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Multiphoton nonlinear frequency mixing effects on the coherent electromagnetically induced
absorption spectra of 85Rb atoms under a longitudinal magnetic field: Theory and experiment
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Multiphoton nonlinear frequency mixing effects on coherent electromagnetically induced absorption spec-
tra of 85Rb atoms using two orthogonal linear polarizations of strong-coupling and weak probe beams are
investigated theoretically and experimentally with respect to an applied longitudinal magnetic field and cou-
pling powers. Herein, we confirm that at least five-photon interactions in solving density matrix equations
for the Fg = 3 → Fe = 4 transition of 85Rb atoms are required to explain experimentally observed coherent
electromagnetically induced absorption spectra when a quantum axis is selected as the propagation direction of
co-propagating coupling and probe laser beams. Distinct calculated spectral differences owing to variations in
the magnetic field and coupling power between three- and five-photon interactions are confirmed. The obtained
asymmetrical spectral shapes match very well with those calculated from five-photon interactions considering
the off-resonant Fg = 3 → Fe = 2, 3 transitions. Genuine coherent spectral shapes are observed with a single
laser combined with two acousto-optic modulators, wherein the spectral resolution is limited because of the
decoherence rate between Zeeman sublevels in the ground state from transit-time relaxation.
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I. INTRODUCTION

Multiphoton nonlinear frequency mixing effects [1–19]
between coupling and probe laser beams are crucial in cal-
culating accurate coherent spectral shapes in coupling-probe
spectroscopy in a degenerate two-level system (DTLS) [6–19]
utilizing optical density matrix elements. Each optical density
matrix element can be expanded by Fourier series taken to all
orders in the case of strong coupling and probe beams [18,19].
Different oscillating frequencies of the coupling and probe
beams resulting from multiphoton interactions greater than
three-photon interactions (3PIs) for multiphoton coherence
oscillations between the magnetic sublevels in strong coupling
and probe beams should be considered for all possible con-
tributions to probe absorption to investigate precise coherent
spectral profiles. However, the Rabi frequency of the probe
beam is treated to first order in the case of the weak probe
beam [6–17].

Coherent spectra from coupling-probe spectroscopy up to
3PIs have been investigated extensively. Ultranarrow anti-
holes in coupling-probe spectroscopy are explained through
inelastic collisions and 3PIs in simple two-level systems with
reservoir states such as hyperfine or Zeeman sublevels [4].
Henceforth, the transfer of coherence and population from
electromagnetically induced absorption (EIA) in a DTLS with
3PIs has been investigated theoretically [7,8]. The propagation
equations in Ref. [12] included Floquet expansion to all orders
(n) given by Eq. (10) in Ref. [12]; however, they determined
the propagation equations utilizing 3PIs with nmax = 2.
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Akulshin et al. [17] reported ultranarrow coupling-probe
coherent spectra using a single laser with two acousto-optic
modulators (AOMs) without theoretical analysis. Subse-
quently, dependencies of coupling-probe power, optical field
polarization, and magnetic field on coupling-probe coherent
spectra in DTLSs were investigated using only 3PIs [6] to
clarify the observed spectra in Ref. [17].

Selecting the appropriate quantum axis [3,13,18,20] as the
polarization direction of the coupling or probe beam, or in the
case of weak-coupling beams, 3PIs can be applied to solve
optical Bloch equations (OBEs). Chen et al. [3] demonstrated
the advantages of selecting the appropriate quantum axis such
that complex calculations can be avoided and experimental
spectra with 3PIs can be interpreted intuitively in a coupling-
probe experiment involving a degenerate three-level system
without an external magnetic field. Ultranarrow observed EIA
spectral features owing to population and coherence transfer
for the same and orthogonal linear polarization configurations
were investigated through 3PIs [9] without phenomenological
constants and an external magnetic field with the appropriate
quantum axis as the polarization direction of the coupling
beam.

In the case of strong coupling and probe beams few works
have been reported considering multiphoton interactions
greater than 3PIs. The authors in Refs. [18,19] considered
higher-order photon interactions given by a1max = Fg + Fe in
Zeeman coherences with a single frequency in Table I in
Ref. [18] for different transitions of magnetic sublevels be-
tween a strong σ+-polarized control beam and a probe beam
with either σ− or π polarization with comparable intensity
to the coupling beam. However, they could not see higher-
order nonlinear frequency mixing effects such as five-photon
interactions (5PIs) with only a single oscillating frequency at
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higher coupling-probe intensities because both the coupling
and probe beams act on different hyperfine transitions instead
of same hyperfine transitions like our case. Equations (4)–(8)
governing OBEs in strong coupling and probe beams in
Ref. [19] follow a similar mathematical formulation as
Eqs. (12)–(16) representing OBEs in Ref. [18] so that
Ref. [19] falls into a similar category as Ref. [18].

