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Quantum complementarity through entropic certainty principles
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We approach the physical implications of the noncommutative nature of complementary observable algebras
(COAs) from an information theoretic perspective. In particular, we derive a general entropic certainty principle
stating that the sum of two relative entropies, naturally related to the COA, is equal to the so-called algebraic
index of the associated inclusion. Uncertainty relations then arise by monotonicity of the relative entropies that
participate in the underlying entropic certainty. Examples and applications are described in quantum field theo-
ries with global symmetries, where the COAs are formed by the charge-anticharge local operators (intertwiners)
and the unitary representations of the symmetry group (twists), and in theories with local symmetries, where the
COAs are formed by Wilson and t"Hooft loops. In general, the entropic certainty principle naturally captures the
physics of order and disorder parameters, a feature that makes it a generic handle for the information theoretic

characterization of quantum phases.

DOLI: 10.1103/PhysRevA.103.012211

I. THE UNCERTAINTY PRINCIPLE: OLD AND NEW

The uncertainty principle limits the precision of potential
experiments in a quantum-mechanical world. It states that
the product of statistical errors is bounded away from zero.
The paradigmatic example is that of position and momentum
operators [1]:

0.0, > h/2, (1)

where o stands for the variance. Such bounds are derived
and improved by allowing certain state dependence. In its
generalized form, applicable to any pair of observables A and

B, it reads [2,3]
i + ! (A, B]
2i

But the implications of quantum complementarity can be seen
through different glasses as well. The most natural one is the
entropy, and the emerging relations are called entropic uncer-
tainty relations (see [4—6] for recent reviews with a historical
account). A famous example is [7-9]

HA)+ H(B) > —2Inc, 3)

2
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where H(A) and H(B) are the classical Shannon entropies
associated to the measurements outcomes of observables A
and B in a d-dimensional Hilbert space, and

c:=max{|(y}|y?P)| - i.j=1.....d} 4)

is the maximum overlap between any two eigenvectors |)
and [¢7) of A and B.

Entropic approaches are motivated for different reasons.
First, in some cases, entropic uncertainty relations are stronger
than the conventional ones [4]. Second, they have a precise
operational meaning in the context of information theory [10].
Finally, they suggest further generalizations of the uncertainty
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principle, such as including memories (side information), to
which the observer has access too [11-14]. A well-studied
example is

HAIM) +HBIM) > —Inc, (5)

where H (A|M) and H (B|M) are the conditional entropies with
respect to the memory M. From the previous relations, it can
also be derived that

I(A, M) +1(B, M) < In(d%c), (©6)

where I(A, B) := S(A) 4+ S(B) — S(A U B) stands for the mu-
tual information. Intuitively, the uncertainty principle con-
strains the amount of information that M can have about a
certain observable A, given the amount it has about a com-
plementary one B. A nice way to prove this relation uses
the monotonicity of the relative entropy [12]. Below, we use
the monotonicity of the relative entropy in a different way to
obtain a large family of uncertainty relations.

It is worth remarking that entropic uncertainty relations are
an active area of research with many applications in modern
physics, ranging from entanglement witnessing [15-17] to
quantum cryptography [6].

In this paper, we explore two avenues or consequences
of quantum complementarity. On one hand, instead of two
observables, we consider two complementary operator alge-
bras (COAs) A and 5. These are two observable subalgebras
containing at least some operators which do not commute with
each other. These algebras can be considered the “laborato-
ries” (specifying the set of allowed experiments) associated
with different observers. On the other hand, instead of in-
equalities, we seek to find “entropic certainties.” This is
inspired by recent results in the context of quantum field
theory (QFT), where the first example of an entropic certainty
principle was discovered [18]. Such an example, together with
other applications, is described in the last section.

©2021 American Physical Society
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II. RELATIVE ENTROPY AND COMPLEMENTARY
OBSERVABLE ALGEBRAS

Instead of entropies, our principle will use a different infor-
mation measure: the relative entropy. This quantity measures
the distinguishability between two states with respect to a
given algebra M. For a finite dimensional algebra M, it is
defined by

Spm(wl@) := Tralp”(n p® — In p?)], 7

where Tr 4 is the canonical trace on M, and p® and p? are
the density matrices representing the underlying states (see
[19] and Appendix B).

Using relative entropy is convenient from several perspec-
tives. First, all other information quantities can be derived
from it. For example, for a full matrix algebra acting on a finite
d-dimensional Hilbert space the entropy is

Sm(@) == =Trpm(p”In p?) =Ind — Spm(wlt),  (8)

where t:=1/d is the maximally mixed density matrix.
Second, relative entropy shows monotonicity under general
quantum channels and restrictions onto subalgebras [19]. Fi-
nally, relative entropy is well defined across different types of
algebras, including type-III von Neumann algebras appearing
in QFT.

