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Terahertz-field-induced near-cutoff even-order harmonics in a femtosecond laser
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High-order harmonic generation by a femtosecond laser pulse in the presence of a moderately strong terahertz
(THz) field is studied under the strong field approximation. We demonstrate a simple proportionality of near-
cutoff even-order harmonic (NCEH) amplitude to the THz electric field. The formation of the THz-induced
NCEHs is analytically shown for both continuous-wave and Gaussian pulses. The perturbation analysis with
regard to the frequency ratio of the THz field to the femtosecond pulse shows the THz-induced NCEHs originate
from its first-order correction of the action in the presence of the THz vector potential, and the available
parametric conditions for the phenomenon are also clarified. As the complete characterization of the time-domain
waveform of the broadband THz field is essential for a wide variety of applications, the paper provides an
alternative time-resolved field-detection technique, allowing for a robust broadband characterization of pulses in

THz spectral range.
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I. INTRODUCTION

In recent years terahertz (THz) technology has continu-
ously promoted a broad range of scientific studies. The THz
light provides access to low-energy excitations, providing a
fine tool to probe and control quasiparticles and collective
excitations in solids, to drive phase transitions and associated
changes in material properties, and to study rotations and
vibrations in molecular systems [1].

In THz science, the capabilities of ultrabroadband detec-
tion are essential to the diagnostics of THz field of a wide
spectral range. The most common detection schemes are
based on the photoconductive switches (PCSs) [2,3] or the
electro-optic sampling (EOS) [4]. Especially the EOS tech-
nique, which uses part of the laser pulse generating the THz
field to sample the latter, has been widely applied in the THz
time-domain spectroscopy, pump-probe experiments, and dy-
namic matter manipulation [5]. Nevertheless, both PCSs and
EOS require particular media—photoconductive antenna for
the former and electro-optic crystal for the latter. Due to inher-
ent limitations of the detection media, including dispersion,
absorption, long carrier lifetime, and lattice resonances [6],
the typical accessible bandwidth of detected THz is limited
below 7 THz [7-11].

On the other hand, gas-based schemes, including air-
breakdown coherent detection [12], air-biased coherent detec-
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tion (ABCD) [13], optically biased coherent detection [14],
THz radiation enhanced emission of fluorescence [15], allow
for ultrabroadband detections since gases being continuously
renewable show no appreciable dispersion or phonon absorp-
tion [16], thus, effectively extending the accessible spectral
range beyond 10 THz. In particular, the ABCD utilizes the
THz-field-induced second harmonics (TFISH) [17] to sense
the THz transient through a third-order nonlinear process.
The THz field mixed with a bias electric field breaks the
symmetry of air and induces the frequency doubling of
the propagating probe beam. Such a nonlinear mixing re-
sults in a signal of the intensity proportional to the THz
electric field, allowing for the coherent detection by which
both amplitude and phase of the THz transient can be
reconstructed.

The air-based broadband THz detection utilizing the laser-
induced air plasma as the sensor medium is essentially an in-
verse process of THz wave generation (TWG) in femtosecond
laser gas breakdown plasma. Both involve rather complicated
processes dominated by the strong-field photoionization.
From the perspective of single-atom-based strong-field theory,
the TWG has been interpreted as the near-zero-frequency
radiation due to the continuum-continuum transition of photo-
electron [18-20], complementary to the widely acknowledged
mechanism for high-order harmonic generation (HHG)—the
continuum-bound transition that emits high-energy photons
when the released electron after the ionization recollides with
the parent ion [21].

Under the same nonperturbative theoretical framework de-
picting the strong-field-induced radiation, the TWG and the
HHG within one atom, however, present different facets of
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dynamics of electron wave packet, providing potential strate-
gies to either characterize the system or to profile external
light fields. For example, the synchronized measurements on
angle-resolved TWG and HHG from aligned molecules allow
for reliable descriptions of molecular structures [22]. On the
other hand, the presence of THz or static fields may drastically
affect the photoionization dynamics and reshape electron tra-
jectories, eventually altering photoelectron spectra and HHG
radiations. Applying the widely used streaking technique, the
influence on photoelectron spectra from an additional THz
transient can help characterize the time structure of an at-
tosecond pulse train, e.g., pulse duration of an individual
harmonic [23]. The altered HHG spectral features by THz or
static fields include the increased odd-order harmonic inten-
sity in the low end of the plateau, the significant production of
even-order harmonics [24], the double-plateau structure [25],
and high-frequency extension [26,27]. The substantially ex-
tended HHG cutoff in combined fields creates an ultrabroad
supercontinuum spectrum, allowing for the generation of sin-
gle attosecond pulses. For example, the combination of a
chirped laser and static electric field has been proposed to
obtain isolated pulse as short as 10 as [28].