External magnetic fields in addition to coupling-probe
spectra with strong coupling power in DTLSs render the cal-
culation of coupling-probe coherent spectra with more than
3PIs even more complicated. Selecting the quantum axis as
the direction of an external longitudinal magnetic field (LMF)
is convenient to simplify the system for solving OBEs. The
applied magnetic fields can be both transverse and longitudi-
nal simultaneously [5,20,21], only transverse [22–25], or only
longitudinal [1,12,15,26,27] to the propagation direction of
the co-propagating coupling and probe lasers.

Margalit et al. [5] theoretically investigated the effect of
transverse magnetic fields in the degenerate three-level sys-
tem. They obtained the same results even after setting the
quantization axis as an arbitrary direction via 3PI in OBEs as
adopted in their reference (Ref. [15]). The authors in Ref. [15]
could not realize the higher-order multiphoton frequency mix-
ing effects due to 5PIs, but realized 3PI effects for the transfer
of coherence in EIA.

We have calculated coherent absorption spectral profiles
considering different oscillating frequencies of the coupling
and probe beams resulting from two different cutoff photon
interactions such as 3PIs [9], and 5PIs with or without LMF.
When selecting the propagation direction of co-propagating
coupling and probe laser beams as a quantum axis acting on
the same transitions of magnetic sublevels between strong-
coupling and weak probe frequencies, at least 5PIs described
in detail in the theoretical section should be considered, unlike
selecting the polarization direction of a coupling beam as
a quantum axis, to match the experimentally observed EIA
spectra with or without LMF. Distinct spectral differences
between 3PIs and 5PIs calculated in the case of acting on the
same transitions of magnetic sublevels rather than different
transitions of magnetic sublevels between strong coupling and
probe frequencies have been unraveled using the coupling-
probe experimental coherent spectra in DTLS.

We also realize that off-resonant transitions (Fg = 3 →
Fe = 2 and Fe = 3) near the resonant Fg = 3 → Fe = 4 tran-
sition contribute to the asymmetry of the observed spectra. At
large magnetic fields or weak coupling powers, 5PI calcula-
tions are similar to 3PI calculations, which also match well
with the experimentally observed spectra.

The experiment is performed with a single laser com-
bined with two AOMs to achieve the mutual coherence of
the coupling-probe fields, wherein the linewidth is limited
owing to the decoherence rate between Zeeman sublevels in
the ground state from the transit-time relaxation.

II. THEORY FOR 3PIS AND 5PIS IN DTLSS UNDER LMF

The energy-level diagram for the 5S1/2(Fg =
3)–5P3/2(Fe = 4) transition of 85Rb atoms is shown in
Fig. 1(a). The co-propagating coupling and probe beams
are linearly polarized in directions perpendicular to each

FIG. 1. (a) Transition schemes with two circularly polarized
coupling and probe beams for energy level of the 5S1/2(Fg =
3)–5P3/2(Fe = 4) transition of 85Rb atoms. Typical possible routes
connecting the states by coupling and probe photons are 5PIs (b-
i) between |em−5〉 and |gm〉, (b-ii) between |em−3〉 and |gm〉, (b-iii)
between |em−3〉 and |gm〉, and (b-iv) between |em−4〉 and |em〉, and
3PIs (c-i) between |em−3〉 and |gm〉, (c-ii) between |em−1〉 and |gm〉,
and (c-iii) between |em−2〉 and |em〉. The green arrows denote the
transitions by the mixed coupling and probe beams simultaneously
to avoid confusion.

other. The detuning of the probe (coupling) beam in the rest
frame of an atom moving with velocity v is expressed as
δ1 = δp − kv (δ2 = δc − kv), where δp (δc) is the detuning
of the probe (coupling) beam, and k (= 2π/λ) and λ are the
wavevector and wavelength of the laser beams, respectively.
To implement an applied magnetic field in the calculation,
we select the propagation direction of the laser beams as a
quantization axis. The density matrix equation in the rotating
frame of frequency of the coupling beam is expressed as

ρ̇ = − i

h̄
[H0 + V, ρ] + ρ̇sp, (1)

where ρ is the density operator. The atomic Hamiltonian H0

is expressed as

H0 =
4∑

m=−4

h̄(−δ2 + geμBBm)|Fe = 4, m〉〈Fe = 4, m|

+
3∑

m=−3

h̄ggμBBm|Fg = 3, m〉〈Fg = 3, m|, (2)

where μB is the Bohr magneton, B is the LMF, and ge(= 1/2)
and gg(= 1/3) are the Landé g factors of the states 5P3/2(Fe =
4) and 5S1/2(Fg = 3), respectively. In Eq. (1), the interaction
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Hamiltonian V is expressed as

