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Universal behavior in few-boson systems close to the unitary limit, where two bosons become unbound, has
been intensively investigated in recent years both experimentally and theoretically. In this particular region,
called the unitary window, details of the interparticle interactions are not important and observables, such as
binding energies, can be characterized by a few parameters. With an increasing number of particles, the short-
range repulsion, present in all atomic, molecular, and nuclear interactions, gradually induces deviations from the
universal behavior. In the present paper, we discuss a simple way of incorporating nonuniversal behavior through
one specific parameter which controls the smooth transition of the system from a universal to nonuniversal
regime. Using a system of N helium atoms as an example, we calculate their ground-state energies as trajectories

within the unitary window and also show that the control parameters can be used to determine the energy per

particle in homogeneous systems when N — oo.
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I. INTRODUCTION

Close to the unitary limit, the physical behavior and proper-
ties of few-body systems are driven and shaped by universality
and this has far-reaching consequences for N-particle systems.
At this limit, a two-body system has a bound state at its decay
threshold, with the two particles staying mostly outside the
region of their interaction. The properties of this system are
determined by one parameter, the two-body energy length ag,
defined from the two-body binding (ap > 0) or virtual (ag <
0) energy E, = i’ /ma% (m is the particle mass). In the limit
of a zero-range interaction, the two-body scattering length a
and the energy length are equal, a = ap, and the two-body
system shows a continuous scale invariance. For finite-range
interactions, a # ag, and the difference, rg = a — ag, called
the finite-range parameter, defines the unitary window if the
condition rg/ap ~ rg/a < 1 is satisfied.

The special nature of the unitary window shows up in a
dramatic way in the energy spectrum of three-body systems,
as shown by Efimov for the case of a zero-range attractive
interaction [1,2]. The system has a discrete scale invariance
which is manifest at unitarity by the Efimov effect: an in-
finite tower of geometrically-distributed energy states with
the neighboring energies ratios of ~515. Intense experimental
efforts, notably in the field of ultracold quantum gases [3-8]
as well as theoretical studies [9,10] have been dedicated to
this subject, including larger systems [11-15] or those with
different symmetries [16—18].

A large class of systems inside the unitary window is well
described using a simple Gaussian interaction,

V(ry) = Voe i, (1)
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with a variable strength Vi (r;; is the interparticle distance)
[14,19,20]. In this way, the universal behavior, exactly ver-
ified in the case of zero-range interactions, is extended to
include finite-range corrections [21]. Finite-range effects be-
come more important when the interparticle distance inside
the N-boson clusters gets sufficiently small, so the short-range
physics starts to manifest explicitly in a nonuniversal way
because of a different repulsive core in each particular system.
This effect shows up smoothly with an increasing number
of particles driving the system from a universal regime to a
nonuniversal one.

In this paper, we study the transition to nonuniversality
in a two-step analysis. First, we perform a Gaussian charac-
terization of the unitary window of the N-boson system by
constructing trajectories in the energy plane (E,, Ey) using
the interaction potential of Eq. (1). In this plane, any sys-
tem can be represented by a point, called the physical point,
determined when the E, and Ey ground-state energies are
simultaneously reproduced by the Gaussian parameters. In the
case of ultracold atomic gases, tunable Feshbach resonances
can be used to experimentally explore the unitary window
[22]. Tt can also be explored theoretically by varying the
interparticle potential. The movement of the system along the
path determined by the Gaussian form reveals its universal
character.

The second step of our analysis uses the effective field the-
ory (EFT) framework introduced to describe boson systems
with large two-body scattering lengths [23,24]. In this formal-
ism, the potential in Eq. (1) enters at leading order (LO); at the
same order, a three-body force is needed to counterbalance
the dependence introduced by the Gaussian range ry. The
strengths of the two- and three-body LO terms are determined
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a,/1=-1.96 4 jr =437

TABLE 1. Dimer, trimer, and tetramer energies (in mK) for the
indicated potential (the labels indicate the points on Fig. 1). Values
(except for the HFD-HE2 potential) are from Ref. [29]. The last two
columns show the N = 3, 4 characteristic Gaussian ranges.

