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Monogamy of entanglement is an indispensable feature in multipartite quantum systems. In this paper we

investigate monogamy and polygamy relations with respect to any partition for generalized W-class states
using Rényi-o entropy. First, we present analytical formulas of Rényi-a entanglement (ReE) and Rényi-«
entanglement of assistance (ReEoA) for a reduced density matrix of an n-qudit pure state in a superposition
of generalized W -class states and vacuum. Based on the analytical formulas, we show monogamy and polygamy
relations in terms of RwE and RoEoA. Next a reciprocal relation of ReEoA in an arbitrary three-party quantum
system is found. Later, we further develop tighter monogamy relations in terms of concurrence and convex-roof
extended negativity than former ones. In order to show the usefulness of our results, two partition-dependent
residual entanglements are established to get a comprehensive analysis of entanglement dynamics for generalized
W -class states. Moreover, we apply our results to an interesting quantum game and find a bound of the difference

between the quantum game and the classical game.
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I. INTRODUCTION

Quantum entanglement is a critical resource in quantum
communication and quantum information processing. It has
gradually become the subject of many studies over the years
[1-6]. However, a very important feature of quantum entan-
glement is monogamy of entanglement (MoE) [1,7], i.e., a
quantum system entangled with one of the parties cannot
share its entanglement freely with the rest of the parties of
the system. To ensure the security of quantum key distribu-
tion protocols [8], MoE plays a crucial role. Moreover MoE
also has a significant influence when dealing with condensed-
matter physics, including the N-representability problem in
particle physics and the frustration effects of Heisenberg anti-
ferromagnetic ground states [9—12].

By using squared concurrence, Coffman, Kundu, and
Wootters first gave a mathematical expression of MoE, which
is known as the CKW inequality [1]. Given a tripartite
state papc, the CKW inequality reads Ciz + Cie < Cipe
where Csp and Cyc are the concurrence of pap = Tre(papc)
and pac = Trg(papc). According to the CKW inequality,
one can analyze the structure of multipartite entanglement
and study the genuine multipartite entanglement in the dy-
namical evolution [13-15]. Based on a number of different
entanglement measures besides concurrence, researchers have
established variations of the CKW-type inequalities in multi-
partite quantum systems [16-27]. In these studies, however,
it was found that monogamy relations using concurrence
failed in the generalization of the CKW inequality for higher-
dimensional quantum systems (qudit subsystem instead of
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qubit subsystem) [20]. Lancien et al. discovered that in
some higher-dimensional quantum systems [21] no nontriv-
ial monogamy relations are satisfied by a class of additive
and normalized entanglement measures. Nevertheless, it was
also detected that one entanglement measure, known as
the squashed entanglement, does satisfy monogamy rela-
tions for arbitrary dimensional quantum systems [22]. This
raises the question of studying MoE in terms of more effi-
cient entanglement measures in higher-dimensional quantum
systems.

There has already been some researches of MoE in higher-
dimensional quantum systems. Kim and Sanders [23] first
proposed the n-qubit generalized W -class (GW) states and
further characterized the entanglement of these states by their
partial entanglements with squared concurrence. Later, Kim
studied these multiqubit GW states in Ref. [24] again. He
analytically showed that the strong monogamy inequality of
multiqubit entanglement was saturated by these GW states. In
Ref. [25], Choi and Kim considered MoE of some other states:
a superposition of multiqudit GW states and vacuum. They
gave an analytical proof that strong monogamy inequality
was saturated using squared convex-roof extended negativity
(CREN) for these states. Later in Ref. [26], Kim then fo-
cused on a large class of mixed quantum states that were in
a partially coherent superposition of an n-qudit GW state and
vacuum. He found that this class of states obeyed a CKW-type
monogamy inequality using squared CREN. Moreover, quite
recently by using Tsallis-g entropy, Shi and Chen [27] have
given monogamy relations for quantum states that were in a
superposition of multiqudit GW states and vacuum. Inspired
by these developments, we wish to further investigate MoE for
the GW states with arbitrary partitions in higher-dimensional
quantum systems.
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Choosing an efficient bipartite entanglement measure plays
a strong part of characterizing MoE. In this paper we will
use Rényi-o entanglement (RoE). RoE is based on Rényi-o
entropy [28]. It is a generalization of entanglement of for-
mation (EoF) [29] by using the Rényi-o entropy. For EoF,
there is no CKW-type monogamy inequality to characterize
MoE. For ReE, we do have a CKW-type monogamy in-
equality for certain o [30]. The entanglement measure RoE
is also helpful in describing quantum phases with differing
computational power [31], ground-state properties in multi-
partite quantum systems [32], and topologically ordered states
[33]. Furthermore, R«E is also monotone as an entanglement
measure, which means that it does not increase under local
operations and classical communications. By using RaE, Kim
and Sanders [30] provided monogamy inequalities for o > 2
to quantify bipartite entanglement in multipartite quantum
systems. Later, Song er al. [34] presented that a general
monogamy inequality held using squared R«E for an arbitrary
N-qubit mixed state. Also, lower and upper bounds for RuE
were introduced in 2016 [35].

In this paper, we study the entanglement relations between
the whole system and all possible partitions for an n-qudit
pure state in superposition of generalized W-class states and
vacuum using RoE. We also establish partition-dependent
residual entanglements (PREs) using our results. PREs can
help us get a full understanding of the entanglement dy-
namics for generalized W-class states with different levels
and formats of partitions. We can even develop a possible
comprehensive analysis of the entanglement dynamics in an
infinite or finite time using PREs [36]. Interestingly, we also
use a quantum game to show the application of our entangle-
ment relations. Apart from their entertainment values, games
among multiplayers can provide some intuitive means to un-
derstand complex problems. For example, a quantum game is
an interesting and important tool for quantum cryptographic
purposes. Tomamichel et al. [37] studied the probability that
two players can simultaneously succeed in guessing the out-
come exactly in a quantum game. From their results, we have
that the optimal guessing probability can be achieved without
using entanglement. The authors in Refs. [27,38] presented
bounds on the difference between multiplayer quantum games
and classical games using the monogamy of Tsallis-g entropy
and squashed entanglement, respectively. We give a bound
using our results which is independent of « and tighter than
the bound in Ref. [38]. To some extent, the methods and ap-
plications in our paper can enrich the exploration of quantum
entanglement.

This paper is organized in the following manner. In Secs. II
and III, a few definitions of entanglement measures and GW
states were briefly introduced, respectively. Section IV shows
monogamy and polygamy relations for n-qudit GW states
using RoE and Rényi-« entanglement of assistance (RoeEoA).
We also consider a class of generalized polygamy relations
in terms of RaEoA in Sec.V, which reflects the reciprocal
relation of RawEoA in a three-party quantum system. Sec-
tion VI gives tighter monogamy relations using concurrence
and CREN. The applications about PREs and quantum games
are presented in Sec. VII. Finally discussion and conclusions
are given in Sec. VIIL

I1. DEFINITIONS

For a bipartite pure state |{)ap = Y_; v/A;lii), the concur-
rence C(|y)ap) is defined as [39]

CUY)ap) = /2[1 = Tr(p3)], (1)

where ps = Trp(|¥)ap(¥|) (and analogously for pg). For any
mixed state psp, the concurrence is given via the so-called
convex-roof extension

Clpan) = min > piC(1W)), 2)

where the minimum is taken over all possible pure decompo-
sitions of pap = D _; pil i) as(Vil.