V =
∑

q=±1

3∑
m=−3

h̄

2
(aqe−iδd t�1 + bq�2)Cm+q

m

×|Fe = 4, m + q〉〈Fg = 3, m| + H.c., (3)

where �1 (�2) and a± = ∓1/
√

2 (b± = i/
√

2) are the Rabi
frequency and the coefficient of the electric field of the
probe (coupling) beam in the spherical bases, respectively.
In Eq. (3), H.c. denotes the Hermitian conjugate, Cme

mg
is the

normalized transition strength between the states |Fe = 4, me〉
and |Fg = 3, mg〉 [2], and δd (≡ δ1 − δ2 = δp − δc) is the dif-
ference in the detunings of the probe and coupling beams.
Thus, “0” (“δd ”) in Fig. 1(a) denotes the relative detuning of
the coupling (probe) beam with respect to the frequency of
the coupling beam. In Eq. (1), ρ̇sp represents the spontaneous
emission term, whose matrix elements are shown in Eq. (3) in
Ref. [13]. The finite interaction time between atoms and laser
beams is considered in the calculation by employing a transit
relaxation constant [14].

Because two different frequencies of the electric fields
appear simultaneously for the available transitions, as shown
in Fig. 1(a), the density matrix elements can be decomposed
into many Fourier components. In the 5PI (3PI) calculation,
the 5PI (3PI) for the optical coherences and four-photon
(two-photon) interactions for the populations and Zeeman
coherences are considered. Hence, in the 5PI calculation, the
density matrix elements of the optical coherence, Zeeman
coherences, and populations are explicitly expressed as

ρem±ε ,gm = ρ (1)
em±ε ,gm

+ ρ (2)
em±ε ,gm

e−iδd t + ρ (3)
em±ε ,gm

eiδd t

+ρ (4)
em±ε ,gm

e−2iδd t + ρ (5)
em±ε ,gm

e2iδd t + ρ (6)
em±ε ,gm

e−3iδd t ,

ρem±μ,em = ρ (1)
em±μ,em

+ ρ (2)
em±μ,em

e−iδd t + ρ (3)
em±μ,em

eiδd t

+ρ (4)
em±μ,em

e−2iδd t + ρ (5)
em±μ,em

e2iδd t ,

ρgm±ν ,gm = ρ (1)
gm±ν ,gm

+ ρ (2)
gm±ν ,gm

e−iδd t + ρ (3)
gm±ν ,gm

eiδd t

+ρ (4)
gm±ν ,gm

e−2iδd t + ρ (5)
gm±ν ,gm

e2iδd t ,

ρα,β = ρ∗
β,α, (4)

where ε = 1, 3, and 5; μ = 0, 2, and 4, and ν = 0, 2, and 4,
for all the relevant values of m. We use the simplified notations
for the matrix elements in Eq. (4), as follows:

ρem′ ,gm = 〈Fe = 4, m′|ρ|Fg = 3, m〉,
ρem′ ,em = 〈Fe = 4, m′|ρ|Fe = 4, m〉,
ρgm′ ,gm = 〈Fg = 3, m′|ρ|Fg = 3, m〉. (5)

Notably, the elements ρ (2)
em±1,gm

in Eq. (4) contribute to the
probe absorption. This is because the matrix elements of
ρ (2)

em±1,gm
e−iδd t contribute to the dipole moment oscillating at

the frequency of the probe field and are responsible for the
probe absorption as in Eq. (7) below.

Figure 1(b) shows typical connection configurations
among various possible configurations for 5PIs between the
magnetic sublevels of the excited and ground states by the
coupling and probe photons. Figure 1(b-i) shows the 5PI
between the sublevels |em−5〉 and |gm〉. In each emission

(absorption) process, the contribution to the net oscillation
frequencies are given by {0,−δd} ({0, δd}). Therefore, the
resultant oscillation frequencies via the 5PI in Fig. 1(b-i) are
given by

{0,−δd} ⊕ {0, δd} ⊕ {0,−δd} ⊕ {0, δd} ⊕ {0,−δd}
→ {0,−δd , δd ,−2δd , 2δd ,−3δd}.

Figures 1(b-ii) and 1(b-iii) show two typical 5PIs between
the sublevels |em−3〉 and |gm〉. The resultant oscillation fre-
quencies for these connections are the same as those for the
connection between the sublevels |em−5〉 and |gm〉. Although
there exist other connections between the sublevels |em−3〉 and
|gm〉, the oscillation frequencies remain unchanged. There-
fore, we can conclude that the oscillation frequencies for
the optical coherences ρem±ε ,gm within the 5PIs are given by
{0,−δd , δd ,−2δd , 2δd ,−3δd}. Figure 1(b-iv) shows the four-
photon interactions between the sublevels |em−4〉 and |em〉, and
the oscillation frequencies are given by

{0,−δd} ⊕ {0, δd} ⊕ {0,−δd} ⊕ {0, δd}
→ {0,−δd , δd ,−2δd , 2δd}.

