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Orientational quantum revivals induced by a single-cycle terahertz pulse
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The phenomenon of quantum revivals resulting from the self-interference of wave packets has been observed
in several quantum systems and utilized widely in spectroscopic applications. Here, we present a combined
analytical and numerical study on the generation of orientational quantum revivals (OQRs) exclusively using
a single-cycle terahertz pulse. As a proof of principle, we examine the scheme in the linear polar molecule
HCN with experimentally accessible pulse parameters and obtain strong field-free OQR without requiring the
condition of the sudden-impact limit. To visualize the involved quantum mechanism, we derive a three-state
model using the Magnus expansion of the time-evolution operator. Interestingly, the terahertz pulse interaction
with the electric-dipole moment can activate direct multiphoton processes, leading to OQR enhancements beyond
that induced by a rotational ladder-climbing mechanism from the rotational ground state. We further show that
the theoretical maximum degree of orientation (0.774) for three populated rotational states can be obtained with
available terahertz pulses.
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I. INTRODUCTION

Quantum revival (QR), i.e., a periodic recurrence of
wave packets, is a fundamental time-dependent interference
phenomenon for states with quantized energies [1]. This
phenomenon closely connects to quantum echoes [2], quan-
tum Talbot effect [3], quantum scars [4], and molecular
charge migration [5,6], and therefore is of broad interest
in physics, chemistry, and information science. QRs have
been observed in semiconductor wells [7], ion traps [8], and
graphene [9]. QRs can also appear in molecules by creating
a rotational wave packet (i.e., a coherent superposition of ro-
tational states), leading to time-dependent aligned or oriented
molecules [10–13].

Despite various schemes proposed to generate the rota-
tional wave packets [10–16], the unique properties of terahertz
radiation with a frequency range between 0.1 and 1 THz and
simultaneously with high peak fields offer excellent oppor-
tunities to control rotational motions of molecules [17]. An
intense terahertz pulse can force the molecular dipoles to tran-
siently orient along the polarization axis of the optical field,
giving rise to orientational quantum revivals (OQRs)—a phe-
nomenon known as field-free molecular orientation [18–22].
The finding of this fascinating phenomenon allows rotating
the molecular sample toward the desired direction in the
laboratory frame and has potential applications for studying
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the orientation dependence of photon-molecule and molecular
interactions [23–28].

Following original proposals [18,29,30], a great effort was
put into realizing OQRs in the sudden-impact limit by using
half-cycle terahertz pulses [13,31–33], which feature a large
asymmetry in the magnitude of the positive and negative peak
values. Since the effect of the long weak negative tail on
excitations can be neglected, the short central part with a
nonzero (time-integrated) area transfers impulsively an angu-
lar momentum to the molecule. It creates the rotational wave
packet, leading to the “kick” mechanism of OQRs. Recently,
this OQR phenomenon was carried forward in the sudden-
impact limit by using a single terahertz pulse with a zero
time-integrated area [34–41], which generates the rotational
wave packet based on a resonant-excitation mechanism. To
assist more rotational states to be excited by the single-cycle
terahertz pulse, a hybrid scheme [42,43] that has been exam-
ined in experiments [44,45] applies an intense nonresonant
ultrashort pulse to align the molecules prior to the terahertz
irradiation, leading to a substantial enhancement of the de-
gree of orientation. However, it remains a challenging task
to obtain strong OQR by using exclusively a single terahertz
pulse, and a fundamentally important but largely unexplored
question is whether the generation of a large OQR is possible
when the degree of adiabaticity is much larger than in the
sudden-impact limit. In this work, we present a theoretical
study to show a large OQR by using an experimentally ac-
cessible single-cycle terahertz pulse with a zero area and a
duration comparable to the rotational period of molecules.
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FIG. 1. Schematic of quantum control of a linear polar molecule
with a single-cycle terahertz pulse. (a) A linearly polarized terahertz
pulse E(t ) interacts with gas-phase HCN molecules, where θ denotes
the angle between the rotor axis and the pulse polarization. (b) A
three-state model consists of rotational states J = 0, 1, and 2, which
fall within the frequency distribution A(ω) of the pulse centered at ωc.
ω0 and ω1 correspond to the transition frequencies between rotational
states.

We derive a theoretical model to reveal the underlying physics
via the Magnus expansion of the time-evolution operator. In-
terestingly, we find that the interaction of the terahertz pulse
with the electric-dipole moment (EDM) can activate direct
multiphoton processes via higher-order Magnus terms, en-
hancing the OQR amplitude over the level governed by the
first-order Magnus term. This work provides an explicit model
for generating OQRs without the use of the “kick” mechanism
and a way to visualize multiphoton processes induced by
strong terahertz fields.

II. BASIC EQUATIONS AND MODEL

The general concept of our scheme is illustrated in Fig. 1
for generating OQRs by using a single-cycle terahertz pulse.
We consider the linear polar molecule HCN in its ground
vibronic state described as a rigid rotor with the rotational
constant B (1.457 cm−1) and the EDM μ (2.89 D). The
molecule is driven by a linearly polarized single-cycle tera-
hertz pulse E(t ) = E0 sin2 (πt/T ) cos (ωct + φc) with a peak
field strength E0, duration T , central frequency ωc, and abso-
lute phase φc [34]. It turns on at t = 0 and off at t = T with
a duration T = 2π/ωc (i.e., one optical cycle of the pulse).
The use of the phase φc = π/2 can exclude the DC compo-
nent in its frequency spectrum, i.e., by satisfying a zero area∫ T

0 dt E(t ) = 0. The molecular Hamiltonian reads Ĥ (t ) =
Ĥ0 + V̂ (t ) with the field-free Hamiltonian Ĥ0 = BL̂2 and the
time-dependent interaction potential V̂ (t ) = −μE(t ) cos θ ,
where L̂ is an angular momentum operator and θ denotes the
angle between the rotor axis and the pulse polarization.

