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Complete and nondestructive distinguishment of many-body Rydberg entanglement
via robust geometric quantum operations

F-Q. Guo®,' J.-L. Wu,? X.-Y. Zhu,"3 Z. Jin,* Y. Zeng®,’ S. Zhang,® L.-L. Yan,!:" M. Feng

78T and S.-L. Sue ¥

1School of Physics and Microelectronics, Key Laboratory of Materials Physics of Ministry of Education, Zhengzhou University,
Zhengzhou 450052, China
2School of Physics, Harbin Institute of Technology, Harbin 150001, China
3College of Science, Henan University of Engineering, Zhengzhou, 451191, China
4School of Physics, Northeast University, Shenyang 110819, China
3School of Information Engineering, Zhengzhou University, Zhengzhou 450001, China

®Department of Physics, Yanbian University, Yanji 133002, China

"State Key Laboratory of Magnetic Resonance and Atomic and Molecular Physics, Wuhan Institute of Physics and Mathematics,
Chinese Academy of Sciences, Wuhan 430071, China
8 Department of Physics, Zhejiang Normal University, Jinhua 321004, China

® (Received 1 September 2020; accepted 9 November 2020; published 15 December 2020)

Practical application of quantum information requires distinguishing multipartite entanglement in a complete,
nondestructive, and robust way. Here we explore the possibility to accomplish such a task using Rydberg atoms
based on blockade effect and user-defined-passage-based geometric quantum logic gates. Our proposal focuses

on distinguishing groups of many-body Greenberger-Horne-Zeilinger (GHZ) states and groups of cluster states,
and for bipartite cases distinguishing Bell states, which are basic ingredients of quantum information processing.
We validate our proposal by numerical results, showing complete and nondestructive accomplishment of
distinguishing above multipartite entangled states and also robustness against decoherence. We exemplify two

practical applications regarding quantum teleportation and quantum dense coding to demonstrate the value of
our proposal. This idea is scalable and experimentally relevant and can be readily generalized to other quantum
information candidates, such as superconducting circuits, NV centers, as well as trapped-ion systems with

different-level structures.

DOI: 10.1103/PhysRevA.102.062410

I. INTRODUCTION

In view of the long coherence time of internal atomic
states and strong Rydberg-Rydberg interaction (RRI), Ryd-
berg atoms have become a particularly attractive platform
for quantum computation [1]. One of the most fascinating
phenomena caused by RRI is Rydberg blockade [1-9], which
can suppress the excitation of other (ambient) Rydberg atoms
when one atom is excited to the Rydberg state. Rydberg
blockade, which has been observed experimentally [3,6], pro-
vides a way to implement fast quantum gates [1,7,10,11]
and generate quantum entanglement [12]. The experimental
progress [13-22] and very recent theoretical works [23-30]
have demonstrated great potential applications of Rydberg
atoms in quantum information processing. In addition, Ryd-
berg atoms have many other dramatic effects, such as Rydberg
antiblockade [31-38], and Rydberg dressing [39-41], which
enrich the charm of Rydberg atoms as an excellent platform
in quantum technology.

As one of the most famous entangled states, the
Greenberger—Horne—Zeilinger (GHZ) state have exhibited
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more profound nonlocality of quantum physics [42—44] than
Bell state, applicable for quantum networks [45,46], quantum
metrology [47], and measurement-based quantum computa-
tion [48-50]. Another vital entangled state is the cluster state
[51], which is more stable than Bell and GHZ states and can
be used in one-way quantum computation [52,53]. Hein et al.
proved that the cluster states are resistant to decoherence [54].
Through some local operations, two- and three-qubit cluster
states can be converted to Bell states and three-qubit GHZ
states, respectively [51]; with more qubits involved, however,
this state converting is not available by only local operations.
Until now, various methods of preparing Bell states, GHZ
states and cluster states have been developed [55-61],
while the complete distinguishment of entangled states, an
important operation for obtaining quantum state information,
is still highly demanded [61-66]. In 1998, Pan and Zeilinger
proposed the first practical GHZ-state analyzer with linear-
optical elements, which can identify two of N-photon GHZ
states [64]. On that basis, the entanglement distinguishment
for photon systems [65,66] and superconducting systems [67]
have also been studied. In Rydberg atom systems, however,
distinguishing multipartite entangled states, such as GHZ
states and cluster states, have not been studied yet.

On the other hand, geometric phases [68,69], which are
insensitive to the evolution details but the whole process, are
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robust to local noises. Besides, to avoid decoherence caused
by the interaction between the quantum system and envi-
ronment, a series of quantum computation schemes based
on Abelian or non-Abelian geometric phases [70-72] were
proposed. However, the early geometric quantum computation
was based on the geometric phase obtained by the adiabatic
evolution [73-75], where the interaction between the system
and the environment is of a long time, susceptible to decoher-
ence and errors. Recently, schemes of nonadiabatic holonomic
quantum computation (NHQC) [76-85] were proposed to
avoid the long run-time requirement but share the robust-
ness advantages of its adiabatic counterparts. Considering
a quantum system with general time-dependent Hamilto-
nian A () and assuming a time-dependent L-dimensional
subspace S(r) spanned by the orthonormal basis vectors
{|¢>k(t))}£=1 at each moment of time, where |¢(¢)) sat-
isfy the Schrodinger equation i |¢y (1)) = H (1) (1)), we
have, for {|¢:(¢))} at each instant ¢, |¢ (1)) = U(z, 0)|¢(0))
with time evolution operator U (¢, 0) = Te~ /o H¢)d!" T peing
time ordering. If |¢y (7)) satisfy (i) Zle |k (T)) (P ()] =
> et 196 (0)) ($i(0)] and (i) (i (IHD)i(1)) = O (kI =
1,...,L), the unitary transformation U(t,0) is a holon-
omy matrix acting on L-dimensional subspace S(0) spanned
by {|¢k(0))}£:] [76,77]. They are cyclic condition and
parallel-transport condition of NHQC, respectively. Nev-
ertheless, conventional NHQC gates need to meet strict
conditions of achieving cyclic evolution [76,77], which re-
duces the robustness of the geometric quantum gates against
control errors. To this end, Liu [86] et al. proposed alter-
nate geometric gates named NHQC+-, which only requires
the accumulated dynamic phase being zero in the whole
evolution process. This maintains the flexibility and error
tolerance, but breaks the parallel-transport condition of the
NHQC.

