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Single-nanorod plasmon nanolaser: A route toward a three-dimensional ultraconfined lasing mode
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A single-nanoparticle plasmon laser with ultratight optical confinement in all three dimensions is a long-
cherished but yet to be realized goal. Here we propose an experimentally realizable plasmon laser using a single
nanorod. We show that, by harnessing a Au-nanorod cavity with a large gain from a Purcell-enhanced stimulated
emission rate and greatly suppressed high-order mode dissipation, it is possible to implement a dipole-mode
plasmon laser with accessible material parameters. Our approach may lead to a real single-nanoparticle plasmon
laser with three-dimensional ultraconfinement and offers an opportunity to explore and utilize the enhanced
light-matter interaction at a lower dimension.
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I. INTRODUCTION

Nanoscale plasmon lasers relying on surface plasmon
amplification by stimulated emission [1] can offer an ul-
traconfined coherent light field to significantly enhance the
light-matter interaction and are vital for a variety of applica-
tions from ultrasensitive sensing, spectroscopy, and nonlinear
optics to next-generation ultrafast on-chip sources [2,3]. Since
their first proposal in 2003 [1], one- (1D) and two-dimensional
(2D) ultraconfined plasmonic lasing modes have been exper-
imentally obtained in a number of 2D and 1D plasmonic
nanosystems [4–7] and have shown extraordinary advan-
tages of compact mode volume, low power consumption, and
ultrafast modulation speed [3]. However, three-dimensional
(3D) ultraconfined lasing systems, which are one of the ul-
timate goals of plasmon lasers [8] and are mostly supposed
to be achieved with zero-dimensional plasmonic nanoparti-
cles [1,9], have not yet been convincingly realized [10]. In
the past decade, some experimental results on nanoparticle
plasmon lasers have been reported [11,12], but there has
been significant debate [13] on whether the lasing signal
really comes from a single-nanoparticle cavity mode due to
the requirement of unrealistically high gain or pump inten-
sity [14–16]. Now it is becoming more and more clear that
they are loosely confined random lasers or the like rather
than single-nanoparticle plasmon lasers, as the gain required
for reaching the single-nanoparticle lasing threshold under
those conditions is experimentally inaccessible [10,17]. Here
we propose a single-nanorod plasmon laser that is realisti-
cally achievable. Based on the theoretical calculation with
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semiclassical rate equations, we find that a single-nanoparticle
plasmon laser is possible only when the gain is significantly
enlarged via a Purcell-enhanced stimulated emission rate and
the high-order mode dissipation is effectively suppressed,
which can be achieved in a single-nanorod system. More
specifically, we use a Au nanorod with the same diameter
(14 nm) as the Au nanosphere in a previous attempt [11],
which is a slightly elongated nanoparticle but still retains
the 3D ultrahigh confinement. We show that it is possible to
reduce the dipole-mode lasing threshold to an attainable level,
with a mode volume down to 1.3 times that of a nanosphere.
It is worth mentioning that, previously, without considering
the Purcell effect, plasmon amplification from gain-assisted
gold nanorods with larger sizes has been studied theoretically
[18]. Here we investigate the establishment and dynamical
evolution of the lasing oscillation in a gain-coupled single-
nanorod system on much lower dimensions and show that
Purcell-enhanced stimulated emission plays a crucial role in
determining the lasing threshold in such ultraconfined sys-
tems.

II. THEORETICAL MODEL

Our theoretical model of the single-nanorod plasmon laser
is schematically illustrated in Fig. 1. A Au nanorod, whose
permittivity is described by a Drude model (Appendix A), is
wrapped by an active layer containing gain molecules (e.g., a
silica substrate doped with uniformly distributed fluorescent
gain molecules [10], about 15 nm in thickness). A 1-nm-thick
gain-free isolation layer covering the entire surface of the
nanorod is a spacer layer for reducing the quenching of the
molecules [19]. The gain property and the dynamic evolution
of the plasmon number in the nanorod-coupled fluorescent
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FIG. 1. Schematic of a Au nanorod coated by gain molecules
described by a four-level system. The stimulated emission rate from
upper level 2 (L2) to lower level 1 (L1) can be significantly enhanced
via the Purcell effect with the presence of ultraconfined LSPR modes
in the Au nanorod.