In this paper, we study the influence of an additional
moderately strong THz field on the HHG by a femtosecond
laser pulse. By “moderately” we mean the THz field is eas-
ily attainable in laboratories today—its intensity is not as
high as to modify global harmonic features as considered in
previous theoretical works. Instead, we focus on the more
subtle THz-induced even-order harmonics. The dependence
of all-order HHG on time delay between the THz field and
the femtosecond pulse is studied, showing the near-cutoff
even-order harmonics (NCEHs) are of particular synchronic-
ity with the external THz field. Accordingly, the measurement
of THz-induced NCEHs, similar to the widely used TFISH, is
supposed to provide an alternative all-optical ultrabroad band-
width method to characterize the time-domain THz transient.
The influence of the THz field on NCEHs is theoretically
investigated under the strong-field approximation, showing a
direct link inbetween, further confirming the availability of the
detection scheme.

The paper is organized as follows: In Sec. II, we present
time-delay-dependent all-order HHG calculations and show
the significant correlation between NCEHs and the external
THz field, illustrating the possible schematics to recon-
struct the time-domain THz field using NCEHs. In Sec. III,
the detailed analysis of the NCEHs is presented. For the
self-contained purpose, a brief retrospect of the analytical
derivation for odd-order harmonics is given in Sec. III A. In
Sec. III B, we start with the simplest monochromatic con-
tinuous wave, showing the basic analytical evidence why
even-order harmonics emerge and their explicit dependence
on the external field around the near-cutoff region. Beyond the
basics, when considering applications, such as reconstructing
THz time-domain waveforms, the yielding harmonics are re-
quired to map the detected THz field at a particular moment.
Such a temporal locality and the effect of finite pulse width
of the incident field are discussed in Sec. IIIC where the
influence from pulse envelope is shown by explicitly deriving
the action for a Gaussian envelope. Eventually, when the THz
field is combined with the enveloped femtosecond laser pulse,

the reasonings behind the effective reconstruction are shown
in Sec. III D. For practical application, a systematical discus-
sion on the available parametric conditions is also favored.
Thus, in the end, exemplary reconstruction schematics are
shown with parametric conditions discussed for the applica-
bility.

II. SCHEME OF COHERENT DETECTION AND
NUMERICAL SIMULATIONS

We consider an atom subject to combined fields includ-
ing a linearly polarized femtosecond laser pulse Ey(f) and
a THz-field E;(¢). With both polarizations along the same
direction, the total field reads E () = Ey(¢) + E;(¢). Denoting
the associated vector potentials by A(t) = Ag(¢) + A1(z), we
evaluate the harmonics using the Lewenstein model [21] un-
der the strong-field approximation [29-31], which is usually
applicable in the tunneling regimes, providing a reasonable
and intuitive description of harmonic radiation from highly
energetic recolliding electrons. The time-dependent dipole
moment d(¢) in Ref. [21] as an integration over the intermedi-
ate momentum can be dramatically simplified by applying the
stationary phase approximation, yielding

oo . 32 )
d(t)Zl/O dT(m) W lps(t, T) +A@)]

X ulps(t, T) + Al — DIEE — 1)e 7 +cc.,
(1

where integration variable t is the return time of the elec-
tron, i.e., the interval between the instants of ionization and
rescattering. In this paper, atomic units are used unless noted
otherwise. The dipole matrix element u(k) = (k|x|Wy) be-
tween bound state | V() and continuum state |k) of momentum
k is given by idy (k|Wy) along the polarization direction. Tak-
ing |Wy) as the s state of a hydrogenlike atom, for example,
k) = —i27/2(21p)5/4k/[7r (k* + 21,,)3], where I, is the ion-
ization potential. In Eq. (1), the action reads

! 1
S(it,t)= / dﬂ(z[psl(t, ) — AW +1 ), 2)

and the stationary momentum pg(t, 7) = —[a(t) — a(t —
7)]/t is determined by the electron excursion «(t) =
/ "dr'A(t") after the electron is released by external light
fields. The subsequent spread of the continuum electron wave
packet is depicted by [ /(e +it/2)]*/? in the integral of
Eq. (1) with an infinitesimal €.

Evaluating d(¢) of Eq. (1) and |J(w)| from its Fourier
transform, we demonstrate in Fig. 1 the all-order harmonics as
a function of the time delay between a near-infrared pulse and
a THz field. The near-infrared pulse has the vector potential
of a Gaussian envelope, Ay(t) = (Eg/wo)e”z/@"z) sin(wot)
with wy = 0.0353 (1.3 um), Ep = 0.06 (intensity / = 1.3 x
10" W/cm?), o = 2106 [full width at half maximum
(FWHM) of 120 fs]. The THz field is modeled by A ()
—(E1 /w1 )(@it)"/[exp(a/wt) — 1] sin(wit 4+ ¢) with a =
50, Ey =2 x 107 (100 kV/cm), w; =2 x 107* (1 THz)
and ¢ = 0.3, and the corresponding electric-field E;(t) =
—0d,A1(t) is shown in Fig. 1(a).
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FIG. 1. Schematics of the reconstruction of the THz field
with near-cutoff even-order harmonics, which uses a femtosec-
ond laser pulse to scan over a THz field and to record the
generated harmonics as a function of the time delay between
the fields. Panel (a) shows an exemplary THz field with w; =
2 x 107 (1 THz), and E; =2 x 10~° (100 kV/cm). Without the
THz field, panel (b) shows the harmonics generated by a fem-
tosecond pulse with wy = 0.0353 (1.3 um), Ey =0.06 (/ = 1.3 x
10" W/cm?) and o = 2106 (FWHM of 120 fs). With the THz field,
panel (c) shows the all-order harmonics versus the time delay. The
difference A|d(w)| between the harmonics with THz field as given
in (¢), and the one without a THz field as shown in (b) is presented
in panel (d) in the linear scale. All near-cutoff even-order harmonics
as indicated by the box around E.yoff = I, + 3.17U, exhibits syn-
chronous change with the intensity of the THz field.