We utilize V̂ (t ) to generate a superposition of rotational
eigenstates |JM〉 with quantum numbers J and M. For a lin-
early polarized excitation, the quantum number M associated
with the projection of the angular momentum along the po-
larization axis is conserved, and therefore the time-dependent
wave function of the molecule reads (h̄ = 1)

|ψJ0M (t )〉 =
∑
J ′=0

cJ ′M (t )e−iEJ′ t |J ′M〉, (1)

where |JM〉 satisfy Ĥ0|J ′M〉 = EJ ′ |J ′M〉 with eigenenergies
EJ ′ = BJ ′(J ′ + 1), and cJ ′M are the expansion coefficients of
|J ′M〉. We use a unitary operator Û (t, t0) to describe the time
evolution of the system from the initial time t0 to a given time
t , which has a solution

Û (t, t0) = Û (t0, t0) − i
∫ t

t0

dt ′ĤI (t ′)Û (t ′, t0), (2)

where Û (t0, t0) = I and ĤI (t ) = exp(iĤ0t )
[−μ̂E (t )] exp(−iĤ0t ) with μJJ ′ = μ〈J ′M| cos θ |JM〉
as the matrix elements of the dipole operator μ̂. The
coefficients cJ ′M (t ) in Eq. (1) can be calculated by
cJ ′M (t ) = 〈J ′M| exp(iEJ ′t )Û (t, t0)|J0M〉 starting from |J0M〉.

The thermally averaged expectation value of cos θ (i.e., the
degree of orientation) can be given by

〈cos θ〉(t ) =
∞∑

J0=0

J0∑
M=−J0

P(J0)
∞∑

J=0

2|cJ+1M (t )||cJM (t )|

×MJ+1,J cos (ωJt − φJ ), (3)

where P(J0) is the Boltzmann distribution associated with
the initial states J0, the transition matrix MJ+1,J = 〈J +
1M| cos θ |JM〉 =

√
(J + 1)2 − M2/

√
(2J + 1)(2J + 3), ro-

tational frequencies ωJ = EJ+1 − EJ = 2(J + 1)B, and the
relative phases φJ = arg [cJ+1M (t )] − arg [cJM (t )]. All fre-
quencies are equal to an integer times 2B, and therefore OQRs
will occur at a time interval τ = π/B by generating the coher-
ent superposition of rotational states as defined by Eq. (1). It
shows that any nonadiabatic process can lead to QRs, and the
underlying physics does not require a sudden-impact excita-
tion as such. However, previous studies with terahertz pulses
were in the sudden-impact limit and generated a complex
rotational wave packet. In this work, we show that a terahertz
pulse in the intermediate nonadiabatic limit (with a duration
comparable to the rotational period) can lead to a large degree
of orientation in a simplified few-state model.

To demonstrate the OQRs by Eq. (3), we consider a
molecular sample at a low temperature T = 2 K, for which
initial states J0 = 0 and J0 = 1 (M = −1, 0, 1) make signif-
icant contributions to the ensemble. Experimentally it has
been possible to generate an intense single-cycle pulse with
a record peak strength up to 3.0 × 107 V/m and a central
frequency around 0.1 THz [51]. We first perform a simu-
lation at resonant excitation with ωc = ω0 (0.09 THz; the
corresponding pulse duration is equal to the rotational pe-
riod) and E0 = 7.0 × 106 V/m far below the experimental
limit. Figure 2 shows the time-dependent probability den-
sity |ψ (θ, t )|2 and the corresponding degree of orientation
〈cos θ〉(t ). We can see a periodic recurrence of wave pack-
ets in Fig. 2(a), showing asymmetric angular distributions
with respect to the polarization axis of the field. Equally
spaced OQRs emerge with a revival time τ (i.e., 2π/ω0 =
11.45 ps) as described by Eq. (3). The degree of orientation
has a local maximum of 〈cos θ〉max = 0.36 and a local mini-
mum of 〈cos θ〉min = −0.64. We define their difference as a
new parameter to describe the OQR amplitude, i.e., AOQR =
〈cos θ〉max − 〈cos θ〉min, varying in the range [0, 2].
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FIG. 2. Orientational quantum revivals (OQR) by a single-cycle
terahertz pulse. (a) Evolution of the wave packets for the molecular
ensemble at low temperature 2 K; (b) the corresponding degree of
orientation as a function of time. The red double arrow shows the
revival time τ (11.45 ps for HCN), and the blue double arrow denotes
the OQR amplitude.

III. ANALYTICAL MODEL, RESULTS AND DISCUSSION

To access the underlying OQR mechanism induced by
the single-cycle terahertz pulse, we perform the Magnus
expansion on the unitary time-evolution operator [46,47]

Û (t, t0) = exp

[ ∞∑
n=1

Ŝ(n)(t )

]
, (4)

where the first three leading terms can be
given by means of the Baker-Campbell-Hausdorff
formula as Ŝ(1)(t ) = −i

∫ t
t0

dt1ĤI (t1), Ŝ(2)(t ) =
(−i)2/2

∫ t
0 dt1

∫ t1
0 dt2[ĤI (t1), ĤI (t2)], and Ŝ(3)(t ) =

(−i)3/6
∫ t

0 dt1
∫ t1

0 dt2
∫ t2

0 dt3{ĤI (t1), [ĤI (t2), ĤI (t3)]}. As
shown in Fig. 1(b), the energy differences between
neighboring rotational states of J � 2 are comparable to
the frequency components of the terahertz pulse. Thus, we
restrict our analysis within a three-state model consisting of
rotational states J = 0, 1, and 2. By expanding Û (t, t0) to the
first-order Magnus term, the unitary operator can be described
by [48,49]

Û (1)(t, t0) =
∑

p=−,0,+
exp [iλp(t )]|λp〉〈λp|, (5)

where λ0(t ) = 0 and λ±(t ) = ±β(t ) =
√

|β0|2 + |β1(t )|2 are
the eigenvalues of −iŜ(1)(t ), and |λ0〉 and |λ±〉 are the
corresponding eigenfunctions of −iŜ(1)(t ). β(t ) can be
written in terms of β0(t ) = μ10

∫ t
t0

dt ′E(t ′) exp[iω0t ′] and

β1(t ) = μ21
∫ t

t0
dt ′E(t ′) exp[iω1t ′], which are proportional to

the Fourier transforms of the electric field at ω0 and ω1, re-
spectively. The corresponding wave function in the interaction
picture can be calculated by applying Û (1)(t, t0) onto |J0M〉.