As the duality of concurrence, the concurrence of assis-
tance (CoA) of any mixed state p4p is defined as [40]

C*(pan) = max > piC(Iy)), (3)

where the maximum is taken over all possible pure state
decompositions {p;, |¥;)} of pas.

For a bipartite state p4p in a d ® d’(d < d’) quantum sys-
tem, its negativity [41] is defined as

Npap) = o] - 1. (4)

where pﬁ; is the partial transpose with respect to the subsys-

tem A and || X || denotes the trace norm of X, || X|| = Trv XX,

In order to overcome the lack of separability criterion,
negativity is modified as the CREN. For a bipartite mixed state
o4, CREN is defined as

N(oag) = min Xijp,-N(w,»)), (5)

where the minimum is taken over all possible pure state de-
compositions {p;, |¥;)} of pap.

One of the well-known measures of quantum entanglement
is ReE [30]. For a bipartite pure state | )45 = ) _; A/Ailii), the
RoE is defined as

Ey(|¥)a) = Sa(pa) =

g og (tref), (6)
where Rényi-a entropy is Sy(o4) = [log, (D, AN)1/(1 — «).
Here o is a non-negative real number and A; is the eigen-
value of reduced density matrix p4. When the order o tends
to 1, Rényi-a entropy S,(p) converges to the von Neumann
entropy.

For a bipartite mixed state psp, the RoE is defined via the
convex-roof extension [30]

Eo(pag) = min Y _ piEa(1¥)an), (7)

where the minimum is taken over all possible pure state de-
compositions of p4p.

As a dual concept to Rényi-o entanglement, we define the
RoEo0A as

E(pag) = max Y piEa(|¥i)ap), ®)

where the maximum is taken over all possible pure state
decompositions of psp.
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III. GENERALIZED W-CLASS STATES

Generalized W-class states are introduced by Kim and
Sanders [23]. The structure of generalized W-class states is
also investigated in their paper by considering arbitrary parti-
tions of subsystems and they further proved the entanglements
of generalized W-class states can be fully characterized by
their partial entanglement.

A class of n-qubit W-class states and n-qudit GW states
[23] are, respectively, expressed as

1¥)a45..4, = a110---0) + a2|01 ---0) + ...
+a,|00---1) )
and
Lo Z(auuo 0) + azi[0i -+~ 0) + - -
+ani|00"' 0i)), (10)
with the normalization condition Y ., la;|*=1 and
Yo 12 "lasi|? = 1, respectively. The state in Eq. (10)

with Hammlng weight 1 is a coherent superposition of all
n-qudit product states. Equation (10) includes n-qubit W -class
states in Eq. (9) as a special case when d = 2.

For any partition P = {P), ..., P,,} of the set of subsystems
S =1{A,...,A,},m < n,the monogamy relation with respect
to any partition P can be described by concurrence in the
following lemma.

Lemma 1. [23] For any n-qudit generalized W -class states
|¥)a,..a, and a partition P = {P), ..., P,} of the set of sub-

systems § = {Ay, ..., A}, m<n
Coppomy =2 Chn =2 (Chp) (D
ks ks#s
and
Cri = () (12)
for all k # s and (P - - -P,)) = (P -- -P,) — (Py).

In this paper, we select RaE as the entanglement measure.
We note that there exists an analytical expression between the
RoE and concurrence [30]. For any two-qubit mixed state,

Eq(0a) = fu(C*(pan)); (13)
1 and the function f, (x) has the form

Sl (5) ()]

where the order o >

fa(x) =

Later, Wang et al. proved Eq. (13) still holds for a > (+/7 —
1)/2 [42]. So, making use of the analytic expression in
Eq. (13) and monogamy relation in Lemma 1, we aim to show
how the global entanglement for GW states can be charac-
terized by partial entanglements using RoE with a different
range of «.

Before that, we need several lemmas about the properties
of Eq. (13) which are necessary in the proof of our main
results.

Lemma 2. [34] The squared RoE E2(C?) with & > (v/7 —
1)/2 in two-qubit mixed states is monotonically increasing
and convex as a function of the squared concurrence C?.

Lemma 3. [34] The Rényi-o entanglement E, (C?) with
ae[(VT—- 1)/2, (V13 — 1)/2] is monotonically increasing
and concave as a function of the squared concurrence C>.

Set y = x?, denote g,(y) = f,(x*), and then for any two-
qubit mixed state Eqs. (13) and (14) can be rephrased as

Eqy(pag) = 8«(C(pan)), (15)
1 and the function g, (y) has the form

_ 2 2
1 10&[(1 1 y)+<1+,/1 y>:|
1l —« 2 2
(16)

Lemma 4. [42] The function g, (y) with o > (+/7 — 1)/2
is a monotonically increasing and convex function for 0 <
y< L

where the order o >

ga()’) =

IV. MONOGAMY AND POLYGAMY RELATIONS
FOR GENERALIZED W-CLASS STATES
USING RéNYI-« ENTROPY

Consider an n-qudit pure state |{)4,..4, Which is in a su-
perposition of an n-qudit GW state in Eq. (10) and vacuum
|0 s 0>Al"'An:

[V)a 4,4, FV1E=pl0---0)a,.a,, (A7)

with 0 < p < 1. We first present two analytic formulas of
RoE and RaEoA for |)4,...4,, which are helpful for us to
investigate monogamy and polygamy relations later. Let us
start with a structural property of n-qudit GW states.

Lemma 5. [25] Let PA;, A, be a reduced density matrix of
[V)4,...a, onto m-qudit subsystems A; ---A; with 2 <m <
n — 1. For any pure state decomposition of py; ..., such that

qum Ay (1] (18)

VP,

Pa / : /m

|@x)a;, -a,, 1s a superposition of a m-qudit generalized W-class
state and vacuum. -

Here the index vector j = (ji, -+, j,) With m distinct
elements spans all the possible ordered subsets of the index
set {1,2,---,n}. From the lemma above, we know that for
any pure state decomposition {gx, [¢x)a; -a,,} of a reduced
density matrix PA;, A, > PA;, Ay, isa rank 2 operator.
Theorem 1. Assume py,...4, is a reduced density matrix of

|¥)4,..a, In (17); then we have
Eo(Paiar-a,) = fu(CH(Pa14r-4,))s (19)

whena > (v/7 —1)/2.

Proof. For convenience, we denote pq4,4,..4, as bipartite
state pap. Assume {p;, |;)} is the optimal decomposition for
RaE of pp; then we have

Ey(pas) = ) piEo(1¥idan)

=D Piga(C(I¥i)ar))

> gu (Z picuwim))

2 8a(C(pap)), (20)
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where the second equality is by the relation between RoE and
concurrence for pure states in Eq. (15), the first inequality is
due to convexity of g, in Lemma 4, and the last inequality is
by the monotonicity of g, in Lemma 4 and the definition of
C(pap).

On the other hand, we can always assume psp =
> n dnldn)ap{Pnl is an optimal decomposition for C(pag), then
we have

Cloan) =Y qiC(Ipn)an) -
h

Moreover, we will see the following relation is also true for
all h:

C(Ién)a) = C(pag) 2n

Since pap = |¥)ap(¥| with |{)ap in (17), then by the
Hughston-Jozsa-Wootters theorem [25] the optimal decompo-
sition pag = D), qnl®n)as(¢s| for concurrence can be realized
by a unitary matrix u; with

|Pn)as = up|¥)ap.