In this manuscript, based on geometric quantum op-
erations, we propose schemes to completely distinguish
entangled states in a nondestructive way. The nonadiabatic ge-
ometric gates on Rydberg atoms are constructed by NHQC+
[86] with the user-defined-passage-based pulse design [87].
Based on the constructed geometric quantum gates, we first
construct parity discriminator and phase discriminators, and
then realize distinguishment for Bell states, N-qubit GHZ
states, as well as four- and five-qubit cluster states. Examples
regarding quantum teleportation [88] and quantum dense cod-
ing [89] are given for practical application and significance of
our entanglement discriminators.

The article is organized as follows. In Sec. II, robust
Rydberg geometric quantum gates are introduced based on
the user-defined passages. In Sec. III, we discuss the re-
alization schemes of N-qubit Rydberg parity discriminator
and entangled state phase discriminators, respectively. In
Sec. IV, we construct nondestructive N-qubit entangled state
discriminators by combining the presented parity discrimina-
tor and phase discriminators, then, Bell states, N-qubit GHZ
states, four- and five-qubit cluster states will be distinguished
completely. Besides, the discriminators can be employed in
quantum teleportation and quantum dense coding as exempli-
fied to simply demonstrate the practical applications. Sec. V
is for discussion and conclusion.

)
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FIG. 1. Configuration diagram of Rydberg single-qubit gate.

II. RYDBERG GEOMETRIC QUANTUM GATE
A. Single-qubit gate

Now we show how to construct the single-qubit gate via
NHQC+ dynamics. As sketched in Fig. 1, we consider a
Rydberg atom with two stable ground states |0), |1) and a
Rydberg state |r). |0) and [1) are coupled to |r) with Rabi
frequencies 2¢(t)e'™ and 2;(¢)e'?', respectively, where ¢q
and ¢; are time-independent phases. In the interaction picture,
such a system in units of i=1 can be written as

H = 3[Q00)I0)(rle™ + Qi(0)[1)(rle”' ]+ He. (1)

We choose two user-defined passages |£p(7)) and |&;(¢))
and an orthogonal state |&;(¢)) by defining some time-
parameterized states (as input) for inversely engineering the
driving Hamiltonian [87], as

0 6 _.
|§o(2)) = cos E'O) — sin Ee"“’|1>,

0 . 0 . o . 0
|€1(1)) = [cos Ee*’“/z sin 5e’¢|0> + cos Ee*'“/z cos §|1>

o . .

+ sin Ee’“/2|r)]e_’y/2,

0 . 0 . o . 0

162(7)) = |:sin 3e—w‘/z sin Eel‘ﬁm) + sin 3e—l“/z cos 5|1>

® . .
— cos Ee’“/2|r)j|e”’/2, 2)

where O, «, 6, ¢ are generally parameters to be determined
below, Q = «/Q% + Q%, Qo/2; =tan(6/2), and ¢ = @y —
¢1. To achieve geometric gates in the computational sub-
space {|0), |1)}, we impose the boundary condition ®(0) =
O(T)=2nr, n=0,1,2.... Therefore the time dependence
of the control fields can be determined by the pas-
sages through solving the Schrodinger equation i %W(t)) =
HIy 1)),

Qcos¢@; =cosasin®@y — sina@,
Qsing; = —sina sin Oy — cosa O,
o = —cosOy. 3)

For ©(t) and «(t), a simple choice is to set ® = 2wt /1y,
y =4mt/ty, « = —2sin ©, with T and ¢, being the accumu-
lated operation time and total operation time of this atom,
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FIG. 2. Configurational diagram of Rydberg two-qubit CPG.

respectively. 6 and ¢ are set as time-independent parame-
ters to be determined according to different geometric gates.
Meanwhile, to get purely geometric phase under a cyclic evo-
lution, we require the control pulses and user-defined passages
satisfying the following condition,

ty .
/0 ExOIH|&@)) dt =0, k,1=0,1. “4)

Next, we demonstrate how to build up geometric
quantum gate. Let us start with the following set of basis
states, {|&), |£1(0))}. Note that these basis states can be
spanned in the computational subspace {|0), [1)} when
® =0. Since H|&) =0 in the whole process, one can
get [ (Go(O)IH|E (1) di = [ (Eo(IH|E (1)) dt =0 easily.
For [/ (&1()IH|& (1)) dt = 1/2 [ sin ©(cos g; cos o —
sin ¢ sin o )dt, we divide the process into two intervals. In
the first interval (0 < ¢ < #7/2), the corresponding evolution
operator is U (t7/2, 0) = |£0) (50l + 1£1(t7/2))( £ (0)]; In the
second interval (ty/2 <t < ty), the corresponding evolution
operator  is  Un(tf,17/2) = |€0) (50l + 161(t0)) (61 (t7/2)],
where a minus sign is suddenly applied to 2 and ¢; at the
beginning of the second interval to eliminate the dynamical
accumulation of the phase. Thus the final evolution operator
is Uy, 0) = Up = |5) (€0l — 161(0)(£1(0)], leading to a
geometric single-qubit gate in the computational subspace

{10), 11)} as
—sin 9@"‘/’). 5)

A cosd
Uo = <— sin Qe

General single-qubit logical operations can be achieved, based
on Eq. (5), by setting different values of 6 and ¢.

—cos6

B. Two-qubit gate

Figure 2 sketches two identical Rydberg atoms under the
vdW interaction Hamiltonian H, = V|rr)(rr|, where each
atom consists of two stable ground states |0), |1) and a Ry-
dberg state |r), and the subscript “c” (“#”’) denotes the control
(target) atom. [1). and |0), (|1),) are coupled to |r). and
|r); by Rabi frequencies Q.(¢)e* and Qq(t)e™ [Q(1)e'],
respectively, where ¢., ¢y, and ¢; are time-independent laser
phases. The target atom can be described by Eq. (1), while the
control atom is governed by

He = 3Q2(0)1)c{rle¥ +H.e. (6)

Equation (6) would have the similar form to Eq. (1) if Qo =0
is satisfied in Eq. (1). Thus one can use the similar user-
defined passage to design the NHQC+ dynamics based on

Eq. (6). On that basis, the two-qubit gate can be constructed
by three steps as follows, and the NHQC+ conditions are
satisfied after accomplishing all the steps.

Step (i). In the time interval [0, t¢/2], excite the control
atom to |r). if its state is |1). initially and the condition
J Rcdt = 7 is satisfied.