For the molecule starting from J0 = 0 and M = 0, the wave
function of the system can be given by

|ψ (1)
00 (t )〉 = [|β1(t )|2 + |β0(t )|2 cos β(t )]

β2(t )
|00

〉
+ iβ0(t ) sin β(t )

β(t )
|10〉

+ β0(t )β1(t )

β2(t )
[cos β(t ) − 1]|20〉, (6)

which can be interpreted as a rotational ladder-climbing
mechanism, which has already been identified in Ref. [50]
to produce molecular orientation from the rotational ground
state |00〉. That is, a one-photon transition to |10〉 occurs at the
frequency ω0, whereas the transition to |20〉 is a one-photon
transition at the frequency ω0 followed by a one-photon
transition at the frequency ω1, i.e., indirect (resonant) two-
photon absorption via separate one-photon transitions. For the
molecule starting from J0 = 1 and M = 0, we can obtain

∣∣ψ (1)
10 (t )

〉 = iβ∗
0 (t ) sin β(t )

β(t )
|00

〉 + cos β(t )|10〉

+ iβ1(t ) sin β(t )

β(t )
|20〉. (7)

We can see that the ratio of population transfer to |00〉 and |20〉
is determined by β0 and β1. Thus the molecules absorb the
photons at frequencies at ω0 and ω1, resulting in two resonant
one-photon transitions from |10〉 to |00〉 and |20〉, respec-
tively. For the molecule starting from J0 = 1 and M = ±1, the
transitions to the ground rotational state J = 0 are forbidden,
and thus the corresponding wave function reads∣∣ψ (1)

1M (t )
〉 = cos β(t )|1M〉 + ie−iφc sin β(t )|2M〉, (8)

with β(t ) = |β1(t )|. It describes a resonant one-photon tran-
sition from |11〉 to |21〉 by absorbing the photon at frequency
ω1. The details concerning the derivation of Eqs. (6)–(8) can
be found in the Appendix A.

We now examine the OQR phenomena for the molecules
starting from a pure rotational state. Since the shape of the
single-cycle terahertz pulse depends on ωc and E0, we perform
simulations to show the dependence of the OQR amplitude
on the two parameters. To consider the terahertz pulse with
a comparable duration to the revival time, we vary ωc from
0.072 to 0.108 THz, with a small deturning δ1 = ωc − ω0, and
modulate E0 from 1.0 × 105 to 8.0 × 106 V/m. Figures 3(a)–
3(c) plot the landscape of the OQR amplitude with respect to
δ1 and E0 for the molecules initially in J0 = 0 and M = 0, and
J0 = 1 and M = 0, 1, respectively. OQRs occur in all three
cases, and the OQR amplitude strongly depends on E0. We
can see from Eqs. (6)–(8) that β0(T ) and β1(T ) determine the
probabilities of rotational states, requiring that the transition
frequencies of the adjacent rotational states are within the
frequency distribution of the terahertz pulse. Figures 3(d)–3(f)
show comparisons of the exactly calculated AOQR versus E0 at
δ1 = 0 with that by expanding the unitary operator to the first-
and third-order Magnus terms. For low field strengths, the
OQR amplitudes within the three-state model by Eqs. (6)–(8)
agree with the exact simulations. As the strength increases,
the first-order descriptions start to deviate from the exact one
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FIG. 3. The dependence of the OQR amplitude AOQR on the laser
parameters. (a)–(c) The amplitude AOQR versus the field strength E0

and the deturning δ1 = ωc − ω0 for the molecule initially in |00〉,
|10〉, and |11〉, respectively. (d)–(f) The comparisons of the exactly
calculated AOQR (black line) at δ1 = 0 versus E0 with the first-order
(blue line and circles) and third-order (orange line and circles) Mag-
nus descriptions.

in Figs. 3(d)–3(f). It implies that the optical processes via
high-order Magnus terms play roles in the strong field regime.

To understand the effects of higher-order Magnus terms
on OQRs, we perform simulations by only considering a
one-order Magnus term in the time-dependent unitary oper-
ator. As an example, we consider the system initially in the
state |00〉, and the corresponding wave function of the sys-
tem in the interaction picture can be written as |ψ00(t )〉(n)

I =
exp[Ŝ(n)(t )]|00〉. Figures 4(a)–4(c) show the final populations
versus E0 by only considering one order of the Magnus terms.
The first-order Magnus term leads to quantum state transfer
from |00〉 to |10〉 and then to |20〉 in Fig. 4(a), in good
agreement with the underlying processes by Eq. (6). Thus, the
transition to |10〉 is a one-photon transition at the frequency
ω0, whereas the transition to |20〉 is a one-photon transition
at the frequency ω0 followed by a one-photon transition at
the frequency ω1. From Figs. 4(b) and 4(c), we can see
that the optical transition processes via higher-order Mag-
nus terms become visible in the strong field strength regime.
The second-order one leads to optical transition from the
initial state |00〉 to the second rotational excited state |20〉
without population in the first rotational excited state |10〉.
The third-order one induces the population transfer to |10〉
without population in |20〉. These high-order Magnus terms
lead to the underlying optical transitions going beyond the
description of the first-order Magnus term, i.e., the rotational
ladder-climbing mechanism.

To further visualize the underlying optical transition pro-
cesses, Figs. 4(d)–4(f) show the time-dependent population
transfer processes induced by only the first-, second-, or third-
order Magnus term, respectively, at the field strength of E0 =
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FIG. 4. The final populations versus the field strength E0 for
the molecules starting from |00〉 by only considering (a) the first-
, (b) second-, and (c) third-order Magnus terms in the unitary
time-evolution operator. (d)–(f) The corresponding time-dependent
populations at the field strength of E0 = 8.0 × 106 V/m.

