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Transition radiation from a Dirac-particle wave packet traversing a mirror
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The explicit expression for the inclusive probability to record a photon created in transition radiation from
a one-Dirac-particle wave packet traversing an ideally conducting plate is derived in the leading order of
perturbation theory. The anomalous magnetic moment of the Dirac particle is taken into account. It is shown
that the quantum corrections to transition radiation from an electrically charged particle give rise to production
of photons with polarization vector orthogonal to the reaction plane (E plane). These corrections result from both
the quantum recoil and the finite size of a wave packet. As for the transition radiation produced by a neutron
falling normally onto the conducting plate, the probability to detect a photon with polarization vector lying in the
reaction plane does not depend on the observation angle and the energy of the incident particle. The peculiarities
of transition radiation stemming from different shapes of the particle wave packet are investigated. In particular,
the transition radiation produced by the wave packet of one twisted Dirac particle is described. A comparison
with the classical approach to transition radiation is given and the quantum formula for the inclusive probability
to detect a photon radiated by the N-particle wave packet is derived.
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I. INTRODUCTION

Transition radiation from beams of charged particles is
well studied both theoretically and experimentally [1–9].
Nowadays this radiation is used in particle detectors, for di-
agnostics of particle beams, and as a simple source of photons
with desired properties [4,5,9–12]. The quantum theory of
transition radiation was also studied [1,2,6]. However, the
effects related to the nontrivial form of the wave packets either
were not taken into account or were considered in the frame-
work of classical radiation theory with the classical currents
produced by such wave packets [13–16]. In the present pa-
per, we obtain the inclusive probability of transition radiation
from the wave packet of one Dirac particle crossing an ideal
conductor (a mirror) and investigate the dependence of this
radiation on the form of the wave packet. The Dirac particle
is assumed to be charged and to have an anomalous magnetic
moment. In particular, we derive the quantum formulas for the
probability of transition radiation produced by the wave pack-
ets of electrons and neutrons including the wave packets with
nonzero projection of the orbital angular momentum [16–21].
It turns out that the polarization properties of this radiation
differ from those given by the classical theory even in the
case of vanishing orbital angular momentum. The transition
radiation from a particle with anomalous magnetic moment
also possesses rather uncommon features.

In order to simplify the calculations and to focus on the
main peculiarities of transition radiation from wave packets,
we consider the simplest model of transition radiation, when
the wave packet traverses an ideally conducting plate. This
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model is justified for good conductors in the infrared and op-
tical spectrum ranges [4,5,8]. The results of our study confirm
the viewpoint existing in the literature [22–30] that the inclu-
sive probability of radiation from a one-particle wave packet
with nontrivial structure cannot be obtained with the aid of
the classical approach based on the calculation of the classical
field produced by the classical Dirac current in the wave zone.
This is well seen by the example of transition radiation from
twisted electrons that we study in detail in the present paper.
Nevertheless, the probability of radiation calculated by the use
of the classical formula proves to be physically meaningful.
It describes the probability of the exclusive radiation process
where the state of the escaping Dirac particle is also measured
and it is measured in such a state as if it were evolving
freely during the radiation process from the initial state of
the Dirac particle. The measurement of the Dirac particle
in that state suppresses completely the quantum recoil due
to photon radiation. Furthermore, the classical formula gives
the correct result for the inclusive probability of coherent
radiation from a beam of particles in the leading order of
perturbation theory [23]. We deduce the general formula for
the inclusive probability of radiation from an N-particle wave
packet of fermions (for N = 2 see, e.g., [31,32]) and point
out the conditions when the classical formula for radiation
probability is reproduced.

Other results of the present paper are discussed in detail
in the Conclusion. Therefore, we do not dwell on it here. The
paper is organized as follows. In Sec. II, we collect the general
formulas regarding quantum electrodynamics (QED) of Dirac
particles with anomalous magnetic moment in the Coulomb
gauge in the presence of the ideally conducting plate.
Section III is devoted to derivation of the general formula
for inclusive probability of transition radiation from the wave
packet of one Dirac particle. In Sec. IV, we investigate the
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particular case of this general formula for a normal incidence
of the one-particle wave packet. In Sec. V, the wave packets
of various profiles are considered. In particular, the transition
radiation from twisted wave packets of electrons and neutrons
is scrutinized in Sec. V C. A comparison of the quantum and
classical approaches to radiation from wave packets is given in
Appendix A. Appendix B contains some ponderous formulas
used in the main text.

We use the system of units such that h̄ = c = 1 and e2 =
4πα, where α is the fine-structure constant. The Minkowski
metric is taken with the mostly minus signature so that the
rising and lowering of spatial indices lead to a sign flip. The
greek spacetime indices run from 0 to 3 whereas the latin
spatial indices take the integer values from 1 to 3.

II. GENERAL FORMULAS

The Lagrangian density of the system at issue reads

L = −1

4
FμνFμν + ψ̄[γ μ(i∂μ − eAμ) − m]ψ

− μa

2
Fμνψ̄σμνψ, (1)

where μa is the anomalous magnetic moment, e is the particle
charge, m is the particle mass, Fμν := ∂[μAν] is the strength
tensor of the electromagnetic field, and ψ is the Dirac spinor.

As for charged particles, the anomalous magnetic moment can
be written as μa = sgn(e)aμB, where μB := |e|/(2m). We use
the notation and conventions adopted in [33–35] and

σμν := i

2
[γ μ, γ ν], γ 5 = −iγ 0γ 1γ 2γ 3. (2)

Fixing the Coulomb gauge and excluding the field A0, we
come to

LCoul = 1

2
Ȧ2

i − 1

4
Fi jFi j + ψ̄ (iγ μ∂μ − m)ψ − eAiψ̄γ iψ

−μȦiψ̄σ 0iψ − μa

2
Fi jψ̄σ i jψ − VCoul, (3)

where

VCoul = − 1
2 [eψ̄γ 0ψ + μa∂i(ψ̄σ 0iψ )]	−1

× [eψ̄γ 0ψ + μa∂i(ψ̄σ 0iψ )], (4)

and 	−1 is the inverse of the Laplace operator. The model of
Eqs. (1) and (3) can be employed for description of the elec-
tromagnetic radiation created by electrons, protons, neutrons,
and neutrinos. In the case of neutrinos, one has to take into
account the three flavors of neutrinos, their mixing, and their
interaction with electrons of the medium [36–39].

We assume that the ideally conducting plate is located at
z � 0 and the detector of photons is placed in the region z > 0
sufficiently far from the plate. Then the quantum fields in the
interaction picture are written as

Â(x) =
∑

λ

∫
+

V dk
(2π )3

1√
2k0V

[
aλ(k3; z)e−ik0x0+ik⊥x⊥ ĉλ(k) + H.c.

]
,

ψ̂ (x) =
∑

s

∫
V dp
(2π )3

√
m

V p0

[
us(p)e−ipμxμ

âs(p) + υs(p)eipμxμ

b̂†
s (p)

]
,

ˆ̄ψ (x) =
∑

s

∫
V dp
(2π )3

√
m

V p0

[
ūs(p)eipμxμ

â†
s (p) + ῡs(p)e−ipμxμ

b̂s(p)
]
,

(5)

where k0 = |k|, p0 =
√

m2 + p2, V characterizes the normalization volume, the plus sign in the integral limits means that the
integration region is restricted by the inequality k3 � 0, and the indices s and λ run the two values. The creation-annihilation
operators obey the standard (anti)commutation relations:

[ĉλ(k), ĉ†
λ′ (k′)] = δγ ,γ ′ ≡ (2π )3

V
δλ,λ′δ(k − k′), [âs(p), â†

s′ (p′)] = δα,α′ ≡ (2π )3

V
δs,s′δ(p − p′),

[b̂s(p), b̂†
s′ (p′)] = δα,α′ ≡ (2π )3

V
δs,s′δ(p − p′), (6)

where the square brackets denote a graded commutator. Other graded commutators of the creation-annihilation operators vanish.
Henceforth, for brevity we use the notation

α = (s, p), α′ = (s′, p′), γ := (λ, k),
∑

α

≡
∑

s

∫
V dp
(2π )3

,
∑
α′

≡
∑

s′

∫
V dp′

(2π )3
,

∑
γ

≡
∑

λ

∫
+

V dk
(2π )3

, (7)

and so on.
The mode functions of the electromagnetic field take the form

aλ(k3; z) =
∑
r=±1

f (λ)
r (k)eirk3z, f (λ)

r (k) = rf (λ)(k) + (1 − r)e3 f 3(λ)(k), for z > 0,

aλ(k3; z) = 0, for z < 0,

(8)
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where e3 is the unit vector along the z axis. The polarization vector of a photon with helicity λ is written as

f (λ)(k) = (cos φ cos θ − iλ sin φ, sin φ cos θ + iλ cos φ,− sin θ )/
√

2, (9)

where k⊥ = |k1 + ik2|, φ = arg(k1 + ik2), sin θ := k⊥/k0 ≡ n⊥, cos θ := k3/k0 ≡ n3:,

k = k0n = k0(sin θ cos φ, sin θ sin φ, cos θ ). (10)