Step (ii). Perform the single-qubit geometric operations on
the target atom in the time interval [ty/2, 3t /2], as shown in
Sec. IT A. The process could be classified as two types [90].
Type 1. When control atom is initially in state |0), it is not
excited after step (i), so the operations on the target atom will
work validly in step (ii) similar to the process in Sec. IT A.
Type II. When the control atom is initially in state |1)., it
is excited to Rydberg state |r). after Step (i), the operations
on the target atom would not work due to Rydberg blockade
[2,90] with condition V > Q.

Step (iii) In the time interval [3t; /2, 2t¢], perform an oper-
ation similar to Step (i) to de-excite the control atom from |r),
to |1). under the condition f Q.dt =7.

The operation U = [0).(0| ® Uy + [1)c(1] ® I will be
achieved after finishing all the three steps with total time 2¢.
It should be noted that the cyclic condition of NHQC+ is not
satisfied for the evolution process of step (i) or step (iii) on the
control atom. Nevertheless, for the whole process consisting
of steps (i)—(iii), the conditions of NHQC+ are well satisfied.
Firstly, the state evolution of the target atom in step (ii) can be
proved to satisfy the NHQC+ conditions based on Sec. IT A.
Secondly, the whole evolution process of the control atom in
steps (i) and (iii) satisfies the cyclic condition as well as the
accumulated dynamic phase being zero, like the process in
Sec. IT A. It should be noted that we need to add a minus sign
suddenly on ¢, at 3t7/2 to ensure that the dynamic phase can
be eliminated and the evolution process |1), — |1). can be
completed.

Similarly, if Hamiltonian of the control atom is re-
designed as H = %QC ()|0)(r|e’? + H.c., the operation
U =10).(0| ® I + |1)c(1] ® Uy will be achieved.

III. MULTIQUBIT PARITY DISCRIMINATOR
AND PHASE DISCRIMINATORS

Here we illustrate how to realize N-qubit parity discrimi-
nator and phase discriminators.

A. Multiqubit Rydberg parity discriminator

Firstly, we define the parity to distinguish whether our state
is of odd or even parity. If a state of N qubits can be expressed
as {18y -+ ¢y) with ¢ € {0, 1}, we can set § = vazl b,
where @ denotes the summing modulo 2 of all the single
states. The N-qubit state is of even parity when the result
of § is 0 while odd parity when the result of § is 1. For
instance, for the two-qubit state |11), the result is S = 0, so
|11) is of even parity. But for the three-qubit state, [111) is of
odd parity due to S = 1. Secondly, we need a two-qubit gate
with 6 =0, ¢ =0, i.e., a controlled-Z gate/ m controlled-
phase gate (CPG): Ucpg = 10).(0] ® U, + [1)(1| ® I, where
the operator U, = ((l) _01) is for a Pauli Z gate. We now show
the way to realize a multi-qubit parity discriminator with the
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operation Ucpg. An N-qubit initial state can be written as

2N—]
=Y (ail0); + BIE)), (7)
i=1
where |O); denotes an odd-parity state, |E); an even-parity
state, and Y7, (jo® + |Bi[2) = 1.
Next, we utilize an auxiliary Rydberg atom A with the ini-
tial state J%(|O)a =+ |1),) to control the change of systematic

atoms sequentially. The operational process is given by

1
W) ® —=(10)a + [1)a)

V2
UCPG ~~~~~ Ope, —
Zomo <|1> 10)2)
2N 1
+Zﬁ,|E (|0> + 1)), ®)

where Ulpg (i = 1, 2,...,N) is the operation on atom i and
the auxiliary atom. Then the auxiliary atom A can be detected
after performing a Hadamard operation (|1), + [0),)/ V2 -
|0), and (|0), — |1), /«/_ — |1),. If the auxiliary atom A is
detected in |1),, the systematic state projected on a multi-atom
state is of odd parity. If the atom A is in |0),, the systematic
state is of even parity. For clarity, we take a two-qubit parity
discriminator as an example. The two-qubit systematic initial
state can be written as [62,91]

[W)12 = @|00)12 + Bl01)12 + p[10)12 + 8[11)12,  (9)

with |a|> + |B|> + |¥|* + |8]> = 1. Regarding the auxiliary
atom as a control atom and the two systematic atoms as the

target atoms to perform Ucpg operations. The result is given
by

1
W2 ® —=(10)a + [1)a)

V2
Benal8s, (01100) 1 4+ 8111)12) ® —= (0} + | 1)a)
(07 — a a
12 12 ﬁ
1
B0+ 7110)12) ® —=()a = 10)).  (10)

V2

If the measurement result of the auxiliary atom is in state
\%(IO)a + |1),), the systematic state is of even parity with
«|00) 15 + §]|11)1,. If the measurement result is in state
\%(ll)a —10),), the systematic state is of odd parity with
B101)12 + y|10) 1. For a N-qubit state, we implement the
operation Ucpg to each atom.

B. GHZ-state Rydberg phase discriminator

For the GHZ-state phase discriminator of Rydberg atoms,
a two-qubit controlled-NOT (CNOT) gate is needed, which
is constructed by setting 6 = /2 and ¢ = w: Ucyor =
10)(0| ® Uy + [1).(1| ® I, where the operator U, = ((1) 0
is for a Pauli X gate. Beyond that, before discussing the
construction of the GHZ-state Rydberg phase discriminator,

we show a Rydberg discriminator with special ability to dis-
tinguish |W*), which is given by

W) = alpr - pw) + 17 - Tin))
E£B(vi---vn) + Vi Un)),

W) = amr - un) — [y - Ty))
EB(vi---vn) — [V1---Vw)),

where p,ve{0, 1}, w=1—w, vi=1—vy (=
1,2,...,N). If we carry out these operations
U CNOT > -+ UCNOT with an auxiliary atom prepared initially
in [(|O)a + |1),), we can get

) ® 7(|0) +11)2)

Uors-Ovor 1
— L W @ —=(10), + 1)),

V2

1
UT)Q@ —=(]0)a + [1)a
) f(|) 11)a)

Uvor---Ulwor ) ® L(H)a _
V2
The detailed calculation can be found in Appendix A.