To motivate our entropic certainty principle, notice that in
(8) the maximally mixed state T can be defined by composing
w with a map ¢ : M — 1, defined by ¢(m) := t(m)1. This
rewriting leads to

Sp(@) = Ind — Sy(wlw o &), 9)

and suggests further generalizations. First, the map ¢ : M —
1 is one example of a whole space of such maps. In addition,
instead of the identity as the target algebra, we could choose
any subalgebra A C M. The maps ¢ : M — N are called
conditional expectations [19]. They are positive, linear, and
unital maps from an algebra M to a subalgebra N satisfying

Yme M, Vn,np e N. (10)

e(nymny) = nie(mny,

These maps are the mathematical definition of what restricting
our observational abilities means. Examples are tracing out
part of the system or retaining the neutral part of a subalgebra
under the action of a certain symmetry group. If M = N v
A is the algebra generated by A and certain algebra A, we
say the conditional expectation “kills” .A. Notice also that the
conditional expectation can be used to lift a state wpr in NV to
a state w = wps o € in M.

In this context Sy (w|w o &) measures the amount of infor-
mation in A which is erased by ¢. It takes into account side
correlations with N, which is the subalgebra left invariant
by ¢. In this light, complementarity refers to the algebra A,
while NV plays the role of quantum memory. What remains to
be answered is who plays the role of the COA. A canonical
candidate arises from the following diagram:

M N
s $ (an
M <N

In this diagram, going vertically takes the algebras to its
commutants, while horizontally in the arrow direction means
restricting to the target subalgebra. If ¢ kills the algebra A C
M, the dual conditional expectation €’ kills the COA A C N”.
Notice that A does not commute with A.

As an example, take M as the Abelian algebra X’ generated
by the position operator, and a conditional expectation that
kills the full M = A =: X. We then obtain

X -1
7/ 3 (12)
X < xvop.

We conclude that the COA of X is P, the algebra generated
by the momentum operator, as expected.

Having the COAs A and A, we might expect an uncertainty
relation of the form

Sm(wlwo )+ Sy (wlwoe) <lIna, (13)

where A is a constant to be determined. This is analogous to
Eq. (6) but generalized in different ways. The difference is
that, given ¢, we have some freedom when choosing &’. In this
paper, we show we can choose it so as to obtain the entropic
certainty principle

Sm(wlwoe)+ Sy (wlwoe)=InA, (14)

where A is a fixed number and w an arbitrary pure state. This
is a generalization of the known equality of entanglement
entropy associated to commutant observable algebras in a
global pure state to noncommutative COA.

III. THE SPACE OF CONDITIONAL EXPECTATIONS

To approach this problem, we need to understand the space
of conditional expectations C(M, N') for a generic inclusion
of algebras N/ C M. This was studied in [20-23], but here
we use a different approach. Irrespective of the inclusion, both
algebras have the following general form:

M N
M=PM, )1y, N=ZEPM,(C)®1,, (15

j=1 k=1

where M,,(C) is the full matrix algebra of m x m complex
matrices. The minimal central projectors of the algebra M
are PjM = lmj ® lm}, with j =1, ..., zp. And similarly for
the algebra N. We define the subalgebras M, := P,ﬁv MP,?/ .

Given these algebras, generic inclusions N' C M are char-
acterized by the number of times /i ; the factor M, (C) of N/
is included in the factor Mmj((C) of M [24-26]. They must
satisfy mj = Y N, me X g

To understand the space C(M, N) it is useful to split N C
M in two steps:

N iM
M>PMm, e (@Mﬂw(«?)@n,n;.) SN, (16)

k=1 j=1

where we must also have ny = 3 3™ wi; x mj. The hint
towards C(M, N) is that any ¢ € C(M, N) arises by com-
posing a conditional expectation from M to the intermediate
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algebra, which turns out to be unique, and a conditional ex-
pectation from such intermediate algebra to N, the space of
which can be simply derived. The following lemma deter-
mines C(M, N) completely.

Lemma 1. Let N' C M be a generic inclusion of finite
dimensional algebras, and ¢ € C(M, N') a conditional ex-
pectation. Then, there exist unique conditional expectations
& € C(My, Ny) such that

N
e4) = PeAn).  Ac:=PYAPN e M. (17)
k=1
These conditional expectations are uniquely determined
by states p; = DY) p; p; on My NN = B My, (C)
(with 375X pi; = 1) through

ex(Ag) 1= (Zl’ij Tr(plfjckj)> (Be®1y). (18

j=1

where Ay =By ® (DY Cr; ® L), Br€M,/(C), and
G € MM/((C). Equation (18) is extended to a general
element Ay € M by linearity.

Proof. See Appendix A. ]

Therefore, the conditional expectations ¢ and & are
parametrized by states pf on M; N AN’, and pj on ./\/j’ nM,
respectively, where ./\fj/ = PJ-M/\/ ’PjM.

Before we finish this section, let us make some definitions.