The mode functions of the Dirac spinors are defined as in [33–35]:

us(p) = m + /p√
2m(p0 + m)

[
χs

0

]
, υs(p) = m − /p√

2m(p0 + m)

[
0
χs

]
, (11)

where /p := γ μ pμ. In particular,
∑

s

us(p)ūs(p) = m + /p

2m
,

∑
s

υs(p)ῡs(p) = −m − /p

2m
,

us(p)ūs(p) = m + /p

2m

1 − γ 5/s

2
, υs(p)ῡs(p) = −m − /p

2m

1 − γ 5/s

2
,

(12)

where the spin vector

sμ =
(ζp

m
, ζ + p(ζp)

m(p0 + m)

)
, sμ pμ = 0, s2 = −ζ2, (13)

and the vector ζ specifies the spin of a Dirac particle in the rest frame. For pure states ζ2 = 1.
The evolution operator is expressed through the Ŝ operator as

Ût2,t1 = Û 0
t2,0Ŝt2,t1Û

0
0,t1 , (14)

where the operator Û 0
t2,t1 describes a free evolution and

Ŝt2,t1 = T exp

{
−i

∫ t2

t1

dx :
[
eÂi

ˆ̄ψγ iψ̂ + μa
˙̂Ai

ˆ̄ψσ 0iψ̂ + μa

2
F̂i j

ˆ̄ψσ i jψ̂
]
(x) : −i

∫ t2

t1

dtV̂Coul(t )

}
. (15)

All the operators in the T exponent are taken in the interaction picture. The Coulomb term in the interaction Hamiltonian
becomes

V̂Coul(t ) = −1

2

∫
dx dy : [e ˆ̄ψγ 0ψ̂ + μa∂i( ˆ̄ψσ 0iψ̂ )](t, x) : 	−1(x − y) : [e ˆ̄ψγ 0ψ̂ + μa∂i( ˆ̄ψσ 0iψ̂ )](t, y) :, (16)

where 	−1(x − y) is the kernel of the operator 	−1. The
contribution of the Coulomb interaction to the process we are
investigating is of a higher order of smallness with respect
to the coupling constants than the leading contribution of the
term in the square brackets in the T exponent in Eq. (15).

III. RADIATION FROM A WAVE PACKET

The state of the Dirac particle at the instant of time t1 has
the form

|ϕ〉 :=
∑

α

√
(2π )3

V
ϕ̃α|α〉,

∑
α

(2π )3

V
|ϕ̃α|2 =

∑
s

∫
dp|ϕ̃s(p)|2 = 1. (17)

As follows from the problem statement, ϕ̃s(p) is concentrated
at p3 < 0; i.e., the wave packet of a particle falls onto the
conducting plate situated at z = 0. Here we assume that, for
a given momentum of the incident particle, one can neglect
its diffraction on the atoms of the mirror plate. Furthermore,
the model of a conducting plate used by us implies that
bremsstrahlung can be neglected in the region of energies

where the photons are detected. As far as electrons are con-
cerned, these conditions are fulfilled when the electron kinetic
energies are larger or of order 50 keV [5,7–9]. As for protons
and neutrons, the applicability conditions are satisfied when
the de Broglie wavelengths of these particles are small in
comparison with the interatomic distances in the mirror plate.
Besides, the diffraction and bremsstrahlung can be completely
suppressed if one perforates the conducting plate making the
channel for the incident particles (see Fig. 1). The transverse
width of the channel, d⊥, must satisfy

k⊥d⊥ � 1, (18)

and, of course, it should be larger than the transverse size of
the particle wave packet, Ltr.

The leading contribution to the amplitude of the process
of photon radiation by a Dirac particle is given by the matrix
element

A(γ , α′; α) := 〈k, λ; p′, s′|Ût2,t1 |p, s〉. (19)

Substituting Eq. (14) into this expression, retaining only the
terms that are of leading order with respect to the coupling
constants, and using the relations

Û 0
0,t âαÛ 0

t,0 = e−iEαt âα, Û 0
t2,t1 |0〉 = e−iE0(t2−t1 )|0〉, (20)
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FIG. 1. The schematic representation of the experimental instal-
lation for observation of transition radiation. The electron wave
packet falls onto the conducting plate, resulting in the production of
photons. The conducting plate is perforated in order to suppress the
effects of diffraction and bremsstrahlung. The case of normal falling
is depicted.

where Eα is the energy of the one-particle state α and E0 is the
vacuum energy, the transition amplitude can be cast into the
form

A(γ , α′; α)

= −i
m

V
e−iE0 (t2−t1 )e−i(k0+p′

0 )t2+ip0t1

∫ t2

t1

dxa∗
iλ(x3)ūα′

× [
eγ i − iμa(k0σ

i0 + (p j − p′
j )σ

i j )
]

× uα

eik0x0−ik⊥x⊥+i(p′
μ−pμ )xμ

√
2V k0 p0 p′

0

, (21)

where the integration by parts was carried out in the contribu-
tion of the anomalous magnetic moment.

We are interested in the transition amplitude from the state
(17). It is written as

A(γ , α′; ϕ) :=
∑

α

√
(2π )3

V
ϕ̃αA(γ , α′; α). (22)

Denote

ϕα := eip0t1 ϕ̃α. (23)

The function ϕα determines the form of the Dirac particle
wave packet at the instant of time t = 0 in the leading order
of perturbation theory; i.e., according to Eq. (23), the particle
wave packet evolves freely from the moment t = t1 to the
moment t = 0. From the experimentalist point of view, it is
convenient to specify the form of the particle wave packet at
the instant of time t = 0. Therefore, henceforth we suppose
that the function ϕα is given and ϕ̃α is found from Eq. (23).
Obviously, ϕα also satisfies the normalization condition (17).

Then

A(γ , α′; ϕ) = −i
m

V
e−iE0(t2−t1 )e−i(k0+p′

0 )t2
∑

α

(2π )3/2

V 1/2

×
∫ t2

t1

dxa∗
iλ(x3)ūα′ [eγ i − iμa(k0σ

i0 + (p j − p′
j )σ

i j )]uαϕα

eik0x0−ik⊥x⊥+i(p′
μ−pμ )xμ

√
2V k0 p0 p′

0

. (24)

On squaring the modulus of Eq. (24), the phase factors standing before the sum sign in Eq. (24) disappear. Up to these factors,
putting t1 → −∞ and t2 → +∞, we come to

A(γ , α′; ϕ) = m
(2π )3/2

V 1/2

∑
s

∫
dpδ(k0 + p′

0 − p0)δ(k⊥ + p′
⊥ − p⊥)

×
∫

dx3 ei(p3−p′
3 )x3√

2V k0 p0 p′
0

a∗
iλ(x3)ūα′ [eγ i − iμa(k0σ

i0 + (p j − p′
j )σ

i j )]uαϕα. (25)

The integral over x3 is readily evaluated:∫ ∞

−∞
dx3ei(p3−p′

3 )x3 a∗
λ(x3) =

∫ ∞

0
dx3ei(p3−p′

3 )x3 a∗
λ(x3) =

∑
r=±1

−if (λ)
r (k)

p′
3 − p3 + rk3 − i0

. (26)

As long as the conducting plate violates the translation invariance along the z axis, the conservation law of the momentum
projection onto this axis does not hold.