The GHZ-state phase discriminator can be regarded as a
special case of Eq. (11). For clarity and to show GHZ-state
Rydberg phase discriminator, we take eight three-qubit GHZ
states as an example, which read

[0)a). (A1)

1
—(]000) £+ |111)),
ﬁﬂ ) £[111))

1
(W) = ﬁ(ll()O) +1011)),

W) 03 =

1
W5 ) 103 = E(|010> +[101)),

1
|W3) 123 = —=(|001) & [110)). (12)
3 \/5

We can express them in another way as |\11[i)123 =
Znvy) £ETX)), where u, v, x € {0, 1}, T=1-pn,
v=1—v,x =1— x, and assume that the auxiliary atomic
state is initially in ﬁ(m)a =+ |1)4). The process of the scheme
is

) 123 ® —=(10)a + 1))
i /1123 a a

V2
0307 U200 UL 1
e |wi+>123®ﬁ<|0>a+|1>a), (13)
W) 123 ® —=(10)a + [1)2)

\/_

U:"N TU.N TU‘N T - 1

— W )13 ® -
Finally, we detect the state of the auxiliary atom. If the
measurement result is \/L§(|O)a + |1)a), the systematic state

- |O>a),

10)a). (14)

is |W')1p3. Otherwise, if the result is %(H)a
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the systematic state is |W; )j23. Similarly, the four Bell
states |WF) ) = %(|oo> +[11)) and [¥§), = %qm) +
|10)) can also be distinguished by this method.

C. Four- and five-qubit cluster-state Rydberg phase
discriminators

The term “cluster state” is first proposed by Briegel and
Raussendorf [51], and the one-dimensional standard form
reads

1S ,
Wy = —= Q)10 + 1)1,
¥}y m@m 164

where &, (or U. ) denotes the Pauli Z operator and O’N =7

For N = 4, the general form of four-qubit cluster state is
W)y = %(|0000) +10011) 4 |1100) — |1111)).  (15)

Based on Eq. (15), a set of orthogonal basis can be constructed
by corresponding local unitary operations:
| W) = 1(0p0v) + |0p1D) + [1Ov) — [1721D)),
|W5") = 1(j00v) + [0p1D) — [1Ov) + [1721D)),
|W4") = 1(100v) — [0 1) + [10v) + [1721D)),
W) = 3(100v) — [0p1D) — [17Z0v) — [171T)),
where u, v € {0, 1}, x =1— u, v =1 — v. For distinguish-
ment of four-qubit cluster-state phase, two similar discrimina-
tors will be constructed. For the first four-qublt cluster-state
phase discriminator, we carry out Uly,r and U2y, and

UCPG, where Ucpg = |0).(0| ® I + [1)(1| ® U.. This distin-
guishment process (see Appendix B) can be shown as

) & (10 + [1)2)
7

OCSPG UCZNOT UCI‘NOT | \Ilu,v >
- s

0), + |1
f(l Ya+ 1)a),
1
e —(]0), 1),
| 2)®\/§(|>+|>)
UgPGU(z‘NUTUCl'N()T y7ay ]
— [Y) (I1)a — 10)a)-

V2

When we distinguish the states |W4") and |W}") with the

auxiliary initial state %(|0) + |1),), we acquire the results
|Wiy with -= 700 + 1) ) and |W)”) with - 7 (1a = 10)a).

For the second phase discriminator, we carry out Udyors

Uczvor’ and Ulpg in sequence, where Ucpg = |0).(0] ® I +
11).(1| ® U,. The distinguishment process is given by

1
U — (|0, + |1
|w) ﬁ(|>a 11)a)
UC]PGﬁéNOTvgNOT |\Il£1,v>® 1 (|0>

= 1:.17
7 + 1))

1
—(0)y + [1)a
®ﬁ(|>+|))

UéraUvor Uvor |\IJ'MV> ® %GU

When we distinguish the states [¥}") and |W}") with the
auxiliary state %(|0)el + |1),), we can also acquire the results

(W) with —5(10)a + [1)a) and [W4”) with —(11)a = [0)a).
For N =5, the general form of five-qubit cluster state is

|W)s = 1(]00000) + [00111) + [11101) + [11010)).

|ws")

a — 10)a).

We can also construct orthogonal basis by corresponding local
unitary operations:

| @) = 1(100vA) + [0 1DR) + |171vA) + [1ZODA)),
| Wy = 3(10pOvA) — [0 1VA) + [17z1vA) — [1ZOVA)),
| W5 = L(j0pOvA) + [0 19X) — [171vA) — [170A)),
| Wi = L(j0pOvA) — [0 1VX) — [171vA) + [170VA)),

where u, v, A €{0, 1}, g=1—p,v=1—v, A=1—A.
For distinguishing five-qubit cluster-state phase, we obtain
two discriminators by specifically distinguishing three-qubit
states, which can be regarded as another special case of
Eq. (11). Let’s take [W4"*) as an example, which can be
rewritten in two ways as

|Wi) = [0) 12(JOVA) + [19) )35 — [172)12(| 1)
+ [0VA) )34,

= |04)35(|0v) — 1172 V))124 + [11)35(|0D)
— [1xv))124.

When the initial state of the auxiliary atom is still %(lO)a +

|1)a), if we carry out Odyor, Udyor and Ulyor. we may
detect the auxiliary atom to be in T(l()) + |1),). In another

case, if we carry out UCNOT, Ulvors and Udy or» we find the
auxiliary atom is in f(l 1), — [0)a).

IV. NONDESTRUCTIVE N-QUBIT ENTANGLEMENT
DISCRIMINATORS

Here we construct nondestructive N-Rydberg-atom
entangled-state discriminators by combining the above parity
discriminator and phase discriminators.

A. GHZ-State and Bell-state Rydberg discriminators

We first show how to construct nondestructive N-qubit
GHZ-state discriminator. As shown in Fig. 3(a), we can dis-
tinguish GHZ states by the two steps as below. Step (i), the
phase information can be detected by GHZ-state phase dis-
criminator. Step (ii), the parity information can be detected
by GHZ-state parity discriminators, in which each parity dis-
criminator check the parity information of two adjacent atoms.
Both parity and phase information can be reflected by the
measurement results of the auxiliary atom, and then the GHZ
states can be distinguished completely without entanglement
collapse. Take the distinguishment of eight GHZ states in
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FIG. 3. Schematic diagrams of (a) N-qubit GHZ-state dis-
criminator, (b) four-qubit cluster-state discriminator, (c) five-qubit
cluster-state discriminator, where PAD denotes different parity dis-
criminators and PHD denotes different phase discriminators for
different tasks, for example, GHZ-state phase discriminator in (a).
The numbers in the diamond represent the operation steps of the
discriminator.