molecule system are described by a four-level system gov-
erned by semiclassical rate equations. The total spontaneous
decay rate of the fluorescent emitter (L2 to L1) is influenced
by the local density of states and can be obtained by using the
dyadic Green’s function [20]

γtot = 2

h̄
Im(p∗ · E), (1)

where E is the local electric field and p is the dipole mo-
ment of the radiative transition from level 2 to level 1 that
is randomly oriented in the fluorescent emitters. This means
that the emitter decay rate depends on the relative orientation
between the dipole moment and the direction of the electric
field, and the large field gradient of the ultraconfined localized
surface plasmonic resonance (LSPR) in a nanorod can give
rise to a highly position dependent emitter decay rate. The
radiative decay could be coupled to multiple LSPR modes.
To calculate the contribution of a certain LSPR mode to the
radiative decay, we employ the quasinormal-mode expansion
formalism by expanding the total field E as a superposition of
lossy plasmonic eigenmodes of a nanorod [21],

E = �ηmEm, (2)

where the expansion coefficient ηm = ωp · Em/(ωm − ω), Em

is the normalized complex electric field of the mth-order
LSPR eigenmode (e.g., m = 1 for the dipole mode) with a
complex eigenfrequency of ωm, and ω is the radiative transi-
tion frequency of emitters. Thus, the rate of decay into the
mth-order mode is γm = 2ηmp · Em/h̄. For a certain emit-
ter located within the near field of LSPR of the nanorod,
the ratio of decay into the dipole mode (i.e., the β factor)
can be obtained as β = γ1/γtot. It is worth noting that, in
a plasmonic nanocavity, β and γm are position dependent
due to the inhomogeneous spatial distribution of the field
intensity (Appendix B). Also, an emitter within the near field
of LSPR may also radiate into free space. However, in the
model studied here, all emitters are located in close vicinity to
the nanorod (e.g., <15 nm in separation), owing to the large
Purcell effect FP, e.g., FP > 500; the majority of the decay
energy is channeled into the LSPR modes of the nanorod, and
those coupled to free space can be neglected. In addition, we
assume the emitter-coupled highly lossy system (e.g., cavity

FIG. 2. (a) Resonant wavelengths of eigenmodes of four
nanorods and a 14-nm-diameter nanosphere embedded in silica with
a refractive index of 1.46. All nanorods have the same diameter
d of 14 nm but different lengths L of 20, 22, 24, and 26 nm.
(b) Resonant wavelength and quality factor of the dipole mode in
a 14-nm-diameter nanorod with different L. (c) β factor as a function
of the emitter-nanoparticle separation d . The emitter is positioned
with its dipole moment along the nanorod axis, as shown in the inset.
(d) Wavelength-dependent FP (solid lines) and γ1 (dashed lines). The
emitter-nanoparticle separation is 5 nm. The length of each nanorod
is labeled next to the corresponding curve in nanometers.

lifetime on the 10-fs level) operates in the weak-coupling
regime [8], and the quantum effects on the nanorod properties
(e.g., permittivity) are neglectable since the feature size of the
nanorod considered here is larger than 10 nm [22].

III. RESULTS AND DISCUSSION

A. Modal characteristics in a nanorod system

The immediate advantages of using a nanorod instead of
a nanosphere as a nanocavity for plasmonic lasing oscilla-
tion lie in three aspects: first, elongating a nanosphere into
a nanorod significantly increases the spectral separation �

