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We consider simultaneous and continuous measurement of two noncommutative observables of the system
whose commutator is not necessarily a c-number. We revisit the Arthurs-Kelly model and generalize it to describe
the simultaneous measurement of two arbitrary observables of the system. Using this generalized model, we
continuously measure the system by following the scheme proposed by Scott and Milburn [Scott and Milburn,
Phys. Rev. A 63, 042101 (2001)]. We find that the unconditioned master equation reduces to the Lindblad form
in the continuous limit. In addition, we find that the master equation does not contain a cross term of these two
measurements. Finally, we propose a scheme to prepare the state of a two-level system in an external field by
feedback control based on the simultaneous, continuous measurement of the two observables.
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I. INTRODUCTION

Quantum feedback control [1-8] is a widely employed
technique to drive a quantum system to a desired state [9—12].
Using measurement results to control system parameters, the
feedback control technique provides a robust way to prepare
the target state without fine tuning the protocol. The first ap-
plication of quantum feedback control dates back to a scheme
proposed by Yamamoto and his collaborators to produce an
amplitude-squeezed state [13,14]. In recent decades, the de-
velopment of cavity quantum electrodynamics (cavity QED)
[15-17] and circuit quantum electrodynamics (cQED) based
on superconducting qubits [18,19] has offered a promising
platform for quantum information and computation. As a
consequence, feedback control technology finds a broad ap-
plication in the new field, such as qubit resetting [20], state
stabilization [21], quantum error correction [22], entangle-
ment enhancement [23], etc.

In the standard protocol of feedback control of a quantum
system, continuous measurement [1,2,24-27] is performed
and the state of the system is manipulated in parallel according
to the measurement outcome. Continuous measurement can
be realized by coupling the system to an auxiliary system
working as a measurement apparatus. By continuously inter-
acting with the system, the state of the apparatus is influenced
by the system, and hence the information of the system can
be extracted continuously [1,2,28]. If the coupling is weak
enough and the apparatus does not have memory, i.e., the
so-called Born-Markov approximation, the master equation
of the system can be reduced to the celebrated Lindblad-
Gorini-Kossakowski-Sudarshan form (in short, Lindblad form
hereafter) [1,2,28-31].

Continuous measurement of a single observable has al-
ready been discussed in many works [32—41], and the
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feedback control theory based on the single-observable mea-
surement is well established [42,43]. On the other hand, as
for simultaneous and continuous measurement of multiple
observables, there is another fundamental issue when two
noncommutative observables are simultaneously measured.
Although several works have discussed the simultaneous, con-
tinuous measurement of two noncommutative observables,
they either consider two particular observables, such as canon-
ically conjugate variables [44—46] (i.e., the commutator of
them is a c-number) and qubit observables [47-49], or as-
sume that the system under the simultaneous and continuous
measurement evolves according to the Lindblad form mas-
ter equation without additional cross terms, which describe
the interplay effect of the two individual measurements,
even though the measured observables are not commuta-
tive [2,47,50]. In the present paper, instead of assuming,
we will derive the master equation of the system under
the simultaneous, continuous measurement of two arbitrary
noncommutative observables, whose commutator is not a
c-number but an operator. We will start from a concrete
measurement model, which can be used to describe the si-
multaneous and continuous measurement of two arbitrary
observables, and show that the master equation obtained for
simultaneous and continuous measurement of two observ-
ables whose commutator is a c-number [44] is still valid
regardless of the observables to be measured.

State preparation of qubits [51-54] has always been a
crucial issue in quantum information processing and quantum
computation. This issue becomes more practically important
in the current situation in which the recent development of
cavity QED and cQED has spurred the fabrication of quantum
computers. In addition, regarding our current problem, the
angular momentum operators in a two-level system (TLS) of
the qubit [i.e., spin-1/2 operators] are one of the simplest
but nontrivial examples of observables whose commutator
is not a c-number. Among various techniques, the feedback
control is a promising scheme that allows us to control the
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qubit state in a robust manner. Further, feedback control using
the measurement outcome of two observables instead of one
provides us with a more flexible way to control the system.
Therefore, preparation of a designated target state of a TLS
based on the simultaneous, continuous measurement of two
noncommutative observables is a challenging but important
task.