In an analogous method, we can construct the decompositions
of the other density matrix elements in Eq. (4). Because we
can select nonzero components of the density matrix elements,
the OBEs in Eq. (1) can be solved numerically in a rapid and
efficient way. In this sense, we can state that our method of
solving OBEs is distinct from the perturbative approach as
discussed in Ref. [28], where how subsequent orders of ρ are
coupled and the density matrix ρ to a given order ρ (n) can thus
be expressed in terms of the elements ρ (n−1) of the next-lowest
order to solve the OBEs.

In the 3PI calculation, the optical and Zeeman coherences
(and populations) in Eq. (4) are truncated at ρ (4) and ρ (3),
respectively, and are are explicitly expressed as

ρem±ε ,gm = ρ (1)
em±ε ,gm

+ ρ (2)
em±ε ,gm

e−iδd t + ρ (3)
em±ε ,gm

eiδd t

+ρ (4)
em±ε ,gm

e−2iδd t ,

ρem±μ,em = ρ (1)
em±μ,em

+ ρ (2)
em±μ,em

e−iδd t + ρ (3)
em±μ,em

eiδd t ,

ρgm±ν ,gm = ρ (1)
gm±ν ,gm

+ ρ (2)
gm±ν ,gm

e−iδd t + ρ (3)
gm±ν ,gm

eiδd t , (6)

where ε = 1, 3, and 5; μ = 0, 2, and 4; and ν = 0, 2, and 4.
Figure 1(c) shows how typical oscillation frequencies for 3PIs
are generated. In an analogous method for 5PIs, the resultant
oscillation frequencies via the 3PI for the optical coherence
with �m = 3 (�m = 1) in Fig. 1(c-i) [Fig. 1(c-ii)] are given
by {0,−δd} ⊕ {0, δd} ⊕ {0,−δd} → {0,−δd , δd ,−2δd}. In
Fig. 1(c-iii), the frequencies of the Zeeman coherence
are given by {0,−δd} ⊕ {0, δd} → {0,−δd , δd}. Comparing
Eqs. (4) and (6), The terms of ρ (5)

em±ε ,gm
and ρ (6)

em±ε ,gm
neglected

in the 3PI calculation are considered in the 5PI calculation.
This kind of inclusion of more terms for the density matrix
elements increases the precision of the calculation.

After inserting Eqs. (2)–(4) into Eq. (1), we obtain coupled
differential equations for the matrix elements, which are then
solved numerically as functions of δp, δc, and v. Finally, the
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FIG. 2. Schematic experimental setup using a single laser com-
bined with two AOMs. Component symbols: OI, optical isolator; W,
window; SAS, saturation absorption spectroscopy; HWP, half-wave
plate; PBS, polarizing beam splitter; A, aperture, QWP, quarter-wave
plate; NDF, neutral density filter; L, lens; PD, photodiode; AOM,
acousto-optic modulator.

absorption coefficient of the probe beam is expressed as

α = −3λ2

2π

Nat

�1

∫ ∞

−∞

dv√
πu

e−(v/u)2

×Im

[ ∑
q=±1

3∑
m=−3

a∗
qCm+q

m ρ (2)
em+q,gm

]
, (7)

where Nat is the atomic vapor density in the cell, and u is the
most probable speed in the cell.

Here, we describe the effect of the quantization axis on the
accuracy of the calculation. When the direction of the cou-
pling field is selected as the quantization axis, only the optical
coherences ρem,gm between the sublevels with �m = 0 do not
vanish and all the other optical coherences vanish. Thus, when
the probe field is very weak, because the optical coherences
with �m �= 0 are not significant, the calculation can be very
accurate although only 3PI processes are considered.

However, when the direction of the laser field is selected
as the quantization axis, all the optical coherences with �m =
±1,±3,±5, . . . do not vanish. Therefore, higher photon in-
teractions are required to obtain a sufficient accuracy in the
calculation such as 5PI processes. Because it is convenient to
select the direction of the magnetic field as the quantization
axis in the presence of a longitudinal magnetic field, at least
5PI calculation is needed to obtain accurate calculated results
of the EIA spectra.