When the THz field is absent, Fig. 1(b) shows |d(w)| in
the logarithmic scale with a typical plateau structure between
the 20th and the 80th order. The harmonic yield dramatically
decreases beyond the cutoff around the 80th order as depicted
by the maximum kinetic energy of a recolliding electron,
Ecuort = 1, +3.17U,, where U, = Eg /4a)(2) is the ponderomo-
tive energy of the electron.

When the THz field is present, the full scope of all-order
|d(w)| in the logarithmic scale versus the time delay is pre-
sented in Fig. 1(c). To better observe the influence from the
accompanied THz field, the difference between |d(w)| with
and without the THz field A|d(w)| is shown in Fig. 1(d) on
the linear scale with positive and negative values indicated
by distinct colors. A close scrutiny reveals most of the non-
vanishing Ald(w)| shown in (d) appear at even orders. In
the low-order region, the second-order harmonic follows the
change in THz intensity similar to the phenomenon utilized
by TFISH, although the applicability of the model in this low-
order region is dubious. As the harmonic order increases, the
delay dependence of harmonics loses the regularity, and the
distribution seems rather chaotic. When the harmonic order

increases up to the near-cutoff region, the delay-dependent
harmonic yields, however, again follow the time profile of
|E1(¢)|. Such a concurrence is noteworthy since it provides
an alternative detection strategy to characterize an arbitrary
time-domain THz waveform.

III. ANALYSIS OF NEAR-CUTOFF EVEN-ORDER
HARMONICS

A. Monochromatic light field

Before the analysis of THz-induced modulation on
NCEHs, we retrospect the simplest case where the HHG is
induced by a monochromatic field of continuous-wave E (t) =
Ey cos(wpt) and the vector potential A(t) = Ao sin(wot) with
Ey = —Aowy [21]. For concision, defining phases ¢, = wyt
and ¢, = w1, we have

Pst(@r, 9z) = Aglcos ¢ — cos(¢r — ¢:)]/¢:, and the ac-
tion in Eq. (2) reads

U
So(@r, ¢2) = Fo(er) — (w—g)co(%)COS(Z(pt —¢), ()

with the ponderomotive potential U, = E} /40§ =

A%/4, Fo(po) = [, + Up)/wolp: — (U, /wo)(1 — cos ¢;)/
@, and

4sin’(¢, /2)
o

Here, subscript “0” in Sy is used to label the action without
the influence from the additional accompanied field, i.e., the
THz field as will be discussed in the subsequent sections.
Applying the Anger-Jacobi expansion, the exponential part
exp(—iSp) with Sy of Eq. (3) reads exp[—iSo(¢:, ¢r)] =
expl—iFy (@)1 Dy oo M In[UpCol@: )/ wo] expliM (¢, —
2¢;)].

In Eq. (1), the part including dipole matrix ele-
ments W psi(@r, o) + Al@) 1l psi(er, o) + Al —
©)]E(p, — @) can be represented by Fourier series
> bu(pr)exp[—i(2n + 1)¢,] with respect to ¢,. For
simplicity, we assume the dipole moment of the form
u(p) ~ ip, leading to mostly vanishing b, except for ones
with 2n + 1 = +1 and £3.

Applying the above expansions and substituting n = K —
M, Eq. (1) eventually has the form

Co(p) = sin ¢, — “4)

do(t) = Y dosgre K9, S

K=—00

For K > 0, the coefficients for odd-order harmonics are given

by
. 00 p 3z
d — dt e~ iFo(er)
0,2K+1 1/0 (e—i—ir/Z)

o0
. U,
X Z iMelM(pr Ju <—pC0((Pr )) br_um (¢-)
M=0 @o

+c.c. (6)

whereas coefficients of all even-order harmonics vanish due to
the restricted value range of n as long as the atomic potential
is spherically symmetric.
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B. THz-field-induced NCEHs

An extra THz field of the same polarization direction A;(¢)
induces even-order harmonics. In the following, the detailed
analysis of NCEHs is presented to show their relations with
the THz field. Defining py ; the stationary momentum for a
single field i of vector potential A;(¢#) with i = 0 and 1, the
stationary momentum when both fields are present satisfies
Pst = Pst,0 + Psi1- Also, let

Sit, 1) =1 lt_t[ps[,,- + Ai(t)]? + I, be the single action
for the ith field and note that J;l—r A;(t"dt' = pgy.;t, the total
action S(z, t) relates to partial action S;(z, T) by

S, 1) =Sot, )+ [S1¢, 7) — I,7]
—Pst,0Pst,1T + / Ao(tHA(t)dt'. (7)