In this paper, we derive the unconditioned and condi-
tioned master equations of the system under the continuous
and simultaneous measurement, and we also provide a state
preparation scheme for a TLS using a static external field,
simultaneous and continuous measurement, and feedback
control as an application of our formalism. First, we gen-
eralize the Arthurs-Kelly measurement model [44,55,56] to
the simultaneous measurement of two arbitrary observables of
the system. We show that the measurement outcome deviates
from the true expectation value of the measured variables
unless the coupling strengths between the system and the two
detectors are sufficiently weak. This is a striking difference
from the case where the commutator of the two observables
is a c-number. Following the method by Scott and Milburn
[44], we use this generalized model to describe the continuous
measurement of two arbitrary observables and derive both
unconditioned and conditioned master equations. We find that
the former can be reduced to the Lindblad form in the contin-
uous limit, even if the coupling constant between the system
and the apparatus is not infinitesimally small. Finally, using
the obtained master equations, we discuss the state preparation
of a spin-1/2 system by the feedback control based on the
simultaneous, continuous measurement of different compo-
nents of the spin. In our scheme, a target state is obtained
as an asymptotic steady state of the time evolution. We find
that the effect of measurement and feedback together on the
resulting steady state is equivalent to a heat bath, which is
similar to the harmonic oscillator case [50], and we also derive
analytical expressions of the timescale required to reach the
steady state. Moreover, the static external magnetic field can
generate coherence between the ground state and the excited
state. Because of this property, the static external field together
with the measurement and feedback control can be utilized to
manipulate the state of a TLS in a versatile manner.

This paper is organized as follows. In Sec. IT A, we gen-
eralize the Arthurs-Kelly measurement model [44,55,56] and
calculate the average and the variance of the measurement
readout. In Sec. IIB, we simultaneously and continuously
measure the system based on this generalized model. The
unconditioned and the conditioned master equations are given
in this section. In Sec. III, we perform measurement and
feedback control on a TLS in an external magnetic field.
Focusing on an asymptotic steady state of the system, we
discuss effects of the external field, the measurement, and the
feedback control. The summary and conclusion are given in
Sec. IV.

II. MEASUREMENT MODEL

A. Generalization of Arthurs-Kelly measurement model

The Arthurs-Kelly model is a single-shot measurement
model which can be used to describe the simultaneous

measurement of the position and the momentum of a particle
in a one-dimensional quantum system [44,55,56]. It consists
of two detectors and the system to be measured. The point-
ers of the two detectors are prepared in the Gaussian initial
state, and, at an instance of time ¢,, the position X and the
momentum p of the particle are coupled with the pointers of
the two detectors, respectively, when the measurement starts.
After the coupling at ¢,, the positions of the two pointers are
influenced by the system; therefore, we can obtain measured
values of X and p from the readouts of the positions of the two
pointers by projective measurements of their positions. The
coupling between the system and the detectors is described by
the time-dependent Hamiltonian H;(z), which is chosen in the
following form:

Hi(t) = (s1%p1 + $2pp2) 8(t — 1), (1)

where p; (i = 1, 2) is the momentum of detector i’s pointer,
s; is the coupling strength between the system and detector
i, and all the quantities here (i.e., 1-71, si, X, p, and p;) are
dimensionless.

We now consider simultaneous measurements of two ar-
bitrary observables A and B of the system. This generalized
measurement can be performed by the following analogical
interaction Hamiltonian between the system and two detec-
tors:

Hi(t) = (s14p1 + 2Bp2) 8t —1,). 2)

Similarly, all the physical quantities discussed here such as
H,, s;, and A are also dimensionless. Moreover, i is set to be
unity throughout the whole paper for simplicity [57]. Again,
detector i is still prepared in the Gaussian initial state |d;),

1) = (e oxp (=5

(xildi) = (A" exp ( 2Ai>’ 3)
where |x;) is the position eigenstate of detector i’s pointer,
A; = s;0% (with s; > 0), and o is a parameter characterizing
the measurement accuracy.

Before the coupling at ¢,, the system and the two detectors
are assumed to be uncorrelated with each other. Therefore, the
density operator of the total system including the system and
the detectors initially takes the following form:

pr = ps @ ldid)(ddb|, “4)

where p; is the partial density operator of the system and
|didy) = |d1) ® |d») is the uncorrelated Gaussian initial state
of two detectors.