between the dipole mode and the quadrupole mode (or other
higher-order modes), which is crucial to suppress the energy
dissipation via higher-order LSPR modes and channel a larger
fraction of transition energy (L2 to L1) into the lasing mode
(i.e., the dipole mode of the nanorod). Figure 2(a) gives the
calculated LSPR eigenfrequencies of five gold nanoparticles
(four nanorods and one nanosphere), which are all 14 nm
in diameter and embedded in silica. Compared to the rel-
atively small � (15 nm) of a nanosphere that is not large
enough to exclude the quadrupole and higher-order modes
from the effective gain spectrum (usually around 50 nm [23])
centered at the peak wavelength of the dipole-mode LSPR,
the � of a nanorod increases with the nanorod length L and
is large enough (e.g., 91 nm in a 26-nm-long nanorod) to
suppress the energy dissipation via high-order LSPR modes
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whose coupling efficiency is proportional to 1/�. Second,
elongating a nanosphere to a nanorod increases the mode
volume and redshifts the LSPR of the dipole mode [Fig. 2(b)],
which leads to a significant increase in the Q factor of the
plasmonic nanocavity, defined as Re(ωm)/[2Im(ωm)]. For ref-
erence, Q increases from 8.7 for a nanosphere to 16.3 for a
26-nm-long nanorod. Thus, compared to a nanosphere cavity,
a nanorod cavity can effectively suppress the higher-order
mode-coupling channel and increase Q of the dipole LSPR
mode, enabling a much higher fractional radiative decay into
the dipole lasing mode. As an exemplary case shown in
Fig. 2(c), with emitters located at a distance of d = 1 nm
from the apex of the nanoparticle (nanorod/nanosphere), β

is small (about 0.09) for a nanosphere but greatly enhanced
in a nanorod system (e.g., 0.92 in the 26-nm-long nanorod).
For d > 2 nm, in a nanorod system, β is larger than 0.9
(approaching 1.0 when d > 5 nm); however, in a nanosphere
system, β is, on average, below 0.6. Meanwhile, for the
dipole mode, β decreases quickly when d < 1 nm, indicating
the increase in coupling transition energy into higher-order
modes. Therefore, in the nanoparticle-based plasmon lasing
system discussed here (i.e., illustrated in Fig. 1), Fig. 2(c)
clearly shows that a 1-nm spacer is necessary not only for
avoiding the quenching of the fluorescent molecule emitters
[19,23] but also for efficiently suppressing the dissipation
via higher-order LSPR modes (whose lasing thresholds are
typically much higher than the dipole mode), similar to that in
nanosphere systems reported previously [24]. Finally, com-
pared to a nanosphere, a nanorod with the same diameter
but larger length can effectively couple to more fluorescent
molecules, which is critical to offer higher gain (under suf-
ficiently large pump intensity and/or Purcell enhancement)
in high-loss plasmonic nanocavities. In addition, besides the
larger number of available gain molecules, the suppressed
high-order mode dissipation and the higher Q of the dipole
mode are also beneficial to Purcell enhancement of the stimu-
lated emission rate and thus the effective gain for building up
dipole-mode lasing oscillation.

To evaluate the Purcell effect, as an example, Fig. 2(d)
gives the calculated FP (i.e., the normalized decay rate γtot/γ0)
of a dipole emitter placed 5 nm away from the apex of the
nanorod, where γ0 is the free-space decay rate of the emitter
embedded in SiO2. It shows that, for a nanorod with the same
L, the peak value of FP occurs around the central wavelength
of the dipole mode in Fig. 2(b) and can be larger than 103

when L > 22 nm, much larger than that of a nanosphere with
the same diameter. Also, the peak value of FP increases with
L due to the redshifted resonant wavelength and higher cavity
Q factor [Fig. 2(b)].

It should be noted that although we show only a typical
emitter-nanoparticle configuration as an example, most cases
of emitter-nanoparticle coupling behave similarly. Also, the
large mode separation in a longer nanorod would make emit-
ters coupled to the lasing dipole mode more efficient.