Eq. (12) as an example. With the phase information obtained,
we divide the |\IJii)123 into |\I-'i+ )123 and | W) 123 after step (i).
Applying the parity discriminators on atoms 1 and 2 as well
as atoms 2 and 3 in step (ii), we further divide |\IJ;r Y123 into
W 123, W7 ) 123, [W5 ) 123 and [W5) 103, as well as |W; )3
into Wy )123, W] )123, W5 )123 and |W5 ) 123, completely dis-
tinguishing these eight GHZ states. The relationships between
the measurement results of the auxiliary atom and the infor-
mation of phase and parity can be obtained from Egs. (13)
and (10). We list the distinguishment results of the three-qubit
GHZ states in Table I, in which |+), = \/%(|O)a + 1)) and

|=)a = \/%(Il)a — 10)a.

Similarly, the parity and phase information of four Bell
states I\Ilf'E Y12, where i € {0, 1}, can also be completely distin-
guished in these steps, and the results are shown in Table II.

B. Four- and five-qubit cluster-state Rydberg discriminators

Here we present the distinguishment process of four-qubit
cluster state, as shown in Fig. 3(b). Step(i), the parity discrim-
inator on atoms 1 and 2 (PAD1) and parity discriminator on
atoms 3 and 4 (PAD2) can detect each four-qubit cluster-state
parity information. After PAD1, we divide the state |\W/")
into |‘-Il?”) and |\IJi"’), where i € {1, 2, 3, 4}. After PAD2, we
further divide |W ") into [W ) and |¥') as well as |W}")
into |\Ili10) and |\11i11). Step(ii), after our cluster-state phase

TABLE I. The corresponding relationship between different ini-
tial GHZ states and the measurement results of the auxiliary atom, in
which |[+), = (100 + [1)a) and [ =)y = J5(11)a — [0)a).

Measurement result

Initial GHZ state PHD PAD1 PAD2
W 123 = J5(1000) + [111)) [+)a ) +)a
Wy 123 = J5(1000) — [111)) |=)a +)a I+)a
W23 = 75(1100) + [011)) [+)a =) 4+)a
W iz = J5(1100) — [011)) =) =) I+)a
W3 )23 = J5(1010) +[101)) [+)a =) I=)a
W5 )12 = J5(1010) — [101)) =) =) =)
W )i2s = J5(1001) +[110)) +)a [+)a 1=)a
W5 )12 = J5(1001) — [110)) =) [+)a =)

discriminator on atoms 1, 2, and 3 (PHD1) and cluster-state
phase discriminator on atoms 3, 4, and 1 (PHD2), the phase
information of cluster states can be determined, for example,
after PHD1 and PHD2, |\Il?0) will be divided into |\IJ?0),
|\Ilgo), |‘~Il§)0), and |\1120), which can be determined by observ-
ing the two times measurement results of the auxiliary atom
in Sec. III C. Distinguishing other twelve four-qubit cluster
states is similar to this process. Generally, the cluster-state
parity discriminators determine states with superscript © and
v, the phase discriminators determine states with subscript
i. Combining the cluster-state discriminators for parity and
phase, all four-qubit cluster states can be completely distin-
guished. Step (iii), different from distinguishment of GHZ
and Bell state, the initial state changes after completing the
distinguishment of four-qubit cluster state. So we need further
unitary operation to restore each initial state. For example,
| W) will become |W°) after phase discriminator on atoms
1,2, and 3, then |¥{°) will become |¥3°) after phase discrim-
inator on atoms 3, 4, and 1, so we need I' ® 62 ® 0} @ I* to
restore |W0) to [W°). We list the distinguishment results and
the corresponding local unitary operations in Table III.

For five-qubit cluster state, the distinguishment process is
shown in Fig. 3(c). Step (i): we determine the parity infor-
mation of five-qubit states by using PAD1, PAD2 and PAD3
in Fig. 3(c), distinguishing the state |\IJ;“”\ ) with specific su-
perscript 1, v and XA, where i € {1, 2, 3, 4, 5}. Step(ii), we
use PHD1 and PHD?2 in Fig. 3(c) by observing the double

TABLE II. The corresponding relationship between different ini-
tial Bell states and the measurement results of the auxiliary atom.

Measurement result

Initial Bell state PHD PAD
Wi = %(IOO) +[11)) [+)a [+)a
W)= ﬁ(IOO) —[11)) [—)a [+)a
W), = %(IOl) + [10)) [+)a [—)a
W)= %(IOU —[10)) [—)a [—)a
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TABLE III. The corresponding relationship between different initial cluster states, auxiliary atom measurement results and local unitary

operations.

Measurement result

Initial cluster state PADI1 PAD2 PHD1 PHD2 Local unitary operation
[¥%) = 3(0000) +0011) + [1100) — [1111)) [+)a [+)a [+)a [—)a I'®o?@o’I
[W%) = 3(0000) +[0011) — [1100) + [1111)) [+)a [+)a [=)a [—)a I'®o?@o’I
[W§%) = 5(0000) —[0011) + [1100) + [1111)) [+)a [+)a [+)a [+)a I'Ro?®@a’@I
|Wg%) = 5(10000) —|0011) — |1100) — [1111)) [+)a [+)a [=)a [+)a I'Ro’®@a’@I
[¥P") = 5(10001) +[0010) + [1101) — [1110)) [+)a [—)a [+)a [—)a I'Ro’@a’@I
[w3") = 5(10001) + |0010) — |1101) + |1110)) [+)a [—)a [=)a [—)a I'Ro’@a’@I
W = %(IOOO])—|0010)—|—|1101)+|1110)) [+)a [—)a [+)a [+)a 11®Uf®az3®l4
[¥9") = 1(]0001) —0010) — [1101) — [1110)) [+)a [=)a [—)a [+)a I'Qo2®a}Q1I*
|W}%) = 5(10100) + [0111) 4 [1000) — [1011)) [—)a [+)a [+)a [—)a !l
|W,°) = 5(10100) + [0111) — [1000) + [1011)) [—)a [+)a [=)a [—)a !l
|3 = 5(10100) — [0111) 4 [1000) + [1011)) [—)a [+)a [+)a [+)a !l
|W,) = 5(10100) — [0111) — [1000) — [1011)) [—)a [+)a [—)a [+)a o!r®ad’el
|w}!) = 5(10101) + |0110) 4 [1001) — [1010)) [—)a [—)a [+)a [—)a o!r®ad’el
|W;') = 5(10101) + |0110) — [1001) + [1010)) [—)a [—)a [—)a [=)a o!@r®ad’e
|w3') = 5(10101) — |0110) 4 [1001) + [1010)) [—)a [—)a [+)a [+)a o!r®ad’el
|w;') = 5(10101) — |0110) — [1001) — [1010)) [=)a [—)a [—)a [+)a 0!I}

measurement results of the auxiliary atom in Sec. IIIC to
identify the phase information of five-qubit cluster states,
distinguishing the state with specific value of subscript i.
Combined with the steps (i) and (ii), the five-qubit cluster
states can be distinguished completely and nondestructively.
We list the results of the distinguishment in Table IV of
Appendix C. There are also many practical applications of the
proposed discriminators. Here, we only make a brief discus-
sion for two of them, i.e., quantum teleportation and quantum
dense coding, in Appendix D.