8.0 × 106 V/m for the molecules starting from |00〉. Different
from the time-dependent population transfers in Fig. 4(d),
we can see that the second-order term does not induce any
population transfer to |10〉 during the whole interaction of the
terahertz pulse in Fig. 4(e). It indicates that the second-order
term opens the transition pathways from |00〉 to |20〉 with
simultaneous two-photon absorption, which can be viewed as
direct two-photon transitions by the interaction of the photons
with the molecule. The optical transition from |00〉 to |10〉
via the third-order term occurs at the strong field regime in
Fig. 4(f) and it does not induce any further transition from
|10〉 to |20〉, which is also different from the optical process
induced by the first-order term. It implies that the third-order
Magnus term opens transition pathways from |00〉 to |10〉 with
simultaneous three-photon absorption. As a result, these direct
multiphoton processes can be induced via the higher-order
Magnus terms, which will interfere with the optical processes
via the first-order term, leading to the OQR enhancement in
Fig. 3(d). Note that we also examined this enhancement in the
presence of the interaction of the used terahertz field with the
molecular polarizability and found that its effect is negligible.

Figure 5 shows the final rotational populations and the
corresponding relative phases φ0 and φ1. The final popu-
lations in Figs. 5(a)–5(c) follow the first-order descriptions
very well for low strengths. As the field strength increases,
the differences between the exact and first-order simulations
become visible. Thus, the higher-order Magnus terms can
activate nonresonant multiphoton transitions (from the initial
state to a given final state by absorbing multiple photons
simultaneously without involving the intermediate states).
For the superposition consisting of three rotational states
in Figs. 5(a) and 5(b), the corresponding degree of ori-
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to the field strength E0 at δ1 = 0. (a)–(c) The final populations versus
E0 for molecules starting from |00〉, |10〉, and |11〉, respectively,
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(d)–(f) The corresponding relative phases versus E0. Note that all
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entation reads 〈cos θ〉(t ) = 2/
√

3|c10||c00| cos(ω0t − φ0) +
4/

√
15|c20||c10| cos(ω1t − φ1). Thus, the relative phases be-

tween neighboring rotational states affect the maximal degree
of orientation via quantum interference between pairs of rota-
tional states [39]. From Eqs. (6)–(8), we can see that the phase
of each rotational state does not change with respect to E0. The
noticeable changes in the relative phases [see Figs. 5(d)–5(f)]
can be attributed to the optical processes via higher-order
Magnus terms, capable of enhancing the OQR amplitude over
the level by Eqs. (6)–(8). For the molecule starting from J0 =
1 and M = ±1 in Fig. 5(c), the superposition of rotational
states |11〉 and |21〉 reduces the expression for the degree
of orientation to 〈cos θ〉(t ) = 2/

√
5|c21||c11| cos(ω1t − φ1),

leading to the OQR amplitude AOQR = 4/
√

5|c21||c11|, which
is independent of φ1 and reaches its maximum at 2/

√
5 (i.e.,

0.89) with equal weights of c11 and c21. For such a two-state
system, the optical processes via the higher-order Magnus
terms suppress population transfer from |11〉 to |21〉 and de-
crease the value of AOQR below the level of the first-order
Magnus description in Fig. 3(f).

We finally discuss the feasibility of performing the present
scheme in experiments. For restricting the problem into the
three-state model, the field strengths used in the simulations
are below the limit of the reported terahertz pulses [51]. If we
further increase the field strength, the optical processes may
become more complex, e.g., by involving higher rotational
states of J > 2 into the wave packets. To that end, we examine
the molecule initially in |00〉 by using the experimentally
reported 0.1-THz pulses. Figure 6 shows the dependence of
the final populations and the corresponding local maximum
of |〈cos θ〉| on E0. There are visible populations in the state
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FIG. 6. OQRs induced by an experimentally accessible single-
cycle strong field 0.1 THz source. (a) The final populations in the
rotational states versus the field strength E0 for molecules starting
from the ground rotational state |00〉; (b) the corresponding maximal
values of |〈cos θ〉|.

of J = 3 for E0 > 1.0 × 107 V/m. The theoretical maximum
orientation in a given rotational subspace has been studied in
Ref. [52]. For J = 2, we can determine that the maximum of
|〈cos θ〉| is approximately equal to 0.774 by using the theoret-
ical model in Ref. [52]. Interestingly, the degree of orientation
reaches such a local maximum in Fig. 6(b) at E0 = 0.91 × 107

V/m with negligible population in |30〉, as shown in Fig. 6(a).
The present scheme by using a single terahertz pulse is
simpler than that in Ref. [52] using a sequence of laser kicks
in the sudden-impact limit.

Based on the above analysis, the realization of the three-
state OQR is expected for molecules at ultracold temperatures
or for ground-state-selected HCN molecules. Experimen-
tally a two-state model for OQR has been demonstrated for
absolute-ground-state-selected OCS molecules by the combi-
nation of a 485-ps-long nonresonant laser pulse and a weak
static electric field [53], obtaining a value of ≈0.577 for the
degree of orientation, i.e., the theoretical maximum

√
1/3 for

the two-state model starting from |00〉. The present three-state
model without the use of the static electric field can reach this
theoretical maximum at the field strength of E0 = 0.46 × 107

V/m [see Fig. 6(b)] with a small amount of population in the
state of J = 2 in Fig. 6(a). Note that the three-state scheme
will reduce to a two-state model by further increasing the
duration of the terahertz pulses while keeping the resonant
excitation condition, e.g., by using a multicycle terahertz
pulse. As compared to the two-state model, direct multipho-
ton processes induced via the higher-order Magnus terms in
the three-state model can interfere with the optical processes
via the first-order term, leading to the OQR enhancement in
Fig. 3(d). Our simulation shows that the theoretical maximum
degree of orientation of 0.774 for three populated rotational
states can be obtained in Fig. 6(a) with available terahertz
pulses (in the intermediate nonadiabatic limit). This is more
challenging than the two-state model; first the populations
have to be optimal, and second the phases φ0 and φ1 in
Eq. (3) have to be identical. For practical applications, the
wave packet consisting of the lowest (two, or three) rotational
states in a lower-dimensional subspace is beneficial to obtain-
ing a long duration of OQR with its amplitude above a given
threshold [31].
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The present method can be generally applied to other
molecules by matching the central frequency and the peak
field strength of the single-cycle terahertz pulse. A funda-
mentally important question remains open as to whether the
OQR amplitude can be optimized in terms of optimal ori-
ented target states in finite Hilbert subspaces by tailoring the
terahertz pulse with a constraint of zero pulse area [48,54–
56]. By fixing the power spectrum of the terahertz pulse, a
spectral phase-only optimization [57–60] may enhance the
OQR amplitude by modulating the relative phases φJ between
pairs of neighboring rotational states.