The inclusive probability to record a photon in the leading order of perturbation theory reads

dP(λ, k) :=
∑
α′

|A(γ , α′; ϕ)|2 V dk
(2π )3

. (27)

The comparison of this formula with the classical approach for description of radiation from a one-particle wave packet is
presented in Appendix A. Apart from the sum over the final states of a Dirac particle, expression (27) contains the two sums
over the quantum numbers of the initial state [see Eq. (25)],∑

α,ᾱ

, α = (s, p), ᾱ = (s̄, p̄). (28)

012216-4



TRANSITION RADIATION FROM A DIRAC-PARTICLE … PHYSICAL REVIEW A 103, 012216 (2021)

The delta functions entering into Eq. (25) allow one to remove six of the nine integrations in Eq. (27). Then, accounting for the
delta functions

δ(k0 + p′
0 − p0)δ(k⊥ + p′

⊥ − p⊥)δ(k0 + p′
0 − p̄0)δ(k⊥ + p′

⊥ − p̄⊥)

= δ(p0 − p̄0)δ(p⊥ − p̄⊥)δ(k0 + p′
0 − p0)δ(k⊥ + p′

⊥ − p⊥), (29)

we come to

p′
0 = p0 − k0,

p′
⊥ = p⊥ − k⊥,

p′3 = σ
√

(p0 − k0)2 − (p⊥ − k⊥)2 − m2 = σ

√
p2

3 − 2k0 p0 + 2k⊥p⊥ + k2
3 , σ = ±1,

(30)

and

p̄3 = ±
√

p2
0 − p2

⊥ − m2, p̄0 = p0, p̄⊥ = p⊥. (31)

The contribution of the root p̄3 =
√

p2
0 − p2

⊥ − m2 to Eq. (27) is negligibly small since ϕs̄(p̄) is concentrated at negative p̄3.
Therefore, the inclusive probability (27) becomes

dP(λ, k; ϕ) = m
∑

r,r′,σ,s,s̄

∫
dp

|p′
3 p3|

ϕs(p)ϕ∗
s̄ (p) f (λ)

ri (k) f ∗(λ)
r′ j (k)

2(p′
3 − p3 + rk3 − i0)(p′

3 − p3 + r′k3 + i0)

× ūs̄(p)[eγ i + iμa(p′
ν − pν )σ νi](m + /p′)[eγ j − iμa(p′

ρ − pρ )σρ j]us(p)
dk

2(2π )3k0
. (32)

The contribution of the root with σ = 1 corresponds to the
scattering of the Dirac particle on its image in the mirror. It
is not difficult to show using the mass-shell condition that
p′

3 − p3 + rk3 < 0. Hence, the imaginary additions ±i0 can
be omitted in the denominators.

Let us find the estimates when the approximations used
above such as the approximation of an infinite conducting
plate, proceeding to the limit |t1,2| → ∞, and the use of the
model of a sharp boundary of a mirror are valid. Hereinafter
we assume that the quantum recoil is small, viz.,

k0/(p3β3) � 1, (33)

where β3 = p3/(mγ ) and γ is the Lorentz factor. Then

p′
3 ≈ −σ [p3 − k0(1 − β⊥n⊥)/β3]. (34)

Let pϕ
3 , pϕ

⊥ be the minimum typical scales of variations of
ϕs(p3, p⊥), L⊥ be the typical transverse size of the plate, and
T = t2 − t1. The integral over x3 in Eq. (26) is saturated on
the scale

�z =
⎧⎨
⎩

|β3|
k0(1 − β⊥n⊥ + rn3)

, σ = −1

1/(2p3), σ = 1,
(35)

where β⊥ are the components of particle velocity along the
conducting plate, n⊥ := k⊥/k0, and n3 = k3/k0. Then, in
terms of the introduced quantities, the model employed is
applicable when the diffraction of incident particles and the
created bremsstrahlung can be neglected, as we discussed
above, and the following estimates are met:

T |β3| 
 �z, T |β3|pϕ
3 � 1, L⊥ pϕ

⊥ � 1. (36)

The vacuum-mirror boundary can be considered as sharp pro-
vided the thickness of the transition layer, δ, is much less than

�z. In the opposite case, δ 
 �z, the corresponding contribu-
tion to the integral defining the amplitude is exponentially
suppressed by the factor of the form exp(−aδ/�z ), where a
is some positive constant of order unity. In what follows we
assume that δ 
 �z for σ = 1 and δ � �z for σ = −1. This
situation is realized for electrons with kinetic energy larger
than 1 keV and for protons and neutrons with kinetic energy
larger than 1 eV. In that case, one can neglect the contribution
with σ = 1 in (32). From the physical viewpoint, it means
that we neglect the contribution to transition radiation from
the Dirac particles reflected from the mirror due to scattering
on their image in it. Therefore, henceforth p′3 is defined by
formula (30) with σ = −1.

Expression (32) for the radiation probability contains the
positive-definite Hermitian density matrix

Rs,s̄(p, p̄) := ϕs(p)ϕ∗
s̄ (p̄). (37)

Define the spin density matrix as

ρs,s̄(p, p̄) := Rs,s̄(p, p̄)/c(p), c(p) :=
∑

s

Rs,s(p, p),

∫
dpc(p) = 1. (38)

Equation (32) is generalized to an arbitrary mixed initial state
of the Dirac particle by the replacement

ϕs(p)ϕ∗
s̄ (p) → Rs,s̄(p, p) = c(p)ρs,s̄(p, p), (39)

where Rs,s̄(p, p) is the diagonal in the momentum space of
the density matrix of the initial mixed state. One can show
that (see, e.g., [35,40] and Sec. V B below)

∑
s,s̄

ρs,s̄(p, p)us(p)ūs̄(p) = m + /p

2m

1 − γ 5/s

2
, (40)
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where the effective spin 4-vector sμ has the form (13) with a
certain vector ζ(p) such that |ζ| � 1. In the case of a pure state
|ζ| = 1, whereas for a mixed state ζ2 < 1. In particular, for
the mixed states corresponding to a natural spin polarization,
where the opposite values of the spin are equally probable,
ζ = 0 and, consequently, sρ = 0. If ρs,s̄(p, p) does not depend
on p, then ζ is also independent of p. The concrete examples
of the states are considered below in Sec. V.

Notice that, in virtue of the symmetries of the problem
we are studying and the approximations made, the expres-
sion for the probability of radiation of a photon, Eq. (32),

depends only on the momentum space diagonal of the density
matrix of the incident particle. This, in particular, shows that
Eq. (32) is independent of the common phase factor of the
wave functions ϕs(p) constituting the density matrix, i.e., the
transform,

ϕs(p) → ϕs(p)eiξ (p), ∀ξ (p) ∈ R, (41)

is a symmetry of Eq. (32).
Substituting Eqs. (39) and (40) into Eq. (32) and evaluating

the trace of the respective products of the γ matrices, we
obtain

dP(λ, k; ϕ) = dk
32π3k0

∫
dpc(p)

|p′
3 p3|

∑
r,r′

f (λ)
ri (k) f ∗(λ)

r′ j (k)

(p′
3 − p3 + rk3)(p′

3 − p3 + r′k3)
{e2(p(i p′ j) + ηi jq2/2 + imqμsνε

μνi j )

+ eμa(2mq2ηi j − 2mqiq j + i[2m2qμsν + (qs)pμqν + q2qμsν/2]εμνi j )

+μ2
a(q2[2m2ηi j − (pi + p′i )(pj + p′ j )/2] − 2m2qiq j + 2im[(qs)pμqν + q2qμsν/2]εμνi j )}, (42)

where ε0123 = 1, ηi j = −δi j , and

qμ := pμ − p′
μ, q2 = 2(m2 − pp′) = k2

3 − (p3 − p′
3)2<0,

qμ = kμ
r + δ

μ
3 (q3 − rk3). (43)

The vector kμ
r possesses the same components as kμ but with

k3 → rk3. It is clear that the expression in the curly brackets
in Eq. (42) contracted with the polarization vectors can be
written in an explicitly Lorentz-invariant form. The terms
depending on the effective particle spin contribute only to a
circular polarization of radiated photons. They vanish when
the polarization vector f (λ)(k) is real and so corresponds to
a certain linear polarization. The explicit expression for the
sum over r, r′ on the first line in Eq. (42) is given in formula
(B4). The classical transition radiation from a point charged
particle without magnetic moment is described by the first
term in the curly brackets standing at e2 in Eq. (42) provided
one replaces p′i by pi in it and employs the small quantum
recoil approximation (see Appendix B) in the factor at the
curly brackets.

IV. NORMAL FALLING

Let us consider a particular case of the general formula
(42) when the wave packet crosses normally the surface of
the conducting plate. In this section, we find the probability
to detect a photon with linear polarization along the vector
[p, k] in transition radiation from the wave packet of one
Dirac particle. Besides, we derive the probability to record a
photon in this radiation when its polarization is not measured.

As is well known (see, e.g., [4]), the transition radiation
from a classical point particle with charge e is linearly polar-
ized in the plane spanned by the vectors p and k. However,
it is not difficult to see that this property does not hold for
quantum expression (42) even in the case sρ = 0 and μa = 0.
For simplicity, we suppose that c(p) is concentrated near the
set of points

p = (0, 0, p), p < 0, (44)

with different p. In other words, we consider a normal inci-
dence of the wave packet on the mirror. The concrete form
of the wave packets meeting such requirements is given in
Sec. V.