B. Lasing dynamics with Purcell-enhanced gain

Next, we consider a typical nanorod plasmon laser sys-
tem with a dipole-mode resonant wavelength of 651 nm and
Q of 18.38 (corresponding to a 14-nm-diameter 30-nm-long

nanorod, with a mode lifetime of τ = Q/ω = 6.35 fs) and
assume a free-space decay rate γ0 of 1 × 108 s−1 for fluores-
cent molecules in the gain material [23]. The semiclassical
rate equations for a nanorod plasmon laser system can then be
obtained from a nanoparticle system [10] and expressed as

dn

dt
= N2γ1 + (N2 − N1)γ1n − nω/Q,

dN0

dt
= (N3 − N0)γp + N1γ10,

dN1

dt
= (N2 − N1)γ1n + N2γtot − N1γ10, (3)

dN2

dt
= (N1 − N2)γ1n − N2γtot + N3γ32,

dN3

dt
= (N0 − N3)γp − N3γ32,

where n is the plasmon number in the lasing dipole mode,
Ni is the population at level i (i = 0, 1, 2, and 3), γp is
the pump rate, the nonradiative interband transition rates γ32

and γ10 (from level 3 to level 2 and level 1 to level 0) are
assumed to be 1 × 1013 s−1 [10], and γ1 is the rate of flu-
orescent molecule decay into the dipole plasmon mode. For
simplicity and phenomenological illustration, we assume that
the emitters are uniformly distributed in the gain medium with
a total number of Ntot = �3

0Ni = 3000 and have an average β

of 0.9. The pump light is assumed to be 1-ps-long Gaussian
pulses with a peak pump rate of 1 × 1012 s−1, corresponding
to 532-nm-wavelength pump pulses with a peak intensity of
4.67 GW/cm2 or an average power of 0.11 nW on the cross
section of the nanolaser considered here at a repetition rate of
1 kHz (see Appendix D).

With the reasonable assumption that the initial populations
of both levels N1 and N2 are zero and the total decay rate
γtot is contributed mainly by the radiative decay (i.e., an in-
ternal quantum efficiency approaching 100%), the calculated
temporary evolution of the dipole-mode plasmon number n
is given in Fig. 3(a), in which the evolution behavior can be
categorized into four regions by the decay rate γtot:

(i) At small γtot, e.g., γtot = 1 × 1010 s−1, corresponding
to FP = 100, the population inversion ratio (PIR), measured
as (N2 − N1)/Ntot, increases almost simultaneously upon the
arrival of the pump pulse until it reaches a saturated value
of about 67% around 4 ps, which is a clear signature of
population inversion. However, due to the small γtot that offers
insufficient seed photons (here the dipole-mode plasmons) for
stimulated emission, gain from the stimulated emission cannot
compensate the cavity loss, hindering the buildup of the laser
oscillation. The unreached lasing state is also confirmed by
the very low plasmon number (n < 1) throughout the process.

(ii) When γtot increases to exceed a certain threshold [the
onset point in Fig. 3(a), corresponding to a level of γtot =
6.3 × 1010 s−1, as denoted by the red dashed line], e.g.,
γtot = 3.2 × 1011 s−1, corresponding to FP = 3.2 × 103, the
significantly Purcell enhanced spontaneous and stimulated
emission accelerates the decay rate from lasing level L2 to L1,
resulting in a reduced PIR (e.g., peak PIR drops down to about
15%) compared to that in case (i), although large enough to
ensure population inversion. At the same time, the enhanced
spontaneous emission boosts the stimulated emission [25–27],
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FIG. 3. Temporal evolution of plasmon number in the dipole
mode of a nanorod cavity with a varying decay rate γtot and an
emitter number of (a) 3000 and (c) 1 × 105. A Gaussian pump pulse
is launched at 3 ps with a width of 1 ps. The color bar shows the
plasmon number in the dipole lasing mode. (b) Temporal evolution of
plasmon number (blue solid curve) and population inversion (orange
dashed curve) in the four typical cases in (a) with γtot of (i) 1 × 1010

s−1, (ii) 3.2 × 1011 s−1, (iii) 3.2 × 1012 s−1, and (iv) 3.2 × 1014 s−1.
(d) Temporal evolution of plasmon number and population inversion
in the four typical cases in (c) with γtot of (i) 1 × 109 s−1, (ii) 1 × 1010

s−1, (iii) 1 × 1012 s−1, and (iv) 3.2 × 1014 s−1. For reference, the
pulse profile is given in the top column.

which in turn offers a gain large enough to compensate the
cavity loss, and establishes lasing oscillation with feedback
from the dipole-mode plasmons. Upon the pump pulse, n
increases rapidly to a peak value of 11 and fades out afterward.
When n decreases to 1 at ∼5 ps, the lasing condition ceases
due to insufficient gain.