Potential E, Es  E 1) 13P(ap)
a: HFD-HE2 [30] 0.8301 1172 5356 11.146 11.840
b: LM2M2 [31] 13094 1265 559.2 11.150 11.853
c: HFD-B3-FCH [32] 14475 1290 566.1 11.148 11853
d: CCSAPT [33] 15643 1310 5717 11149 11.851
e PCKLIS [34] 1.6154 1318 5739 11.148 11.852
f: HFD-B [35] 1.6921 1331 5773 11.149 11854
g: SAPTY6 [36] 17443 1340 5800 11.147 11.850
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FIG. 1. Binding momentum in terms of the inverse of az for a
Gaussian potential, in units of the Gaussian range ry. The cases N =
2, 3, 4 are shown by the red, black, and blue solid lines, respectively
(left panel). Specific helium trimers and tetramers are located on the
plot, see text for details. As an example, the dashed lines mark the
location of point a.

by two control parameters, E; and E3. In a universal regime,
the energies Ey, N > 3 are completely determined by the two
control parameters, except for a residual range dependence
[25]. We explore this dependence and show that the range
of the three-body force, that could differ from the two-body
range rp, emerges as a nonuniversal scale parameter useful
to describe the N-boson systems inside the window. Using
helium systems as an example, by setting this parameter to
describe E4 together with E, and E3, we show that energies
per particle, Ey /N, as N — oo can be well reproduced.

II. GAUSSIAN CHARACTERIZATION FOR N BOSONS

The ground-state energies of N = 2, 3, 4 bosons along the
unitary window, obtained using the Gaussian interaction of
Eq. (1), are represented in Fig. 1 through their binding mo-
menta ky, defined from Ey = hZI{]%] /m. They are plotted as
functions of the inverse of ap and all quantities are made
dimensionless by being scaled by the Gaussian range ry. The
figure relates few- and two-body energies in a unique way:
Gaussians with different ranges and strengths give results that
always lie on the same curves. At unitarity, the quantities

k3rg = 0.4883, 2)

Kirg = 1.1847, 3)

are the same for all Gaussian interactions. These points are
highlighted in the left panel of Fig. 1 as well as the two points
located at the three- and four-atom threshold continuum,

a Jrg = —4.37, 4)

a* Jro =—1.96, 5)

identified by the value of the scattering lengths a5 and a, at
those thresholds. It is interesting to compare the ratio «} /k3 =
2.42 to the ratio a® /a* = 2.23, showing the validity of the
approximate discrete scale invariance that strongly constrains

the three- and four-body observables inside the universal win-
dow [20,26]. Moreover, the size of the range effects can be
estimated by comparing the above ratio to the zero-range ratio
ki/k3 =2.15[12].

Real systems are located on the Gaussian plot of Fig. 1
through the energy ratio Ey/E,. As an example, we dis-
cuss clusters of He atoms which are among a few physical
systems naturally existing inside the unitary window. Early
estimates of the two-body scattering length a &~ 180 a( and the
dimer energy E, ~ 1 mK were given in Ref. [27]. Recently,
E; =1.70 £0.15mK was measured by Coulomb explosion
[28]. Due to the relatively large experimental uncertainty in
these values, we plot results of theoretical calculations for
these systems noticing that a few of them agree with the
measured values. We consider two-, three-, and four-body
energies calculated in Ref. [29] for a variety of realistic He-He
interactions shown in Table I. Using these results, we calculate
the ratios E3/E, and E4/E, and display the physical points,
corresponding to the interactions listed in Table I, in the
right panel of Fig. 1. A particular Gaussian range ry can be
determined for each He-He potential from the corresponding
axis values, ro/ap or roky. Interestingly, the different ry/ap
(or roky) axis values, associated with different He-He po-
tentials, correspond to an almost unique value of r( in each
case of N: ré3 for N =3 and r(()4) for N = 4, both shown
in Table I.