So Eq. (21) is true due to uyu;, = I for all h.
Then

8a(C(paB)) = ga (Z th<|¢h>AB)>
h
=" a2 (CI¢n)a5))
h

=" guEa(Ipn)an)
h

= Ey(pap), (22)

where the second equality is by Eq. (21) and the inequality is
by the definition of E, (pap).

Therefore, combining Egs. (20) and (22), we fi-
nally get E,(pap) = g4(C(pap)), which is equivalent to
Eo(payas-a,) = fo(CH(paya5--4,))- n

Lemma 5 leads to the fact that for any pure state
decomposition of the reduced density matrix pga; .4,
Dk QD) a,, (Dils |Bk)a; 4, is also a pure state in a
superposition of a m- qudlt GW state and vacuum, so we
naturally obtain E, (,oA“ 1A), Ap) = Ju (c? (pA” A, +Aj )) from
Theorem 1. Next we wish’ to establish a similar analytic for-
mula for [)4,...4, using RoEoA.

Theorem 2. Assume PA;, Ay,
of [Y)4,...a, in (17); then we have

EG(paj1a;,-4;,) = fm(C2(,0A,l Ay -Aj ) (23)
whena € [(v7 — 1)/2, (/13 = 1)/2].

Proof. For convenience, we denote PA;, 1A, 8 PAB-
Since PA;, A, is a reduced density matrix of W)A, in
Eq. (17), then C(pag) = C*(pap) [23]. So it is enough for us
to show E¢(pa) = fu([C*(pap)]?). First we prove EZ(pag) <
Ffu([C%(paB)]?). Assume {p;, |1/;)} is the optimal decomposi-
tion for ReEoA of psp; then we have

El(pap) = ) piEa((¥i)an)

is a reduced density matrix

= > PiEL(C*(1¥i)an))

E, (Z picz<|wi>AB>>
< E,(IC(pap)?) = fo(IC*(0a)]?), 24)

where the first inequality is due to the concave property of
E,(C?) for « € [(v/7 — 1)/2, (+/13 — 1)/2] in Lemma 3 and
the second inequality is due to the definition of (C*(p45))* and
the increasing property of E,(C?) in Lemma 3.

Next we show EJ(pap) = fa([C“(pAB)]z). Assume
{rx, |6k)} is the optimal decomposition for C*(p4p). Then

Fo(IC(pap)T?) = 8a(C*(pag))

= &u (Z rkc(|9k>AB)>

k

< Y 18a(C(16k)an))
k

= > rEqa(10)a5)
k

< E;(pas), (25)

where in the first inequality we have used the convex prop-
erty of g,(y) for o > 7 - 1)/2 in Lemma 4. The second
inequality is due to the definition of EZ(pap).

Thus combining (24) and (25), we have EJ(pap) =
F2(IC*(pap)]?) which completes the proof .

Theorems 1 and 2 have shown the analytic expression
between Rényi-a entropy and concurrence for a partition of
the set {A;,Aj,,---,A;,} with a different range of . Taking
the intersection of the different range leads us to the following
theorem.

Theorem 3. Assume PA; A,
of |Y¥)4,..4, in (17); then we have

is a reduced density matrix

Ey(paj1a;,-4;,) = Ealpa; 14,-4,,)

= fa(c (,OA/]|AJ,- Ajp ) (26)

when a € [(V7 — 1)/2, (v/13 — 1)/2].

With the analytical expressions obtained above, we then
begin to investigate the monogamy relations with respect to a
partition P = {Py, P, --- , P} of the set {A; ,A;,,---,A; 1,
k < m < n using Rényi-a entropy. Before that, we need a
lemma to ensure the analytical expressions obtained above are
all available for |Y/)p, ... p,.

Lemma 6. [26] Let |y)4,,... 4, be an n-qudit pure state in
Eq. (17), then for any partition P = {P), ..., P} of the set
of subsystems S = {A}, ..., A}, kK < n, the state [)p, ... p 1S
also a superposition of a k-party generalized W-class state in
Eq. (10) and vacuum in higher-dimensional quantum systems.
Here P, N P, = (Jfors # ¢, and U‘PS =3S.

Theorem 4. Assume py; ..a,, is a reduced density matrix
of |Y¥)a,..a, in (17); here We denote by {P,, P, - -, P} a
partition of the set {A; ,A},,--- ,A; },k <m < n; whena >
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(+/7 — 1)/2, we have the following monogamy inequality:

k
EX(opipp) = Y Ea(ppp)- 27)

> (v/7 — 1)/2, we have
E;(ppipp) = f2(C* (0P, py--p,))

k
= fa (Z CZ(PPIB))

i=2

Proof. For «

k
> f2(C(prp))

=2
k
=Y EX(prp). (28)

where in the first equality we use Theorem 1, the second
equality is due to the monogamy relation in Lemma 1, the first
inequality is due to the convex property of squared Rényi-«
entanglement in Lemma 2, and the last equality is obtained by
Theorem 1 again. |

Theorem 4 deals with the monogamy inequality of the
squared RaE in a partition of {A;,A},,---,A;, }. However,
we can also analogously show the monogamy inequality for
the pth power of RowE for GW states when p > 2.

Corollary 1. Assume py; ...a;, is a reduced den51ty matrix
of |Y)4,...a, in (17); here we denote by {Pi, P, - - - , P} apar-
tition of the set {A;,A;,,--- ,A; }, k <m < n; Whena>2,
we have the following monogamy inequality:

k
El(ppip-p) = Y EL (o), (29)
for pu > 2.
Proof. In Theorem 3 of Ref. [23], the authors presented that
Ja& +37) = fu0P) + fu ), (30)
witha > 2and 0 < <LOL2+yr < 1.
Then when p© > 2 We can get
U+ 2 [0+ £707)]°
2020\ 5
— n 2 1 fa (y )
So(x )( + F202)
> [l + fIOP). 31

Here the second inequality is obtained by (1 +1¢)* > 1 +¢*

for any real number x and #,0 <7 < 1,x € [1, o0].
Denote Q = P; - - - P, then

EL (pp,pyp) = [(C* (P pyp,)
= f2(C*(ppp,) + C*(ppio)]
> f1C(onp)) + f1(C*(ppo))
=E!(onp,) + EX(op o), (32)

where the first equality is due to Theorem 1, and
the second equality is obtained from Lemma 1. If

min{C(pp,p,), C(pp,0)} = 0, obviously the inequality holds.
If min{C(pplpz), C(IOPIQ)} > 0, assuming C(pPle) > C(;OPIQ),
then the inequality holds owing to (31).

By partitioning the qudit system Q into two subsystems, P3
and a 2!P+++Pd_dimensional quantum system, and using the
inequality (31) repeatedly, one gets (29). Here |p;| denotes the
number of qubits in party P; fori =1,2,--- , k. ]

As a duality of monogamy relations, polygamy relations
using ReEoA for GW states can also be developed.