(iii) When γtot is further increased to, e.g., 3.2 × 1012 s−1,
corresponding to FP = 3.2 × 104, the decay rate from L2 to
L1 is further increased, yielding a significantly reduced PIR
(peak value of about 1.2%). However, PIR remains positive to
ensure the lasing condition. Also, due to the large γtot, within
the pump duration (e.g., 2–4 ps), the system is pumped to a
state just slightly above the lasing threshold, and n simply
evolves following the temporal profile of the pump pulse, with
a peak value of 12 at 3.1 ps.

(iv) Finally, when γtot is increased to exceed the nonra-
diative interband transition rate 1 × 1013 s−1, e.g., 3.2 × 1014

s−1, corresponding to FP = 3.2 × 106, the population of L2
(N2) is depleted much faster than that of L1 (N1), and popu-
lation inversion is no longer reachable. Therefore, throughout
the process, the lasing threshold cannot be reached, with PIR
remaining negative and n < 1.

It is clear that the Purcell effect (which can be very strong
in a nanoplasmonic system, e.g., FP as high as 1 × 104 [28])
plays an important role in establishing or destroying the lasing
oscillation. For a given emitter, the spontaneous emission rate

can be modified within a large range proportional to FP by
coupling the emitter to a nanoplasmonic cavity mode. As seen
in case (i) in Fig. 3(a), when γtot is 1 × 1010 s−1, which is
100 times larger than that of a typical emitter without Purcell
enhancement, e.g., 1 × 108 s−1 in a SiO2 substrate [10,11], it
is still too low to strengthen the stimulated emission toward
lasing oscillation. Thus, to reach the lasing condition, a very
large FP is required. As seen in case (ii), only when γtot is
increased to a level high enough, e.g., 3.2 × 1011 s−1, can
the significantly enhanced stimulated emission offer sufficient
gain to compensate the cavity loss and build up the lasing os-
cillation. On the other hand, from stage (iii) to (iv), when γtot is
increased to exceed the nonradiative interband transition rate
of the gain material, the population at the upper lasing level
(L2) will be depleted too fast to reach population inversion,
and no lasing oscillation will occur in this case.

It is worth mentioning here that the available emitter
number is also engineerable and important for lasing oscil-
lation. Figures 3(c) and 3(d) show the calculated results of
the nanolaser system with the same geometry but an emitter
number of Ntot = 1 × 105. Compared with that in Figs. 3(a)
and 3(b), the increase in Ntot greatly facilitates the buildup
of lasing oscillation under relatively lower γtot. For example,
the onset point in this case [Fig. 3(c)] decreases to γtot =
1.6 × 109 s−1, much lower than that (γtot = 6.3 × 1010 s−1)
in Fig. 3(a). Also, a pronounced lasing oscillation is observed
in case (ii) [Figs. 3(c) and 3(d)] with γtot = 1 × 1010 s−1,
with a much larger peak value of n (up to 575). Therefore,
the increase of Ntot may greatly alleviate the requirement on
γtot (or, equivalently, the Purcell enhancement and the cor-
responding pumping intensity). However, practically, Ntot is
limited by the volume of the gain material (determined by
the effective near-field volume of the nanorod dipole mode)
and the doping concentration (without an evident quenching
effect). Note that here we have assumed an ideal gain medium
with the same emitter decay rate and β factor and changed the
overall parameter γtot to roughly illustrate the influence of the
Purcell effect on lasing behavior. Practical guidance for exper-
imental implementation should consider both the position and
orientation dependences of the emitter-nanoparticle coupling
behavior, which is included in the next section.