Given the vector potential of the additional THz field A, (¢) =
Aj cos(wit + ¢) with w; < @y and ¢ as an arbitrary initial
phase, we define the frequency ratio ¢ = w;/wy < 1. Sub-
stituting Ao(¢) and A;(¢) into Eq. (7), it is shown that the
first-order correction with regard to € arises completely from
the cross term in Eq. (7) (i.e., the two terms on the second
line), whereas S(¢, t) — I,T merely has the contribution of
O(e?). Retaining terms of S(¢, T) only up to the first order
of ¢, we have the yielding action S(¢;, ¢;) =~ So(¢r, @) +
AS(¢y, @) with the THz-induced correction,

t
AS(@r, 9r) = —PstoPsi1 T +/ Ao(tHA(t)dt’
-7

0A1 23

2

>~ ¢

sin ¢Ci(go)cos (¢ = 5). ®)

and Ci(¢r) = @ cos(¢r/2) — 2 sin(¢;/2).
The action correction AS(¢;, ¢;) can also be treated
with  Anger-Jacobi  expansion, exp[—iAS(¢r, ¢;)] =

> oo IV IN(—8A0A; sin ¢Ci(@r)/wo) expliN (. /2 — @)l
resulting in the expansion for the full action,

]

. ) U
¢S e — iRe) Y MN JM<—pCo(¢f )>
M,N=—oc0 @o

ApA
XJN(—E 07
Wiy

sin §Ci (1))

xexp[i(M + %)(pt]e_i(ZM+N)¢'. 9)
Considering that the relatively small THz electric component
E () is negligible, the similar Fourier series expansion
W [pst(@r, o) + Al@) Il psi(@r, o) + Al — 9o)IE(p, —
@) = >3 bu(p:) exp[—i(2M + 1)¢,] can still be performed
as in Sec. IIT A with E (¢, — ¢;) =~ Eo(¢; — ¢1).

Substituting the above expansion and Eq. (9) into Eq. (1),
we obtain

© oo . 32 o
d t)=1 d _— bn —uro(@r
® zn_X_joo/O r(em/z) (o)e
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U
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FIG. 2. The function 2|Cy(¢, )| (solid line) and |C; (¢, )| (dashed
line) versus ¢, of the return time. The maximum of the 2|Cy(¢; )| is
associated with the maximum kinetic-energy gain that corresponds
to the cutoff energy of the HHG as indicated by the black line for
3.17U,. The shaded area (light blue) highlights ¢, contributing to
the near-cutoff harmonic spectrum of the the energy between 2.4U,
(red line) and 3.17U, (black line).

1

ApA
<y (e " sin 9Ci(90))
0

N .
xexp[i(M + 5)<pr]e_’[2(M+")+N+]]‘/” +c.c. (10)

The near-cutoff harmonics are usually featured with restricted
range of ¢;. As shown in Fig. 2, the photon energy within
the range 2.4U, < 2|Cy(¢;)| < 3.17U), requires ¢, € [3, 5],
corresponding to the first return of the released electron (see
also Fig. 1 of Ref. [21]). Within the range of ¢, contributing
to the near-cutoff harmonics as indicated by the shaded area
in Fig. 2, the globally increasing function C; (¢, ) also remains
low, resulting in the whole argument of Jy being small. Taking
a typical 800-nm 1 x 10'*-W/cm? femtosecond pulse and a
1-THz, 1-MV/cm THz field, for example, the argument in
Jn(z) is roughly |z| & 0.3. Since Jy(z) becomes exponentially
small when N > |z|, only when N = 0, 1 does Jy(z) sig-
nificantly contribute since we have the typical value of |z| <
1. Using Jy(z) ~ (z/2)V/T(N 4+ 1) when z — 0 [32], we
find from Eq. (10) that d(t) = do(t) + d,(t) + O(g?), where
do(1), simply given by Eq. (5) for odd-order harmonics in a
monochromatic field, stems from the contribution of N =0
as Jo(z) = 1. The odd-order harmonics are barely influenced
by the additional low-frequency field around the near-cutoff
region as long as the THz field remains relatively low to fulfill
|z] < 1 for Jy(2). It is noteworthy that an extra correction to
the dipole moment d,(¢) is induced by the THz field, corre-
sponding to N = %1 as J1;(z) = £z/2. In contrast to Eq. (5),
we have d)(¢) in the frequency domain,

[o¢]
5K
di(t)= Y dixe ",

K=—00
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FIG. 3. Emission of all-order harmonics under the laser field of
a continuous wave accompanied by a THz field. The laser param-
eters are given by wy = 0.0353 (1.3 um) and Ey = 0.06 (intensity
1.3 x 10" W /cm?) for the infrared laser, and w; = 3.53 x 107# (2.3
THz) and E, = 2 x 10~ (100 kV /cm) for the THz field. The |d(w)|
(blue line), evaluated from the Fourier transform of d(¢) as the
direct numerical integration of Eq. (1), is compared with analytical
formulas Egs. (6) and (11) for odd- (green) and even-order (orange)
harmonics, respectively. The even-order harmonics are maximized
with initial phase ¢ = 7 /2.

containing only even-order harmonics, whose coefficients are

given by
3/2
- sin ¢f (e T zr/z)

U,
lFO((Pr)Cl (¢7) Z i ele’JM(w—ZCO((Pr ))

M=0

di2x = 8

X [bK_M(%)eXp(—é%) + bx_m-1 (%)CXP(%%)]
(11)

The prefactor of d, 2, thus, suggests the proportionality to E;,
showing a simple relation between NCEHs with the THz field.
In addition, the initial phase ¢ between the pair of continuous
waves also tunes the amplitudes of even-order harmonics,
showing a sinusoidal dependence of NCEHs on ¢.