III. EXPERIMENTAL PROCEDURE

The schematic of the experimental setup is shown in Fig. 2.
A laser beam for the 5S1/2 → 5P3/2 transition of 85Rb atoms
at 780 nm is generated using a tunable external cavity diode
laser [29] with a typical output power of 100 mW in a single-

mode regime. A window (W) is used to extract 4% of the total
output power of the laser beam for a frequency locking to
the Fg = 3 → Fe = 4 resonance line of 85Rb atoms for sat-
urated absorption spectroscopy. The polarizing beam splitter
1 (PBS-1) passes a strong p-polarized coupling beam and
reflects a weak counterpropagating s-polarized probe beam
reflected through a neutral density filter (NDF) from a mirror
into photodiode 1 (PD-1) to detect the saturated absorption
signals. A quarter-wave plate (QWP) is utilized to change the
incoming p-polarized coupling beam to an s-polarized probe
beam. The NDF controls the power ratio between the coupling
and probe beams.

EIA spectra are obtained using a single laser beam com-
bined with two AOMs with a central frequency of 80 MHz in
a double-pass scheme, as shown in Fig. 2. The strong main
beam transmitting the W is separated into a weak p-polarized
probe beam directed to a half-wave plate (HWP) in front of
PBS-5 and a strong s-polarized coupling beam directed to
AOM-1 using PBS-2 and an HWP after the W. The coupling
beam transmits AOM-1 and a QWP positioned behind AOM-1
and then reflects it back to AOM-1 through the QWP from
a mirror. The reflected coupling beam transmits PBS-3, and
the procedure performed in AOM-1 is similarly implemented
in AOM-2. Subsequently, the coupling beam from AOM-2 is
expanded by 5× to combine at PBS-5 with the weak probe
beam expanded after PBS-2 to obtain a uniform intensity
across a 4-mm-diam beam. Hence, AOM-1 in the double-
pass configuration upshifts the frequency ( f ) of the initially
s-polarized coupling beam by +160 MHz and passes through
PBS-3, whereas when scanning AOM-2, the laser beam is
downshifted to the original frequency by −160 MHz with the
scanning detuning of 2� owing to the double-pass configura-
tion. PBS-5 is used to overlap the co-propagating probe and
coupling beams with the orthogonal-linear polarizations upon
a vapor cell containing 85Rb atoms at room temperature.

An external LMF is applied to the vapor cell with a
solenoid surrounding the vapor cell shielded with five layers
of μ-metal sheets to remove the effect of stray and earth’s
magnetic fields inside the cell. Probe absorption is detected
at the PD-2 when PBS-6 is used to separate the s-polarized
coupling beam, and an intersection angle of ∼0.1 mrad is
maintained for possible leakage due to polarization rotations
introduced by the applied external magnetic field.

IV. RESULTS AND DISCUSSIONS

In this section, a comparison of the observed coherent
spectra with the calculated spectra is presented to elucidate
the observed coherent spectral characteristics from 5PIs, dis-
cernible from those of 3PIs with respect to the coupling
powers and LMF.

A. Spectral features depending on coupling
powers without LMF

Dependencies of coupling powers on the EIA spectra with
a weak linearly polarized probe beam perpendicular to the
coupling beam resonant with the Fg = 3 → Fe = 4 transition
of 85Rb atoms at room temperature without a magnetic field
(i.e., B = 0) are investigated. Numerical spectral calculations
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FIG. 3. EIA spectra without magnetic field by varying coupling power (250 μW to 6 mW) with fixing probe power at 15 μW. Calculation
using (a) 3PI, (b) 5PI, and (c) experimental measurements.

utilizing the 3PI and 5PI as well as experimentally measured
EIA spectra by varying the coupling field powers (0.25 to 6
mW) with a fixed probe of 15 μW and a laser beam diameter
of 4 mm are shown in Fig. 3.

The spectral calculations utilizing the 3PI and 5PI are
shown in Figs. 3(a) and 3(b), respectively, and the experimen-
tal measurement in Fig. 3(c) shows a similar spectral feature
as those from 3PI and 5PI in the weak coupling power of 0.25
mW. For strong coupling powers above 2 mW, discernible
spectral feature differences are observed in the central region
of the spectra between the 3PI and 5PI. The 3PI calculation
is characterized by an ultranarrow dip embedded in a narrow
dip at the central region. The amplitude of the ultranarrow
dip decreases with the increase in the coupling power, and the
sign of the dip inverts after ∼4 mW [not shown in Fig. 3(a)].
With the increase in the coupling power, the narrow dip splits
into two broad dip features, as shown in the coupling power
of 6 mW. The central EIA signal for atoms moving at a
constant velocity become split due to Autler-Towns splitting
(ATS) from the strong coupling power. After performing an
average over Maxwell-Boltzmann velocity distribution in the
calculation, two separated EIA signals as shown in Fig. 3(b)
are created, and therefore a central EIT-like transmission peak
emerges [9]. However, ATS owing to the strong coupling
power is unclear owing to the ultranarrow dip feature at the
center of the spectra in the lower coupling powers. Broad ATS
features beside the central ultranarrow dip are resolved with
the linewidth of 479 kHz at 5 mW [not shown in Fig 3(a)] and
480 kHz at 6 mW, as shown in Fig. 3(a).