After the coupling between the system and the detectors,
the total system is in the state

Py = U1pr 0y, )]
where
Uy = expl—i(s1Ap1 + s2B8p»)] (6)

is the evolution operator during the measurement. As a result,
the average of observable A and the position of the pointer of
detector 1 after the coupling are given as

(AY = Tr (Apy) = Tr (U AU pr) = (O ATy, (1)

(&) =Tr G py) = Tr (O 210rpr) = (0%,07). (8)
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Applying the Baker-Campbell-Hausdorff relation to these two
equations, we get

2
(&) = (&) — == ([B. [B. A])) +0<s—f> ©)

and

(81) = u[(A) -2

Here, we only have evenfold commutators since (pz"“) 0
for the Gaussian state for non-negative integer n. Following

the same procedure for B and %, we can obtain (B) and (x,)’,

A7 A S A A A 51-2
(B) =(B) — —([A, [A, B]]) + 0<—> (1)

2
([A, [4, BY) + o(s—;)] (12)
o

If [B,[B,A]1=I[A,[A, B]] =0, for instance A =% and
B = p, then all the multifold commutators vanish so that
we get A = sl’l(fcl)’ and (B)' = szl( »)'. However, for a
general case in which [B, [B, A]] and [A, [A, B]] are nonzero,
all the higher-order terms remain and thus the measurement
result 57! (%)’ deviates from (A)" and (B)". From Egs. (9)—(12),
we see that the leading order of the deviations is s; /02, and
thus the deviations are negligible only when s;/0? < 1. To
discuss the deviations, it is convenient to introduce relative
deviations €; and ¢, defined as

[ B ) )
s1{A)

6= M (14)
52(B)

ForA=1, and B = lA,y as an example, where I, and f,y are
x and y components of the angular momentum, respectively
[58], €1 and €, with si’l(fc,-)’, (AY, and (B) up to the second
order of s; /0%, read

5 1—(sy+ 3sz)/2002
€= — , (15)
6021 —s55/402% + 55(s1 + 352)/9604
1— 3s1)/200
o= 51 (52 + 351)/200 (16)

6021 —51/402 + 51(s52 + 351)/9604"

In Egs. (15) and (16), €; and €, are independent of the
state of the system due to the closed algebra of the angular
momentum and the symmetry of the Gaussian state. Take €
for example: because of the closed algebra of the angular
momentum, the numerator and the denominator of €; can
be written as a linear combination of (L), (ﬁy), and (L,).
However, due to the symmetry of the Gaussian state, the
coefficients of (L. ) and (L), which are averages of odd pow-
ers of x; and p;, are zero. Therefore, the numerator and the
denominator of €, are proportional to (L), which are canceled
with each other finally. The relative deviations €; and €, are
monotonically increasing with parameters s;/o? and s,/0>.
When si/cx2 ~ (.5, the relative deviations €; and €, reach
around 10%, which are non-negligible. Consequently, s;/02
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FIG. 1 Relative deviations (a) €1 and (b) ¢, as functions of s, /52
and s,/0? for A=1, and B= L} €; and €, are monotonically
increasing functions of s;/02.

must be much smaller than 1 in order to obtain an accurate
measurement outcome. Details are shown in Fig. 1.

We now go back to the arbitrary observables A and B,
and consider the second moment of the positions of the two
pointers %; and X, after the coupling,

2 o2 T 1204

3
{8, ]]>)+o(—l6>}

7)

2
(%) = ﬁ[l -2y - 22 s, 18, Ay

A A A A N

+(A[B,[B,A]]) +([B,A

12 2 (1AL 1A B)

~ ~ ~

3
+(BIA, A, B1) + (1A, BIA. B)) + 0<%)}
(18)

The leading term of the variance ()@2)/

2)' — (&))" of the mea-
surement result depends on the parameter s;o%. In order to
get a stable readout, i.e., the variances are small so that the
measurement results are less scattered, s;02 need to be set

as small as possible. There is a tradeoff between the stability
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characterized by s;0> and the accuracy characterized by s; /0>
[see Eqs. (15) and (16)]. Therefore, o> cannot be too large
for a given s;, although o2 is intrinsically a large quantity in
the weak measurements, which is assumed to hold s,/ o « 1.
On the other hand, for a given o2, s; should be sufficiently
small so that both s;0% and s; /0% are smaller than unity. From
this point of view, the generalized Arthurs-Kelly measurement
model is valid only for a weak measurement.