Theorem 5. Assume py; ..a; 1s a reduced density matrix
of [Y)4,..4, in (17); here we denote by {P;, P, --- , P} a
partition of the set {A;,Aj,,--- ,A; .}, k <m <n;whena €
[(~/7 = 1)/2, (+/13 — 1)/2], we have the following polygamy
inequality:

k
EX(oppr-p) < Y ES(ppip)- (33)

Proof. When « € [(v/7 — 1)/2, (+/13 — 1)/2], we have

Es(pPl ‘Pz“‘P]() = fvt(c2(pP] |P2~~~Pk ))

k
= fa (Z CZ(PP,R-))

i=2

k
<D fa(Corp))

i=2
k
=Y Elorn)- (34)

where the first equality is obtained by Theorem 2, the second
equality is due to the monogamy relation in Lemma 1, the
first inequality is due to the concave property of Rényi-o
entanglement in Lemma 3, and the last equality is obtained
by Theorem 2. ]

Taking similar consideration in Corollary 1, we can have a
polygamy inequality of pth power of ReEoA.

Corollary 2. Assume py; ..a;, is a reduced density matrix
of |Y¥)a,..a, in (17); here we denote by {P,P>,--- , P} a
partition of the set {A; ,A;,,--- ,A; }, k <m <n;whena €
(W7 —1)/2, (+/13 — 1)/2], we have the following polygamy
inequality:

k

ED" opiprp) < Y (ES)" (opip), (39)
=2
for0 < u < 1.
Proof. In Lemma 2 of Ref. [43], the authors showed that
Lo +97) < ful?®) + £ 0P, (36)

with ae[(WT-1)/2,W13=1)/2]and 0< x,y < 1,0 <
X +y2 < 1.
Then when 0 < i < 1, we have
S +57) < a6 + fuPI
ACH R A 37)
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0.8

Eu(pp,p,p,)
S\_
Ealppp,r,)
o
b

0.85 0.9 0.95
a

(a) (b)

1.05 1.1 1.15 1.2 125 1.3
a

FIG. 1. Lower and upper bounds are shown for E.(op,p,p,)
when o € [(v7 - 1)/2, (W13 — 1)/2], o # 1. The solid black line
is the function \/EZ(pp,p,) + E2(ppp,) of variable o, which is a
lower bound for E,(op,p,p,)- The dashed blue line is the function
EZ(pp,p,) + ES(pp,p,) of variable , which is an upper bound for
Eu(pppypy)- (@) WT—1/2<a < 15(0) 1 <a < (V13 -1)/2.

Here the second inequality is obtained by (1 +17)* < 1 +¢*
witht > 0, x € (0, 1] and a similar consideration in the proof
of inequality (31).

Denote Q = P; - - - P, then

(Eg)u(pPHPz“'Pk) = féﬁt(cz(pf’l |P2mpk))

k
< Y fionp)
=2

k
= (E9)"(orp)- (38)
=2

Here the first equality is from Theorem 2, and the inequality is
obtained from the iterative use of inequality (37) and a similar
consideration in the proof of inequality (32). ]

As an example to show the application of the above results,
we consider the four-qubit GW state

1Y) 4, 40454, = 0.3]0001) + 0.4]0010) + 0.5/0100)
++/0.5/1000). (39

Here we choose pa 4,4, as the reduced density matrix of
(V) 4,454, and P = {Py, P>, P3} with Py = A, P, = Ay, P; =
Ajz. First, we have

Paiaa; = 0.09]000)(000] + |#) (4], (40)

where |¢) = 0.4/001) + 0.5]010) 4+ +/0.5/100). Using the
calculation method in Ref. [44], we get C(ppp,) =

%, C(ppp,) = %ﬁ Then when « € [(V7 — 1)/2, (V13 —
1)/2], @ # 1, using Theorem 3, we have

2 2
Ea(pPle) zEg(pP1P2) = fa|:<\/7_> }7
2/2\?
Eq(ppp,) =E,(ppp;) = fa[(—{) i| (4D

Since Theorem 4 leads to /E2(ppp,)+ E2(ppp,) <
E,(ppp,p,), and Theorem 5 leads to ES(oppp,) <
ES(ppp,) + ES(ppp,), and Theorem 3 ensures the
equality E,(pp,p,p,) = Eg(pop,p,p;), then we have lower
and upper bounds for E, (op,|p,pr,); see Fig. 1.

V. GENERALIZED POLYGAMY RELATIONS
FOR GENERALIZED W-CLASS STATES
USING RéNYI-« ENTROPY

In this section, we develop generalized polygamy relations
of multipartite systems in terms of RoEoA. Now we first
investigate a generalized polygamy relation which shows the
reciprocal relation of ReEoA in an arbitrary three-party quan-
tum system.

Theorem 6. Assume PA;, A, is a reduced density ma-
trix of [Y¥)a,..a, in (17); here we denote by {P;, P», P53} a
partition of the set {A;,A;,,---,A; }; when a € [(f—
1)/2, (/13 — 1)/2], we have the following polygamy in-
equality:

EJ(pppp,) < Eg(opypp,) + ES(OpypiPy)- (42)

Proof. Assume {p;, |¥;)} is the optimal decompo-
sition for RaEoA of ppp,p, such that EZ(ppp,p,) =
> i PiEa(1¥i) ppopy)- Let T(p) = 2[1 — Tr(p*)] be the lin-

ear entropy which is related to the concurrence [45]. For
each pure state |;)p|p,p, in this optimal decomposition, one
has pp,p, = Trp, (1Y) ey (Wil), o, = Trpp (19} by (Vi)
pp, = Trpp, (1Vi) pipypy (V).
When [C*(|¥:)p,ipp,) + C2(1¥i) pypp,)] < 1, we have
Eo(1¥1)pipyp) = fo(C (W) P ippy))
= fa(T(p;EPs))
< [T (o) + T (pp))]
= fulC* (Vi) ppip) + C2 (W) pypipy)]
< Lo C Y pipp) + Fu(CE W) e )
= E,(|¥i)ppp,) + Eo(1Wi) pyipipy)s (43)

where the first equality is from Theorem 1, and the first in-
equality is due to the subadditivity of the linear entropy [45]
and the monotonically increasing property of f,(x) in Lemma
3. The second inequality is due to inequality (36).

When [C2(1i)pyjp,p,) + C2(1Wi)pypp)] 2 1, defining S =
[C* (i) pyppy) + C2(1¥i)pypp,)] — 1 > 0, we have
Eo(1¥i)inr) = fuC2 (Wi in.r))

< fo(D)

= fulC* (Vi) pipey) + C2(1Wi)pypip,) — S]

< S CCAYDRipe)) + [l CC (Wi pypie,) — S

< S C Wi pypp)) + Fo(C2(¥i) pypip,))

= Eo(1¥i)ppipy) + Eo(1Yi)pypipy)- (44)
Here the second inequality is by using inequality (36) with
respect to C2(| ;) p,p,p,) and C>(|¥;) py pp,)) — S, and the third
inequality is due to the increasing property of f, on the second

term.
Therefore, we have

EZ(pppp,) = Z PiEo (Vi) P p,py)

L

g Z piEa(|wi>P2|P1P})

062428-6
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+ > piEa(Yidpypie,)

< E (ppyppy) + Eg(opypipy)s (45)
where the first inequality is from inequality (43) and the
second inequality is due to the definition of RoEoA. |

Theorem 6 tells that the sum of two RaEoA’s with respect
to two possible bipartitions (P, — P\ P;, P; — P P,) always
bounds the RowEoA with respect to the remaining bipartition
(Py — P,P3). Moreover, iterative use of Eq. (42) leads us to the
generalization of Theorem 6.