C. Single-nanorod plasmon laser: Practical configuration

For a practical configuration, we consider a plasmon laser
composed of a Au nanorod with a 14-nm diameter d and
different lengths L, wrapped with a 15-nm-thick layer of
SiO2 consisting of a 1-nm emitter-free spacer layer near the
nanorod surface and a 14-nm-thick gain medium (see Fig. 1).
The total emitter number Ntot is assumed to be 4500, corre-
sponding to the same emitter concentration of 174 mmol/L as
that in a nanosphere system reported in a previous work [10].

To account for position and orientation dependences of
emitters, we calculate random cases and sum them up
to obtain an average value with high convergence (see
Appendix B). The calculated plasmon number n in the dipole
mode in the steady state with increasing pump rate is given
in Fig. 4(a); for reference, n in a nanosphere system is also
provided. It should be mentioned that, in a nanoplasmonic
lasing system with β ∼ 1, the conventional criterion for the
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FIG. 4. Steady-state plasmon number in the lasing mode in Au
nanorods with different lengths. (a) The emitter number for all
cases is 4500. (b) The emitter concentration for all cases is 78
mmol/L (corresponding to a nanosphere with an emitter number of
2000 or a 28-nm-length nanorod with an emitter number of 2870).
The length of each nanorod is labeled next to the corresponding
curve in nanometers. The dotted line indicates the threshold of
lasing. The inset in (a) shows the gain medium layer, which is
divided by a small tetrahedron generated in the finite element method
(FEM)-based quasinormal mode analysis, in order to consider the
position-dependent emitter decay rate.

laser threshold, either the kink in the linear coordinate or the S
curve in the log-log coordinate [29,30], is absent, resulting in a
seemingly “thresholdless” lasing behavior [30]. In such cases,
a more rigorous criterion is to examine the photon (plasmon)
statistics regarding the degree of second-order coherence [31]
and to define the threshold when the stimulated emission rate
begins to surpass the spontaneous emission rate, which is
semiclassically equivalent to equal emission rates of spon-
taneous and stimulated processes when the cavity plasmon
number n is 1 [10,32], as denoted by the dotted line in Fig. 4.

It is clearly seen that, for a nanosphere, no matter how large
the pump rate is, n remains much lower than 1 (e.g., saturated
at about 0.07 with pump rate >1 × 1013 s−1) and therefore

far from reaching the lasing condition due to the high cavity
loss, large fractional dissipation via the high-order mode, and
relatively low β. When the nanoparticle is elongated along
one dimension into a nanorod, n increases obviously, owing
to the increased cavity Q factor (equivalently, the lower cavity
loss), suppressed high-order mode dissipation, and, especially,
increased Purcell enhancement of the gain and a closer-to-
unity β. When L is increased to 25 nm, n reaches 1 with a
pump rate of ∼5.3 × 1012 s−1, presenting an opportunity to
realize a plasmon laser using a nanorod with a diameter of
14 nm and L = 25 nm, whose dipole-mode cavity volume (see
Appendix C for details) is only 1.3 times that of a
14-nm-diameter nanosphere. Further increasing L can
greatly reduce the lasing threshold; for example, the threshold
pump rate for a 30-nm-long nanorod is 2.7 × 1011 s−1,
which is beneficial for reducing the thermal effect in these
high-loss, ultracompact devices [3,33]. As a result of the
large Purcell-enhanced gain and significantly suppressed
high-order mode dissipation, it is also possible to implement
a dipole-mode plasmon laser in a nanorod system with much
smaller Ntot (i.e., much lower molecular concentration),
which may be desired to eliminate possible fluorescence
quenching in practical applications. For reference, Fig. 4(b)
gives the calculated n of the dipole mode with an emitter
concentration of 78 mmol/L, corresponding to Ntot = 2000
in a nanosphere plasmon laser with a particle diameter of
14 nm. Figure 4(b) shows that the lasing condition can be
reached when elongating the nanorod to a length of 28 nm
with the same emitter concentration, together with a higher
pumping rate (∼6.9 × 1012 s−1), which is critical to support
the Purcell-enhanced stimulated emission rate with a large FP

(e.g., FP = 1643 at d = 5 nm from the apex of the nanorod).