Consider the probability to detect a photon with the polar-
ization vector

f3 = 0, f ∈ R. (45)

In that case, f is proportional to [e3, k]. Assume for a while
that condition (44) is not fulfilled. Then

fr = rf, (46)

the terms containing sρ vanish, and the other terms in Eq. (42)
are simplified with the aid of formulas (B4). As a result, we
come to

dP(λ, k; ϕ) =
∫

dpc(p)

|p′
3 p3|(q2)2

× [
4
(
e2 − q2μ2

a

)
(pf )2 − q2(e + 2mμa)2]

× k2
3dk

16π3k0
. (47)

Now we suppose that c(p) is concentrated near the points (44).
In that case,

dP(λ, k; ϕ) = −(e + 2mμa)2
∫

dpc(p)

|p′
3 p3|q2

k2
3dk

16π3k0
. (48)

Notice that e + 2mμa = e(1 + a) for an electrically charged
particle. The expression obtained is valid for any effective spin
vector sρ including sρ = 0.

Neglecting the higher orders in the quantum recoil param-
eter (33) and using formulas (B1), we deduce

dP(λ, k; ϕ) = (e + 2mμa)2

m2

∫
dpc(p)

n2
3 + n2

⊥γ 2(p)

n2
3dk

16π3k0
.

(49)
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In the nonrelativistic limit, γ 2 ≈ 1, this expression is written
as

dP(λ, k; ϕ) = (e + 2mμa)2

m2

n2
3dk

16π3k0
. (50)

It does not depend on the profile of the wave packet along p3.
In the general case, if c(p) possesses only one sharp peak near
some point of the form (44), we approximately have

dP(λ, k; ϕ) ≈ (e + 2mμa)2

m2
(
n2

3 + n2
⊥γ 2

) n2
3dk

16π3k0
. (51)

Notice that Eq. (48) is not zero for β3 → 0 (see the discus-
sion in [14]). However, this value of the velocity is out of
range of applicability of the formula since it contradicts the
assumptions and approximations made in deriving Eq. (48).
Recall that, in deriving the probability (48), we assumed that
ϕs(p) is concentrated at negative p3 and discarded the contri-
butions where ϕs(p) is taken with positive p3. For the wave
packets with Gaussian profile along p3, we implied thereby
that p3 
 σ3, where σ 2

3 is the dispersion of p3 in the wave
packet.

Equation (47) allows us to estimate the magnitude of the
dispersion of p near the point (44) when the contribution (48)

still dominates. In the nonrelativistic limit, it follows from
Eqs. (47) and (B2) that

	θ2 �
(

k0

p3β3

)2

, (52)

where 	θ2 is the dispersion of angles of momenta to the
vector (44) in the wave packet. In the ultrarelativistic case,
the approximate formulas (B3) imply

γ 2	θ2 � k2
0

p2
3

(1 + n2
⊥γ 2), for n⊥ � 1;

	θ2 � k2
0

p2
3

, for n⊥ ∼ 1/2.

(53)

For example, for a nonrelativistic particle with the kinetic
energy of order 1 keV and the energy of a detected photon
of order 1 eV, the estimate for the dispersion becomes 	θ2 �
10−6.

Now we sum expression (42) over the polarizations of an
escaping photon in the case of a normal falling of the wave
packet onto the mirror [Eq. (44)]. Employing formulas (B6)
and (B7) for summation over the photon polarizations, we
arrive at

dP(k; ϕ) =
∫

dpc(p)

|p′
3 p3|

[(
e2 − q2μ2

a

)
n2

⊥

(
2p3q3

q2
+ 1

)2

− (e + 2mμa)2 2k2
3

q2

]
dk

16π3k0
. (54)

This expression is independent of the effective spin of an incident particle. Keeping only the leading terms with respect to the
quantum recoil parameter (33), we have

dP(k; ϕ) ≈
∫

dpc(p)

n2
3 + n2

⊥γ 2

[
2n2

⊥γ 2

(
e2β2

3γ 2

k2
0

(
n2

3 + n2
⊥γ 2

) + μ2
a

)
+ (e + 2mμa)2 n2

3

m2

]
dk

8π3k0
, (55)

where γ = γ (p) and β3 = β3(p).
The different contributions to the radiation probabilities (49) and (55) can be classified by restoring the Planck constant in the

corresponding intensities of radiation k0dP. Supposing that

e ∼ h̄−1/2, μa ∼ h̄1/2, k ∼ h̄, k0 ∼ h̄, (56)

and the other quantities in Eqs. (49) and (55) are of zero order
in h̄, we see that the contribution (49) is purely quantum and
contains the terms of the orders h̄2, h̄3, and h̄4. The first term
in the parentheses in Eq. (55) is classical and proportional to
h̄0, the second term in these brackets is of the order h̄4, and
the last term in the square brackets in Eq. (55) contains the
contributions of the orders h̄2, h̄3, and h̄4. Comparing Eq. (55)
with Eq. (49), we see that the contribution (49) is solely due
to quantum recoil and is of the order (k0/p3β3)2 as compared
with the leading classical contribution to the probability (55).

V. EXAMPLES OF THE WAVE PACKETS

A. Coherent superposition of N Gaussians

The profile of the wave packet can be taken as a superposi-
tion of N Gaussians:

c(p) = |ϕ(p)|2, ϕ(p) = ke−gi j (pi−p0
i )(p j−p0

j )/4
N∑

l=1

kle
−ipbl ,

(57)

where the matrix gi j is inverse to gi j and specifies the disper-
sions of momenta with respect to the average value p0. The
normalization constant is

k−2 = (2π )3/2
√

det gi j

N∑
k,l=1

kkk∗
l e−ip0bkl e−gi j bi

kl b
j
kl /2,

bkl := bk − bl . (58)

The Gaussians in Eqs. (57) are transformed to each other by a
parallel transport in the coordinate space along the vectors bk .
The constants ki define the weights and the relative phases of
these Gaussians. The spin polarization of the state is specified
by some density matrix ρs,s̄(p, p).

One can achieve a coherent amplification of radiation
created by a wave packet, analogous to the coherent ampli-
fication of radiation from many charged particles, by means
of a special preparation of the wave packet with peculiar

012216-7



P. O. KAZINSKI AND G. YU. LAZARENKO PHYSICAL REVIEW A 103, 012216 (2021)

structure factor

S(p) :=
N∑

l,n=1

klk
∗
n e−ipbln , (59)

which enters into c(p). If all the kl are the same, the coherent
amplification appears in the case when, for example, bl form
a periodic lattice with periods much larger than the square
root of the eigenvalues of gi j . Then c(p) is peaked near the
points pn of the reciprocal lattice and is modulated by the
slowly varying Gaussian, the square root of which stands
before the sum sign in Eqs. (57). The harmonics in the energy
of radiated photons are absent in this case in contrast to the
radiation from many particles [22]. If one takes into account
only the contributions of the maxima of c(p) in Eq. (42),
then the radiation probability (42) has the form of the sum of
probabilities corresponding to each maximum of c(p); i.e., its
form resembles the formula for an incoherent radiation from
particles with different momenta pn [26].

B. Spin-polarized states

As we saw in Sec. III, the inclusive probability of tran-
sition radiation [Eq. (42)] depends on the effective spin of
the initial Dirac particle state. Let us consider the effective
spin of the state in more detail. The nontrivial example of the
spin-polarized wave packet of a Dirac particle is the state

ϕs(p) = ϕ0(p)√
2

e−isψ/2, ψ := pb + ϑ, (60)

where s = ±1, the vector b specifies the displacement of the
wave functions ϕ0(p),∫

dp|ϕ0(p)|2 = 1, (61)

with opposite projections of the spin, and ϑ is the additional
relative phase of these wave functions. This phase may appear,
for example, due to different orbital angular momenta of the
wave function components of the state (60) or it may arise in
preparation of this state.