B. Continuous measurement

A continuous and simultaneous measurement of observ-
ables A and B can be realized by the following interaction
Hamiltonian [44]:

o0
Bi(t) =) (s1Ap) +:2Bp2) 8t —ndt),  (19)

n=1

where &t is the time interval between two consecutive mea-
surements and will finally be set to be infinitesimal. After
each single-shot measurement, the readouts of x; and x, are
recorded, and then the total composite system is reset to the
decoupled initial state given by Eq. (4) based on the Born-
Markov assumption. The state of the system immediately
before and after the nth measurement is denoted by p,(ndt)
and p.(nét), respectively, which satisfy the following relation-
ship:

pi(ndt) = Tr 4[Uspy(ndt) ® |dydo) (drda] U}, (20)

where Tr ; means the trace over the degrees of freedom of the
two detectors.
We introduce the following measurement operator:

M(x1, x2) = (x1x2|U;|dy o)

= /dpldpz (102|101 p1p2)(p1paldida)

=@2n)"! /dpldpz exp {i[(x; — s14)p,

+ (2 — $2B)p21}(p1p2ldida), 1)

where [x1x2) = |x1) Q |[x2), |[p1p2) = |p1) ® |p2), and |p;) is
the eigenstate of the momentum of detector i’s pointer. Equa-
tion (20) can be rewritten explicitly as

plinsr) = [ didey e, x2) (i) ' 1. 2)

= / dpidps expl—i(s1piA + s2p2B)] py(ndt)

expli(s1p1A + s202B)1 [(p1paldido) |
S A A
= po(ndt) = 25 A (A, pu(nst)]]
o

— 2 BB, py(n8D)]] + O 57 (22)
p , [B, ps(ndt) (;)-

Note that the right-hand side of the last equality of Eq. (22)
contains neither the terms [A, [B, 0s1] nor (B, [A, 0511, which
describe the interplay effect between the measurements of
the two observables, because their coefficients are zero for
Gaussian states.

Taking the unitary evolution by the system Hamiltonian
H; after each measurement into consideration, the state of the
system becomes

ps(nét +8t) = U, pl(nét) U, (23)
where
U, = exp(—iH,8t) (24)

is the unitary evolution operator between two consecu-
tive measurements. After taking the continuous limit §r —
0 and 0 — oo with ¢ = 1/(8¢t0?) = const, the uncondi-
tioned master equation of the system under the simultaneous
and continuous measurement reduces to the Lindblad form
[1,2,28-30]:

WP it 5 - DUAA b0 - BUB.1B AL 25)

dt 8 8
Here, y; = 2s;¢ is the measurement strength of A (i = 1) or
B (i = 2). In addition, we can obtain the master equation for
the measurement of a single observable A or B by setting s, or
s1 to be zero, respectively. Note that even for noninfinitesimal
s;, the master equation (25) for simultaneous and continuous
measurement is still valid in the continuous limit s;/o%> — 0,
unlike the results for the single-shot measurement in the pre-
vious section.

The final master equation (25) of simultaneous measure-
ment does not contain terms of the interplay effect such as
[A, [B, 0s]] and (B, [A, D511, but just consists of a linear com-
bination of the two independent measurement effects. This
is because of the uncorrelated Gaussian initial state and the
Born-Markov approximation: Before each single-shot mea-
surement, the total composite system is reset to the decoupled
initial state given by Eq. (4). In addition, according to Eq. (22),
the single-shot measurement discussed in the previous section
does not introduce the terms of the interplay effect in the
master equation if the initial state of the system and the two
detectors are uncorrelated with each other and the detectors
are initially prepared in the Gaussian state. Therefore, the
terms of the interplay effects [A, [B, 0s]] and (B, [A, Ds]] are
absent in the final master equation. Note that for A = % and
B = p considered in Ref. [44], such terms of the interplay
effect have vanished, [%, [P, 0s]] — [P, [X, ps]] = 0, because
of [x, p] = i. Thus, even though the master equation of the
simultaneous and continuous measurement of X and p does
not contain the terms of the interplay effect of the two mea-
surements [44], it is still open whether this equation still holds
for arbitrary observables A and B. Here, we have shown that
the master equation indeed does not contain the terms of the
interplay effect, irrespective of the observables measured.