Corollary 3. Assume py; ...a;, is a reduced densny matrix
of |Y¥)a,..a, in (17); here we denote by {P, P, -, P} a
partition of the set {A; ,Aj,,--- ,A; L,k <m < n; When o€

[(V7 — 1)/2, (+/13 — 1)/2], we have the following polygamy
inequality:

Eg(lopllpz,---,l’k) < ES(PP2|P1P3,...,Pk) + ...

+E (o PPy Py (46)

According to the relations between Ro¢E and RaEoA in
Theorem 3, we can have another corollary of Theorem 6 for
ReaE.

Corollary 4. Assume py; ..a;, is a reduced density ma-
trix of |Y)a,..a, in (17); here we denote by {P;, P», P3} a
partition of the set {A;,Aj,,---,A; }; when a € [(\/_—
1)/2, (/13 — 1)/2], we have the following monogamy in-
equality:

Ey(op,ippy) + Eo (PP, P,)- 47)

Next making use of Theorem 6, we can obtain a polygamy-
type upper bound of multiqubit entanglement for RoeEoA
between the two-party subsystem and the remaining k-party
subsystem.

Theorem 7. Assume PA; A, is a reduced density ma-
trix of an n-qudit pure state [Y)s,..4, in (17); here we
denote by {Pi, P, Q1, 0>, -+, 0} a partition of the set
{Aj,, A, A} ) when a € [(W7—1)/2, (V13 - 1)/2],

we have

E,(pp,1p,p,) <

k
Eg(oppyi0,-0.) < 2E4(ppipy) + ZEg(PPIQ,)

i=1

k
+ Y El(oro,). (48)

i=1
Proof. Consider PPQ; ---
state with Q = Qy - - -

O as a three-party quantum
Or. Then Theorem 6 leads us to

E (pp,ip,0) + Ey(ppp0)- (49)

From Theorem 5, we have

EJ(pp,py0) <

k
EX(opiro) < ES(opyp) + Y Edopg).  (50)

i=1
and
k

El(prino) < Eg(omie) + Y ES(pro). (51
i=1

Combining (49)—(51), we obtain (48). |

Theorem 7 implies that the entanglement (RoEoA) be-
tween the parties P; P, and the other parties cannot be more
than the sum of the individual entanglement between P, and
the k 4+ 1 remaining parties and the individual entanglement
between P, and the k 4+ 1 remaining parties.

For the case when &p p,0,..0, = Pp,10,--0, ® |0)p, (0], in-
equality (48) in Theorem 7 reduced to the polygamy relation
(33) in terms of ReEoA in Theorem 5. So that is why we call
the result in Theorem 7 a generalized polygamy relation for
the GW state using RoEoA.

VI. TIGHTER MONOGAMY RELATIONS
FOR GENERALIZED W-CLASS STATES

This section gives tighter monogamy relations for GW
states in terms of concurrence and negativity. A general
monogamy relation is also developed using Rényi-« entropy.
First, we prove a pivotal lemma.

Lemma 7. Forreal numberst € [0, 1],x > k > 1, we have
1+k)
(1+x)’>1+<( + ) ) (52)
Proof. Consider the function f,(x) = (HX? , since

=tx -1 +x)"11>0

df: (x)
dx
fort € [0, 1]and x > 1.
In other words, the function f;(x) is an increasing function
with x > 1. Since x > k > 1, then f;(x) > f; (k). |
Now if we set the partition {P;, P, P;} as a subset of the

set {A], Ay, ..., A,}, then the monogamy relation in Lemma 1
can be rewritten as

Chipr = Chp + Chpy (53)

CP1P2 = C?’IPZ' (54)

Theorem 8. Assume |{)4,4,..4, 1S an n-qudit generalized
W-class state and set the partition {P;, P>, P3} as a subset of
the set {A, Ay, ..., A, }; if Cg& > kCgle, we have

a B a \B a \B
(Chipp)” = h(Chp)" + (Chp) (55)

B
with B € [0, @], @ > 2, h = W21 >

Proof. Since Cj p,
a  \B
(Chipe)” = Cripp)’

2 (Cgle + CglPs)
B

(64 @
B PPs
= CP|P2<1 + Cal )
PP,

(4+k)E—1/C8,\"
> Cﬁﬁ’z |:1 + kﬁ <621P3> j|
o PP

ka
o
> kCP1 Py WE have

B
o

(14 k)e —1
= Cglpz B 511”3
) A+ke—1, .
= (Cple) —(CP1P3)'B‘ (56)

Kt
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FIG. 2. Concurrence of assistance and lower bounds for three-
qubit GW states given in Eq. (57). The solid black line is the function
Cp,p,p, Of variable B. The dotted blue line is the lower bound of
Cj,\p,p, Obtained from [27]. The dashed green line is the lower bound
of Cp, p, p, Obtained from our result.

Here the first inequality is due to (53). The second inequality

is obtained from Lemma 7 and the last equality is due to (54).

]

Theorem 8 shows a general monogamy inequality for GW

states using CoA which is tighter than the result in Ref. [27].

Here we present an example to illustrate this. We consider a
three-qubit GW state:

1 1 2
—[100) + —=|010) + —=|001). 57
\/6| Hd@' >+J6| ) D

Set the partition P; = A;, P, =A;, P; = As. After com-

putation, we get C(pp,p,p,) = C*(op,|p,p,) = JT?,c(pPI,,Z) =
Ca(pplpz) = %, C(,Oplps) = Ca(,()plp3) = % Choose a = 3, then
1 <k < 8. Assuming k =5, we get the lower bound for
C,|p,p, from the monogamy inequality in Theorem 8. One can
also get a lower bound for Cj, p,p, from Ref. [27]. We plot
these two lower bounds for C3 5 p in Fig. 2. From Fig. 2,
we can easily see that our bound is tighter than the one in
Ref. [27].

Next we generalize the results to the multipartite GW state
in terms of CoA under some restricted conditions.

Theorem 9. Assume pp,...p, is a reduced density matrix
of an n-qudit pure GW state [/)4,..4,; if we have kCp p <
C;’,‘lmﬂ__ﬁﬂ for i=2,3,---,t, and Cglpl > kCgI‘PjH“‘Pm for
j=t+1,---,m—1, then we have

V)48, =

m—1

t
( ?’1|P2,“me)IB >Zhi_2(clg]1’,)ﬁ +hl Z (C;l’le)ﬁ
i=2

i=t+1
P 59)

]
withﬂe[O,a],a}Z,h:““‘%,kgl,

k
. o o .
.Proof. Since kCPlP,» < CPI|PI'+]”'Pm—] fori =2,3,---,n,then
using Theorem 8, we have

(Cfisz...P,,,)/3 >(C§1Pz)ﬂ +h(C5, |P3...P,,,)ﬁ

t
>3 W (C ) RN C ) (59
i=2

Since Cglpj > kC;’;llPMum forj=t4+1,.---,m—1,using
Theorem 8 again, we get

(Cgl \Pr+l---Pm)ﬁ h(cgleH)ﬂ + (CgllpH»ZnJJm)ﬁ

VoWV

m—1

hy (Che) +(Chr) . ©0)

i=t+1

WV

Combining (59) and (60), we finally obtain

t
(Cia’l |P2---Pm)ﬁ > Z hi_z (Clgle)ﬂ + hl_l (Cf’l |Pt+]---Pm)ﬂ

i=2
t ) m—1
> W) Y (Chp)
i=2 i=t+1
+Hes s ) (61)

]

When k = 1, inequality (58) reduces to the inequality (44)

in Ref. [27]. Note that Theorems 8 and 9 are presented for the

n-qudit GW state. Furthermore, we claim that Theorems 8 and
9 are also valid for the mixed state

PA, A, = P|Wnd)Al»--An <Wnd|
+ (1 =p)0---0)a,..4,(0---0] (62)

Since pg,...4, 1S an operator of rank 2, we can always have a
purification of py,...4, such that

V)41 = VPIW A a, @ 10)a,.,
VT =pl0- ), ® X}, (63)

with [x)4,,, = Zf;; an+1ili)a,,, a one-qudit quantum state of
A, +1; then using (10), Eq. (63) can be rewritten as

d—1
V) ararn = Y _L/Plaili--00)4,.a,,, + -+
i=1

+ am-IO s iO))A]...A

n+1

+ V1= pay1;]0---0i)y,..a,,]1 (64)

One can find that it is an (n + 1)-qudit GW state.