Given ¢ parametrized by p, let {t; jx : I =1, ..., ug;} be the
eigenvalues of pf 2 Then, we define
Hkj IN
1 A(Eji)
Mp(e) =) — and 2(e):=) —EL (19)
e k=1 Fkj

In addition, we define the space C(M, N') C C(M, N) to be
the one formed by those conditional expectations for which
Aj(g) := A(e) is independent of j.

IV. ENTROPIC CERTAINTIES AND
THE ALGEBRAIC INDEX

The following theorem, which is the main result of the
present paper, holds for “connected inclusions” N C M,
which satisfy the extra property Z(M)N Z(N) =1 [25].
Nonconnected inclusions are direct sums of connected ones,
and (14) holds for each term of the sum independently. We
consider them in Appendix B.

Theorem 1. Let N' C M C B(H) be a connected inclusion
of finite dimensional algebras. Then, for every ¢ € C(M, N)
there exists a unique &’ € C(M, N) such that

Spm(wlwo )+ Sy (wlwoe)=In() (20)

holds for any global pure state @ on B(#), and where A :=
A(e) = A(g’) is the algebraic index of the conditional ex-
pectations, to be described below. Moreover, the conditional
expectation &y that minimizes XA always exists, it is unique, and
g9 € C(M, N). The minimal index i(gy) =: [M : N'] only
depends on the inclusion ' C M.

Proof. See Appendix B. |

As stated, A > 1, defined in (19), is the algebraic index of
the conditional expectations. This index has been extensively

studied in the mathematical and physics communities. The
first notion was proposed by Jones in the context of inclusions
of type-II; subfactors [24]. It was later noticed independently
by Kosaki [27] and Longo [28] that the index was most natu-
rally associated with a conditional expectation, and both were
able to extend the definition to type-III algebras. We review
the definition and several examples in Appendix C.

Probably, the most notable application of index theory to
quantum physics concerns a discovery by Longo [28] in the
context of the algebraic approach to superselection sectors in
QFT, developed by Doplicher, Haag, and Roberts [29-32].
He found that the dimension d, of a superselection sector,
associated to a representation r of G and characterized by an
endomorphism p, of the observable algebra O, is related to
the minimal index of the inclusion p,(O) C O by means of

[0 : p(O)] =d. 1)

Also, considering the field algebra F, including all charged
operators, and the observable (neutral respect to G) subalgebra
O C F, one obtains [33]

[0:p(O)N: =[F:01= 4. (22)

where p >~ @ d, p,, r runs over the irreducible representations
of G, and d, are their dimensions.

There is also an old application of index theory to in-
formation theory [34]. It works as follows. In the context
of inclusion of subfactors, the index can be defined by the
so-called Pimsner-Popa bound [34]:

emMy=1""'mT, VmT e M. (23)

In the original references [27,28], Kosaki and Longo showed
their index definitions imply the bound. This bound can be
used to constrain relative entropies. We first notice that for
two normal states @ and o’ on M satistying o > pe’, we
have that Sy (w]e’) < In w™! [19]. Therefore,

Su(wlwoe) < Ina. 4)

Further similar applications have appeared recently in [35,36].
Relation (24) is explicit in the entropic certainty relation
(20), since Sp(w|w o &’) > 0. But (20) further improves such
bounds by unraveling the cause for the departure from satura-
tion.

V. APPLICATIONS

We begin with two physical examples which have been
discussed extensively in [18,37]. First, we consider QFTs with
global symmetries. These are both those theories for which
G acts equally in all space, and those for which the charged
operators are local operators [32]. The existence of the unitary
representation U, of G suggests the existence of local repre-
sentations réf‘, where A is the space domain of support of the
operator, satisfying the group algebra

i) = 1) (25)
The construction of ‘(? in the lattice is trivial. In the continuum
it is more subtle, but it can be done [38—40]. The operators
7, are called twists. If G is non-Abelian, ' are not invariant

012211-3



JAVIER M. MAGAN AND DIEGO PONTELLO

PHYSICAL REVIEW A 103, 012211 (2021)

under G. We can construct invariant combinations by aver-
aging over the group, resulting in one invariant twist T[[Z'l per
equivalence class of G [18,37].

On the other hand, the local charged operators Vrf‘i, local-
ized in region A and transforming according to the irreducible
representation r as 7, V(7)™ = Z?’:I Ri(&V/2, suggest
the construction of nonlocal neutral operators, called in-
tertwiners, formed by contracting two charged operators
localized on different regions:

d,
T4 = Z vAVET (26)
i=1

Crucially [Z,, r[‘z,]] # 0, since r@l acts as a group transforma-
tion on A, but as the identity on B. Then, the meaningful COA
is formed by the twists 74 and the intertwiners Z42. Consider
now two disjoint regions A and B, with neutral (observable)
algebras O, and Og, and its complementary region (AB)’ with
algebra Oupy. Defining Opp = Oy v Op the COA diagram
(12) reads

Oup vV Tap —> Oup
o 37 (27)
O(AB)/ (8— O(AB)/ \ ‘L'A7

where ¢ kills the intertwiners and &’ kills the twists. The
minimal index appearing in the entropic certainty becomes

dmin = Y _d} = |Gl (28)

which coincides with the expression for the topological en-
tanglement entropy [41,42]. This coincidence is explained in
[37]. Our main contribution here, expanding the results found
in [18], is that this proof uses only the neutral algebra.