The fact that all r( values, determined by different realistic
He-He potentials, are practically the same for a given N allow
us to construct the following Gaussian potentials:

V() = VNe /0 with N =3,4.  (6)

We will call r(()N) the characteristic range. Choosing spe-
cific V0(3) values, with the average range r(()3) = 11.147 ay,
the above potential can simultaneously reproduce the dimer
and trimer energies of different realistic He-He potentials.
Similarly, specific V0(4) choices can reproduce the dimer and
tetramer energies, with the average range r(()4) = 11.85ay. The
potentials V@ and V® can be thought of as low-energy
representations of the realistic interactions. We will call them
characteristic Gaussian potentials. Decreasing the Gaussian
strengths allows the unitary limit to be reached where the
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relations ngr((f) = 0.4883 and Kj‘r((;‘) = 1.1847 can be used to
calculate the values

Ef = 83.05+0.05mK, 0

E; =433.0£0.5mK. (®)

They should be compared to the values E5 ~ 84.0mK and
E; ~ 439.0 mK obtained for the realistic potentials once their
strength is varied to locate three- and four-body systems at the
unitary limit [37]. The quality of the description is around 1%,
which is a remarkable result.

The Gaussian energy curves coincide with those obtained
using reduced-depth realistic helium potentials. Moreover at
the three- and four-atom continuum, the characteristic ranges
predicts the values a;y = —48.7a¢ and a, = —23.2qp in
agreement with the helium values at that point [37] and, if
divided by the van der Waals length, rygw = 5.08 a¢ the Gaus-
sian trajectory predicts the universal value observed in van der
Waals species a; /ryaw ~ —9.5 [10] and, for the four-body
case, the value a; /ryaw ~ —4.6 well verified by experiments
in *3Cs [5,38]. In addition, the pure numbers at the unitary
limit and at the three- and four-atom continuum can be com-
bined to deduce the almost model-independent quantity:

Kia® = —2.13, 9)

kia* = -2.32. (10)

The same quantity, in the three-body case, was estimated for
van der Waals species to be Kg"a3_ ~ —2.1 (see Ref. [10] and
references therein). Accordingly, the Gaussian characteriza-
tion of the universal window captures essential properties of
van der Waals species without making dynamical assump-
tions. Moreover, we predict this quantity to have a small
dependence on the number of particles. In other words, the
Gaussian characterization determines a path followed by the
realistic systems along the unitary window showing a very
limited dependence on the specific interactions. This can be
seen as evidence for universal behavior.

Next we use the Gaussian potential of Eq. (1) to character-
ize the unitary window for larger number of particles N. Using
the hyperspherical harmonic method [39,40], we calculate the
ground-state energies for a selected range of N and depict the
results in Fig. 2. The energies of the boson systems interacting
with the realistic HFD-HE?2 potential are shown in the same
figure (solid squares). When this potential is multiplied by a
factor A to reach the unitary limit, it gives the results indicated
by the solid circles. We can observe that at unitarity the ener-
gies Ey are on top of the Gaussian trajectories until N = 10,
suggesting strongly an independence of the interaction details
and, with small deviations, for 10 < N < 20. Above N = 20,
noticeable differences are observed for N = 40 and 70 as the
short-range physics starts to play a role, resulting in a smooth
transition from a universal to a nonuniversal regime.

III. SOFT GAUSSIAN POTENTIAL

We have shown above that systems with low values of N
display universal behavior in the unitary window. However,
the description in terms of the characteristic range, réN), dete-
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FIG. 2. The binding momentum per particle «y/+/N in terms of
the inverse of ap for a Gaussian interaction (in units of the Gaussian
range 1) and for selected number of particles. For each N value,
the lines collect the results of every Gaussian potential. The solid
squares are the values of the HFD-HE2 potential, the position of
each point determines the axis values ry/ap and roky/ /N, as shown
by the dashed (magenta) line in the N = 70 case, from which the
characteristics range 7"’ can be determined. The solid circles at the
unitary limit (vertical axis) show the values réN )K;Q /+/N calculated
using the HFD-HE2 potential at unitarity, i.e., when the potential is
multiplied by the factor A = 0.9792445.

riorates as N increases. To deeper analyze this transition, we
make use of the EFT framework for systems having a large
value of the two-body scattering length. At LO of this theory
[15,25,41], the potential consists of a two- plus three-body
term determined to reproduce the dimer and trimer energies.
We use the following soft Gaussian potential (SGP):