V. DISCUSSION AND CONCLUSION

We now discuss the performance and experimental fea-
sibility of the scheme. The entanglement discriminator is
employed to distinguish the mixed state practically. There-
fore, we set the mixed state to be distinguished as p(0) =
> . P.pi, where p; is the density matrix of the ith purity state
to be distinguished, P; denotes the probability of the state
that makes up p; and ), P, =1,i=1,2,3,...,2". Nis the
qubit number. Finally, all the entangled states are completely
distinguished based on the measurement results. Thus, we set
the ideal state, after entanglement discriminator is applied, as
Pideal = p;- The evolution of the system under consideration of
atomic spontaneous emission from Rydberg states to ground
states is governed by the Lindblad master equation

p) = ilp@, HOV+ 3 3 [LhpLkt
ik

Lok Ktk
=5 (L5'Lip + pLy'L)].
where H () is the total Hamiltonian, p(¢) the density operator
of systematic state, and Lf = /I'/2|k) ;(r| a Lindblad opera-
tor with the superscript j labeling the jth atom. The fidelity

(16)

is defined as F' = tr[p(t) pidgear |/ P;» Where p(t) is the evolution
density matrix calculated by the master equation in Eq. (16).
To evaluate the performance of the quantum logic gate, we use
the fidelity definition F = |(Wiqea|¥ (¢))|%, where | (2)) is the
state calculated by master equation in Eq. (16) with the given
initial state and |¥iqeq) being the state experiencing the ideal
gate.

For the given Rydberg states |r). = |r); = |71s1,2), the
RRI strength is V = 27 x 185.83 MHz when the interatomic
distance is set about d = 4.2 um [92]. The decay rate from
Ryderg state |r) to ground states |0) and |1) is about I' =
2.5 kHz [93]. If we choose Eq. (9) as the initial state to
evaluate the performance of the proposed CPG in Sec. 11 B.
After solving the master equation numerically, one can get the
fidelity versus the Rabi frequency €2, as shown in Fig. 4. In the
case of Q = 27 x 4.67 MHz, the fidelity can reach 99.84%.
When the value of Q is less than 27 x 4.67 MHz, however,
the evolution time of the system increases, thus the influence
of decoherence is enhanced, leading to lower fidelity. While

0.9985

0.998

Fidelity

0.9975¢ i i ] I I ] U
2 3 4 5 6 7 8 9
Q (2rxMHz)

FIG. 4. Performances of different values of 2. The optimal €2 is
27 x 4.67 MHz, the corresponding fidelity of numerical simulation
can reach 99.84%. If /27 < 4.67 MHz, the fidelity is low in virtue
of the influence of decoherence with long time. While Q/27 >
4.67 MHz, fidelity is still low due to blockade errors.
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FIG. 5. Schematic diagram of the effective Rabi frequency I ~e_ ‘ 0_9;5
within a single step time. Maximum value of the Rabi frequency is >0.99F
QMA)(/QJT = 4.67 MHz. % '
i£ 0.98

when the value of Q2 is greater than 2w x 4.67 MHz, the
blockade errors enlarge and the fidelity would also decrease.
In order to minimize these two kinds of effects, we choose
the maximum value of the effective Rabi frequency Qpa.x =
27 x 4.67 MHz, the corresponding time of evolution within a
single step is about 0.49 us and the effective Rabi frequency
within a single step time is plotted in Fig. 5.

One can simulate the fidelity of our proposed discrimi-
nators with a few qubits. However, it will be challenging
when more than four qubits are involved, due to requirement
of large size of the density matrix (more than 3> x 3%) with
respect to the limited computational resource. Here we make a
simple estimation to roughly analyze the fidelity of multiqubit
discriminators. Our approach is divided into three steps. Step
(1): finding the rule. Perform the two-qubit CPG/CNOT gate
successively on the system with a group of given initial states,
finding out the rule of fidelity versus performance time. Here
we only consider the exponential fitting (EF) and linear fitting
(LF). Step (ii): validity testing. For a few-body discrimina-
tor that can be numerically simulated by solving the master
equation, we here also consider the rule in step (i) in the
calculation of the fidelity based on the number of CPG and
CNOT, and compare these fidelities to test validity of the rule
in step (i). Step (iii): estimating fidelity. Estimate the fidelity
of many-body entanglement discriminators which is hard to
achieve through numerically solving the master equation.

These three steps can be described in detail as follows.
Step (i) For two-qubit CNOT gate, with the initial state as
[Yr) = |00)2, we perform this gate M times successively and
record the fidelity after performing each CNOT gate. We use
the fidelity of the CNOT gate for LF,i.e., ]| — N x (1 — F}) and
for EF, i.e., (F;)", respectively, where F is the fidelity of the
CcNoT gate. The results are presented in Fig. 6(a). For two-
qubit CPG with the initial state |¢) = (]00) > + 101)12)//2,
the similar results are shown in Fig. 6(b). Finally, we can
find that EF agrees with the result of numerical analysis (NA)
better than that of LF.

Step (ii): To verify the feasibility of EF, we compare the
numerical results of Bell state, three- and four-qubit GHZ-
state as well as four-qubit cluster-state discriminators with
the results from EF. Suppose that m CPGs and n CNOT gates
are involved in an entanglement discriminator, the estimated
fidelity is given by (FNOTY" x (FP9)". Here, FENOT and
F°FS denote the gate fidelities of CNOT and CPG, respectively.
For example, for the Bell state discriminator, two CPGs and

o
(o]
J

M (performed times)
(b)

FIG. 6. Schematic diagrams of the comparison among numeri-
cal analysis (NA), linear fitting (LF) and exponential fitting (EF)
to explore performance of (a) CNOT gate and (b) CPG gate with
the initial state in Eq. (9). For (a) « =1 and 8 =y =6 = 0. For
(b)a =B =1/+/2and y = § = 0 with decay rate I' = 2.5 kHz.