Moreover, we shall also derive the conditioned master
equation of simultaneous measurement. The nth measurement
outcome of detector i is denoted by x;(n) and the final master
equation is conditioned by a sequence of the outcome {x;(n)}.
The average and the variance of x;(n) can be obtained by
keeping the leading terms of Eqgs. (10), (12), (17), and (18),

Elxi(n)] ~ 51 (A), (26)

A

E[x(n)] = 5:(B), 27
>

/ 2 Si

VIiam] = (&) - (&))"~

; (28)
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where E[-] represents the ensemble average over all the ex-
perimental realizations and V [-] represents the variance of the
measurement outcome. The correlation function of £; and X,
after the coupling can also be obtained:

(R1&2) =Tr (R1%207)

1S2
=" (AB + BA). 29)

Comparing Egs. (28) and (29), we find the covariance
C[X](ﬂ),Xz(n)] = ()AC])AQ)/ — <)’51)/()?2)/ of )’51 and )’52 [WhiCh is
of the order of (87)°] is much smaller than the variance of %,
and %, (which is of the order of 1/4¢) in the continuous limit
8t — 0. Therefore, the correlation between X; and X, can be
neglected within the current approximation where the terms
of order 1/6¢ are kept for the second moment of x;, and x;(n)
and x;(n) can be treated as two uncorrelated random variables
[59]. Then, approximating x;(n) as a Gaussian random vari-

able, x;(n) can be written as a summation of its average and

fluctuation,
x1(n) = s1(A) + \/g dg (n)(8t)™"!

= s1(A) + 11 d& (n)(81)~! (30)

x(n) = 52(B) + \/gdéz(n)(&)_l

= 52(B) + ha d&(n)(81)7", €2y

and

where A; = /s;/2¢ is the fluctuation of the measurement
outcome of observables A (i = 1) and B (i = 2), and d§; is
the It6 increment [60,61] which satisfies

J

E[d§] =0, (32)
E[d&;(m)d&i(n)] = Smndt, (33)
E[d§(n)d&;(n)] = 0. (34)

For notational simplicity, we will treat d; to be equal to 57!/

measurement operator can be expanded as

and omit the symbol E[-] in the following derivation. Then, the

. B , , . A (A Ay A1p? + Ay p3

M(x1(n), x2(n)) = 2m) 1/dp1dp2 exp {i[x;(n)p1 + x2(n)p2l} expl—i(s1 p1A + s2p2B)] 17[12/2 exp [ — 1P : 2P>
ixy(n) 2 ixp(n) 2

Ai(pr — A—]) + Aa(p2 — Tz)

2

1o /dpldpz exp {—i(sip1A + sapaB)}exp | —

. 2 . 2
< . o Ai(pr = 5) + Aa(p2 — 52
= dpid — =i A B _ 1 2
/ pidap> {g n![ i(s1p1A + s2p2 )] }exp 5
2T 2A2 2A2 BZ s2B2
= a1 a0 = S Tt = 50 St oot
s Az s, B? . .
o« 1+ ;&(sl( YA + 5,(B)B — IT _ 24 ) + M AdE 4 1l BdE + O(5%). 35)

The unnormalized state of the system after monitoring then becomes

pL(ndt) = M py(nét) M’

A A A ~ ~ ~ R A A S A~ A
=P+t [s1 (AY(Aps + psA) + 52(B)(Bps + psB) — ZI(A% + psA®) — f(Bzx + ﬁsBz)]

+h1 ¢ Apy + pA) &1 + 22 ¢ (Bbs + DeB) d&r + ¢7 51 (M APy A+ 23 B py B) + 051, (36)
The normalization constant for the state after the measurement reads
Tr (M ps M) =1 +2¢ 51 (51(A)” + 52(B)*) + 241 £ (A) d&1 + 202 ¢ (B) d&> + O(31). (37)
Applying (1 +x)' &~ 1 — x +x* and keeping terms up to the first order of 8¢, we obtain the normalized state after the
measurement,
Mp
plndt) = ——
Tr (M psMT)

S N N N A S N N A N
~ o= L@+ A = 2Ap AV bt — LB, + pBE — 2B,y
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Apo+pd . Bo+ B .
/258 <u - <A>ps> dg) + /2528 (% - <B>ps) dé,

2

=py— %[A, [A, p116t — %[B, [B. 116t + /71 AUA — (A)) bl dE + 73 LB — (B) p)dEr.  (39)

Here, the symbol (0] is defined as the Hermitian part of
operator O,
H10] = 5(0 + 0"). (39)

Including the unitary evolution between the two consecutive
measurements and taking the continuous limit, the condi-
tioned master equation reads

dps = — ilH,, pldr — %[A, [A, p]ldr — %[é, [B. p,]dr

+ VN HUA — (A)ps1dE
+ 12 HUB — (B))ps1dés. (40)