V=Voy e g Wy Y e (1)

i<j i<j<k

with pfjk = Q2/3)(] + rjz.k + r{). In the following, we use
the He-He potential HFD-HE2 as a reference potential to
make contact with a previous work [42], where saturation
properties of helium drops were studied from a LO descrip-
tion. For N = 2 (with hz/m = 43.281307 Ka(z)), this potential
gives a single bound state, E, = 0.83012mK, a scattering
length a = 235.547 ay, and the finite-range parameter rp =
7.208 ag. For N = 3 and N = 4, the HFD-HE2 ground-state
energies are given in Table I, obtained using the correlated
hyperspherical harmonic basis [43] and diffusion Monte Carlo
method, respectively. They are in good agreement with the
Green’s function Monte Carlo results of Ref. [44]. Reducing
the strength of the HFD-HE2 by the factor A, we decrease the
He-He energy down to zero. Then we obtain £3 = 83.80 mK
and E4 = 439.6 mK in close agreement with the results of the
other realistic potentials.

For a chosen pair of the two- and three-body Gaussian
ranges ry and pg, we fix the SGP strengths V, and W; to
reproduce the HFD-HE2 energies E, and E5. Then we use
this SGP to calculate the tetramer energy Ey. In Fig. 3, the
narrow (green) band shows Ej4 as a function of ry. The band
collects the results for different values of py, its lowest part
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FIG. 3. E4 (green band), Es (blue band), and Es (orange band),
as functions of the two-body range ry, obtained with the three-body
range, 3ap < po < 11ay. The reference energies of the HFD-HE2
potential are given as horizontal lines. The vertical line indicates
the reference rp value. Notice that the dimer and trimer energies are
always reproduced for all the SGP interactions considered.

is given by the lowest value of py considered, py = 3 ay,
reducing further this value no increase of Ej is obtained. This
means that for given values of ry the possible values of Ej4
are limited and, more importantly, only a restricted range of
ro values is compatible with the energy value given by the
reference realistic potential and indicated in Fig. 3 by the
green horizontal line. In the figure, the vertical line indicates
the ro value at which both E; and the two-body scattering
length a coincide with those of the reference potential HDF-
HE2. At this particular value, a — ag = rg =~ 7.2 ay, the best
description of Ey is obtained. In Fig. 3, the largest value of ry
considered is equal to the characteristic range r(()3), the one that
describes the trimer energy in the simple two-body Gaussian
model of Eq. (2). At this value, the three-body force is zero
and higher ry values lead to an attractive three-body force not
considered in the present analysis. It should be noted that in
the region limited by ré‘” and the vertical line, the E4 band is
very narrow, indicating a low dependence on the three-body
range.

Figure 3 also shows the energy bands obtained for N = 5, 6
systems. In general, they are broader than the one correspond-
ing to the N = 4 case. However, with the SGP parameters
reproducing rp at the physical point, the N = 5,6 bands
become narrow and, more importantly, pass through the ref-
erence HFD-HE2 energies. A detailed analysis of the results
indicates that the best, simultaneous description of Es5 and Eg
is obtained when the two-body term of the SGP reproduces
the finite-range parameter rz and when the three-body range
po 1s fixed to optimize the description of the tetramer energy.
The optimum set of these values is given in Table II with the
corresponding values of E4-E¢ and the HFD-HE2 reference
energies, marked as the physical point. At this point, the SGP
parameters coincide with those of Ref. [42]. A similar analysis
at the unitary point produces the SGP parameters and results
given in the right part of Table II.

Now we extend our analysis to heavier systems following
a different strategy to the one that has already been used to

TABLE II. SGP parameters and the corresponding energies Ey
or energies per particle Ey /N at the physical and unitary points. The
values indicated with an asterisk (*) are extrapolated results. The
energies corresponding to the HFD-HE2 potential (in the last row,
the HFD-B potential) are given too.

Physical point Unitary point

SGP HFD-HE2 SGP HFD-HE2
rolao] 10.0485 10.0485
VolK] 1.208018 1.150485
oolao] 8.4853 8.4853
WolK] 3.011702 3.014051
EJ[K] 0.536 0.536 0.440 0.440
E5[K] 1.251 1.266 1.076 1.076
Eo[K] 2216 2232 1.946 1.963
Ejo/10[K] 0.792(2)  0.831(2)  0.714(2)  0.746(2)
E»/20[K] 1.5252)  1.627(2)  1.389(2)  1.491(2)
E0/40[K] 2374(2)  2.482(2)  2.1702)  2.308(2)
E0/70[K] 3.07(1) 3.14(1) 2.80(1) 2.92(1)
Ein/112[K]  3.58(2) 3.63(2) 3.30(2) 3.40(2)
Ey/N(co)[K]  7.2(3) 7.14(2) 6.8(3)* 6.72(2)
HFD-B [K] 7.33(2) 6.73(2)