The last feature is crucial when considering theories with
local symmetries. In this scenario and concentrating in four
spacetime dimensions, we have Wilson and t’Hooft loops,
located on rings, associated with the center of the group [37].
It is well known that these algebras do not commute. An inter-
esting COA arises by the algebra of Wilson loops WX in a ring
R and the algebra of t"Hooft loops 7% in the complementary
ring R’. The COA diagram reads

OR Vv WR —£> OR
¢ T (29)
Or vV Wg L Or VvV Wg V Tp.

The entropic certainty follows with an index equal to the
dimension of the center [37].

In the first case, the intertwiners are natural order parame-
ters, while the twists can be thought of as disorder operators.
In the second case, the Wilson loop is the order parameter,
while the t’Hooft loop is the disorder one. The entropic cer-
tainty thus captures, in a quantitative manner, the interplay
between order and disorder parameters, the commutation rela-
tions of which are crucial for the characterization of quantum
phases.

The previous observation suggests that the complemen-
tarity between order and disorder parameters can be always

framed by such entropic certainty principles. Uncertainty re-
lations can be derived by using monotonicity of the relative
entropy under general quantum channels or algebra restric-
tions. In the general case,

SMIE@)E(w o )] + Sar[E' ()€ (w o e)] < In,
S(wlwoe)+ S (wlwoe) <lIna, (30)

where £ and £’ are any two quantum channels, and M C M
and NV c N. At the present time, we do not know what is
the class of uncertainty relations that can be proven in this
way. They certainly expand the uncertainty relations proved
in [12] with monotonicity of relative entropy in unexplored
directions. It would be interesting if all uncertainty relations
could be derived from such entropic certainties. We leave this
as an open problem for the near future. Further uncertainties
arise in the case where the global state w considered is not
pure. These are considered in Appendix B.

VI. DISCUSSION AND FUTURE PROSPECTS

In this paper, we have explored implications of quantum
complementarity. Most importantly we have found a formula-
tion in which, instead of uncertainty principles, one naturally
finds entropic certainty principles. Our main result is Theorem
1. From this generic result, one obtains entropic uncertainty
principles by using the monotonicity of the relative entropy.
From a more physical perspective, our principle captures the
interplay between order and disorder parameters in quantum
theories. This has been described for QFTs with global and
local symmetries.

Several open problems and questions are left for the future.
The first concerns the consideration of more general quantum
channels, instead of conditional expectations. We wonder if
(14) holds for some a suitably defined A associated with the
quantum channel. This might provide a path to extend the no-
tion of index to more generic quantum channels. On the other
hand, the validity of (14) only for conditional expectations
could suggest they play a distinguished role in the description
of quantum complementarity. The second problem concerns
the extension of the proof to general infinite dimensional von
Neumann algebras. Finally, a deeper understanding of how the
entropic certainty discerns and characterizes phases of quan-
tum matter is needed. In particular, it would be interesting
how (14) responds under dualities. Duality transformations
typically map order parameters to disorder parameters, and we
expect an interesting interplay when combining this feature
with the entropic certainty.
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APPENDIX A: THE SPACE OF CONDITIONAL
EXPECTATIONS

Let ' € M C B(#) be an inclusion of algebras. A linear
map & : M — N is called a conditional expectation if it is
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positive, is unital, and satisfies the bimodule property

g(BiABy) =B1e(A)B,, YA e M and VBy, B, eN.
(AD)

Conditional expectations are completely positive maps and,
hence, special cases of quantum channels.

We want to characterize the space of all conditional expec-
tations, denoted by C(M, N), for finite dimensional algebras.
To such an end, we will use two building blocks given by
Lemmas 2 and 3.

Lemma 2. Let N C M C B(H) be an inclusion of alge-
bras, {PN , ...,Pz%} the minimal projectors of Z(N’), and
& € C(M, N). Let us define the algebras

M, :=PNMPYN,  Ni:=PNNPY.

Then, there exist unique conditional expectations & €
C(My, Ny) such that

(A2)

IN
e(A) = @ a(PMARY).
k=1

(A3)

Conversely, given any set of conditional expectations &; €
C(My, Ny), the above formula defines a conditional expec-
tation ¢ € C(M, N).