However, the 5PI calculation is characterized by a narrow
and ultranarrow peak embedded in a narrow dip owing to
ATS at the central region developing from 2.5 up to 6 mW
with respect to the power increase, unlike the 3PI calcula-
tion. Broad ATS features beside the central ultranarrow peak
further develop in the separations with linewidths of 62 and
147 kHz at 3 and 6 mW of coupling powers, respectively, as
shown in Fig. 3(b), whereas such ATS is not observed at lower
powers.

The experimental coherent spectra show that ATS develops
weakly at the central region at 2.5 mW, but increases with the

coupling power up to 6 mW, similar to the 5PI calculation.
The amplitudes of the broad ATS feature beside the central
ultranarrow and asymmetric peak further develop in the sep-
arations with linewidths of 83 and 178 kHz at 3 and 6 mW
of coupling powers, respectively, as shown in Fig. 3(c). The
experimentally observed spectra show spectral behaviors sim-
ilar to those from the 5PI calculation, as shown in Fig. 3(b),
with ATS at higher powers. The asymmetric spectra are due
to the off-resonant Fg = 3 → Fe = 2 and Fg = 3 → Fe = 3
transitions of 85Rb atoms. The detailed explanations for the
origin of the asymmetric spectra are given in Sec. IV E.

From these analyses, 5PI calculations instead of 3PI cal-
culations at higher coupling powers provide reliable results
for predicting experimental EIA spectra with the quantum
axis as the propagation direction of laser fields without a
magnetic field. It should be noted that the coherence between
the magnetic sublevels connected via coupling and probe
beams increases when the laser beam’s intensities are weak.
As the laser beam’s intensities increase, the coherence reaches
a maximum when the effective Rabi frequency is comparable
to the linewidth of the transition under consideration, and then
decreases [30].

B. Spectral features depending on coupling powers
with LMF of 0.3 G

A static magnetic field is applied in the direction of laser
propagations in the coupling-probe system such that in the
spectral simulation, a quantum axis can be selected as the di-
rection of the applied LMF to simplify the system for solving
OBEs.

Unlike the case without an applied magnetic field, the
spectra split into two Zeeman sidebands beside the central
spectrum. The splittings of the sidebands owing to the Zee-
man effect match well with the observed ones, which can
be used as frequency calibration. Unlike the case without an
applied magnetic field described in Sec. IV A, spectral mixing
effects are observed on the coherent spectra owing to Zeeman
splitting and ATS due to strong coupling powers. Hence, the
calculated and observed spectral features exhibit ATS even at
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FIG. 4. EIA spectra with 0.3 G magnetic field by varying coupling power (250 μW to 6 mW) and fixing probe power at 15 μW. Calculation
using (a) 3PI, (b) 5PI, and (c) experimental measurements.

lower powers, unlike the spectra without an applied field. At
higher coupling powers, the spectra due to the ATS effect mix
more significantly with the spectra from the Zeeman effect.
Spectral differences between the 3PI and 5PI results from the
central part of the spectra are shown in Figs. 4(a) and 4(b).

Numerical spectral calculations utilizing the 3PI and 5PI
are shown in Figs. 4(a) and 4(b), respectively, and the ex-
perimental measurement in Fig. 4(c) shows a similar spectral
feature in the weak coupling power of 0.25 mW. In the cal-
culated EIA spectra utilizing the 3PI, the amplitude of the
ultranarrow dip at the central region of the spectra decreases
slowly compared with the amplitude of the ultranarrow dip
obtained from the 5PI with the increases in the coupling
powers. The spectral profiles of the 3PI calculation differ from
those of the 5PI calculation. The linewidth is 147 kHz at
3 mW and increases to 153 kHz at 6 mW of coupling power,
as shown in Fig. 4(a). The amplitudes of the dips decrease
with the increases in the coupling power up to 6 mW. In the
calculated EIA spectra utilizing the 5PI, the linewidths are 157
and 143 kHz at 3 and 6 mW of coupling powers, respectively,
as shown in Fig. 4(b).

Figure 4(c) shows the experimentally measured EIA spec-
tra by varying the coupling field powers (0.25 to 6 mW) with a
fixed probe of 15 μW and an applied LMF of 0.3 G. Because
of the applied LMF, the spectral feature with the increased
linewidth of EIA spectra owing to ATS and the magnetic field
differs significantly from that with the linewidths in the case
without an LMF. The spectral asymmetry of the observed
spectra is larger than that without a magnetic field; this is
attributable to the off-resonant transitions of 85Rb atoms (see
the explanations in Sec. IV E below). The linewidths are 192
and 174 kHz at 3 and 6 mW, respectively, comparable to the
calculated linewidths utilizing the 5PI. Evidently, the 5PI cal-
culation instead of the 3PI calculation provides better matches
with the observed spectra.