Figure 3 presents the comparison of harmonics |d(w)|
from numerical integration of Eq. (1) with analytical formulas
Egs. (6) and (11) for odd- and even-order harmonics, respec-
tively, when initial phase ¢ = 7 /2 is chosen to maximize the
yield of even-order harmonics. The agreement between odd-
order |d(w)| evaluated by Eq. (1) with the analytical solution
of Eq. (6) confirms the conclusion that the additional THz
field with the current laser parameters imposes no influences
on odd-order harmonic generation. On the other hand, the
yields of even-order harmonics are typically lower than their
odd-order counterparts due to the small ratio of frequencies &
in the prefactor of Eq. (11). The derived solution of Eq. (11)
is also in excellent agreement with the numerical result for

4+ c.c.

NCEHSs, showing the validity of the assumed conditions that
only Jy(z) of N = %1 contribute. Equation (11) even works
in a broader parametric range than expected—it correctly
describes all even-order harmonics above 40th order, which
corresponds to a much lower energy than that of the cutoff.

The above analysis establishes the basis for the genera-
tion of NCEHs. In the following, the envelope effect for a
more realistic laser pulse will be presented to account for the
time-resolving capacity of the femtosecond laser pulse in THz
detection.

C. Effect of pulse envelope

The envelope of a femtosecond laser pulse should be con-
sidered in practice. It is expected that the temporal locality
specified by the envelope plays an essential role in determin-
ing the waveform of the THz field at exactly the time of pulse
center. In this section, we first discuss the envelope effect on
harmonics in the absence of the THz field.

Assuming the vector potential has a Gaussian-
envelope A(t) = Ag exp[—1%/(20%)] sin(wot ) with
the time center at ¢t =0 and the pulse width o,
the excursion of the electron is given by «(t) =
—Ag exp[—(wo0)? /217 2o Im(erf (1 /v/20 + iwyo //2)]
with the error function erf(z) = (2/y/7) [y exp(—t?)dt.
Substituting into Eq. (2), we find the action,

Sot,t) =1Lt +U,

ol ) el

(12)
where
G(x,y,n) = Re[e™g(x — iy, n) — g(x, )]
27 oo (x—i 2
w52 )]
and
8z n) = w(iv2z) — e"CPy[iV2z — ), (13)

with w(z) as the Faddeeva function defined by w(z) =
exp(—=z2)[1 — erf(—iz)].

In comparison with the action for a continuous wave
Eq. (3), which can be recast as So(¢;, o) = (I,/wo)e: +
(Up/wo)Pey, with phase &cy = @ — 2(1 — cos ¢)/@r —
Co(p.)cos(2¢; — ¢;), action (12) for a Gaussian-enveloped
pulse takes the similar form So(¢;, ¢;) = (I,/wo)p: +
(Up/wo) expl—(¢: /@5 V] Pgauss With Dy replaced by a
Gaussian-windowed one exp[—(¢; /¢« )21 P Gauss and PGauss =
(VT /2)05 G0 /205, 9o /v/2. 92 /205 ). Here, all notions
of phases ¢, = wot and ¢, = wyt are still used for consis-
tency. Besides, we have introduced ¢, = wpo. A common
factor of Gaussian exp[—(g, /9s)?] in Eq. (12) specifies a
filtering window whose center coincides with that of the
femtosecond pulse. A pictorial analysis on the difference
of actions between the continuous wave and the Gaussian-
enveloped pulse is presented in Fig. 4. The curves of both ®.,,
and a5 contain the same dominant oscillating components
versus ¢, proportional to cos(2¢; — ¢ ). Within the region
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FIG. 4. Comparison of contributing phases in actions as a func-
tion of ¢, between fields of the continuous wave and of the Gaussian
envelope. Parameters ¢, = 50 and ¢, = 4 are used which are typical
for the generation of NCEHs.

of interest, i.e., around the center of the Gaussian window,
the difference between ®gyyss and P, is that the oscillating
amplitude of ®gayss increases with ¢, whereas that of &y,
remains constant. Such an increase becomes more significant
with decreasing ¢,. On the contrary, when ¢, is sufficiently
large, the amplitude of ®g,ys approaches .. That is, when
the pulse is infinitely long, i.e., ¢, — oo, Eq. (12) for a
Gaussian envelope degenerates to Eq. (3), the action for a
monochromatic continuous-wave laser.