Proof. Lete € C(M, N) and A € M. Then, using the bi-
module property of the conditional expectation we obtain

IN N
£(A) = e( > PkNAP,?’) = " PNe(RNAPN)PY. (A%)
kk'=1 k=1

The last term naturally defines g, : M; — N} by means of
e (PNAPY) := PN e(PNAPN)PY . (A5)

Using that ¢ is a conditional expectation, a straightfor-
ward computation shows that g € C(M;y, Ny) for all k =
1,..., 2w

Conversely, given conditional expectations & €
CM,Ny) (k=1,...,zx), it is easy to show that
&: M — N defined as (A3) is a conditional expectation
in C(M, N). [ |

Now, we need to consider the case when A is a factor. In
this case, we must have that

N;Mn(c)®]ln’v M;Mn((:)®Aa

where A C M,,(C) is some finite dimensional subalgebra. In
the most general case, we have that

(AO6)

<A
A=PM,C) @1,

J=1

(AT)

and hence

ZA TA
M= D MC) @ My, (C) ® Ly = P Mna, (C) ® Ly
=1 j=1
(A8)
In this scenario, we have the following lemma.
Lemma 3. Let N C M C B(H) as in (A6)—(A8). Then,
any conditional expectation ¢ € C(M, N) is of the form

e(BQA)=¢.,(A)(B®1,), VBeM,(C), VA e A,
(A9)

where ¢, is a state on A. Conversely, any state ¢, on A

defines a conditional expectation by means of (A9) for simple

elements, and it is extended by linearity for more general ones.
Proof. Lets € C(M,N),A € A, and B € M, (C). Then,

8(1n ®A) . (B ® ln’) = 8[(1n ®A) . (B & 111’)]
=el(B®1y) (1, ®A)]
=By 1,®A), (Al0)

which means that ¢(1, ® A) € N’. Since & € C(M, N),
we also have that ¢(1, ® A) € N/, and hence ¢(1, ® A) €
ZWN)=1,®1,,forallA € A. Then, there exists ¢, : A —
C such that

1, ®A) = ¢:(A) (1, ® 1),

and (A9) automatically holds. To end, we have to show that
the map ¢, is a state on .A. It is clear that ¢, is linear since ¢
is linear. We also have that

VA € A, (Al1)

¢6(1n/)(1n & ln’) - 8(1n ® ln’) - ln & ln’s (AlZ)
and hence ¢, (1,/) = 1. Finally, given A € A, we have
9-(AAH) (1, ® 1) = e(1, ® AAT)
=¢[(1,®A4)-(1,®A4)1>0, (Al3)

which implies that ¢,(AA™) > 0 forall A € A.

Conversely, given a state ¢ on A, let us show that (A9)
defines a conditional expectation ¢ € C(M, N'). Given A; €
A B, e M,(C),andc; e C(i=1,...,N), then

N
90(2 CiAi> BI®1l,) =

i=1

N

> cilpANBr ® 1)), (Ald)

i=1

N N
w(Al)[(Z c,»B,-> ® 1] = ) clp(ANBi @ 1,)],
i=1 i=1
(A15)

which means that the map (B,A) > ¢(A)(B®1,) is a
bilinear map from the Cartesian product M,(C) x A into
M,(C)® 1,/, and hence defines a unique linear map

eB®A) :=¢(A)(B®1y) (Al6)

from M,(C) ® A into M,(C)® 1,,. Given B€ N and C ¢
M, then

B:=B®1,, withBe M,(C), (A17)

N
C:= Zéi ®A;, withB; € M,(C), and A; € A.

i=1

(A18)
This implies that
N
e(CB) =Y _¢(A)(BiB) ® 1,]
i=1
N
= |:Z (p(A~:)(Bz ® ln’):| (B ® ln’)
i=1
= &(C)B. (A19)
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Finally, since any positive linear functional ¢ : A — C is
completely positive, then the map

id, ®¢: M;(C)® A — M,(C)®C =M,(C), (A20)
given by
(id, ® p)(B®A) := ¢(A)B,

is positive. Furthermore, the inclusion map ¢, : M,(C) —
M, (C)® 1, given by ¢, ,»(B) = B® 1, is trivially positive.
Then, we have that

(A21)

€ =ty o (id, ® ) (A22)

is positive since it results from the composition of two positive
linear transformations. |
Finally, combining Lemmas 2 and 3, we obtain Lemma
1 in the paper. Our approach to the space of conditional
expectations C(M, N') is more physically oriented, and, cer-
tainly, it makes easier the proof of Theorem 1. The space
C(M, N) was first studied long ago by Umegaki using dif-
ferent techniques [20-23]. The final result provides a different
parametrization of the space, but equivalent to ours.