Moreover, we note that CREN is equivalent to concurrence
for any pure state with Schmidt rank 2 [12]. Choi and Kim
[25] proved that for an n-qudit pure state [{)4,...4, in Eq. (17),
we have

N2 (W)ara) =Y N (paa)- (65)

j=2
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Later Kim [26] presented that for the reduced density matrix
of |¥)4,...a,, we have

N2 (oaren) =Y N (oaa)). (66)

J=2

The inequalities (65) and (66) are still true for the coun-
terexamples violating the CKW inequality using squared
concurrence. We can use the similar method in the proof of
Corollary 1 to generalize inequality (66) into uth power for
w =2

N oara) 2 D" N™(oasa))- (67)

j=2

Therefore, playing a similar trick in Theorems 8 and 9, we can
obtain the general monogamy relations for CREN which are
tighter than the corresponding results in Ref. [27].

Theorem 10. Assume pa, a,4, 1 the reduced density matrix
of a three-qudit pure state [1/)a 4,4, in a superposition of a
three-qudit generalized W -class state and vacuum; if Ny , >

~Ot
kN 4, we have

(/\7Al\AZA3)ﬁ > h(NA1A3)ﬂ + (MIAZ)/S’ (68)

with B € [0, a], =2, h = ‘”’”g
Proof.

~ ~ ~ B
(Ml\AzAz)ﬂ 2 ( XIAZ + ;\xlAg)a

~ B
:xff.Az(l + N~_>

A[Az
> (Naa)’ +h(Naa, ). (69)

Here the first inequality is due to (67). The second inequality
is obtained from Lemma 7 and N o, > kN, . u

Theorem 11. Assume py, .., is the reduced density ma-
trix of an n-qudit pure state |{/)4,..4, in a superposition of
an n-qudit generalized W-class state in (10) and vacuum;
if kNG 4, SN a4, for i=2,3,--- m, and ./\/X‘IAI_ >

kNj‘lIAM___An forj=m+1,---,n— 1, then we have

Naaea)” = D02 (W)’
=2

n—1

+hn" Z (./’\V[A]A,)ﬂ

i=m+1

+ 1 (W) (70)

B
with B € [0, a], 22,;,:%,/(2 1.

Finally, we explore the gene;al monogamy relations for
ReoE.

Theorem 12. Assume PA;, A, is a reduced density matrix
of |Y)4,..a, in a superposition of an n-qudit generalized W-
class state in (10) and vacuum, and set the partition {Py, P>, P3}
as a subset of the set {A; ---A; }; if (Es(opp))* =

k(Ey(pp,p,))", when o > 2, we have
(Ealoripr)” = h(Ealone)” + (Ealonp))’. (1)

B
with B € [0, ul, 0 > 2,h = B =L k> 1
kr
Proof. From Theorem 1, we have

Ealonipp)V = (fu(CE pp)”
= [fu(Cp, + Cp)]
> [12(Con) + 2(Cn)]
> (fuCn) +1(fu(Cp))

= (Ea(orr))" + h(Ewppp)). (72)

Here the first inequality is due to inequality (30) and (a +
by > a*+ b fora>0,b > 0,x > 2. The second inequality
is obtained from Lemma 7 and the condition (E,(pp,p,))"* >
k(Eqy(op,p,))". n

The iterative use of inequality (71) naturally leads us to
the generalization of Theorem 12 into multiparty quantum
systems.

Theorem 13. Assume PA;, A}, is a reduced density ma-
trix of an n-qudit pure state |Y)4,..4, in a superposition of
an n-qudit generalized W-class state in (10) and vacuum
|0---0)4,..a,, and set the partition {P;, P», - - - , Ps} as a subset
of the set {A;, ---A;,}; if k(Eq(ppp))" < (Eo(ppypy,-p))"
for i =2,3,---,t, and (E,(ppp,))" = k(Ex(pp, P,y -2,
forj=t+1,---,5s—1,when o > 2, then we have

t
(Eo(0p1p,...2,))° = Z W= (Eq(ppp)
i=
s—1

+H Y (Ealppp))

i=t+1
+ h' = (Eq(ppp,)) (73)
B
with B € [0, ], o > 2, h = LFE=L o>,
km

VII. APPLICATION

A. Partition-dependent residual entanglement

Monogamy and polygamy relations can offer an in-
sight into multipartite entanglement. The relations we have
obtained involve the exploration of both bipartite and multi-
partite entanglements with respect to all the possible partitions
for GW states of the whole system. In this subsection,
we begin with deriving some monogamylike inequalities of
partition-dependent entanglement for GW states.

We can always design the partition in several steps; we
first divide the whole system into two parties, then divide
each of them into another two, and next keep dividing in
this way until we obtain the desired partition of the whole
system or a specific subsystem. Here, for convenience, we first
choose a partition P = {P;, P,} of the set {A1,As, -, A}
for a GW state [Y¥)aa,.4, in Eq. (17) with P =
{A1, Ay, -+ JAg} and P, = {Agyq, - -+ , Ay} then we continue
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d1v1dmg P1 and P2 into Pl = {PM, P12} and P2 = {P21, Pzz}, in
which Py = {A[, Ay, -+, Ag}, Po={Ag1, -+ LA}, P =
{Agi1, -+ LA}, and Py = {Aj+1, - -+, An}. Now, under this
partition, we can have

Eo%(pplpﬂ )+ ES(pP,Pzz)
Eo%(loP“Pz[) + Eo%(loPlZPZI )
+ E{f(,OP“Pn) + Eo%(pPIZPZ?.)

> Y EXpas) (74)

i=1 j=s+1

EX(op,\pypy) =
>

where the first inequality is from Theorem 4 with the partition
Py and {P»|, P»»}, and the second inequality can be obtained
from Theorem 4 with the partition {P, P;»} and Py (P2).
When reducing the partition into a single-qubit subsystem, we
get the third inequality from Theorem 4. Here 1 < g < s <
h < n.

Based on the monogamylike inequalities in (74), we then
put forward the following PREs in terms of Rényi entropy for
GW states:

1—‘1"11P12|1’211’22 = Eo%(anPlzlpzlez)
— E(ppypy) = E2 0Py
— Ej(ppypy) — Eq(opopy)  (75)

and
F;’llpz = EC%(IOP”PZ) - Z Z E(z(pA[Aj)- (76)

i=1 j=s+1

With concrete partitions of the system in term of s, g, and 4,
PREs can reflect how the global entanglement for GW states
can be characterized by partial entanglement using RoE with
different formats.