Figure 5 shows the comparison of harmonics generations
between using a continuous-wave and using Gaussian-
enveloped femtosecond pulse. With the same femtosecond
laser parameters as considered for the continuous-wave (wy =
0.0353, Ep = 0.06), the result in Fig. 5(a) is actually a zoom-
in spectrum of Fig. 3 around the near-cutoff energy, whereas

e T T T (4
AT

Ty

log,o |d(w)| (arb. units)

| SRR TN SN N WE SRNN AR SNNE NN AR RN
60 65 70 75 80 85 90
Harmonic order

FIG. 5. Effect of the pulse envelope on harmonic generation.
The panels show the near-cutoff harmonics under (a) a continuous
monochromatic laser of the same parameters used in Fig. 3, and
(b) a Gaussian-enveloped pulse of o = 1755 (FWHM of 100 fs).
The red marks label all harmonics of odd orders, whose distribution
is highlighted by orange curves. Black dashed lines indicate E.yoft-

Fig. 5(b) shows the one with a Gaussian envelope of o =
100 fs. The |d(w)| at each odd order for either without or
with an envelope effect is highlighted by an orange curve,
showing the similar distributions of odd-order harmonics.
Action (12) modified by the finite pulse width, which has
also been numerically examined, however, contains extra fre-
quency components, leading to multiple sidebands in Fig. 5(b)
around the original odd-order harmonics. In the next section
the THz field combined with a Gaussian-enveloped femtosec-
ond pulse is analyzed to show the theory behind the THz-field
reconstruction.

D. THz-induced NCEHs under a Gaussian-enveloped pulse

The above discussions allow for a straightforward exten-
sion to consider the harmonic generation under a Gaussian-
enveloped femtosecond laser pulse accompanied by a THz
field. Let A(t) = Ag exp(—t2/20%) sin(wt ) + A; cos(wt + ¢)
be the vector potential of the combined fields. As presented
in Sec. III B, the corresponding action Eq. (7) eventually
takes the form S(z, t) >~ So(¢, T) + AS(t, ), where Sy(t, T)
is given by Eq. (12) for a Gaussian pulse as presented
in Sec. III C, whereas the correction AS(¢, t) derives from
the cross term —pg ops.1T + flt_r Ao(t)HA(t")dt'. Similar to
Sec. III B, denoting the ratio between frequencies ¢ = w; /wy,
solving AS(t, 7) yields

AS . ApA, |m t 2
(I,T)——T EO’CXP — ?

xIm[e K (¢1, @0, ¢2)],

where
K (¢, 95, 9r) =2 cos [e(fpt - %) + ¢]sin0(e%)go
_e*i(Ew:+¢)g+ _ e+i(5¢t+¢)g_’
with g0 =g(/v2,n/v/2) and gy =g(z/vV2+

iepy/2,1/~/2) defined by function g(z,n) of Eq. (13).
Here, arguments z and n are dimensionless compositions of

time variables z = (¢;/¢s — i¢s)/~2 and 1 = @ /v/2¢5.
With a small ¢, the series expansion of K(¢;, ¢, ¢.) with
respect to ¢ up to the first order results in

K(@r, 90, 91) = —2+/2e€% @, sin 9E(z, ),
where

s = (- D)o 5. ) - = exp[j;@ kil

Hence the action is given by

2
AS(t,T) ﬁAOElexp[—<\/§t > ]
Do

x sin ¢o*Im[e E(z, n)]. (14)

With a typically large value of ¢, when the femtosecond
laser of several tens of optical cycles is used, the Faddeeva
function w(z) ~ iz//m (2> — 1/2) if |z|> > 256 [33]. Using
the approximation and explicitly expanding the imaginary part
in AS(t, t), the full expression can be rearranged by trigono-
metric functions, whose coefficients, each as a polynomial of

063102-6



TERAHERTZ-FIELD-INDUCED NEAR-CUTOFF ...

PHYSICAL REVIEW A 102, 063102 (2020)

£ 25

g

=

S 3.0 -

&

3 -3.5 1

=1 A

- : (- 1.‘ :

g0 —4.0 Numerical

S . .

- —— Analytical action ‘
S B W B S A I

60 65 70 75 80

Harmonic order

FIG. 6. Comparison of |d(w)| evaluated by direct numerical in-
tegration of Eq. (1) (blue) and by using the derived action, S = Sy +
AS with Sy and AS given by Egs. (12) and (15), respectively. The
same parameters of femtosecond pulse as in Fig. 5 are used except
for o = 2106 (FWHM of 120 fs). The THz field is parametrized by
w =1x10" E, =2x 107, and ¢ = /2.

time variables, can be further simplified by retaining only the
highest order of ¢, . Eventually, we find

AOElexp[—( O >2}
205 V20,

X sin ¢{ — @ cos ¢ + 2sin @,

AS(t, 7)) ~

Qi .
- eXp[ (;2 ][% cos(¢r — ¢7) + 2sin(g; — ¢¢ )]}.

o

When the pulse duration is sufficiently long, exp(¢, ¢, /¢2) =
1, AS(t, t) approaches

AE ZAW
(15)

AS(t, 1)~ —

recovering action (8) under continuous waves as discussed
in Sec. III B, except for the presence of an extra prefactor
exp(—t%/20?) that serves as a temporal window.