Then

c(p) = |ϕ0(p)|2, ρss̄(p, p) = 1
2 e−i(s−s̄)ψ/2. (62)

The spin density matrix reads [see Eqs. (11)]

ρab(p, p) =
∑
s,s̄

ρss̄(p, p)χasχ
∗
bs̄, a, b = 1, 2, (63)

where

στχs = sχs. (64)

The unit vector

τ = (sin θ cos φ, sin θ sin φ, cos θ ) (65)

specifies the direction of the spin projection in the definition
of the state [Eqs. (11) and (60)]. The Hermitian normalized
spin density matrix (63) can be cast into the form

ρ(p, p) = [1 + σζ0(p)]/2, (66)

where ζ0 is the effective spin vector entering the right-hand
side of Eq. (40). Using the explicit representation of the basis

spinors (64),

χ+ =
[

cos(θ/2)
eiφ sin(θ/2)

]
, χ− =

[−e−iφ sin(θ/2)
cos(θ/2)

]
, (67)

it is not difficult to verify that

ζ0 = (cos θ cos φ cos(ψ − φ) − sin φ sin(ψ − φ),

cos θ sin φ cos(ψ − φ) + cos φ sin(ψ − φ),

− sin θ cos(ψ − φ)). (68)

This vector obeys the relations

ζ2
0 = 1, ζ0τ = 0,

d

dψ
ζ0 = [τ, ζ0]. (69)

In particular, for θ = 0 we have

ζ0

∣∣
θ=0 = (cos ψ, sin ψ, 0). (70)

In other words, the relative phase shift of the wave-function
components of the state (60) gives rise to rotation of the
effective spin vector ζ0 in the plane orthogonal to the vector
τ. In particular, such a rotation happens when the vector b
characterizing a relative displacement of the wave function
components in Eqs. (60) changes.

The above considerations are easily generalized to the state

ϕs(p) = ϕ0(p)√
2 cosh κ

es(κ−iψ )/2, κ, ψ ∈ R, (71)

where κ = κ (p) and ψ = ψ (p). In fact, the state (71) is the
general form of a pure state of a Dirac particle. Then

c(p) = |ϕ0(p)|2, ρss̄ = 1

2 cosh κ
eκ (s+s̄)/2−iψ (s−s̄)/2. (72)

The spin density matrix takes the form of Eq. (66) with

ζ = τ tanh κ + ζ0/ cosh κ, ζ2 = 1. (73)

In changing the phase ψ , the effective spin vector ζ precesses
around the vector τ. The free evolution of the state (71) leaves
this vector intact.

Thus we see that the transition radiation produced by such
a wave packet is the same as from the particle in the quantum
state with the density matrix whose diagonal in the momentum
space has the form

|ϕ0(p)|2[1 + σζ(p)]/2. (74)

The measurement of the spin-dependent contributions to the
probability (42) allows one to find a relative phase of the
wave-function components and the parameter κ in the state
(71).

Generalizations. The above formulas for the effective spin
are quite general and arise for any process

α + β → γ ′, (75)

where the given quantum numbers of the states β and γ ′
fix uniquely the momentum of the initial state α of a Dirac
particle. This is valid for inclusive probabilities as well where
the transition probability is summed over a subset of final
states. In our case, the momentum of the initial state is al-
most uniquely fixed by the conservation law for the two
perpendicular components of the momentum and the energy
conservation law [see Eq. (29)]. The resulting indeterminacy
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of the initial momentum is disambiguated by imposing the
restriction on the form of the wave packet of the initial Dirac
particle.

Furthermore, the momentum of the initial state α is fixed
and so the above formulas for the effective spin vector are
applicable for a large class of processes where the momen-
tum conservation law is fulfilled and the states β and γ ′
possess definite momenta. Of course, it is impossible to cre-
ate or to detect a particle with a given momentum because,
due to the uncertainty relation, the installation of an infinite
volume is needed for that. Nevertheless, in order for the
above-mentioned properties to hold, one can create the state
β and record the state γ ′ that are narrow wave packets in the
momentum space and such that their sizes in the coordinate
space are larger than the size of the wave packet characterizing
the state α. In the reaction zone, the wave packet of the state
α should be completely covered with the wave packets of the
states β and γ ′.

The above formulas are not restricted only to the case when
the state α describes a Dirac particle. They are also valid for
the photon states α. Namely, the normalized momentum space
diagonal of the photon density matrix (the spin density matrix)
can be cast into the form∑

λ,λ′
ρλλ′ (p, p) f (λ)

i (p) f (λ′ )
j (p), ρ = (1 + σζ)/2, (76)

where f (λ)(p) ∈ R are the linear polarization vectors,
{f (1)(p), f (2)(p), p} constituting a right-handed triple, and ζ is
the Stokes vector, |ζ| � 1. Let the initial state of the photon be
represented in the form (71), where s specifies the sign of the
Stokes vector τ for the basis components of the photon state.
This state corresponds to the spin density matrix

ρλλ′ (p, p) =
∑
s,s̄

ϕs(p)ϕ∗
s̄ (p)χλsχ

∗
λ′ s̄/c(p),

c(p) = |ϕ0(p)|2, (77)

where χs are defined in Eq. (64). Developing the considera-
tions analogous to those given for a Dirac particle, we further
infer that the spin density matrix takes the form (76) with
the effective Stokes vector (73) and the probability of the
process complying with the above-mentioned restrictions is
determined by the momentum space diagonal of the density
matrix (74).

For example, if τ = (0, 0, 1) and κ = 0, then the effec-
tive Stokes vector ζ is orthogonal to τ and, depending on
the relative phase ψ , describes the circular, ζ = (0,±1, 0),
elliptic, or linear, ζ = (±1, 0, 0), polarizations, despite the
fact that the wave function components ϕs(p) possessing the
linear polarization along f ((3−s)/2) can be shifted with respect
to each other by a large distance. For τ = (0, 1, 0) and κ = 0,

the wave-function components ϕs(p) are circularly polarized,
whereas the effective Stokes vector ζ is orthogonal to τ and
corresponds to the linear polarization at an angle of ψ/2 to
the axis f (1).

C. Twisted particles

Let the state of a Dirac particle be specified by the wave
packet of the form [16,18,41,50]

ϕs(p) = δsσ ϕ0(p),

ϕ0(p) = kp|l|
⊥ exp

(
− (p3 − p)2

4σ 2
3

− p2
⊥

4σ 2
⊥

+ ilψ
)
,

ψ := arg(p1 + ip2),

k−2 = (2π )3/2σ3σ
2
⊥(2σ 2

⊥)|l||l|!, l ∈ Z, (78)

where σ = ±1 characterizes the spin projection of the state
onto the z axis. The state (78) is the eigenvector of the
projection of the total angular momentum operator on the z
axis with the eigenvalue l + σ/2. The case l = 0 describes a
cylindrically symmetric Gaussian wave packet. Then

c(p) = k2 p2|l|
⊥ exp

(
− (p3 − p)2

2σ 2
3

− p2
⊥

2σ 2
⊥

)
. (79)

As is seen from the general formula (42) for the probability of
transition radiation from the mirror, this probability does not
depend on the phase of the wave function [Eqs. (78)].

The classical current [Eq. (A1)] corresponding to the state
(78) without the phase ilψ has zero projection of the intrinsic
magnetic moment on the z axis by symmetry reasons. Never-
theless, the nonzero angular momentum of the state affects the
properties of the transition radiation (42) by means of the fac-
tor p|l|

⊥ in the wave function. Let us find this correction. Setting
μa = 0, disregarding the terms that are small with respect to
the quantum recoil parameter (33), and using formulas (B4),
we deduce the probability to detect a linearly polarized photon

dP(λ, k; ϕ) ≈ e2
∫

dpc(p)

p2
3(q2)2

|k3(pf ) + (q3 − k3)p3 f3|2 dk
4π3k0

,

(80)

where the approximate expression for q2 is presented in
Eqs. (B1). This probability does not depend on the spin of the
Dirac particle and, in particular, is valid for the mixed state
where σ = ±1 are realized with equal probability. In the last
case, formula (80) holds for a radiated photon with arbitrary
polarization.

If (|l| + 1)σ 2
⊥ � m2 and σ3 � |p|, then the integral (80) is

readily evaluated. Let

n = (sin θ, 0, cos θ ), f (1) = (cos θ, 0,− sin θ ). (81)

Then

dP(1, k; ϕ) ≈ e2 p2

(m2 + n2
⊥ p2)2

{
n2

⊥(m2 + p2)

+ (|l| + 1)σ 2
⊥

(m2 + n2
⊥ p2)2

[
m4(1 − 10n2

⊥ + 10n4
⊥) − 2m2 p2n2

⊥(5 − 7n2
⊥ + n4

⊥) + p4n4
⊥
]} dk

4π3k3
0

, (82)
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where the leading correction with respect to (|l| + 1)σ 2
⊥ is

retained. Notice that the nonparaxial corrections proportional
to (|l| + 1)σ 2

⊥/m2 are typical for the processes with twisted
particles (see, for details, [41]). These corrections are en-
hanced for the states with a large projection of the orbital
angular momentum. If

f (2) = (0, 1, 0), (83)

we have in the leading order

dP(2, k; ϕ) ≈ e2 p2(|l| + 1)σ 2
⊥

(m2 + n2
⊥ p2)2

n2
3dk

4π3k3
0

. (84)

We see that the nonparaxial correction is the leading contri-
bution in this case. The leading contribution to Eq. (82) is the
standard expression for the probability of transition radiation
from the mirror [4].