We select an n-qubit W state to show the application of
PREs:

1
V) a,45..4, =—=(10---0) +[01---0) + ... +]00-- - 1)).
NG
()

Then, when @ > (v/7 — 1)/2, Theorem 1 leads us to
= fo%(clz’uplz\]”ﬂpzz)

- f(f(cfz’npzl) - f(f(CI%IZPZI)

- flf (CI%HPzz) - f(f (CI%szz) (78)

F"’11P12|P211’22

and
1_‘;’1|Pz thf(cfz’l\l’z) - Z Z faz(ci,Aj)‘ (79)
i=1 j=s+1
After  calculation, we  have Cg,“ PualPy Py = %,
and CIZ’11P21 = an[\/(n — )+ 4g(h—s) —(n— S)]Z,

Chopy = =V (n— 5P +4(s — g)(h— ) — (n— 5)P%,
Clz’npzz = nil[\/(n - S)2 + 4g(n - h) - (n - s)]Z’ CI%IZPZZ =
niz[\/(n — s +4s—gmn—h)—@m—s)] and C/%,A, =

V=22 +4 - -

TABLE L. The values of PRE I'p, p,, p,, p, for the different entan-
glement orders « and all the possible values for g labeled as (s, g, h)
whenn =6,s =4,h=5.

4.1,5) (4.2,5) 4.3.5) (4.4.5)
a =095 0.7652 0.7898 0.7652 0.6966
a=1.05 0.7715 0.7927 0.7715 0.7128
a=1.15 0.7720 0.7901 0.7720 0.7217
a=125 0.7686 0.7841 0.7686 0.7253

As shown in Egs. (78) and (79), I'pp,ip,p, and T p,
are related to the bipartition in terms of s, while the former
relies on the further partitions in terms of g and 4. Choose
« as 0.95, 1.05, 1.15, and 1.25 randomly, and set n = 6 and
s =4.Since | < g <sands < h < n, then g can be the value
of 1, 2, 3, and 4 and A equals 5 or 6. We calculate the first
indicator for the six-qubit W state with all the possible values
of g and & which are labeled as (s, g, #) in Tables I and II.
When h =5 in Table I, PRE T'p, p,|p, p,, has the same value
for (4,1,5) and (4,3,5), and the maximum value is at (4,2,5)
while the minimum is at (4,4,5). When & = 6 in Table II, PRE
Ip,, P,,|P,, P, has the same value for (4,1,6) and (4,3,6), and the
maximum value is at (4,2,6) while the minimum is at (4,4,6).
In other words, the value of PRE I'p, p,p,r, for partition
A1|A2A3A4 |A5|A6 (A1|A2A3A4|A5A6) equals to the value for
partitionA1A2A3 |A4 |A5 |A6 (A1A2A3 |A4 |A5A6) for the SiX-qllbit
W state in (77). Comparing Tables I and II, the values when
h =15 in Table I are all bigger than the corresponding ones
when h = 6 in Table II, and the values at (4,4,5) and (4,2,6)
are equal. It is also interesting to find that PRE F;,l‘ p, has
the same value when s =1 and 5 (s =2 and 4) in Table
III. In fact, the values of PREs in Tables I- III are not only
related to the values of s, g, 4, and n, but also the product of
the difference value between s, g, &, and n, such as s(n — s),
gh—s), (s—g(h—s), gn—h),and (s — g)(n — h). These
significant results are mainly due to the special structure of the
six-qubit W state in (77).

In order to explore the relationship between PREs and «,
we also plot the function PREs of variable o when s, g, and
h are fixed for a > (+/7 — 1)/2 in Figs. 3 and 4. In Fig. 3,
the values of PRE I'p p,p, p,, tend to increase first and then
decrease. Figure 3(a) [Fig. 3(b)] corresponds to the case in
Table I (Table II), which gives very good agreement with
the analysis for Table I (Table II). In Fig. 4, the values of
PRE F},] P, tend to decrease whens = 1,2,4,5. When s = 3,
the function of PRE I', » monotonically increases and ap-

TABLE II. The values of PRE I'p, p,,p, p,, for the different en-
tanglement orders « and all the possible values of g labeled as
(s,g, h)whenn=6,s=4,h=6.

4,1,6) (4,2,6) (4.3,6) (4,4,6)
a =095 0.6543 0.6966 0.6543 0.5309
a=1.05 0.6704 0.7128 0.6704 0.5494
a=1.15 0.6804 0.7217 0.6804 0.5638
a=125 0.6859 0.7253 0.6859 0.5745
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TABLE III. The values of PRE I';, ., for the different entangle-

ment orders « and all the possible values for s when n = 6.

s=1 s=2 s=3 s=4 s=35
a=0.95 0.4380 0.8485 0.9981 0.8485 0.4380
o =1.05 0.4051 0.8352 0.9989 0.8352 0.4051
a=1.15 0.3753 0.8218 0.9993 0.8218 0.3753
a=1.25 0.3486 0.8085 0.9996 0.8085 0.3486

proaches to 1. The reason is that the first term of I', |, equals
1 when n = 6 and s = 3, which leads to a difference. These
results in Fig. 4 fit with the ones in Table III.
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FIG. 3. The function PRE I'p,, p,,|p,, p,, Of variable o is shown for
o> (ﬁ —1)/2. U'p 1Py Py, g€ts the maximum (minimum) value
when g =2 (g = 4) for some fixed «. (a) n=6, s =4, h =5 and
1 < g < 5. The curves coincide at (4; 1; 5) and (4; 3; 5); (b) n = 6,
s=4,h==6and 1 < g < s. The curves coincide at (4; 1; 6) and (4;
3;6).
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FIG. 4. The function PRE T}, , of variable a for & > (v/7 —
1)/2whenn = 6and 1 < s < n. The curves coincide at s = 1(s = 2)
and s = 5(s = 4). The value of I', |, at s =3 gets the maximum
value, which is close to 1.

Therefore, we have done a comprehensive analysis of the
whole system using the PREs to get a full understanding of
entanglement dynamics for the six-qubit W state in (77). By
virtue of PREs, we can develop a possible comprehensive
analysis of the entanglement dynamics in an infinite or finite
time for future study.

B. Quantum game

A referee and two isolated players, Alice and Bob, are
playing a quantum game G = (A, B, X, Y, , v), in which two
players only communicate with the referee and not between
themselves [37]. A, B, X, Y are finite sets. 7 is a probability
distribution: X x Y — [0, 1]. v is a verification function:
X xY xA xB— [0, 1]. Based on some probability dis-
tribution 7, the referee chooses a question pair (x, y) on the
question alphabets X x Y. Then he sends x to Alice and y to
Bob. Later the two players give their answers a and b from
the set A and set B. If v(x,y,a,b) = 1 for the verification
function, then they win. The classical value of the game

cv(G) = sup Z

@by x,y,a,b

7 (6, (@, b, x. y) / ()b, (@)dP ()
Q

is the maximum winning probability when two players can
use optimal deterministic strategies Y, a,(w) =), by(w) =
1 based on some classical correlation P(w). The quantum
value for a bipartite entangled state psp of the game is

qu(G) = sup Y w(x,y)v(a, b, x, y)r(pEL @ F))

")"‘z)(rl’F.v[J x,y,a,b

where the maximum takes over all the positive operator-
valued measures (POVMs) E¢ and Fy”, LEC=1,Y, Fy” =
1. It is clear that for all games cv(G) < qv(G).