C. Spectral features depending on coupling powers
with LMF of 1 G

At a higher magnetic field of 1 G as shown in Fig. 5,
the 3PI [Fig. 5(a)] and 5PI [Fig. 5(b)] calculations differ less

for each power, although the central amplitudes between the
3PI and 5PI indicate slight differences at higher powers, as
discussed in Sec. IV B. For other weaker magnetic field cases,
the central peaks of the 5PI are smaller than those of the 3PI.
However, the decrease in the amplitude of the central peak
with respect to the increase in the coupling power is slower
than the decrease in the amplitude in lower magnetic fields.
The slight differences between the 3PI and 5PI calculations
at a higher magnetic field may result from the large Zeeman
shifts of the energies of the degenerate sublevels. In this case,
each transition shown in Fig. 1(a) becomes nonresonant, and
diminishes the coherent effects, and accordingly the effect of
higher-photon interactions becomes insignificant.

The central EIA dip at B = 1 G for the measured signal
[Fig. 5(c)] with 250 μW has a 162-kHz linewidth, whereas a
narrow linewidth is obtained in the calculations, i.e., 51 and
55 kHz using the 3PI and 5PI, respectively. The separation of
EIA sidebands is proportional to the applied magnetic field
magnitude, i.e., approximately 1 MHz per 1 G. No major
trend difference is observed between the measurements and
calculations except the broad linewidth and lower amplitude
of the observed experimental EIA signal. The broad linewidth
of the experimental measurement is due to the sustained angle
of 0.3 mrad between the probe and coupling fields to eliminate
the coupling beam leakage on the detector, whereas a missing
ultranarrow region below 80 kHz resulted in a lower ampli-
tude of the measured EIA signal. The central EIA signals
decrease with respect to the increases in the magnetic field,
thereby reducing N-type connections between the magnetic
sublevels owing to the Zeeman splittings.

D. Spectral features depending on LMF with fixed coupling
power of 3 mW

In this section, magnetic field dependencies on EIA spectra
are investigated at an intermediate coupling power of 3 mW.
Numerical spectral calculations utilizing the 3PI and 5PI as
well as experimental measurements by varying the magnetic
field (0 to 0.9 G) with a fixed probe (15 μW) and coupling
power (3 mW) at the evident ATS limit of the coupling powers
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FIG. 5. EIA spectra with 1 G magnetic field by varying coupling intensity (250 μW to 6 mW) and fixing probe at 15 μW. Calculation
using (a) 3PI, (b) 5PI, and (c) experimental measurements.

are shown in Figs. 6(a), 6(b) and 6(c), respectively. An applied
magnetic field separates the EIA lines owing to the Zeeman
effect, as shown in Fig. 6; consequently, distinct spectral dif-
ferences owing to the magnetic field and ATS due to strong
coupling powers between the 3PI and 5PI calculations in the
central region of the spectra are observed. Hence, spectral
features owing to multiphoton frequency mixing effects are
discernible through spectral comparisons between the calcu-
lated and observed spectra.

Major spectral trend differences in the central region of the
spectra from utilizing the 3PI and 5PI calculations are evident
at lower magnetic fields, as discussed in Secs. IV B and IV C.

Unlike the case without an applied magnetic field described
in Sec. IV A, spectral mixing effects are observed on the
coherent spectra owing to the Zeeman splittings and ATS due
to the strong coupling power. At higher coupling powers and
the ATS limit, the spectra owing to the ATS effect are mixed
with the spectra from the Zeeman effect. Spectral differences
between the 3PI and 5PI resulting from the central part of the
spectra are shown in Figs. 6(a) and 6(b). At lower magnetic
fields of B = 0, 0.1, and 0.3 G, the spectral differences are
evident because the ultranarrow signals at the central portion
of the spectra have opposite signs with dips and peaks owing
to coherent effects between the 3PI and 5PI, respectively. EIA

FIG. 6. EIA spectra by varying magnetic field (0 to 1 G) with fixed probe and coupling power of 15 μW and 3 mW, respectively.
Calculation using (a) 3PI, (b) 5PI, and (c) experimental measurements.
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spectral energy separations from the Zeeman effect owing to
magnetic fields of 0.1 to 0.9 G are larger than those of ATS
owing to the coupling power.