IV. CONCLUSION

In summary, we theoretically examined OQRs in
molecules by using a zero-area-single-cycle terahertz pulse
with the comparable duration to the revival time and per-
formed the simulations for the linear polar molecule HCN
with experimentally available pulse parameters. A large OQR
occurs even at finite temperatures without the additional use
of an intense nonresonant pulse or a static electric field.
We analyzed the underlying physics within the three-state
model. By performing the Magnus expansion of the time-
evolution operator, it reveals that the physical processes via
higher-order Magnus terms can enhance the OQR amplitude
over the level by the first-order Magnus term. We also ex-
amined the experimental feasibility of the present scheme
for generating a three-state OQR. This work provides a fun-
damentally important insight into the terahertz-laser-induced
field-free molecular orientation, which has a wide variety of
applications ranging from molecular-phase modulators, ul-
trafast x-ray diffraction, and ultrashort pulse compression to
chemical reactivity, nanoscale design, and high harmonic gen-
eration.
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APPENDIX

We consider a model consisting of three states |00〉, |1M〉,
and |2M〉 with energies E0, E1, and E2, which is driven by
a linearly polarized time-dependent laser pulse E(t ) via the
interaction with the electric-dipole moment μ with elements
μ01 = μ10 and μ12 = μ21. The corresponding time-dependent
Hamiltonian of the system reads

Ĥ (t ) =
⎛
⎝E0 0 0

0 E1 0
0 0 E2

⎞
⎠ −

⎛
⎝ 0 μ10 0

μ10 0 μ21

0 μ21 0

⎞
⎠E(t ).

(A1)

We write the Hamiltonian in the interaction picture without
using the rotating wave approximation,

ĤI (t ) = −
⎛
⎝ 0 μ10E(t )e−iω0t 0

μ10E(t )eiω0t 0 μ21E(t )e−iω1t

0 μ21E(t )eiω1t 0

⎞
⎠,

(A2)
with ω0 = (E1 − E0) and ω1 = (E2 − E1). The time-
dependent wave function of the system starting from a
given initial state |i〉 can be given by |ψ (t )〉I = Û (t, t0)|i〉
with a unitary operator Û (t, t0) and Û (t0, t0) = I.

To obtain an analytical solution of |ψ (t )〉I , we expand the
unitary operator Û (t, t0) by using Magnus expansion [46]

Û (t, t0) = exp

[ ∞∑
n=1

Ŝ(n)(t )

]
, (A3)

where the first three leading terms can be
given by means of the Baker-Campbell-Hausdorff
formula as Ŝ(1)(t ) = −i

∫ t
t0

dt1ĤI (t1), Ŝ(2)(t ) =
(−i)2/2

∫ t
0 dt1

∫ t1
0 dt2[ĤI (t1), ĤI (t2)], and Ŝ(3)(t ) =

(−i)3/6
∫ t

0 dt1
∫ t1

0 dt2
∫ t2

0 dt3{ĤI (t1), [ĤI (t2), ĤI (t3)]}.
We now consider the case by solely involving the first-

order term in the Magnus expansion, which can be defined
by Ŝ(1)(t ) = iA(t ) with

A(t ) = −
∫ t

t0

HI (t ′)dt ′

=
⎛
⎝ 0 β∗

0 (t ) 0
β0(t ) 0 β∗

1 (t )
0 β1(t ) 0

⎞
⎠, (A4)

where β0(t ) = μ10
∫ t

t0
dt ′E(t ′)eiω0t ′

and β1(t ) =
μ21

∫ t
t0

dt ′E(t ′)eiω1t ′
.

By diagonalizing the matrix Ŝ(1)(t ), the unitary operator to
the first-order term Ŝ(1)(t ) reads

Û (1)(t, t0) = exp [iA(t )]

=
∑

p=−,0,+
exp [iλp(t )]|λp〉〈λp|, (A5)

where λ0(t ) = 0, λ−(t ) = −β(t ), and λ+(t ) = β(t ) are the
eigenvalues of S(1)(t ), and the corresponding eigenstates are

|λ0〉 = |β1(t )|
β(t )

(
|00〉 − β0(t )

β∗
1 (t )

|2M〉
)

, (A6)

|λ−〉 = 1√
2

|β0(t )|
β(t )

(
|00〉 − β(t )

β∗
0 (t )

|1M〉 + β1(t )

β∗
0 (t )

|2M〉
)

, (A7)

|λ+〉 = 1√
2

|β0(t )|
β(t )

(
|00〉 + β(t )

β∗
0 (t )

|1M〉 + β1(t )

β∗
0 (t )

|2M〉
)

, (A8)

with β(t ) =
√

|β0(t )|2 + |β1(t )|2. The corresponding wave
functions in terms of the first-order Magnus expansion can be
calculated by applying Û (1)(t, t0) onto |J0M〉, i.e., |ψ (1)

J0M (t )〉 =
Û (1)(t, t0)|J0M〉, which will lead to Eqs. (6)–(8).

063124-6



ORIENTATIONAL QUANTUM REVIVALS INDUCED BY A … PHYSICAL REVIEW A 102, 063124 (2020)

[1] R. W. Robinett, Quantum wave packet revivals, Phys. Rep. 392,
1 (2004).