III. STATE PREPARATION BY THE FEEDBACK CONTROL

We now propose a scheme to manipulate the state of
a spin-1/2 system based on the generalized Arthurs-Kelly
measurement model obtained in the previous section. For
simultaneous and continuous measurement of the x and y
components of the spin S.ie A= 6./2 and B = 6y/2 with
6y and 6, being the Pauli matrices, the conditioned master
equation (40) can be written as

Ty A Fx N ~ A F A A A
dps = = ilHy, psldt — —=[6:, [6:, plldi = gy[oy, [6y, Ds]ldt

+ VT (6, — (62)) Ps) dEy
+ T, 216, — (6,)) bsl déy, (41)

where I'y = y1/4 =51{/2 and T'y = y»/4 = 52 /2 are the
measurement strengths of the x and y components of the
spin, respectively. We assume that the system is in a static
external magnetic field; as a consequence, the Hamiltonian of
the system can be represented as

H, = 0,6, + 0,6, + 0.6, (42)

where wy, wy, and @, can be set by the magnitude and the
direction of the static external field.
The measurement signals &, and &y, are defined as [50]

Gudi = (dr + 25 (43)
X - X m’
dt,

&,di = (6,)di + (44)

JT
which will be fed back to the system without time delay

[54] to control an additional external magnetic field B by the
following feedback control Hamiltonian:

Hydt =B -Sdt
= (001 C + &[T, dt + (aaC + 5 C%)6, dt
+ (a3€ + a3¢)6, dt
= cdt(a16, + a6y + a36;) + He,, (45)

where «; (i = x,y,7) is an arbitrary complex number used
to control the i component of the additional magnetic field

(

B, cdt = %(6x — i6,)dt is the complex measurement signal,
and H.c. is the Hermitian conjugate of the former term. Here,
we have set the Landé factor and the Bohr magneton to be
unity for simplicity. Equation (45) can be rewritten into an
equivalent, but more compact form,

Hydt = —ikyedtF + He., (46)

where «; is an arbitrary real positive parameter called feed-
back control strength, and F is a linear combination of Oy,
6y, and &, corresponding to F= i/cf_l (016, + a6y + a367)
in terms of «; in Eq. (45).

Suppose the system is in the state p at time ¢; the state of
the system at ¢ 4 dt after the simultaneous, continuous mea-
surement and feedback control is given by exp(—iH rdt) (Ps +
dpy) exp(iH rdt). Within the first order in d¢, we need to keep
the following terms: p, + dps, —i[Hydt, psl, —ilHsdt, dps],
and —2’1[I:Ifdt, [ﬁfdt, 0s]1]. Note that the last one also has
the first order of dr due to the It6 rule. By inserting Egs. (43)
and (44) into these terms, we obtain the ensemble-averaged
master equation of the system under the simultaneous, contin-
uous measurement and the feedback control,

dpe ., r, ry
= - Hsa As ~ ¢ As . ot As
7 i[ p]+2@[c]p+ 2@[c]p
2
r.-r, .k e
+ L9l + & 1py + L DUE — FHp,
4T,
KT b s K p Bt A At
+_-@[F+F']py__([F,Cp¥]_[F ,,OsC]
4T, 2
+[F, pse] = [F7, ¢ ps)), (47)

where ¢ = %(5): — i6y) is the lowering operator, and the su-
peroperator Z[0] is defined for an arbitrary operator O by
7101 ps = Op,0" — 3(070p, + p,070).  (48)
Equation (47) provides the general form of the evolution
of the system. The form of the operator F' is to be chosen
according to the target state. Note that for F = ¢' [i.e., o =
—ikf/2, ar = k¢/2, and a3 = 0 in Eq. (45)], Eq. (47) can be
written in the Lindblad form,

ddpt > = —i[Hy, b+ k1 D1e1ps + ko 216 1ps + k3 218 + €T,
(49)
with
2

= (50)

2 2r, :
ky = Doy < — K, (51)

2 2r,

2 2

k35¥—%+%. (52)
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The first term in the right-hand side of Eq. (49) represents the
unitary evolution governed by the static external field, while
the latter three terms represent the effect of the simultaneous
measurement and the feedback control.