study few-body systems close to the unitary limit at LO of the
EFT [15]. There, to reduce the residual range dependence of
the observables, the N < 6 binding energies have been studied
as ro — 0 and extrapolated to the zero-range limit ry = 0.
Instead, we optimize the ranges of the SGP. The two-body
range ry has been fixed to reproduce two data, E, and rp
(or equivalently the effective range) to include finite-range
corrections. The resulting two-body potential is of the same,
next-to-leading order that potentials with two derivatives [45].
Furthermore, fixing the three-body range po to optimize Ej,
we eventually reduce the residual effects of higher order
forces. The final result is that these four observables, E», rg,
E5, and E4, completely determine the SGP.

In the lower part of Table II, the energy per particle is
reported up to N = 112. The results for the infinite system
are given in the last two rows, where the last one includes the
HFD-B saturation energy. We observe that the SGP energies
follow the trend of those obtained with the realistic HFD-
HE2 interaction which has a strong repulsive core. The weak
repulsion in SGP introduced to describe correctly the trimer
is sufficient to guarantee saturation of the system. With the
selected value of py, the HFD-HE2 energies are reproduced
for all N values within a 5% accuracy. An extrapolation to
the infinite system, using a liquid drop formula, maintains
the result within this limit (marked with an asterisk in the
table). This is a remarkable result considering the minimal
information included in the SGP.

We have discussed the property that different realistic He-
He potentials give the same value of E3 and the same value of
E4 when their strengths are reduced to locate them at unitarity.
So, the four observables determining the SGP are independent
of the potential used for its construction and, therefore, the
saturation energy predicted by the SGP will be the same for
all the He-He potentials. This suggests that all realistic He-He
potentials should predict the same saturation energy at the
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unitary limit. To verify this prediction, we have calculated the
saturation energy for the HFD-B model at the physical and
unitary points reported in the last row of Table II. Although
a difference is observed at the physical point, the latter is
extremely close to the result of the HFD-HE2 potential, con-
firming the collapse to a single value of the saturation energy
of the different He-He interactions at unitarity.

It should be noted that other modifications of the realis-
tic potentials as, for example, a controlled increase of the
repulsion or reduction of the attraction, are well described
by a Gaussian trajectory with constant range. Therefore, the
conclusions of the present analysis apply to those cases as
well. Other more complicate transformations represented by
Gaussian trajectories with variable ranges are at present under
investigation.

IV. CONCLUSIONS

We have shown that the universal behavior observed in
few-boson systems inside the unitary window can be char-
acterized by paths constructed using Gaussian potentials. For
bosonic helium clusters, this behavior is well established up
to N =~ 20 and then smoothly deteriorates for larger N when
short-range physics starts to play an explicit role introduc-
ing a nonuniversal behavior that competes with the universal
characterization of the unitary window. Inside the universal
regime, the Gaussian representation explains why, at unitarity,
different He-He interactions give the same few-body binding
energies.

To map the transition from a universal to nonuniversal
regime, we used the EFT framework, introducing a SGP
having a two-body plus three-body term. Its parametrization,
constrained from four data points, i.e., the scattering length
and the dimer, trimer and tetramer binding energies, resulted
in a potential that predicted reasonably well the Ey /N ratio for
all N, including the N — oo limit. To achieve this unexpected
result we performed an optimization of the Gaussian ranges,
ro and py, in order to reduce effects from higher order terms of
the effective expansion that could appear in the description of
more bound systems. In particular, the nonuniversal behavior
introduced by the intrinsic repulsive short-range scale was
mimicked by the properly chosen value of py. Importantly,
our characterization can be readily explored in state-of-the-art
experiments in ultracold quantum gases, where a fine control
of the interaction strength is achieved, allowing a detailed
exploration of the unitary window. Finally, let us emphasize
that our results should be independent of the Gaussian form;
other representations of the zero-range interaction can be used
as well with the same conclusions [46].
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