[2] F. B. J. Buchkremer, R. Dumke, H. Levsen, G. Birkl, and W.
Ertmer, Wave Packet Echoes in the Motion of Trapped Atoms,
Phys. Rev. Lett. 85, 3121 (2000).

[3] X.-B. Song, H.-B. Wang, J. Xiong, K. G. Wang, X. D.
Zhang, K.-H. Luo, and L.-A. Wu, Experimental Observation
of Quantum Talbot Effects, Phys. Rev. Lett. 107, 033902
(2011).

[4] E. J. Heller, Bound-State Eigenfunctions of Classically Chaotic
Hamiltonian Systems: Scars of Periodic Orbits, Phys. Rev. Lett.
53, 1515 (1984).

[5] C. M. Liu, J. Manz, K. Ohmori, C. Sommer, N. Takei, J. C.
Tremblay, and Y. C. Zhang, Attosecond Control of Restoration
of Electronic Structure Symmetry, Phys. Rev. Lett. 121, 173201
(2018).

[6] C.-C. Shu, Y. Guo, K.-J. Yuan, D. Dong, and A. D. Bandrauk,
Attosecond all-optical control and visualization of quantum
interference between degenerate magnetic states by circularly
polarized pulses, Opt. Lett. 45, 960 (2020).

[7] K. Leo, J. Shah, E. O. Göbel, T. C. Damen, S. Schmitt-Rink,
W. Schäfer, and K. Köhler, Coherent Oscillations of a Wave
Packet in a Semiconductor Double-Quantum-Well Structure,
Phys. Rev. Lett. 66, 201 (1991).

[8] D. M. Meekhof, C. Monroe, B. E. King, W. M. Itano, and
D. J. Wineland, Generation of nonclassical motional states of
a trapped atom, Phys. Rev. Lett. 76, 1796 (1996).

[9] P. Gehring, H. Sadeghi, S. Sangtarash, C. Siong Lau, J. J. Liu,
A. Ardavan, J. H. Warner, C. J. Lambert, G. A. Briggs, and
J. A. Mol, Quantum Interference in Graphene Nanoconstric-
tions, Nano. Lett. 16, 4210 (2016).

[10] H. Stapelfeldt and T. Seideman, “Colloquium: Aligning
Molecules with Strong Laser Pulses,” Rev. Mod. Phys. 75, 543
(2003).

[11] Y. Ohshima and H. Hasegawa, Coherent rotational excitation by
intense nonresonant laser fields, Int. Rev. Phys. Chem. 29, 619
(2010).

[12] S. Fleischer, Y. Khodorkovsky, E. Gershnabel, Y. Prior, and I.
Sh. Averbukh, Molecular alignment induced by ultrashort laser
pulses and its impact on molecular motion, Isr. J. Chem. 52, 414
(2012).

[13] C. P. Koch, M. Lemeshko, and D. Sugny, “Quantum Control of
Molecular Rotation,” Rev. Mod. Phys. 91, 035005 (2019).

[14] M. Spanner, E. A. Shapiro, and M. Ivanov, Coherent Control
of Rotational Wave-Packet Dynmaics via Fractional Revivals,
Phys. Rev. Lett. 92, 093001 (2004).

[15] J. Ortigoso, Conservation of Molecular Alignment for Cyclic
Rotational Wave Packets in Periodic Pulse Trains, Phys. Rev.
Lett. 93, 073001 (2004).

[16] E. F. Thomas, A. A. Søndergaard, B. Shepperson, N. E.
Henriksen, and H. Stapelfeldt, Hyperfine-Structure-Induced
Depolarization of Impulsively Aligned I2 Molecules, Phys. Rev.
Lett. 120, 163202 (2018).

[17] P. Salén, M. Basini, S. Bonetti, J. Hebling, M. Krasilnikov,
A. Y. Nikitin, G. Shamuilov, Z. Tibai, V. Zhaunerchyk, and
V. Goryashk, Matter manipulation with extreme terahertz light:
Progress in the enabling THz technology, Phys. Rep. 836-837,
1 (2019).

[18] M. Machholm and N. E. Henriksen, Field-Free Orientation of
Molecules, Phys. Rev. Lett. 87, 193001 (2001).

[19] A. Goban, S. Minemoto, and H. Sakai, Laser-Field-Free Molec-
ular Orientation, Phys. Rev. Lett. 101, 013001 (2008).

[20] O. Ghafur, A. Rouzée, A. Gijsbertsen, W. K. Siu, S. Stolte,
and M. J. J. Vrakking, Impulsive orientation and alignment
of quantum-state-selected NO molecules, Nat. Phys. 5, 289
(2009).

[21] S. De, I. Znakovskaya, D. Ray, F. Anis, Nora G. Johnson,
I. A. Bocharova, M. Magrakvelidze, B. D. Esry, C. L. Cocke,
I. V. Litvinyuk, and M. F. Kling, Field-Free Orientation of CO
Molecules by Femtosecond Two-Color Laser Fields, Phys. Rev.
Lett. 103, 153002 (2009).

[22] K. Li, I. Tutunnikov, J. J. Qiang, J. Y. Ma, Q. Y. Song,
Q. Y. Ji, W. B. Zhang, H. X. Li, F. H. Sun, X. C. Gong,
H. Li, P. F. Lu, H. P. Zeng, Y. Prior, I. S. Averbukh, and
J. Wu, All-optical field-free three-dimensional orientation of
asymmetric-top molecules, Nat. Commun. 9, 5134 (2018).

[23] K. Brandt, M. E. Chiu, D. J. Watson, M. S. Tikhov, and R. M.
Lambert, Chemoselective catalytic hydrogenation of acrolein
on Ag(111): Effect of molecular orientation on reaction selec-
tivity, J. Am. Chem. Soc. 131, 17286 (2009)

[24] J. Wu, L. Ph. H. Schmidt, M. Kunitski, M. Meckel, S. Voss, H.
Sann, H. Kim, T. Jahnke, A. Czasch, and R. Dörner, Multior-
bital Tunneling Ionization of the CO Molecule, Phys. Rev. Lett.
108, 183001 (2012).