Figure 6 shows the comparison of near-cutoff harmon-
ics evaluated by direct numerical integration of Eq. (1)
with that obtained by applying the action of analytical
form S(¢, t) = So(t, ) + AS(¢, T) with Sy(¢, T) and AS(z, 7)
given by Eqgs. (12) and (15), respectively. The comparison
presents a rather good agreement, justifying the analytically
derived action with the assumed approximations. Comparing
with harmonics in Fig. 5(b) without the THz field, it is shown
that the odd-order harmonics are dominantly determined by
So(, 7), as those harmonics in both Figs. 5(b) and 6 are almost
the same, although odd-order harmonic peaks in the latter
are slightly sharper due to the use of longer pulse width of
the femtosecond laser. In Fig. 6, however, NCEHs emerge,
clearly indicating that even-order harmonics originate from
the THz-induced correction AS(z, 7).

—— without THz with THz
| |

_ Np e

THL

2 / il
ED“‘W—O, ; 3“ L/

60 65 70 75 80 85 90
Harmonic order

FIG. 7. Near cut-off harmonics without a THz field (blue) and
with a THz field (orange) when (a) ¢ = 7 /2 and (b) ¢ = 7. The inset
of each panel shows the time center of the femtosecond pulse (blue)
relative to that of the THz field (orange) for different ¢’s. Marks “o”
(“x”) label the even-order harmonics with (without) the THz field.
The position of E.y,f is indicated by the black dashed line. The same
parameters as in Fig. 6 are used.

From Egq. (15), following the similar procedure of analysis
in Sec. III B, the reasoning behind the generation of NCEHs
in an enveloped laser pulse is straightforward. Within the
temporal window specified by the Gaussian envelope, the
strength of NCEHs is approximately proportional to THz-field
strength exactly at the center of the envelope. In other words,
under the influence of the THz field that induces even-order
harmonics, the femtosecond pulse with a filtering temporal
window maps the instantaneous strength of THz field onto
that of NCEHs, allowing for a complete characterization of
the THz time-domain spectrum with the femtosecond pulse
scanning over the THz field.

Figure 7 shows the dependence of NCEHs on initial phase
¢, or equivalently, the pulse center of the femtosecond laser
relative to the electric component of the THz field. When ¢ =
/2, factor sin ¢ = 1 in Eq. (15) maximizes the coefficient
of NCEHs as analyzed in Eq. (11). As shown in Fig. 7(a), the
even-order harmonics under a THz field is significantly higher
than its counterpart without the THz field, and the amplitude
relative to their adjacent odd-order harmonics becomes even
more significant when the order approaches the cutoff. On the
contrary, in Fig. 7(b), when ¢ = 0, the even-order harmonics
vanish, and the harmonic distribution in the presence of THz
field is exactly the same as the one without the THz field.
Except for even-order harmonics, the harmonics of other ener-
gies are almost identical between panels (a) and (b), showing
they are barely influenced by the THz field. As indicated by
the insets of Fig. 7, at ¢ = /2 (¢ = 0), the center of the
femtosecond pulse is at the maximum (the zero point) of the
THz electric field. The coincidence of the NCEHs yields with
the THz electric field shows the feasibility to reconstruct the
latter using the former.

In Fig. 8, the reconstruction of THz field from the NCEHs
is demonstrated by examples. Changing the time delay
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FIG. 8. Reconstruction of time-domain spectrum of THz
waves. (a) The parameters are the same as used in Fig. 1.
wo = 0.0353 (1.3 um), Ey =0.06 (I = 1.3 x 10" W/cm?), o =
2106 (FWHM of 120 fs), w; =2x 107 (1 THz), and
E; =2x107 (100 kV/cm). (b) The reconstruction for
THz wave of higher frequency with wy =0.1139 (400 nm),
Ey=0.06 (I = 1.3 x 10" W/cm?), o =702 (FWHM of 40 fs),
w; = 0.003 (20 THz), and E; = 2 x 107 (100 kV/cm). The insets
show the temporal profiles Ey () and E; (¢) of the femtosecond pulse
and the THz field, respectively.

between the femtosecond pulse and the THz field, the even-
order harmonic nearest to the cutoff on the lower-energy side
is retrieved and compared with |E(¢)| of the THz field. Using
the same parameters of fields as mentioned above, we present
the reconstruction with the 78th-order NCEH in Fig. 8(a),
which, in general, shows good agreement of |d(w)| with
|E1(2)]. Another example to detect the THz field of higher
frequency is presented in (b) to show the universality of the
scheme. In order to resolve the THz field of 20 THz, a fem-
tosecond pulse of higher frequency is required to ensure a low
ratio € = w;/wyp. Using a 400-nm laser pulse with ¢ ~ 0.03
and reducing the pulse width to 40 fs, the generated 6th-order
harmonic can also be used to reveal the time-domain THz
wave. The successful reconstruction of a THz wave of a short-
timescale suggests the possibility of THz broadband detection
under the aid of the NCEHs measurement.