two CNOT gates are used, thus the estimated fidelity should
be (FFNOT)2 x (FP9)2. One can calculate that of many-body
entanglement discriminator in the similar way. In Table V,
we exemplifies some cases to test the validity of our thought.
One can see that the results of Bell-, GHZ- and cluster-state
discriminators from EF and NA are very close to each other.
Step (iii) Following the results from steps (i) and (ii), we
are able to fit the fidelity of the many-body entanglement
discriminators. Then, we demonstrate the EF results of Bell-
state, N-qubit GHZ-state and cluster-state discriminators in
Fig. 7. Besides, we also plot the fidelity of few-body en-
tanglement discriminator achieved by NA. The results show
good agreement between EF and NA as well as high fi-
delity under the consideration of dissipation. It should be
noted that throughout our discussion about decoherence, we
only considered the decay of Rydberg states. Experimentally,
because the auxiliary atoms should be moved or re-trapped
when we add individually addressable atomic qubits during

T>GHZ-state EF
>GHZ-state NA

50.98 r + Cluster-state EF
8 + Cluster-state NA
2
0.961
2 3 4 5 6 7

N (qubits)

FIG. 7. Schematic diagram of EF of discriminators for Bell state
| Wy )12, N-qubit GHZ state | W, )1,...v, four-qubit cluster state [W5°)
and five-qubit cluster state W) and NA that we can achieve, in
which we set decay rate I' = 2.5 kHz. In fact, the two-qubit GHZ
state here means the Bell state.

062410-8



COMPLETE AND NONDESTRUCTIVE DISTINGUISHMENT ...

PHYSICAL REVIEW A 102, 062410 (2020)

the state discrimination process, the additional source of deco-
herence would definitely occur. Thus with the consideration of
both the Rydberg state decay and the additional decoherence
source, the experimental fidelity as well as the scalability
of the proposed scheme would be further reduced. In con-
clusion, we have proposed schemes to achieve many-body
entanglement discriminators for N-qubit GHZ state, four- and
five-qubit cluster states as well as two-body Bell state, based
on the geometric quantum gate constructed by user-defined
passage. To clarify the potential application of entanglement
discriminators in quantum information processing, we have
exemplified some key operations in quantum teleportation
and quantum dense coding. Our numerical simulations have
indicated that our proposal works with high fidelity even when
N =7 involving the decay of Rydberg states. In addition,
our scheme, based on geometric phases, is robust against the
systematic errors. Moreover, our proposed discriminators can

J

be straightforwardly applied to other three-level systems that
are able to construct two-qubit quantum logic gates. Therefore
we believe that with further development of quantum technol-
ogy, our study may be very useful in accomplishing tasks for
Rydberg-atom-based quantum information processing in the
near future.
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APPENDIX A: SPECIAL RYDBERG DISCRIMINATOR
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This discriminator has special ability to distinguish |U) and | ¥ ~). Both GHZ-state and five-qubit cluster-state phase discrimi-

nators can be regarded as its special cases.

APPENDIX B: FOUR-QUBIT CLUSTER-STATE PHASE DISCRIMINATOR

v 1
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1
V2 22
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22
+ |1EOV> — [1x1v)) ® [1)4]

73
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\/_
))®|1)
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1
—[(110v) + [171D) + [0Ov) —
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01v)) ® [0)a + (100v) + [0 1V)

10117)) ® 10)a + (|0p0v) — |0 1V) + [17Ov)
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APPENDIX C: FIVE-QUBIT CLUSTER-STATE RYDBERG DISCRIMINATOR

For five-qubit cluster-state discriminators, each cluster state would be distinguished completely and nondestructively. We list
the each cluster state and the corresponding result of the distinguishment in Table V.
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TABLE IV. The corresponding relationship between different initial cluster states and the measurement results of the auxiliary atom. Here
for three-qubit state [000) jx, 011) jim, [101) jin, 1110) ji, the measurement result of the auxiliary atom is |+),,implying even parity, while for
three-qubit state [001) jx,, 010) jxn, 1100) ji, [111) j,, the measurement result is |—),, implying odd parity, which correspond to the results of
PAD2 when j, k, and m are 2, 3, and 4, respectively, while correspond to the results of PAD3 when j, k, and m are 2, 4, and 5, respectively.

Measurement result

Initial cluster state PAD1 PAD2 PAD3 PHD1 PHD2
[W2) = 1(]00000) 4 [00111) + [11101) + [11010)) [+)a [+)a [+)a [+)a [+)a
[W9) = 1(]00000) — [00111) + [11101) — [11010)) [+)a [+)a [+)a [=)a [—)a
[W§) = 7(]00000) 4 [00111) — [11101) — [11010)) [+)a [+)a [+)a [+)a [—=)a
(W) = %(IOOOOO) [00111) — [11101) + [11010)) [+)a [+)a [+)a [=)a [+)a
[w') = 3(]00001) +[00110) + [11100) 4 [11011)) [+)a [+)a [—)a [+)a [+)a
[wP) = 3(|00001) — [00110) + [11100) — [11011)) [+)a [+)a [—)a [=)a [—=)a
[W§) = 2(|00001) 4 [00110) — [11100) — |11011)) [+)a [+)a [—)a [+)a [—)a
W) = ?(|00001) [00110) — [11100) + [11011)) [+)a [+)a [—)a [=)a [+)a
[WP1) = 5(|00010) + [00101) + [11111) + |11000)) [+)a [=)a [—)a [+)a [+)a
[W91%) = 2(]00010) — [00101) + [11111) — [11000)) [+)a [—)a [—)a [=)a [—)a
[w9'0) = %(IOOOIO) +100101) — [11111) — [11000)) [+)a [=)a [—)a [+)a [—)a
[w9') = 5(|00010) — [00101) — [11111) 4 |11000)) [+)a [=)a [—)a [—)a [+)a
(W) = 2(]00011) +100100) + [11110) + [11001)) [+)a [=)a [+)a [+)a [+)a
(W) = 3(]00011) —[00100) + [11110) — |11001)) [+)a [—)a [+)a [=)a [—)a
[w§'") = 3(]00011) +[00100) — |11110) — [11001)) [+)a [—)a [+)a [+)a [—)a
[w9') = 2(|00011) — [00100) — [11110) 4 |11001)) [+)a [=)a [+)a [=)a [+)a
[W]%®) = 3(|01000) + [01111) + [10101) + [10010)) [—)a [—)a [—)a [+)a [+)a
[w)%) = 7(]01000) — [01111) + [10101) — [10010)) [—=)a [—)a [—)a [—=)a [—)a
[W1%) = 2(|01000) + [01111) — [10101) — |10010)) [—)a [—)a [—=)a [+)a [—)a
(W) = §(|01000) [01111) —[10101) + [10010)) [—)a [=)a [—)a [=)a [+)a
(W) = 2(01001) 4 [01110) + [10100) + [10011)) [—)a [—)a [+)a [+)a [+)a
[¥)%) = 2(|01001) — [01110) + [10100) — |10011)) [—)a [=)a [+)a [=)a [—)a
W) = §(|01001> +101110) — |10100) — [10011)) [—)a [—)a [+)a [+)a [—)a
[W;%) = 2(01001) — [01110) — [10100) + [10011)) [—)a [—)a [+)a [=)a [+)a
w0 = %(I01010)+|01101)+|10111)+|10000)) [—)a [+)a [+)a [+)a [+)a
[¥,'%) = 3(|01010) — [01101) + [10111) — [10000)) [—)a [+)a [+)a [=)a [—)a
[Wi%) = 2(|01010) + [01101) — [10111) — [10000)) [—)a [+)a [+)a [+)a [—)a
w10 = %(|01010) [01101) — [10111) + [10000)) [—)a [+)a [+)a [=)a [+)a
[wi') = 3(|01011) +[01100) + [10110) 4 |10001)) [—)a [+)a [—)a [+)a [+)a
[W3!) = 2(|01011) — [01100) + [10110) — [10001)) [—)a [+)a [—)a [=)a [—)a
[wi) = 2(|01011) 4 [01100) — [10110) — |10001)) [—)a [+)a [—=)a [+)a [—)a
[w;'") = 3(|01011) —[01100) — [10110) 4 |10001)) [—)a [+)a [—)a [—)a [+)a