[25] Y.-P. Chang, K. Długołecki, J. Küpper, Daniel Rösch, D. Wild,
and Stefan Willitsch, Specific chemical reactivities of spa-
tially separated 3-aminophenol conformers with cold Ca+ ions,
Science 342, 98 (2013).

[26] P. Rotter, B. A. J. Lechner, A. Morherr, D. M. Chisnall, D. J.
Ward, A. P. Jardine, J. Ellis, W. Allison, B. Eckhardt, and
G. Witte, Coupling between diffusion and orientation of pen-
tacene molecules on an organic surface, Nat. Mater. 15, 397
(2016).

[27] J. P. Li, Q. B. Zhang, L. Li, X. S. Zhu, T. F. Huang, P. F.
Lan, and P. X. Lu, Orientation dependence of high-order
harmonic generation in nanowire, Phys. Rev. A 99, 033421
(2019).

[28] L. Egger, B. Kollmann, P. Hurdax, D. Lüftner, X. S. Yang, S.
Weiss, A. Gottwald, M. Richter, G. Koller, and S. Soubatch,
Can photoemission tomography be useful for small, strongly-
interacting adsorbate systems?, New J. Phys. 21, 043003
(2019).

[29] N. E. Henriksen, Molecular alignment and orientation in short
pulse laser fields, Chem. Phys. Lett. 312, 196 (1999).

[30] C. Dion, A. Keller, and O. Atabek, Orienting molecules using
half-cycle pulses, Eur. Phys. J. D 14, 249 (2001).

[31] D. Daems, S. Guérin, D. Sugny, and H. R. Jauslin, Efficient and
Long-Lived Field-Free Orientation of Molecules by a Single
Hybrid Short Pulse, Phys. Rev. Lett. 94, 153003 (2005).

[32] E. Gershnabel, I. Sh. Averbukh, and R. J. Gordon, Orientation
of molecules via laser-induced antialignment, Phys. Rev. A 73,
061401(R) (2006).

[33] C.-C. Shu, K.-J. Yuan, W.-H. Hu, J. Yang, and S.-L. Cong, Con-
trolling the orientation of polar molecules in a rovibrationally
selective manner with an infrared laser pulse and a delayed
half-cycle pulse, Phys. Rev. A 78, 055401 (2008).

[34] D. Sugny, A. Keller, O. Atabek, D. Daems, S. Guérin, and H. R.
Jauslin, Time-dependent unitary perturbation theory for intense
laser-driven molecular orientation, Phys. Rev. A 69, 043407
(2004).

063124-7

https://doi.org/10.1016/j.physrep.2003.11.002
https://doi.org/10.1103/PhysRevLett.85.3121
https://doi.org/10.1103/PhysRevLett.107.033902
https://doi.org/10.1103/PhysRevLett.53.1515
https://doi.org/10.1103/PhysRevLett.121.173201
https://doi.org/10.1364/OL.386879
https://doi.org/10.1103/PhysRevLett.66.201
https://doi.org/10.1103/PhysRevLett.76.1796
https://doi.org/10.1021/acs.nanolett.6b01104
https://doi.org/10.1103/RevModPhys.75.543
https://doi.org/10.1080/0144235X.2010.511769
https://doi.org/10.1002/ijch.201100161
https://doi.org/10.1103/RevModPhys.91.035005
https://doi.org/10.1103/PhysRevLett.92.093001
https://doi.org/10.1103/PhysRevLett.93.073001
https://doi.org/10.1103/PhysRevLett.120.163202
https://doi.org/10.1016/j.physrep.2019.09.002
https://doi.org/10.1103/PhysRevLett.87.193001
https://doi.org/10.1103/PhysRevLett.101.013001
https://doi.org/10.1038/nphys1225
https://doi.org/10.1103/PhysRevLett.103.153002
https://doi.org/10.1038/s41467-018-07567-2
https://doi.org/10.1021/ja9063469
https://doi.org/10.1103/PhysRevLett.108.183001
https://doi.org/10.1126/science.1242271
https://doi.org/10.1038/nmat4575
https://doi.org/10.1103/PhysRevA.99.033421
https://doi.org/10.1088/1367-2630/ab0781
https://doi.org/10.1016/S0009-2614(99)00977-X
https://doi.org/10.1007/s100530170223
https://doi.org/10.1103/PhysRevLett.94.153003
https://doi.org/10.1103/PhysRevA.73.061401
https://doi.org/10.1103/PhysRevA.78.055401
https://doi.org/10.1103/PhysRevA.69.043407


SHU, HONG, GUO, AND HENRIKSEN PHYSICAL REVIEW A 102, 063124 (2020)

[35] C.-C. Shu, K.-J. Yuan, W.-H. Hu, and S.-L. Cong, Carrier-
envelope phase-dependent field-free molecular orientation,
Phys. Rev. A 80, 011401(R) (2009).

[36] C.-C. Shu, K.-J. Yuan, W.-H. Hu, and S.-L. Cong, Field-free
molecular orientation with terahertz few-cycle pulses, J. Chem.
Phys. 132, 244311 (2010).

[37] S. Fleischer, Y. Zhou, R. W. Field, and K. A. Nelson, Molec-
ular Orientation and Alignment by Intense Single-Cycle THz
Pulses, Phys. Rev. Lett. 107, 163603 (2011).

[38] S. Fleischer, R. W. Field, and K. A. Nelson, Commensu-
rate Two-Quantum Coherences Induced by Time-Delayed THz
Fields, Phys. Rev. Lett. 109, 123603 (2012).

[39] J. Ortigoso, Mechanism of molecular orientation by single-
cycle pulses, J. Chem. Phys. 137, 044303 (2012).

[40] M. Lapert and D. Sugny, Field-free molecular orientation by
terahertz laser pulses at high temperature, Phys. Rev. A 85,
063418 (2012).