APPENDIX B: PROOF OF THE ENTROPIC CERTAINTY
PRINCIPLE (THEOREM 1)

In this Appendix, we provide the proof of Theorem 1. We
present here the equation for the convenience of the reader:

We start by recalling the generic form of the algebras N C
M C B(H):

M N
M=PM, )1y, N=PHM,(C)1,, (B2

j=1 k=1

Automatically, we have for their commutants

M IN
M =P, @M, (C), N =P, &M, (C).
j=l1 k=1
(B3)

To prove the theorem we compute each relative of (B1) sepa-
rately. Let us focus on the first one:

Sm@lwog) = =Sp(w) = Trpmlp” In(p”)],  (B4)

where p® and p“°® are the density matrices of the states

o and w o ¢ on the algebra M. The von Neumann entropy
S (w) in (B4) will later cancel out with an equivalent term
coming from the second relative entropy of (B1). To analyze
the other term, we need an expression for the density matrix
p“°¢. This density matrix is defined as the unique element in
M satisfying

Trpm(p”A) = wle(A)] = Trmlp®e(A)],  (BS)

forall A € M. According to Lemma 2, we can decompose the

Spm(wlwoe)+ Sy (wlwoe)=InA. (B1) conditional expectation ¢ as in (A3):
|
1% W
Trmlp”e(A)] = Trp (p” P sk<Ak>) = Tra[ofenA0)], (B6)
k=1 k=1

where we have defined the operators Ay := P,f\/ AP,ﬁv and pp := P,f\[ p“’PIf\/ . Let us now assume that

M
A =B ® @ij, B € M, (C), Cij € MW,/((C). (B7)

J=1

Then, according to Lemma 3, there exist states ¢, on @Zlfl M MJ.((C ) = My NN such that

Ek (Bk ® @C@') = (@ ij) (Be® 1), (B8)

Jj=1

j=1

where n 1= Zj’:] ;" Then, plugging (B8) into (B6) we have that

IN M
Trmlp®e(A)] = Z Tr am, |:,0/f)8k (Bk ® @ ij)i|
k=1 j=1
IN M
= > Tea[Tragew (00)Bi] Tragon: (pi EBckj), (B9)
k=1 j=1

where p; € @j’;ﬂ M,,;(C) are the density matrices corresponding to the states ¢; on M; N N, and Traq,nn (0f) € M, (C).

Then, it follows that

w
Trmlp®e(A)] = Trpm [(EB Tragon (0f) ® p;)A], (B10)
The numbers 7, defined in this way coincide with the ones introduced in the paper once we set m; = 1, which is correct since we are

working in the canonical representation of M.
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which implies that

N IN
= P Travon (o) ® pf € M c M. (B11)
k=1

k=1

We now need to find the restriction of the state w on N, the density matrix of which is denoted by p*~. Given Ay € M,, (C) ~
N, then

IN N N
Tr <paw @Ak> = ZTrNk [Traton () Ax] = TrN|:<@ Tr meen (0f >(@Ak>:| (B12)
k=1

k=1 k=1

which implies that Tr v, a7 (o)) = o Then, (B11) becomes

N
=P~ 0. ®13)

Now, we are in conditions to compute the second term of Eq. (B4). After some algebraic manipulations, we find

N

Trpq[p” In (p“°°)] = =Sn(w) + Z Trpena [ Tea (o) In (o) ] (B14)
k=1

where the operators Tra;, (of) € @;’:1 M, (C). Finally, the relative entropy (B4) can be written

IN

Sm(@lwoe) = =Spm(@) + Sx(@) — Y Trg,an[Trw (o) In (of) ]- (B15)
k=1

The second relative entropy on the left-hand side of (B1) can be computed in a similar way. In the end, we arrive to an
equivalent expression as in (B15) but for the inclusion of algebras M’ C A, where these algebras are as in (B3). In this case,
we introduce the algebras

M :=PMMPM =1, ® M, (C), (B16)
%
N/ = PMN'PM = (@MM«C)> ® M,y (C), (B17)
k=1
where PjM (j=1,...,zx:) are the minimal central projectors of M. The density matrix of the state w on the algebra N’ is

denoted by p* € ;Y M, (C), and we define the operators

py = PMpoPM e N (B18)
Again, using Lemmas 2 and 3, we have that
M IN IN
e =@e). with & e CN, M), e;[<@c,gj) ®B;:| =Trj\/;w<,aj’@c,gj)(1mf ® B)), (B19)
j=1 k=1 k=1

for all C €M, (C) and B’ eM,, ((C) where we have that m; = ) ;| u; for the consistency of the inclusion. The density

matrices ,o " represent states on N ﬂ M=PY, M, (C).
Followmg algebraic mampulatlons analogous to the ones applied to the first term, the second term on the left-hand side of
(B1) reads

M
Syi(w|wo &) = =Sy () + Sp (@) — ZTrN/rmM [Trae (B7) In (55)]- (B20)
j=1
‘We now conclude that
IN M
Sm(@lwoe) + Sy(lwoe) = = Tragan[Trag (o) In (of)] ZTrN/mM[Ter(~7’)ln(,bj)], (B21)
k=1 j=1

where we have used that Sy((w) = Say(w) and Spr(w) = Sy (w) since the state w is pure in the global algebra B(H).
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In order to simplify the right-hand side of Eq. (B21), we notice that

M
Tr/\& Pk
] 1

TrM’ ’OJ @

) € P M, (C) = Tru (of)

In addition, a straightforward computation, like the one we did in Eq. (B12), shows that p,‘("j = ,5;;{ and

w/\//mM = @@pkj € @@Mﬂx,«C)

j=1 k=1

is the density matrix of the state w on the algebra N7 N M.