The applicability of the reconstruction scheme is closely
related to the approximations applied for the analysis in previ-
ous sections. From the temporal perspective, ¢ = w;/wy <K 1
is a must, indicating that the characterization of the THz
field of high frequency needs high-frequency femtosecond
pulse. Moreover, the approximation of the Faddeeva function
to solve Eq. (14) requires (¢?/¢? + ¢2)/2 > 256, necessitat-
ing ¢, > 23, suggesting a femtosecond pulse should contain,
at least, nine cycles within its FWHM. The range of ¢,
also naturally satisfies both conditions that n = ¢, /¢, < 1

and exp(g, ¢, /92) =~ 1 to derive (15). In general, the scheme
favors the use of large ¢,, which also helps suppress the
sideband caused by the finite pulse width. Nevertheless, a
smaller ¢, allows for a better time resolution of the wave-
form reconstruction. Therefore, a balance inbetween should
be considered for the choice of ¢,, which also depends on the
frequency range of the THz field to detect.

In addition, the choice of laser parameters, including field
amplitudes Ey, E;, and frequency wy, is critical to the ap-
plicability of the reconstruction scheme. The small value of
the argument of the Bessel function in Eq. (10) imposes
the condition |&(A¢A; /w0 )Ci(¢:)| = [(EoE1 /@ )Ci(p:)| < 1.
As shown in Fig. 4, the value of |Ci(¢,)| € [1.7, 5.2] when
@ € [3, 5] for near-cutoff harmonics allows for an estimation
of the loosely restricting criterion, EoE, / a)g < 0.2. Moreover,
neglecting the THz-field E;(¢) in the prefactor of dipole ma-
trix elements, w*[psi(¢;, ¢r) + Al ) ulpsi(pr, o) + Alpr —
o) E(¢; — @), requires E; < Ep. Both conditions indicate
an upper limit for £;. That is, the detected THz field in this pa-
per is not supposed to be overwhelmingly intense, otherwise
the approximation of the Bessel function in Eq. (10) breaks
down, resulting in nonvanishing high-order components that
contribute to other complicated effects accompanied by a
strong low-frequency field, e.g., the field-induced multi-
plateau structure. Since the theory works in the tunneling
regime [, < 2U,, the femtosecond laser also satisfies Eg >
2a)(2)1p.

Besides the conditions required to justify the reconstruc-
tion scheme, we also need to take the finite signal-to-noise
ratio into account. The even-order harmonics should be large
enough to observe. Assuming the amplitude of even-order
harmonics to the adjacent odd-order one is no less than
one percent, we may impose an extra condition with the
coefficients of harmonics €ApA|/2wy = EoE; /2a)(3) > 1072,
yielding EoE) /@i > 0.02. In contrast to the condition spec-
ified by the approximation of Bessel function, it indicates the
field amplitudes should be large enough to generate even-
order harmonics.

All above conditions for the reconstruction scheme can
be pictorially illustrated in the parametric space as shown in
Fig. 9 where the appropriate parametric range is highlighted.
When E; of the THz field is low, a femtosecond pulse of
longer wavelength avails the measurement; on the contrary,
the THz field of increasing E; requires a femtosecond pulse
of higher wy. Concerning the relation ¢ = w;/wy K 1, the
accessible frequency of the THz field for waveform recon-
struction thus depends on field amplitudes. Especially both Ej
and E| being high favors the use of higher wy, allowing for the
detection of a THz field of higher ;.

IV. SUMMARY AND CONCLUSION

The harmonic generation by a half-wave symmetric driving
laser that interacts with isotropic media has long been known
to yield odd-order harmonics only since even-order harmonics
are suppressed by combined symmetries of the reflection of
coordinate space with the translation of time by half period
of the field [34]. Breaking the symmetry by, e.g., an external
THz field in this paper, results in the emergence of even-order
harmonics [35]. Here, the even-order harmonic generation
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Wavelength (nm)

FIG. 9. Available parametric range for THz reconstruction with
NCEHs with regard to THz electric field amplitude E|, the intensity,
and the wavelength of incident femtosecond laser pulse. The detailed
conditions are specified in the main text.

near the cutoff is found to have a particularly synchronous
relation with the THz electric field. The analytical derivation
with perturbative expansion shows the NCEHs originate from

the first-order correction with regard to the ratio between
frequencies of the THz field and that of the femtosecond laser
pulse. The linear relation between the NCEH amplitude and
the THz electric field derives from an approximation of the
Bessel function, which can be fulfilled by the specific range
of return time corresponding to the near-cutoff energy region.

The direct mapping from the THz field to NCEHs, thus,
provides an alternative conceptually simple approach to re-
construct time-domain THz wave from NCEHs. The proposal
to measure NCEHs as a function of the time delay between the
femtosecond laser pulse and the THz field has been numeri-
cally verified, showing the applicability of the method for the
broadband THz detection. The analytical derivations also help
identify the parametric region for such applications, indicat-
ing high-frequency THz field characterization should require
higher laser intensity. The encoding of the time-domain in-
formation of the THz wave into NCEHs may inspire new
routes towards the realization of coherent detection in a broad
spectral range.
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