In Ref. [38], the authors assume that Alice has a d-
dimensional system A. She can simultaneously share quantum
or classical correlation with an arbitrary number of players
By, By, ..., B,. So the referee chooses a player B; randomly
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and plays the game G; = (A, B;, X;, Y;, m;, v;) with Alice and
B;. For {G;}1<i<n, they define the average entangled value:

1 n
Agp(Gh = sip =37 3 mlx,y)
Fn

p,E;’,Fffy,'--, %v i=1 a,b,x,y
AB;
vi(a, b, x, y)r(o"PE¢ ® F), (80)
here EY, FI%V, . ,F,fv are POVMs on A, By, - - - , B,, respec-
tively. pAB1Br is a multipartite state and the dimension of A is

at most d. Since the classical correlation used for different G;
can be combined, then the average classical value was given
by

n

1

Acv({G;}) = " l;:cv(G,). (81)
In Ref. [27], the authors reconsider the bound of the dif-
ference between the quantum games and the classical games
restricting to GW states using Tsallis-¢g entropy for ¢ € (1, 2].
Here we get a new bound of the difference between the quan-
tum games and the classical games restricting to GW states
using Rényi-o entropy fora > 1. Let G = (A, B, X, Y, m, v)
be a quantum game. For fixed auxiliary systems A and B and
POVMs EY and Eb the value function becomes a positive

linear function:

ling(oap) = ) w(x.y)v(a, b.x. yu(pE ® FY).
x,y,a,b
Note that ling is of norm at most 1; then, for a separable
o4p and an arbitrary pgp,

ling(pag) < ling(pap — 0ap) + ling(cap)
< llpas — ouslli + cv(G). (82)

For a bipartite pure state [{/)ap = Zfz_ol Ailit), we show
there exists a separable state o4 such that

1Y) a (V| — oasllt < 2v2Eq(pap)- (83)

for > 1. First we select o4 = |00){00|; then we com-
pute the trace norm ||| )ap(¥| — [00)(00|||; = 24/1 — Xo.
So according to (83) we need to show 2./1 — iy <

d—1 1
2 7210‘%# in the following.

When « > 1, A € [0, 1], one has Y7/ 3¢ > 22 + (1 —
Ao)*; then it is enough for us to prove 24/1 —Aip <
5 [22logli+(1-30)]

a—1

Let  he(ho) = —2logy[Ay + (1 — Ag)*] — (1 — Ao)(x —
1); we need to show h,(Xy) = 0. Since
=208 4 2a(1 — ap)*~!

[Ag + (1 — 29)*]In2
and after analysis, we find /2, (A¢) in (84) has only one zero € €
[0, 1]. hy(Xp) is monotonically increasing for A € [0, €] and
monotonically decreasing for Xy € [€, 1]. However, Ao > dl,
so it is enough to show 4, (0) > 0 and ha(}i) > 0.h,(0) > 0is
clear. After computation, we obtain ha(ﬁ) = —log,[1 4+ (d —
¥+ alog,d — W. One can easily get hu,(é) >0
for any pure state with Schmidt rank equal to or less than 2
whena > 1.

R, (xo) = +@—1), (84

When p is a mixed state, assume {p;, |;)} is the optimal
decomposition of p in terms of E, (p4p); then

loas = ouslly = 1 D pilidas (Wil = 3 piléi)as @il
< D pilllvidas il = 1645 Oill
<22 VP PiEa(Vian)
< 2V2VEu(pan). (85)

Here we use the subadditivity of the one-norm. The second
inequality is due to (83) and the last inequality is due to the
definition of ReEoA and Theorem 3.

Using the monogamy inequality in Theorem 4, we have

ZEO%(/OAB,-) < E;(pap,..5,)

i=1

1 dlfa 2
< ("gz—> = (log,d*.  (86)
-«
Combining (82) and (85), we find that
272 &
Aqu(G) < ==Y " \/Eulpas, _5,) + Acv(G)
-

242
2 oo + Acu(G)
ni

< 2—\/15(10g2 d)? + Acv(G). (87)
n4

<

Here the second inequality comes from Holder’s inequality.
The last inequality is due to (86).

Finally, we get a bound of the difference between the quan-
tum games and the classical games using Rényi-« entropy:

24/2

1
n+

Aqu(G) — Acv(G) < X (log, d)?. (88)

It is interesting that this bound is independent of «. In
Ref. [27], the bound obtained by Tsallis-g entropy is

_ 22 _1 — - -
Aqu(G) — Acv(G) < T When g = 2, this bound is the

same as our bound for d = 2. Compared with the result in
Ref. [38], Aqv(G) — Acv(G) < %d(logzd)i, our bound is
n4

tighter due to d > (log, d)%.

VIII. DISCUSSION AND CONCLUSION

By using Rényi-o entropy, we have provided a class of
monogamy and polygamy inequalities of multipartite entan-
glement for GW states with respect to different partitions.
At the beginning, we have shown analytical formulas of
RaE and ReEoA for a reduced density matrix of GW states
when o > (v/7 — 1)/2 and « € [(v/7 — 1)/2, (V13 — 1)/2],
respectively. According to the two analytical formulas, we
have obtained monogamy and polygamy inequalities. We fur-
ther generalize them into pth power with a specific range of .
Moreover, we have shown generalized polygamy relations for
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GW states using RoeEoA, which shows a reciprocal relation of
RaEoA. Last but not the least, we provide tighter monogamy
relations in terms of concurrence and CREN than existing
ones and also obtain general monogamy relations for GW
states using RoE.

To show the application of our main results, we first estab-
lish two partition-independent residual entanglements using
our main results and get a full cognition of entanglement
dynamics for GW states. Our defined PREs can have unique
usefulness when one deals with the entanglement-changing
process in arbitrary partitions of multiqubit systems. Just to
make it more interesting, we consider a quantum game to
show the application of our results. It is important to find
that the bound of the difference between the quantum games
and the classical games using Rényi-o entropy for o > 1 is
independent of @. When d = 2, our result is the same as the
result obtained by Tsallis-g entropy for ¢ = 2 in Ref. [27].
Our bound is also tighter than the result in Ref. [38].

Our paper is similar but actually different from the re-
sults in Ref. [27] which considered the monogamy relations
for GW states using Tsallis-g entropy. Tsallis-g entropy is
a generalization of von Neumann entropy, and it is relevant
to the study of separability of compound quantum systems
[46] and global quantum discord [47] while Rényi-«a entropy

is a generalization of Shannon entropy with applications in
the study of nonlinear properties of quantum states [48] and
quantum correlations in fermionic systems [49]. We can use
PREs to explore more in the applications mentioned above
of Rényi-a entropy for future study. Additionally, the two
entanglement measures also have different properties. For
example, Rényi-o entropy for o # 1 is not in general sub-
additive [4] while Tsallis-g entropy is subadditive for g > 1
[50]. This leads to the methods of the proofs in Sec. V being
quite different from the ones in Ref. [27]. Furthermore, we
obtain tighter monogamy relations than the ones in Ref. [27]
which can imply finer characterizations of entanglement dis-
tributions. Therefore, we believe our results can be useful for
future research in higher-dimensional multipartite quantum
systems.
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