EBpk,, (B22)

5(C) = Trpg (P @pjk. (B23)
M  IN

(B24)

j=1 k=1

We also recall that the density matrices p; and ,Z)j/, which define the conditional expectation ¢ and &’, can be written

conveniently as

M
& __ 3 e ~g'
Py = @Pk,‘ Prjs  Pj
j=1

(B25)

N
_ ~g' ~¢'
= @ Pijk Pjk>
k=1

where o/ ; and ,Z)Jsk are normalized and the leftover probabilities add up to 1. Substituting these previous expressions and doing

some algebraic manipulations, (B21) becomes

Sm(wlw o) + Sy (wlwoe) = — Z TrMuk,«C){Pﬂ[l“ (Pi; &) + In (55 250)])-

Jik

Given this last expression, if expression (B1) holds, there must
exist a positive number A > 0, independent of j and k, such
that

In (pi; pt;) +1n (B P) = —In(W) L, (B27)

forall j=1,...,zp and k=1, ..., zn. To complete the
proof, we must show that given ¢ € C(M, N), parametrized
by pf, i and o/ j» We can choose ﬁ‘jk and Z)j,;, parametrized by
&' € C(M, N), satisfying (B27).

Let {f; jx} and {7 jx} be the eigenvalues of ,ok and ,o]k,
respectively (I =1, ..., ;). For (B27) to hold, the operator
Z)]”k must be diagonal in the same basis as p; ;. Then, we must
have

pijﬁj.’kf,,jkz,,,k=x, Vi=1,..., 1 (B28)
which implies
Mk j 1 Mk j 1 1
e =g’ ¢ ¢ z . - = _
DPijDjk = Pij Pk I,Z]tmk = 2 X Ljk(e). (B29)
From this last expression we obtain
N
1= = Z (B30)

k=1

which is only possible if ) %, A—’* = ) is independent of the

subindex j. The set of condmonal expectations satisfying this
condition was called C(M, N') € C(M, N) in the paper. In
this case, the theorem is satisfied provided the dual conditional
expectation is parametrized by

M) 11
pj'k = X EJ s tl,jk = XT (B31)
Py Dy Pk I jk

(B26)

(

A straightforward computation shows

rME) = Ae) = A (B32)

To end this Appendix, we generalize (B1) to the case of
nonconnected inclusions of algebras. In this case, N'C M
can be uniquely decomposed as

M=@M., N=@N. NcM, B3

i=1 i=1

where M; .= EME;,N; . =ENE;,and{E; : i=1,...,z]}
are the minimal projectors of the common center Z(M) N
Z(N). A conditional expectation ¢ € C(M, N) can be
uniquely decomposed as ¢ = EB &i, where g; € C(M;, N)).
Then, we define C(M, N) to be set formed by all conditional
expectations ¢ = €, &; such that ¢; € CM;, N;) forall i =
1,..., z.

Corollary 1. Let N C M C B(H) be a general inclusion
of finite dimensional algebras. Then, for every ¢ € ¢ (M, N)
there exists a unique &’ € C(M, N) such that

Smwlwo )+ Sy (wlwoeg) = iw(Ei) In(};) (B34)
i=1

holds for any global pure state @ on B(#), and where A; :=
A(e;) = A(g]) is the algebraic index of the “partial” condi-
tional expectation &;.

Proof. The proof consists of splitting the relative entropies
on (B34) into relative entropies on the algebras M; and NV,
and apply Theorem 1 to each connected inclusion N; ¢ M;.H

012211-8



QUANTUM COMPLEMENTARITY THROUGH ENTROPIC ...

PHYSICAL REVIEW A 103, 012211 (2021)

APPENDIX C: THE ALGEBRAIC INDEX
OF INCLUSION OF ALGEBRAS

Given an inclusion of von Neumann type-II; subfactors
N c M cC B(H), Jones proposed [24] an algebraic index
[M : N> 1, which “measures,” in a certain sense, the size
of NV inside M. The generalization to all types of algebras
was developed independently by Kosaki [27] and Longo [28].
They found that the algebraic index is most naturally attached
to a conditional expectation & € C(M, N), instead of an in-
clusion of subfactors N' C M C B(H).

To explain the definition, let us first describe the space of
weights P(M, N). A weight n € P(M, N') is an unbounded
(and un-normalized) positive map 1 : M — N with dense
domain in M (the positive subspace of M) satisfying the bi-
module property (A1). In particular, we have that C(M, N) C
P(M, N). Connes established a canonical bijection between
P(M,N) and P(N’, M") (see [43]). However, this bijec-
tion, in general, does not map C(M, N into C(N’, M").
Still, what remains true is that for a conditional expectation
g€ C(M, N), with ¢! being the previous canonical Connes
inverse (not necessarily a conditional expectation itself), we
have that Ae~'(1)A" = ¢~!(1) for any unitary A € M and,
hence, e~ !(1) € Z(M) whenever it is finite.