The spectral profiles from the 3PI calculation differ from
those of the 5PI calculation with the increase in the magnetic
field. In the calculated EIA spectra from the 3PI, the ampli-
tudes of the ultranarrow central dip for the 3PI calculation
increase and reach the maximum and then decrease with the
increase in the magnetic field. The minimum of the central
dip in the 3PI is deeper than those of the sidebands at lower
magnetic fields.

The ultranarrow central peak for the 5PI calculation below
0.3 G increases in amplitude and changes to an ultranarrow
central dip above 0.1 G. The amplitude of the dip reaches
the maximum and then decreases with the increase in the
magnetic field. A peak is observed instead of a dip below
0.3 G, and the minimum central dip above 0.1 G in the 5PI
calculation is slightly smaller than those of the sidebands,
unlike in the 3PI case.

The experimental results are more similar to those of the
5PI calculation than the 3PI calculation for points wherein
the starting point of the central EIA dip is above 0.1 G
and the linewidth and ending point of the central peak are
below 0.3 G.

In addition, the minimum central dip in the observed case
is shallower than those at the sidebands, similar to those of the
5PI calculation. As described earlier, the experimental spectra
are similar to the spectra from the 5PI calculation. For the
experimental spectra, the background signal at the right side
is higher than that at the left side, resulting in an asymmetric
signal.

E. Physical nature of asymmetric spectral features

To study the origin of large asymmetric spectral features
shown in Fig. 7 (curve i) with the probe power of 15 μW,
the coupling power of 6 mW, and B = 0.3 G, two different
calculations with the 5PI process have been done: The first
case is the calculation as shown in Fig. 7 (curve ii) when the
off-resonant Fg = 3 → Fe = 2 and Fg = 3 → Fe = 3 transi-
tions are included as well as the resonant Fg = 3 → Fe = 4
transition described in detail above. The second case is the
calculation as shown in Fig. 7 (curve iii) when a transverse
magnetic field of 30 mG is included to investigate the effects
on asymmetrical spectra of any stray transverse magnetic field
when only the resonant Fg = 3 → Fe = 4 transition is consid-
ered.

From the asymmetric behavior of the result shown in Fig. 7
(curve ii) without the transverse magnetic field of 30 mG
we can readily interpret that the asymmetric spectrum results
from the off-resonant transitions because when the transverse
magnetic field of 30 mG is included, the asymmetric spectrum
is not produced as shown in Fig. 7 (curve iii). Therefore, we
can conclude that the asymmetric spectral feature found in the
experiment results mainly from the effect of the off-resonant
transitions. The calculation described in this section is pre-
liminarily only to investigate the origin of the experimentally
observed asymmetric spectra. The detailed study on the effect
of the nonresonant transitions on the EIA spectra will be
reported in a separate publication.

FIG. 7. EIA spectra with 0.3 G of magnetic field at coupling
power of 6 mW and probe power of 15 μW from (i) experimen-
tal measurement, (ii) calculation with considering the off-resonant
Fg = 3 → Fe = 2, 3 transitions without the transverse magnetic field
of 30 mG with 5PI, and (iii) calculation without considering the
off-resonant Fg = 3 → Fe = 2, 3 transitions with the transverse mag-
netic field of 30 mG with 5PI.

V. CONCLUSIONS

Multiphoton frequency mixing effects on coherent EIA
spectra of 85Rb atoms are investigated theoretically and ex-
perimentally based on an applied LMF and coupling powers
with two orthogonal linear polarizations of co-propagating
strong coupling and weak probe beams. Coherent EIA spectra
between 3PI and 5PI calculations owing to variations in the
magnetic field magnitude and ATS due to strong coupling
powers are distinguishable. The experiment is performed us-
ing a single laser combined with two AOMs to reveal the
distinct coherent EIA spectra from the 5PI, wherein the
linewidth is limited owing to the decoherence rate between
Zeeman sublevels in the ground state from the transit-time
relaxation.

We confirm that at least 5PIs are required for solving
density matrix equations for the Fg = 3 → Fe = 4 transition
of 85Rb atoms in the case where a quantum axis is selected
as the propagation field direction to elucidate experimentally
observed coherent EIA spectra from nonlinear multiphoton
mixing effects.

We realize that the origin of observed asymmetrical spectra
results mainly from off-resonant transitions (Fg = 3 → Fe =
2, 3) instead of a transverse stray magnetic field coming from
an imperfect LMF. At large magnetic fields or weak coupling
powers, 3PI calculations are sufficient to explain the observed
coherent spectra with fewer pathways connected between the
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sublevels. Although there are no significant differences be-
tween the experimental and calculated 5PI results, the studies
of the detailed effects of higher photon interactions exceeding
5PI on the EIA spectra and more detailed analyses on origins
of asymmetrical spectral behaviors must be pursued and are,
in fact, currently in progress.
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