IV. CONCLUSION

In conclusion, we have proposed an experimentally fea-
sible approach to realize plasmon lasers based on a single
nanorod with 3D ultratight optical confinement. We show that,
with available experimental conditions (e.g., pump technique
and pump rate) and accessible material parameters of metals
and gain media, it is possible to implement a dipole-mode
single-nanoparticle plasmon laser by taking advantage of the
following merits of a single-nanorod system: (1) larger Pur-
cell enhancement of the gain, (2) efficient suppression of
high-order-mode energy dissipation and a β factor increasing
to near unity, (3) a higher cavity Q factor, and (4) a larger
near-field volume for coupling more gain molecules. Our
theoretical approach can be readily adapted to many other
plasmonic nanolasing systems with high FP, such as bow-
tie resonators [34] and nanoparticle-on-mirror gap plasmon
resonators [35]. We believe that the nanorod lasing system we
have demonstrated will pave the way toward unprecedented
plasmon lasers with ultratight optical confinement in all three
dimensions and open opportunities for a variety of nanopho-
tonic techniques based on 3D ultraconfined lasing modes.
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FIG. 5. (a) Tetrahedron mesh in the gain medium in the FEM
calculation. (b) Cross section of the mesh region.
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APPENDIX A: DRUDE MODEL FOR THE PERMITTIVITY
OF GOLD NANOPARTICLES

To calculate the quasinormal modes of a gold nanoparticle,
we use the Drude-Lorentz model to describe the permittivity
of gold as

ε = ε∞

[
1 − ω2

p,1

ω2 + iωγ1
− ω2

p,2

ω2 − ω2
0,2 + iωγ2

]
, (A1)

where ε∞ = 6, ωp,1 = 5.37 × 1015 s−1, γ1 = 6.216 × 1013,
ωp,2 = 2.2636 × 1015 s−1, ω0,2 = 4.572 × 1015 s−1, γ2 =
1.332 × 1015 s−1 [21]. The first two terms are the classical
Drude model, and the third Lorentz term is employed to char-
acterize the interband transitions of electrons, which start to
contribute significantly at wavelengths shorter than 600 nm.

APPENDIX B: CALCULATION OF PLASMON NUMBER n

To account for position-dependent γm and β of emitters in
the gain region induced by the large LSPR field gradient, we
use the tetrahedron mesh in the FEM-based quasinormal mode
analysis to separate the gain region into small tetrahedra, as
shown in Fig. 5. In each tetrahedron, the electric field can be
considered uniform due to the very small size of tetrahedron
elements (the minimal element size is 2 nm, and element
growth rate is 1.2 in the region of the gain medium), and the
electric field is evaluated at the Gauss point of the tetrahedron
element. In each mesh element, it is reasonable to assume
all the emitters have the same orientation of dipole moments
since the volume of each element is small. We generate ran-
domly oriented dipole moment in all mesh elements in the
gain region and calculate the corresponding emitter decay
rate.

The evolution of carrier population is evaluated in each tiny
tetrahedron region, and the contribution of all tetrahedron el-
ements are combined to describe the evolution of the plasmon
number in the dipole lasing mode as

dn

dt
=

∑
j

N j
2 γ

j
1 +

∑
j

(
N j

2 − N j
1

)
γ

j
1 n − nω/Q,

dN j
0

dt
= (

N j
3 − N j

0

)
γp + N j

1 γ10,

FIG. 6. Calculation of the averaged steady-state plasmon num-
ber. (a) The steady-state input-output curves of 30-nm-length
nanorods with 100 different random distributions of emitter dipole
orientation. The black dotted curve corresponds to one plasmon
nanolaser with one certain dipole moment randomness. The blue
solid curve shows the averaged steady-state input-output curve.
(b) An enlarged view of the red rectangle region in (a).