Let us now start by assuming M is a factor. In this case

el M) =Ae)1, 1< Ae) < +oo. (C1)

The number A(¢) is called the index of the conditional expec-
tation &. This definition is due to Kosaki [27]. If there exists
& € C(M, N) such that A(¢) < +o0, we say that N' C M
is an inclusion of factors of finite index. In this case, it was
shown in [28] that there exists a unique conditional expecta-
tion &y € C(M, N) such that

Aleg) =min{A(e) : € € C(M, N)). (C2)

The number A(gy) coincides with the algebraic index [M :
N defined by Jones whenever the relative commutant A/ N
M is a factor. In such cases, the conditional expectation that
minimizes the index is the one that preserves the trace on M.
In the most general case, they do not coincide. If N' C M is
not of a finite index, we simply set [M : N'] = +oo. It was
also shown by Kosaki [27] that this definition implies, and
indeed is equivalent to, the Pimsner-Popa bound (see [34] and
(23) in the paper).

For an inclusion of finite index, given & € C(M, N') we
can define the dual conditional expectation ¢’ € C(N’, M)
by means of

/ o —1 .
()= A(s)g ). (C3)
Notice that A(g) = A(¢’) for all ¢ € C(M, N') with finite in-
dex.

Probably the simplest example to illustrate these ideas is

the case of an inclusion of finite dimensional factors:

N:=M,C)®1,; ® L, (C4)
M =M, C)M;(C)®1,,. (C5)

According to the discussion in Appendix A, any ¢ €
C(M,N) is determined by a state p® € My(C) on N’ N

M >~ M,;(C) by means of
eA®B® 1,y) =Try,c)(PB)YAR1; ®1,). (C6)

As shown in [28], the index of ¢ is

d
1
NOEDY = (C7)

=1

where ¢; are the eigenvalues of p¢. If p is not invertible, then
A(e) = 4o00. A straightforward computation shows that the
conditional expectation gy that minimizes the index is the one
having all equal eigenvalues ¢; = 1/d. In this case,

Meg) = [M : N1 =d>. (C8)

The more general case of an inclusion of algebras with
centers was developed in [25]. Let PjM (G=1,...,2m) be
the minimal projectors of Z(M). According to our discussion
above, we must have that

M
Ale):=e"' M) =) ¢;PM, 0<c;<+oo.  (C9)
j=1

In this case, the index is an operator belonging to the center of
M. According to the characterization of the space C(M, N)
discussed in Appendix A, we have that [25]

N
cj=Y_ Py Mejp), (C10)
k=1

where A(gjy) are the “partial” indices of the conditional ex-
pectations & 5 € C(M j, Nj). Notice that since Nj; and M j
are factors, A(ejx) is a number. In the case where M j; is
finite dimensional (and hence /\/}k), A(gjx) can be computed
according to (C7). To obtain a number from (C10), we can
take its operator norm:

re) = |lAe)] = j_max {c;}. (C11)

In the particular case when all the constants (C10) are inde-
pendentof j =1, ..., znq, We have that

Ale) = A(e) 1y, (C12)

IN
Me)y=c;i =Y pylMep), Vi=1.....zm. (CI3)
k=1

i.e. the index is a scalar. Furthermore, if A(g) < +00, we
can define the dual conditional expectation &’ € C(N', M)
as in (C3). It follows that A(g) = A(&") and &’ also satisfies the
previous equation (C12). In these lines, it is useful to define

CM,N) :={e € CIM,N): A(e) < +o00,

¢ satisfies (C12)}. (C14)

The following key theorem, proven in [25], shows that
C(M, N) is nonempty and it contains the conditional expec-
tation that minimizes the index norm (C11).

Theorem 2. Let N' C M C B(H) be a connected inclu-
sion, ¢ € C(M, N) a conditional expectation with finite norm
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index (CI1), and gj € C(Mji, Njx) the “partial” condi-
tional expectations determined by &. Then, there exists & e
C(M, N) (with scalar index), having the same “partial” con-
ditional expectations ¢z € C(M jx, Nj), such that

A(E) < A(e). (C15)

This theorem takes us to the last following lemma.

Lemma 4. Let N C M C B(#) be a connected inclusion
of finite norm index (C11). Then, there exists a conditional
expectation gy € C(M, N') such that

Aeg) =min{Ai(e) : e e CM, N)} = [M : NT.

Moreover, we have gy € C(M, N), and its partial conditional
expectations &g jx € C(M j, /\fjk) are the ones which mini-
mize the index for the inclusion of factors N C M j.

(C16)
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