Expressions (82) and (84) make sense only when the ob-
tained corrections with respect to σ⊥ are not overlapped by the
corrections due to quantum recoil. The estimate ensuring that

the contribution (84) dominates over the corrections due to
quantum recoil follows from the comparison of Eq. (84) with
Eq. (51). The contribution (84) prevails when the estimates
opposite to Eqs. (52) and (53) are fulfilled. In the case at hand,
this estimate can be cast into the form

(|l| + 1)σ 2
⊥/m2 
 k2

0

(
n2

3 + n2
⊥γ 2

)
/p2. (85)

For example, for the electron wave packet with transverse size
of the order 10 nm, the projection of the orbital momentum
|l| ∼ 10, and the photon energy 1 eV, the electron kinetic
energy should be larger than 600 keV for the estimate (85)
to be satisfied and the term (84) to dominate. Notice that, in
contrast to the leading contribution to Eq. (82), the obtained
corrections to dP/dk do not vanish for n⊥ → 0. This property
can also be employed for a possible experimental verification
of the presence of these corrections.

Let us find the transition radiation from the mirror pro-
duced by a twisted neutron [17,19–21]. We suppose that the
state of the neutron has the form of Eqs. (78). Putting e = 0
and neglecting the quantum recoil, we find the probability to
detect a linearly polarized photon,

dP(λ, k; ϕ) ≈ −μ2
a

∫
dpc(p)

p2
3q2

[
m2k2

3 + |k3(pf ) + (q3 − k3)p3 f3|2
] dk

4π3k0
. (86)

If the neutron state possesses a natural spin polarization, then this expression is valid for the photons with arbitrary polarizations.
Using the same approximations as above in considering a charged twisted particle, we arrive at

dP(1, k; ϕ) = μ2
a

(
1 − (|l| + 1)σ 2

⊥n2
3

m2 + n2
⊥ p2

)
dk

4π3k0
, (87)

and

dP(2, k; ϕ) = μ2
a

m2 + n2
⊥ p2

{
m2 − (|l| + 1)σ 2

⊥
(m2 + n2

⊥ p2)2

[
m4(1 − 3n2

⊥) − m2 p2n2
⊥(4 − n2

⊥) − p4n4
⊥
]} n2

3dk
4π3k0

. (88)

Notice that the leading contribution to Eq. (87) does not
depend on the form of the wave packet provided σ⊥ is suf-
ficiently small. For example, this contribution has the same
form for the state (78) with two Gaussian humps with respect
to the variable p3. It is also clear that the radiation described
by this contribution is isotropic. As a rule, the correction to
this term is small. Of course, these properties hold only in the
applicability domain of formula (87). The sum of the leading
contributions to Eqs. (87) and (88) coincides with Eq. (55) for
e = 0 and does not coincide with formula (9) of [14].

Now we can assign the orders in h̄ to the terms in Eqs. (82),
(84), (87), and (88) using the rules (56) and supposing that
σ⊥ ∼ h̄1/2. The last estimate follows from the assumption that
σ⊥Ltr ∼ h̄, where Ltr ∼ h̄1/2 is some length characterizing the
transverse size of the wave packet. In that case, one has a
particle with the definite coordinate x⊥ and momentum p⊥ in
the limit h̄ → 0 [42,43]. Then the leading term in Eq. (82)
is classical, the correction to it is of the order h̄, and the
contribution (84) to the radiation intensity is of the order h̄.
The first and second terms in the brackets in Eqs. (87) and
(88) are of the orders h̄4 and h̄5, respectively. Thus, in such
a classification scheme, the corrections due to finite size of
the wave packet are of the order h̄ with respect to the leading

contribution. If one assumes that σ⊥ ∼ 1, i.e., Ltr ∼ h̄ and
tends to zero as h̄ → 0, then the finite size corrections to the
radiation probability will be of the same order in h̄ as the
leading contributions. In the case σ⊥ ∼ h̄, the powers of h̄ in
these formulas change in an obvious manner.

In the ultrarelativistic limit, the expressions for the leading
contributions to Eqs. (87) and (88) turn into formulas (3.276)
and (3.277) of [4] where one should take ω2

pe,1 → ∞, ω2
pe,2 →

0, and θ0 = π/2. We see that the anomalous magnetic moment
behaves as a “true” magnetic moment [44]. Notice that the
general formulas for the ultrarelativistic limit of probability
of transition radiation from neutral plane-wave Dirac parti-
cles with anomalous magnetic moment were considered in
[45,46].

VI. CONCLUSION

Let us summarize the results. We obtained the in-
clusive probability (42) to record a plane-wave photon
created in transition radiation by a wave packet of one
Dirac particle traversing an ideal conductor plate. The
probability to detect a photon in such a process disregarding
the photon polarization has a rather simple form [Eq. (54)]
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in the case of normal incidence. It was supposed in deriving
these formulas that the Dirac particle possesses the electric
charge e and the anomalous magnetic moment μa. The calcu-
lations were performed in the leading order in the coupling
constants e and μa. The diffraction of the Dirac particles
on the atoms of the mirror plate and bremsstrahlung were
neglected in describing this radiation for the given energies
of incident particles and detected photons. The effects due to
the transition layer between vacuum and the mirror plate were
also disregarded.

Then we investigated several particular cases of the gen-
eral formula (42). We found that in contrast to the classical
formula for transition radiation there are radiated photons pos-
sessing the linear polarization along the vector [p, k], where p
is the Dirac particle momentum and k is the photon momen-
tum, i.e., possessing the linear polarization orthogonal to the
reaction plane. This effect stems from both a quantum recoil
and a finite size of the wave packet. As for Vavilov-Cherenkov
radiation, the fact that the quantum recoil leads to production
of photons with such a polarization was discussed in [47–49].
We obtained the probability (48) to detect the plane-wave pho-
tons with such a polarization in the case of normal incidence
of the wave packet of a Dirac particle onto the mirror plate. We
also discussed the restrictions on the parameters of the wave
packet when this contribution to radiation can be observed in
experiments.

As the examples of wave packets, we considered the co-
herent superposition of Gaussians, the general spin-polarized
state, and the twisted states. In the case of N Gaussians com-
prising a one-particle wave packet, the coherent amplification
of transition probability could be achieved when these Gaus-
sians constitute a regular lattice. It turned out in this case that
the radiation probability is approximately an incoherent sum
of radiation probabilities corresponding to particles with mo-
menta pn of the reciprocal lattice. In contrast to the classical
coherent radiation, there are not harmonics in the energy of ra-
diated photons [22]. However, as it was discussed in Appendix
A, the harmonics in energy reappear in the coherent radiation
from N-particle wave packets consisting of such modulated
one-particle wave packets. Besides, the harmonics in energy
can be observed in the probability of the exclusive process
where the escaping Dirac particle is measured in the out state
that is obtained by a free evolution from the in state of this
particle.

As far as the general spin-polarized state is concerned,
it behaves as a qubit in regard to the spin dependence of
transition radiation. Namely, due to the fact that only the mo-
mentum space diagonal of the density matrix of the incident
particle contributes to the transition radiation probability, one
can introduce the effective spin vector of the initial state that
takes the values on the Poincaré sphere for pure states. This
effective spin vector is determined by the choice of the spin
quantization axis of the wave packet and by the relative phase
and the ratio of moduli of the respective spin components
of this wave packet in the momentum representation. The
effective spin vector can be rotated along the Poincaré sphere
by changing these parameters, for example, by changing the
distance between the wave-packet components with opposite
spin projections.

As for the twisted states of Dirac particles, we obtained the
explicit expressions (82), (84), (87), and (88) for the probabil-
ity to detect a plane-wave photon produced by one twisted
particle traversing normally the conducting plate. The first
nontrivial corrections in σ 2

⊥ were taken into account, where
σ 2

⊥ is the dispersion of the transverse momentum components.
The cases μa = 0 and e = 0 were separately considered.
As expected, the leading-order contributions coincide with
the known results [4] in the limit of a small quantum re-
coil. The corrections to this contribution are proportional to
(|l| + 1)σ 2

⊥/m2 which is typical for processes with twisted
particles [41]. We estimated the parameter space where these
corrections can be observed experimentally for transition radi-
ation from electrons. In the case of electrons, the nonparaxial
correction to the probability of transition radiation of photons
with the polarization vector orthogonal to the reaction plane is
the leading contribution. This makes it easier to observe such
a correction experimentally. We also revealed an interesting
feature of the transition radiation produced by a neutron. In
this radiation, the probability (87) to detect a photon with
polarization vector lying in the plane spanned by the vectors
p and k is solely determined by the anomalous magnetic
moment μa and does not depend on the observation angle and
the energy of the incident neutron for sufficiently small σ 2

⊥. It
would be interesting to check this property experimentally.