dN j
1

dt
= (

N j
2 − N j

1

)
γ

j
1 n + N j

2 γ
j

tot − N j
1 γ10, (B1)

dN j
2

dt
= (

N j
1 − N j

2

)
γ

j
1 n − N j

2 γ
j

tot + N j
3 γ32,

dN j
3

dt
= (

N j
0 − N j

3

)
γp − N j

3 γ32,

where the emitter number in the jth tetrahedron is N j =∑3
i=0 N j

i = ρV j
tet , with ρ and V j

tet being the emitter density
and the volume of jth mesh element. Other parameters are
the same as in Eq. (3). It should be noted that the dipole mode
in a nanosphere has a threefold degeneracy which is different
from that in a nanorod [10]. For each nanoparticle shape, we
totally calculate 100 steady-state curves of the plasmon laser
with different randomly generated distributions of emitters’
dipole moments and average them to get the final steady-state
curve (see Fig. 6 for an example).

For a typical case, when the nanorod has a length of 30 nm
and a radius of 7 nm, the total number of mesh elements in the
gain region is 19 032, indicating the total equation number in
Eq. (B1) is 76 129. The Jacobian matrix of Eq. (B1) should be
provided to speed up the numerical calculation.

APPENDIX C: CALCULATION OF THE
LSPR MODE VOLUME

The energy density of the LSPR mode [35] in the nanopar-
ticle is defined as

W (r, ω) = 1

2

(
∂[ωε(r, ω)]

∂ω
ε0|Em(r, ω)|2 + μ0|Hm(r, ω)|2

)
,

(C1)
where ε(r, ω) is the permittivity at position r. The mode
volume can be calculated as

V (ω) =
∫

W (r, ω)d3r
max[W (r, ω)]

, (C2)

where the integration is performed in the whole calculation
region of the FEM-based eigenfrequency analysis.

Figure 7 shows the mode volume of a nanorod as a func-
tion of the nanorod length. The dipole mode volume of a
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FIG. 7. Mode volume of the dipole mode in a nanosphere and
nanorods with different lengths. The radii of all nanoparticles are
7 nm.

nanosphere with a radius of 7 nm is 1662 nm3, while for a
nanorod with the same radius and a length of 25 nm, the mode
volume is 2234 nm3, which is 1.3 times that of a nanosphere.

APPENDIX D: CALCULATION OF AVERAGE
PUMP POWER

We assume that the fluorescent molecules considered in
this work have an absorption cross section of 1 × 10−16 cm2

[36], which is reasonable considering that the absorption
cross section σabs of a typical fluorescent molecule is, e.g.,
2.55 × 10−16 cm2 for OG-488 [11] and 4 × 10−16 cm2 for
rhodamine 6G [23]. With a pump efficiency η of 80% and

FIG. 8. A nanorod plasmon laser pumped by a 532-nm Gaussian
beam with a diameter of w.

a pump rate γp of 1 × 1012 s−1, the corresponding peak
pump intensity Ipeak at a 532-nm wavelength can be obtained
as Ipeak = hcγp/(λpησabs) = 4.67 GW/cm2. When the pump
beam has a Gaussian profile with a diameter of 10 μm (an
experimentally reasonable spot size), the pump pulses are also
Gaussian in the time domain with a duration or full width at
half maximum (FWHM) of 1 ps for each pulse, as depicted in
Fig. 8. One pulse could be described as

I (r, t ) = Ppeak

πw2/2
exp

(
−2

r2

w2

)
exp

(
−4 ln 2

t2

τ 2

)
, (D1)

where Ppeak is the peak power, w is the beam radius, and τ is
the FWHM of one pulse. Then, the calculated energy per pulse
is 1.95 nJ, and with a repetition rate of 1 kHz, the average
pump power is about 1.95 μW within the 10-m-size focusing
spot or 0.11 nW on the cross section of a nanolaser consisting
of a 14-nm-diameter 30-nm-long nanorod core and a 15-nm-
thick gain coating layer (see also Fig. 1 for the structural
configuration).
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