[41] L. Xu, I. Tutunnikov, E. Gershnabel, Y. Prior, and I. S.
Averbukh, Long-Lasting Molecular Orientation Induced by a
Single Terahertz Pulse, Phys. Rev. Lett. 125, 013201 (2020).

[42] K. Kitano, N. Ishii, and J. Itatani, High degree of molecular
orientation by a combination of THz and femtosecond laser
pulses, Phys. Rev. A 84, 053408 (2011).

[43] C.-C. Shu and N. E. Henriksen, Field-free molecular orientation
induced by single-cycle THz pulses: The role of resonance and
quantum interference, Phys. Rev. A 87, 013408 (2013).

[44] K. N. Egodapitiya, Sha Li, and R. R. Jones, Terahertz-Induced
Field-Free Orientation of Rotationally Excited Molecules,
Phys. Rev. Lett. 112, 103002 (2014).

[45] R. Damari, S. Kallush, and S. Fleischer, Rotational Control
of Asymmetric Molecules: Dipole-Versus Polarizability-Driven
Rotational Dynamics, Phys. Rev. Lett. 117, 103001 (2016).

[46] S. Blanes, F. Casas, J. A. Oteo, and J. Ros, The Magnus expan-
sion and some of its applications, Phys. Rep. 470, 151 (2009).

[47] G. Shchedrin, C. O’Brien, Y. Rostovtsev, and M. O. Scully,
Analytic solution and pulse area theorem for three-level atoms,
Phys. Rev. A 92, 063815 (2015).

[48] Y. Guo, X. B. Luo, S. Ma, and C.-C. Shu, All-optical generation
of quantum entangled state with strict constrained ultrafast laser
pulses, Phys. Rev. A 100, 023409 (2019).

[49] Y. Guo, C.-C. Shu, D. Dong, and F. Nori, Vanishing and Revival
of Resonance Raman Scattering, Phys. Rev. Lett. 123, 223202
(2019).

[50] J. Salomon, C. M. Dion, and G. Turinici, Optimal molecular
alignment and orientation through rotational ladder climbing,
J. Chem. Phys. 123, 144310 (2005).

[51] X. J. Wu, A.-L. Calendron, K. Ravi, C. Zhou, M. Hemmer, F.
Reicher, D. F. Zhang, H. Cankaya, L. E. Zapata, N. H. Mattlis,
and F. X. Kärtner, Optical generation of single-cycle 10 MW
peak power 100 GHz waves, Opt. Express 24, 21059 (2016).

[52] D. Sugny, A. Keller, O. Atabek, D. Daems, and C. M. Dion,
Reaching optimally oriented molecular states by laser kicks,
Phys. Rev. A 69, 033402 (2004).

[53] S. Trippel, T. Mullins, N. M. Müller, J. S. Kienitz, R. González-
Férez, and J. Küpper, Two-State Wave Packet for Strong
Field-Free Molecular Orientation, Phys. Rev. Lett. 114, 103003
(2015).

[54] S.-L. Liao, T.-S. Ho, H. Rabitz, and S.-I. Chu, Maximum at-
tainable field-free molecular orientation of a thermal ensemble
with near-single-cycle THz pulses, Phys. Rev. A 87, 013429
(2013).

[55] L. H. Coudert, Optimal orientation of an asymmetric top
molecule with terahertz pulses, J. Chem. Phys. 146, 024303
(2017).

[56] Y. Ohtsukia and T. Namba, Locally optimized control pulses
with nonlinear interactions, J. Chem. Phys. 151, 164107 (2019).

[57] C.-C. Shu, T.-S. Ho, X. Xing, and H. Rabitz, Frequency domain
quantum optimal control under multiple constraints, Phys. Rev.
A 93, 033417 (2016).

[58] Y. Guo, D. Dong, and C.-C. Shu, Optimal and robust control
of quantum state transfer by shaping spectral phase of ultrafast
laser pulses, Phys. Chem. Chem. Phys. 20, 9498 (2018).

[59] D. Dong, X. Xing, H. Ma, C. Chen, Z. Liu, and H. Rabitz,
Learning-based quantum robust control: Algorithm, applica-
tions, and experiments, IEEE Trans. Cybern. 50, 3581 (2019).

[60] D. Dong, C.-C. Shu, J. C. Chen, X. Xing, H. L. Ma,
Y. Guo, and H. Rabitz, Learning control of quantum
systems using frequency-domain optimization algorithms,
IEEE Trans. Control. Syst. Technol. 1 (2020), doi:
10.1109/TCST.2020.3018500.

063124-8

https://doi.org/10.1103/PhysRevA.80.011401
https://doi.org/10.1063/1.3458913
https://doi.org/10.1103/PhysRevLett.107.163603
https://doi.org/10.1103/PhysRevLett.109.123603
https://doi.org/10.1063/1.4736844
https://doi.org/10.1103/PhysRevA.85.063418
https://doi.org/10.1103/PhysRevLett.125.013201
https://doi.org/10.1103/PhysRevA.84.053408
https://doi.org/10.1103/PhysRevA.87.013408
https://doi.org/10.1103/PhysRevLett.112.103002
https://doi.org/10.1103/PhysRevLett.117.103001
https://doi.org/10.1016/j.physrep.2008.11.001
https://doi.org/10.1103/PhysRevA.92.063815
https://doi.org/10.1103/PhysRevA.100.023409
https://doi.org/10.1103/PhysRevLett.123.223202
https://doi.org/10.1063/1.2049270
https://doi.org/10.1364/OE.24.021059
https://doi.org/10.1103/PhysRevA.69.033402
https://doi.org/10.1103/PhysRevLett.114.103003
https://doi.org/10.1103/PhysRevA.87.013429
https://doi.org/10.1063/1.4973773
https://doi.org/10.1063/1.5127563
https://doi.org/10.1103/PhysRevA.93.033417
https://doi.org/10.1039/C8CP00512E
https://doi.org/10.1109/TCYB.2019.2921424
https://doi.org/10.1109/TCST.2020.3018500
https://doi.org/10.1109/TCST.2020.3018500

