion given in Eqs. (A4) is given in Eq. (4) and the individual
contribution of terms I, II, and III is illustrated in Fig. 12.

3. VIPO at IR and VSS at blue transition for V-type open system

The Hamiltonian of the VIPO at the IR transition for a V-
type open system considered in Fig. 1(b) is given in Eq. (6).
The following set of equations of motion of the density matrix
is similarly obtained by substitution of Eq. (6) into Eq. (2):

. i ;
P12 = E(QCI + Q™) (11 — p22) — Yi2p12
chZ

i85yt
- (1 + €™ p32,
-4 5
1
1.35x10 . . . 0
-©-1+11+111
1.3f
< 3.5 <
E1.251 =
. -3 =
2 2
a 1.2F Q
=} Qo
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FIG. 12. The graphical representation of the individual terms I,
II, and IIT given in Eq. (4). 2, =T7, Qu = «/ﬁl"3, 'y =27 x
6.065 MHz, and I'; = 27 x 1.32 MHz. The vertical axis of the red
trace marked by circles and the blue dashed trace are on the left and
the green trace marked with dots and the cyan trace are on the right.
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, Q0 8t i it

P13 = = (14 € (p11=p33)=713P13— 5 (Qe1+2pe™ )23,
. iQ2 2 i i i

p1a = — Tc(l + ) p3s — yiap1s — E(QCI + Qe ") 02a,
. i i i * * —i

P = E(S2c1 + Q") pyy — E(QCI + Qe o2 — Tapa,
P23 =

i . Qo ;
- E(Q:1+Q;e Pprs + Tc(l + ™) a1 — ya3po3,

) i _
P2 = — 5(92‘1 + Qe 1Y p14 — Vaupas,

) i i €22 i
P33 = — Tcz(l +e M p13 + Tc(l + ™) p31 — T'3p33,

- *
2%,

P34 = — (14 e ) p14 — yap3a,

Pas =T34033 + Tg(p11 — pas). (AS)

APPENDIX B: ENHANCED ABSORPTION FOR OPTICAL
PUMPING SYSTEM

1. Optical pumping system

The Hamiltonian H of the optical pumping system consider
in Fig. 2(a) under electric-dipole and rotating-wave approxi-
mations and in the interaction picture is given as follows:

Ap12)(2] — Al3)(3] + Heel.

(BI)

h
H = S {Q[1) 21+l 3]~

J

The equations of motion of the density matrix is obtained from
Egs. (2) and (B1) and set of equations are given as follows,

. i
P12 = —p(,011 — p0) — Y5 P12,

. i n i
P13 = ) P B P14 — Y13P13,
Y 4 iQ0
P14 = B /024 5 P13 — V14P14,
) lSZ* i r

= - + A - 3
022 ) ,012 ) ,021 2022
) IQ; Q%
P23 =— ——pP13 — V23023 + P24,

2 2

. IQ* Qo

= — f— + - s
024 ) L p1a — vaupra 5 023
. Q0 iQk
P33 = — ——pg3 + —2 pag — 3033,

2 2

. chZ
P =—— 044) — V34034,
. 2% Qo
P44 = — 034 + —— a3 + 34033 + (011 — pa4),

2 2
(B2)

where y1p = iAp +yE v =v5 yu=ida+yEe,
Va3 = —ilp + v, Yo = i(Acx — Ap) + yike, and
V34 = iApn + yflfc. The steady-state solution of Egs. (B2)
in the weak probe approximation which gives an enhanced
absorption spectrum of the probe is expressed as follows:

Qp(sz(Fs + I )3 + Ip) + l“3“g((r3 + M) + 4A22))

P12 =

The solution of the optical pumping system given in Eq. (B3)
is graphically represented in Fig. 13 and is well matched with
the numerical simulation of the full density matrix given in
Egs. (B2).

N
0

N
kS
T

N
w
T

1 .

Probe absorption
N N
- N
T T
L

N
T
),
\,
4
1

- .
_________________

9
-100 -50 0 50 100
Detuning of 420 nm laser (MHz)

FIG. 13. Comparison of the full numerical solution of the density
matrix in optical pumping system with the analytical solution given
in Eq. (B3). Q¢ = +/1.5T3, T, = 27 x 6.065 MHz, and I'; = 27 x
1.32 MHz.

(T2 + M 4 2iA,)(Q% (T3 + )3y + 3T0,) + 2031, (T 4 T1,)2 + 4A%))

(B3)

[
2. VIPO at IR transition for optical pumping system

The Hamiltonian of the VIPO at the IR transition for the

optical pumping system considered in Fig. 2(b) is given in

Eq. (9). The equations of motion of the density matrix ele-

ments are also obtained from Egs. (2) and (9), which gives the
following set of equations:

. 4 ;
P12 = E(QCI + Qe®)(p11 — p22) — Yi2p12,

. J ;
P13 =" _(ch + Szpe

c2
3 ) V13013,

. i i1t chZ
Pra=-— E(Qd + Q2" ) 024 + 5 P13 T V4P

. i * * —idit i 8t
pr=— 5<QC1+QP€ )P12+§(ch + Qpe”")p21—T2 022,

*

. I . i

P13 =— 5(9:1 + Qe ©1p13 — ya3p23 + 2C2 024,
. i » Q0

P = — 5(9:1 + Qe P pra — Yaap2a + TC,OB,
. Q20 iQ*

P =— ——p13 + —=2p34 — 333,

2 2
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FIG. 14. The graphical representation of the individual terms
I and II given in Eq. (10). Q¢ =T, Qe = V15T, Ty =27 x
6.065 MHz, and I'; = 27 x 1.32 MHz. The vertical axis of the red
trace marked by circles is on the left and the blue dashed trace and
the green trace marked with dots are on the right.

) Q0

P = — T(p33 — P44) — V340345

. iQ:Z chZ

paa == =3t = a3 34033 + Tg(p11 — p44).

(B4)

The steady-state solution of the equations of motion given in
Egs. (B4) is given in Eq. (10) and the solution of the various
: ; © O (+1) (1) - s
density matrix components o1, 5, » P1; »and p,,  is given
as follows. The individual contribution of terms I and II given

in Eq. (10) is also illustrated in Fig. 14.

3. VIPO at IR and VSS at blue transition for optical
pumping system

The Hamiltonian of the VIPO at the IR transition and
VSS at the blue transition for the optical pumping system
considered in Fig. 2(c) is given in Eq. (11). The equations of
motion of the density matrix are obtained from Egs. (2) and
(11) as follows:

; i ;
P12 = E(QCI + 2,6 (o1 — p2) — V512,

. *
2%,

> (1 + e ) pra—y13p13,

; i ;

p13=— E(QCI + Qpe®) o3 +
. l i85t chZ 6t

Pla=— E(QCI + Qpe" ) + - (1 +€™)pi13 = yiapua,

. i * * —i i i
Pr=— E(Qcﬁ-ﬂpe B‘Z),Olz-i-z(ﬂa + Qpea't)pn — T2,

O *
chZ

2

L P . —isyt —ibyt
pr3=— E(Q“ + Qpe ") p13+ (1 + e ") p2a—y23 023,

. i . Qo .
pu=— E(QjﬁQEe la")ﬁlﬁ‘TC(l + %) 023 — Yaupoa,

iQF* .
(14 e ") p3y — T3p33,

. iQZ i
P33=— Tc(l + €'Y gy + >

; iQc ;
P =— Tc(l + €Y (p33 — pas) — V334,

, i . i ,.
Paa=— 2C2 (L4 e ™)y + T(l + ) pus3 + T3apss
+ Mg(p11 — pa4). (BS)
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