For the spin-1/2 system, it is more convenient to discuss
the problem in the Bloch coordinate system and represent Oy
with the basis 6,, 6y, 6;, and the unit operator I,

ps = 56 +y6y + 26, +1), (53)

where (x,y,z) € R is the Bloch vector satisfying

Vx2+y?2 + 72 < 1. By inserting Eq. (53) into Eq. (49)
and using Tr (6;0,) = j (with j = x, y, z), we obtain

. ki +k

& = 2wyz — wy) — — 5 2y, (54)
. ki + ko + 4k

Y = 2(wx — wy2) — %y, (55)

2= 2wxy —wyx) — (ki + ko + 2k3)z + ko — ki (56)

The steady solution of these master equations is obtained by
setting x = y = z = 0 in Egs. (54)—(56) [62],

X =4~ (ky — ko (k + ky + 4ks) + 4w,0.], (57
e =40~k — k)l (ki + ko) — doy0.], (58)
7, =n"(ka — k)[(k1 + k2)(ky + ko + 4k3) + 1607 ], (59)

with
n = (ki + ko) (ki + ko + 2k3)(ky + ko + 4k3) + 8w? (ki + ka)
+ 8wy (ky 4 ky + 4k3) + 1607 (ki + ky + 2k3). (60)

Equations (57)—(60) provide a guideline to realize the
steady state of the system by the static external field, the
simultaneous and continuous measurement, and the feedback
control. One of the most important cases is the one in which
the direction of the external magnetic field is along the z
axis, where the Hamiltonian of the system H, is diagonal
with @, = w, = 0 and @, # 0. Then, the steady state given
by Egs. (57)-(59) becomes

X, =0, 61)

¥ =0, (62)
ky — k

o fezh 63

T o ko + 2k3 (63)

which is diagonal in the energy basis so that it can be identified
as a thermal state with some effective temperature. This means
that the simultaneous measurement and feedback control in-
troduced above effectively serve as a heat bath [50]. When we
perform both the measurement and the feedback control on
the system for a sufficiently long time, the system eventually
reaches a thermal state. Since z; is independent of the sign
of w, as seen in Eqgs. (59) and (60), we can assume w, > 0
without loss of generality, and the effective temperature T.g
can be obtained as

2w, [ ki +k3\ !
Tur = ‘”*(ln L 3) , (64)

kg ky + k3

where kp is the Boltzmann constant. Since (k; + k3)/(ky +
k3) is always larger than 1, the effective temperature Ti¢ is

T ‘ “ “/‘ m),, . N N .
[[] ~ AN 7
350/ . > 5
/‘(" / N /:‘}\ b / \
3L AN I\ N
‘\’ / 7, . \\ 16
25 I /A | ]
e 7 \
= RS 0 2
20| o . 12
= I N
SN N SN
L5l < o 2 N
NS - \ 0.8
H “‘ v Q )]
05" QJ\‘\\& I [
N\ — —:;:::’:;:—i:;’:;;;i
05 1 1.5 2 25 3 35 4
Iy

FIG. 2. Contours of effective temperature 7. with respect to I'y
and Ty for o, = w, = 0. Here, we have set k; = w, = kz =1 for
simplicity. T takes the minimum, To = 0, at 'y =Ty = 1.

a monotonically increasing function of w,, and Ty satisfies
0 < Tee < oo. Thus, we can prepare the system in a diagonal
steady state with an arbitrary positive effective temperature by
setting proper ki, k, k3, and w, under , = w, = 0. In order
to see the dependence of T4+ on parameters I'y, I'y, and k7, we
substitute Eqs. (50)—-(52) into Eq. (63) and obtain

' « I, «r\ 7!
zx=—4<—+—f+—’+—f) : (65)
Kf FX Kf Fy

Here, z; first decreases when I'y /k s and I'y /k ¢ increase from 0
to 1, and then increases when I, /k s and I'y /k ; increase from
1 to infinity. z, takes the minimum at I',/kf =T'y/kr = 1.
According to Eq. (53), the probabilities in the excited state
and the ground state are proportional to (1 + z;) and (1 — zy),
respectively. When z; decreases, the probability of the system
in the excited state becomes smaller, which means that the
effective temperature T is lower. Therefore, T first de-
creases and then increases when I'y/ky and T'y/k increase
from O to infinity, and T¢ takes the minimum value of zero at
I'y/ky =Ty /Ky = 1. Figure 2 shows the contours of T with
respect to I'y and Iy for w, = w, = 0.