APPENDIX D: APPLICATIONS OF ENTANGLEMENT

DISCRIMINATOR

Here we demonstrate applications of our proposed entan-
glement discriminators in quantum teleportation and quantum
dense coding.

TABLE V. Comparison between NA of Bell-state discriminators
and EF rule after successive gate operations, in which no effect of
local unitary operations on four-qubit cluster states is considered.

Different initial state NA EF

(100) + 11))/+/2 99.24% 99.04%
(000) + |111))/+/2 98.30% 98.33%
(J0000) + [1111))/+/2 96.94% 97.62%
(]0000) — |0011) + |1100) 4 |1111))/2 98.41% 97.62%

1. Quantum teleportation

Quantum teleportation [88] presents a process in which
quantum information can be transmitted from one location to
another, with the help of classical communication and previ-
ously shared quantum entanglement between the sending and
receiving locations. Now, we show how to accomplish tele-
portation by using our proposed entanglement discriminators.
If Alice initially possesses a single atom with

[p)1 = c110)1 + 2| 1)y,

where ¢; and ¢, are unknown coefficients with |c;|> + |c2|> =
1. If two other atoms 2 and 3 are prepared in entangled Bell
state W, )23 = JLE(|01> — 110) )23, and the atom 2 is given to

Alice, while the atom 3 is given to Bob. Thus the complete

062410-11
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state of the three atom is

W) = 19)1[¥) )23

1
= (c1l0) + 2| )1 ® E(IOD = 10))23
C1

= ﬁ(I001) — 1010))123 + %(IIOI) — [110))123

1
= §[|‘1’3'>12(61|1) —2]0))3 + [¥y ) 12(c1]1) + c2]0))3

+ ¥ 2(eal1) = €110))s — W )ia(eal1) + €1]0))s].
(D1)

where the direct product of atoms 1 and 2 is re-expressed as
Bell states. Alice performs Bell-state measurement on atoms
1 and 2 of her own by Bell-state discriminator, and each
probability of Bell state is 1/4. After measurement of Alice,
the state of atom 3 of Bob will also be determined by Eq. (D1).
In order to get the information of initial state of atom 1, Bob
only need to perform the corresponding unitary operation to
atom 3. For example, if measurement result of Alice is |\Il(;r Y12,
the corresponding state of the atom 3 is (c{|1) — ¢2]|0)); and
perform U;(cl [1) — ¢2]0))3 = (c1]0) + c2|1))3 to atom 3 to

get the same state as atom 1, where Uy3 = i((l.) Bi) is for a
Pauli Y gate. Other corresponding states of the atom 3 and uni-
tary operations are |W; )2 <> Uf(clll) + ¢210))3, |\IJI+)12 <
(=02)(e2ll) = e10))s, 912 <> U (eal1) + ¢1]0) )3, where
U P = ((1) (1)) is for a identity quantum gate. Through classical
channels, such as telephone, etc., Alice tells Bob the measure-
ment results, and Bob can select the corresponding unitary
operation to obtain information of atom 1. Then, quantum
teleportation will be realized.

2. Quantum dense coding

We discuss below how to accomplish a quantum dense
coding [89] using our proposed entanglement discriminators.

TABLE VI. The relationship between local operations by Alice,
the new cluster state and the corresponding classical information.

Local operations ~ Transformed states =~ Transmitted information

00} [P 1234 0000
Uzz A14 [WE0) 1534 1000
U0 [W) 1234 0010
RN 199°) 1234 1010
070} 1) 1234 0001
020} 199" 1234 1001
- A,ZLA/;,l (W) 1234 0011
-020} 1W9") 1234 1011
J20} [W1) 1234 0100
— Ayz 7 [W,0) 1234 1100
J:ut 1W1%) 1234 0110
- A)z A; [W,%) 1234 1110
IS 191234 0101
- Ayz 4 (W) 1234 1101
—lA/XZU;‘ (W21 1234 0111
AVZU)‘.‘ I‘IJJI)1234 1111

The protocol starts with the preparation of a cluster state, i.e.,
W) 054 = %(|0000) +10011) + [1100) — |1111))1234. The
atoms 2 and 4 are sent to Alice and the atoms 1 and 3 are
sent to Bob. Alice can perform four possible operations U,
U,, 0y, U, on atom 2 or 4, respectively. We carry out 16 kinds
of local operations on two atoms to define four bits of classical
information. For example, if Alice wants to send the classical
four-bit string 0000 to Bob, she could apply the operation
U?U} to atoms 2 and 4, and |W{) 34 is unchanged. The
other corresponding correlations between local operations and
classical information are listed in Table VI. After having
performed one of the operations, Alice sends her two atoms
to Bob. Then Bob can know what operation Alice performs
by using four-qubit cluster-state discriminator to measure the
new cluster state, the corresponding classical information that
Alice wants to send can be obtained by Bob. In this process,
two qubits are sent while four-qubit classical information are
transmitted, i.e., quantum dense coding was realized.
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