Inasmuch as transition radiation from twisted particles was
already discussed in the literature [13–16] from the viewpoint
of classical radiation theory applied to the Dirac current of
a wave packet, in Appendix A we compared in detail the
method developed in the present paper with the method used
in [13–15]. We found that the inclusive probability (42) cannot
be reproduced by the classical approach applied to radiation
from a one-particle wave packet. Nevertheless, we described
the experimental setup where the classical approach does
give the correct result for transition radiation from a one-
particle wave packet. Moreover, we showed that under certain
mild assumptions the coherent radiation from N-particle wave
packets is determined by the classical radiation amplitudes
associated with the N wave packets of particles constituting
the N-particle state.
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APPENDIX A: CLASSICAL DESCRIPTION
OF RADIATION FROM A WAVE PACKET

In the papers [13–15], transition radiation from the wave
packet of a twisted electron was studied using a classical
approach. Namely, the radiation from such a wave packet
was modeled by means of the radiation from a point charged
classical particle with a large magnetic moment. The reason-
ing behind this approach is the assumption that the transition
radiation is produced by the classical current,

ji(x) = eϕ̄(x)γ iϕ(x), (A1)
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constructed by making use of the solutions ϕ(x) of the
Dirac equation. If one substitutes ϕ(x) in the form of a
twisted electron into Eq. (A1), then the classical electromag-
netic field (or the average of the quantum field operator)
created by ji(x) at large distances from the electron is
approximately the same as for a point charged magnetic mo-
ment. The small contributions of higher multipoles are also

present [50]. In this Appendix, we show how the expressions
obtained in [13–15] can be interpreted in the framework of
QED.

1. One-particle wave packets

Denote as

φ̃α′ := e−ip′
0t2φα′ (A2)

the electron wave function recorded by the detector at the instant of time t2. Then φα′ gives the form of the electron wave packet
at the instant of time 0, as if the electron were freely propagating at t ∈ [0, t2]. Such an assumption is valid in the leading order
of the perturbation theory. The transition amplitude from the electron state ϕ̃ to the electron state φ̃ with radiation of one photon
can easily be deduced from formula (24) which gives

A(γ , φ; ϕ) =
∑
α′

√
(2π )3

V
φ̃∗

α′A(γ , α′; ϕ)

= ieme−iE0 (t2−t1 )e−ik0t2
∑
s,s′

∫
dpdp′

(2π )3

∫ t2

t1

dxeik0x0−ik⊥x⊥+i(p′
μ−pμ )xμ

φ∗
s′ (p′)

a∗
λ(x3)ūs′ (p′)γus(p)√

2V k0 p0 p′
0

ϕs(p)

= iee−iE0 (t2−t1 )e−ik0t2

∫ t2

t1

dx
a∗

λ(x3)φ̄(x)γϕ(x)√
2V k0

eik0x0−ik⊥x⊥ , (A3)

where, on the last line, the coordinate representation of the Dirac wave functions was used,

ϕ(x) := 〈0|ψ̂ (x)|ϕ〉 =
∑

α

√
(2π )3

V
ϕα〈0|ψ̂ (x)|α〉 =

∑
s

∫
dp

(2π )3/2

√
m

p0
us(p)ϕs(p)e−ipμxμ

, (A4)

and we assume that the anomalous magnetic moment
μa = 0.

Suppose

φα = ϕα, (A5)

which means that the electron is detected at t = t2 in the state
resulting from a free evolution of the state ϕ̃α prepared at t =
t1. Then taking the limits t1 → −∞, t2 → ∞, and squaring
the modulus of Eq. (A3), we see that the classical approach for
description of the wave-packet radiation gives the transition
probability

dP(γ , ϕ; ϕ) =
∣∣∣∣
∫ ∞

−∞
dxa∗

λ(x3)j(x)eik0x0−ik⊥x⊥

∣∣∣∣
2 dk

2(2π )3k0
.

(A6)

Thus, in the case of a one-particle wave packet, the “classi-
cal” formula for radiation probability possesses the following
interpretation: It gives the probability to record a photon in
the state γ in the remote future under the condition that, in
the remote future, the electron is recorded in the state that
results from a free evolution of the electron state prepared in
the remote past. It is clear that

dP(γ , ϕ; ϕ) < dP(γ ; ϕ). (A7)

For such a setup of the experiment, the radiation from a
one-particle wave packet possesses all the properties of the
classical coherent radiation without corrections for a quantum
recoil. In particular, if one prepares properly the state ϕ,

there exist the coherent harmonics in the energies of radiated
photons. In a certain sense, one may say that recording the
escaping particle in the state φ̃α′ that obeys condition (A5)
suppresses the quantum recoil produced by a photon radiated
in this process. These considerations and the formula of the
form (A6) also hold in the case when the spinors uα are the
solutions of the Dirac equation in a stationary external field
and the mode functions of the electromagnetic field are the
solutions of the Maxwell equations in a stationary dispersive
medium. In that case, the free evolution of a wave packet
ought to be understood as the evolution of solutions of the
Dirac equation in a given field.

For certain energies of the observed photon and the in-
cident particle, external fields, and profiles of the incident
particle wave packet, the change of the state of this parti-
cle due to its interaction with the photon can be neglected.
Then expression (A6) equals approximately Eq. (27) (see,
e.g., [35,42,43,51–56]). As for transition radiation from the
mirror that we are considering in the present paper, expression
(27) is independent of the phase of the initial wave packet
ϕs(p). Hence, Eq. (A6) must also be independent of this phase
provided one intends to use Eq. (A6) as an approximation to
Eq. (27) and not in the sense of the above given interpretation.
However, this is not the case. For example, for a wave packet
of a Dirac particle with nonzero projection of the orbital angu-
lar momentum [Eqs. (78)], the inclusive radiation probability
is the same as for a wave packet without the phase ψ . The
classical current (A1) corresponding to the wave packet with
large projection of the orbital angular momentum possesses
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a large magnetic moment that leaves a typical imprint on
radiation. On the other hand, the classical current (A1) corre-
sponding to the wave packet with vanishing projection of the
orbital angular momentum possesses a zero magnetic moment
by symmetry reasons. Thus we see that formula (A6) cannot
be employed as an approximation to the inclusive probability
(27) in this case (for details see Sec. V C).

2. N-particle wave packets

Nevertheless, this is not the end of the story. We show now
that under certain circumstances the classical formula (A6)
reappears in the inclusive probability of radiation produced
by N-particle wave packets. Let

cϕ1
in α1

· · · ϕN
in αN

a†
α1

· · · a†
αN

|0〉 (A8)

be the initial state of the system at t = t1. Here, for brevity, the
normalization to unity and summation over repeated indices
are understood. The constant c is the normalization constant.
In the Bargmann-Fock representation (see, e.g., [57,58]), the
state (A8) is written as

�(ā) = c
(
ϕ1

inā
) · · · (ϕN

in ā
)
, (A9)

where āα are the anticommuting variables. The normalization
condition becomes∫

DāDae−(āa)�(a)�(ā) = 1,

∫
DāDae−(āa) = 1,

(A10)

where the latter equality is the normalization condition for the
functional integral and �(a) ≡ �̄(ā) is a complex conjugate
to �(ā). For compliance with the notation of [58], henceforth
in this section the bar over an expression means a complex
conjugation. Denote as Aα′α the matrix element (19) in the
leading order of the perturbation theory. Then, in this order of
the perturbation theory, the inclusive probability to record a
photon in the state γ produced in the process with the initial
state (A8) reads

P(γ ) =
∫

DāDa�(a)
←−
δ

δaβ

Āβ ′βaβ ′e−(āa)āα′Aα′α
δ

δāα

�(ā),

(A11)

where we have used formulas (226) and (232) of [58] for
the decomposition of unity and for the creation-annihilation
operators in the Bargmann-Fock representation.

Taking into account that∫
DāDae−(āa)−(āη)−(η̄a) = e(η̄η), (A12)

where ηα , η̄α are the anticommuting sources, we obtain

P(γ ) = |c|2
N∑

k,l=1

(
ϕ̄N

in
δ

δη̄

)
· · ·

(
ϕ̄k

inA† δ

δη̄

)
· · ·

(
ϕ̄1

in
δ

δη̄

)
e(η̄η)

(←−
δ

δη
ϕ1

in

)
· · ·

(←−
δ

δη
Aϕl

in

)
· · ·

(←−
δ

δη
ϕN

in

)∣∣∣
η=η̄=0

= |c|2
N∑

k,l=1

(
ϕ̄N

in
δ

δη̄

)
· · ·

(
ϕ̄k

inA† δ

δη̄

)
· · ·

(
ϕ̄1

in
δ

δη̄

)(
η̄ϕ1

in

)
· · ·

(
η̄Aϕl

in

)
· · ·

(
η̄ϕN

in

)
. (A13)

This expression can be rewritten in terms of the determinants,

|c|−2 = det
(
ϕ̄i

inϕ
j
in

)
,

dlk := det

⎡
⎢⎢⎢⎢⎢⎣

ϕ̄1
inϕ

1
in · · · ϕ̄k

inA†ϕ1
in · · · ϕ̄N

inϕ
1
in

...
...

...

ϕ̄1
inAϕl

in · · · ϕ̄k
inA†Aϕl

in · · · ϕ̄N
inAϕl

in
...

...
...

ϕ̄1
inϕ

N
in · · · ϕ̄k

inA†ϕN
in · · · ϕ̄N

inϕ
N
in

⎤
⎥⎥⎥⎥⎥⎦

,

(A14)

as

P(γ ) = |c|2
N∑

k,l=1

dlk . (A15)

In order to proceed, we assume that the wave packets ϕi

are separated in space such that

(
ϕ̄i

inϕ
j
in

) ≈ δi j, i, j = 1, N . (A16)

Notice that these relations are conserved in time by a free
evolution. Then

|c|2 ≈ 1, (A17)

and

P(γ ) ≈
N∑

k=1

ϕ̄k
inA†Aϕk

in +
N∑

k,l=1

′[(
ϕ̄k

inA†ϕk
in

)(
ϕ̄l

inAϕl
in

)

− (
ϕ̄k

inA†ϕl
in

)(
ϕ̄l

inAϕk
in

)]
, (A18)

where the prime at the sum sign means that the terms with
k = l are omitted. The second term in Eq. (A18) can be cast
into the form

N∑
k,l=1

′(
ϕ̄k

inA†ϕk
in

)(
ϕ̄l

inAϕl
in

) =
∣∣∣∣∣

N∑
l=1

ϕ̄l
inAϕl

in

∣∣∣∣∣
2

−
N∑

l=1

∣∣ϕ̄l
inAϕl

in

∣∣2.
(A19)

Comparing the terms in Eqs. (A18) and (A19) with Eqs. (27)
and (A6), we infer the following interpretation of the con-
tributions to Eq. (A18): The first term in Eq. (A18) is the
incoherent sum of the quantum contributions (27) to radiation
from the wave packets ϕk; the second term in Eq. (A18)
is the classical contribution (A6) to radiation produced by
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the sum of the classical currents (A1) corresponding to the
wave packets ϕk (the incoherent contribution to the classical
radiation should be excluded); and the third term in Eq. (A18)
is the exchange term.

Neglecting the exchange term, which is justified when, for
example, ϕi are well separated for different i at the instants of
time when the radiation is forming, we arrive at

P(γ ) ≈
N∑

k=1

(
ϕ̄k

inA†Aϕk
in − ∣∣ϕ̄k

inAϕk
in

∣∣2) +
∣∣∣∣∣

N∑
k=1

ϕ̄k
inAϕk

in

∣∣∣∣∣
2

.

(A20)

The standard theory of classical coherent radiation can be
applied to describe the properties of the last term in this
expression (cf. [23,24,26]).

Thus we see that, under the above assumptions, the clas-
sical contribution (A6) with the total current of N wave
packets determines the inclusive probability of coherent ra-
diation from the N-particle wave packet. This term dominates
provided the classical radiation amplitudes corresponding to
the wave packets ϕk add up coherently and N is large.
For example, the transition radiation from a bunch train of
twisted electrons with the wave functions obtained from each
other by a parallel transport contains coherent harmonics.
Then the radiation at these harmonics is approximately the
coherent radiation from point charged magnetic moments
with μ ≈ lμB, where l is a large projection of the orbital
angular momentum of a single twisted electron[13–16]. Of
course, due to unitarity, all the above formulas are also valid
for absorption of photons by N-particle wave packets of
fermions.

APPENDIX B: USEFUL FORMULAS

In the limit of a small quantum recoil, k0 � p3β3, we have the relations

q3 ≈ k0(1 − β⊥n⊥)/β3, q3 − rk3 ≈ k0(1 − β⊥n⊥ − rβ3n3)/β3, −q2 ≈ k2
0

[
(1 − β⊥n⊥)2 − β2

3 n2
3

]
/β2

3 . (B1)

In the nonrelativistic limit, |β| � 1, we obtain

q3 ≈ k0/β3, q3 − rk3 ≈ k0/β3, −q2 ≈ k2
0/β

2
3 . (B2)

In the ultrarelativistic limit, γ 
 1, β⊥ � 1, n⊥ � 1, we come to

q3 ≈ k0, q3 − k3 ≈ k0[1 + (β⊥ − n⊥)2γ 2]/(2γ 2), q3 + k3 ≈ 2k0, −q2 ≈ k2
0[1 + (β⊥ − n⊥)2γ 2]/γ 2. (B3)

Suppose that f (λ)
3 (k) ∈ R. This can always be achieved by choosing appropriately the common phase of the polarization

vector. Then

∑
r

f (λ)
ri

q3 − rk3
= − 2

q2

[
k3 f (λ)

i + (q3 − k3)δ3
i f (λ)

3

]
,

∑
r,r′

f (λ)
ri f ∗(λ)

r′ j

(q3 − rk3)(q3 − r′k3)
= 4

(q2)2

[
k2

3 f (λ)
i f ∗(λ)

j + k3(q3 − k3)( f (λ)
i δ3

j + δ3
i f ∗(λ)

j ) f3 + (q3 − k3)2δ3
i δ

3
j ( f3)2

]
,

∑
r,r′

f (λ)
ri p(i p′ j) f ∗(λ)

r′ j

(q3 − rk3)(q3 − r′k3)
= 8

(q2)2

{
k2

3 |pf |2 + k3(p3(q3 − k3) − q2/2)p(f + f∗) + [p2
3(q3 − k3)2 − q2 p3(q3 − k3)] f 2

3

}
,

∑
r,r′

f (λ)
ri ηi j f ∗(λ)

r′ j

(q3 − rk3)(q3 − r′k3)
= 4

(q2)2

[
q2
(

f (λ)
3

)2 − k2
3

]
,

∑
r,r′

f (λ)
ri (pi + p′i )(pj + p′ j ) f ∗(λ)

r′ j

(q3 − rk3)(q3 − r′k3)
= 16

(q2)2

{
k2

3 |pf |2 + k3(p3(q3 − k3) − q2/2)p(f + f∗) + (p3(q3 − k3) − q2/2)2 f 2
3

}
,

∑
r,r′

f (λ)
ri qiq j f ∗(λ)

r′ j

(q3 − rk3)(q3 − r′k3)
= 4

(
f (λ)
3

)2
. (B4)

Besides, we need the formulas

∑
r

r

q3 − rk3
= −2k3

q2
,

∑
r

1

q3 − rk3
= −2q3

q2
,

∑
r,r′

rr′

(q3 − rk3)(q3 − r′k3)
= 4k2

3

(q2)2
,

∑
r,r′

1

(q3 − rk3)(q3 − r′k3)
= 4q2

3

(q2)2
,

(B5)
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and

∑
λ

(
f (λ)
3

)2 = n2
⊥,

∑
λ,r,r′

f (λ)
ri ηi j f ∗(λ)

r′ j

(q3 − rk3)(q3 − r′k3)
= 4

(q2)2

(
q2n2

⊥ − 2k2
3

)
,

∑
λ,r,r′

f (λ)
ri qiq j f ∗(λ)

r′ j

(q3 − rk3)(q3 − r′k3)
= 4n2

⊥. (B6)

For p = (0, 0, p), we have

∑
λ,r,r′

f (λ)
ri p(i p′ j) f ∗(λ)

r′ j

(q3 − rk3)(q3 − r′k3)
= 8n2

⊥
( p2q2

3

(q2)2
− pq3

q2

)
≈ 8n2

⊥
p2q2

3

(q2)2
,

∑
λ,r,r′

f (λ)
ri (pi + p′i )(pj + p′ j ) f ∗(λ)

r′ j

(q3 − rk3)(q3 − r′k3)
= 4n2

⊥
(4p2q2

3

(q2)2
− 4pq3

q2
+ 1

)
≈ 16n2

⊥
p2q2

3

(q2)2
,

(B7)

where, in the approximate equalities, the terms are disregarded that are small in the limit of a negligible quantum recoil.
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