Besides the final effective temperature, the timescale for
relaxation to the asymptotic steady state is another important
quantity. We first consider z(¢), which can be easily obtained
from Eq. (56) with w, = w, = 0O:

ky — ki

C —(k1+k2+2k3)t’ 66
otk t 2k T (66)

(1) =
where C) is a constant determined by the initial condition
z(t = 0). From Eq. (66), the relaxation time 7, of the spin-z
component can be defined as

K2 2\
. = (ki +ky + 2ks) ! = 2<rx +T,+ L+ —f) . (67)
r, T,
WhenT; > lorT; « KJ% (with i = x or y), the relaxation time
7, is very short, which means the system can reach the steady
state very quickly.
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Next, we discuss x(¢) and y(z). Equations (54) and (55)
with w, = wy, = 0 can be written as

n

X=—(ki +ky +2k3)x — ———1x, 68
(k1 + k2 3) 2 T ko 1 2k (68)
1 (. k+k
=—— . 69
y 2o, (x t— x) (69)
The corresponding characteristic equation for Eq. (68) is
2 n
— (ki +k+2k3) 0+ ———7— =0, 70
wo— (ki + ko 3U 2 + ko 1 2) (70)
and the solution of Eq. (70) is
e = 310kt + ko + 2k3) £ VA], (71)
with
Ui
A= (ki +ky + 2k3)? — —————
it ket 2k = e Tl
= 4k; — 160?. (72)
The solutions of Egs. (68) and (69) are
ky ko +2k3
x(1) =(Cr+Cit)e 71, (73)
1 _kithytty
YO) = ——[-kCG+ (1 —k)Gle =, (74
2w,
for A = 0, and
x(t) = Che™' 4+ Cie ™™, (75)
1 ki + k _
t)=— C, — et
y() 20, |: 2( ) ,u«+)e
ki + k
+C§(% - /L_>e”’:|, (76)

for A # 0, where C,, C3, C;, and C} are constants determined
by the initial condition x(t = 0) and y(r = 0). When A < 0,
both x(¢) and y(¢) decay as exp (—%1‘). Thus, the relax-
ation time 7, and 7, of the x and y components of the spin can
be defined as

T, =1, =20k + ko + 2k3) !
=21, (77)

According to the previous discussion, the system reaches the
steady state very quickly if I'; > 1 or I'; K K}%. When A >
0, the decay rates of x(¢) and y(¢) are mainly determined by
the term with exp (—u—t) since u— < p. Consequently, the
definition of the relaxation time 7, and 7, is

to=1=un"'
= 2(k; + ky + 2ky — v/ A)7!
<2k + ko + 2k — /4i2)
= 2(ki + ko + 2k3 — 2[ks]) . (78)
When k3 > 0, Eq. (78) reads

X

k2\ !
T =1, <2k + k) = z(ry + F—f) . (79

The relaxation time is very shortif I'y > 1 or I'y < KJ%. When
ks < 0, on the other hand, Eq. (78) reads

2\ —1
=1, <20k +hk +4k3) ' = 2(1} + ';—f> . (80)
¥
and the relaxation time is very shortif I'y 3> 1 or I'y, <« KJ%. In
summary, the relaxation time of the system is controllable by
the strengths of the measurement and the feedback control,
and the system can reach the steady state very quickly if
I,Iy>»lorl,, Ty < /c]%.
Let us now discuss more general cases where the direction
of the static external magnetic field is arbitrary, i.e., @y, o,
and w, are nonzero in general. In such cases, the Hamiltonian
H, contains off-diagonal terms and these off-diagonal terms
generate coherence between the ground state and the excited
state of the operator &, which leads to the situation in which
the steady state is no longer a thermal state. To get a better
understanding of the effect of the off-diagonal terms, we set
w, = 0 and keep wy and w, to be nonzero. Then x, and yj,
which characterize the effects of the off-diagonal terms on the
steady state, become
xg =4~ oy (ky — k) (ki + ko + 4k3), (81)

ys = 4~ o (k) — ko) (ki + ka). (82)

From Egs. (81) and (82), we can clearly see that x; is more
sensitive to wy than w,, while y, is more sensitive to w, than
wy. Let us focus on x, as an example. Figure 3 shows x;
as a function of I'y and Iy for different values of (w,, wy):
(0.1,0.1) [Fig. 3(a)], (0.5,0.1) [Fig. 3(b)], and (0.1,0.5)
[Fig. 3(c)]. One can clearly see that by comparing Figs. 3(a)
and 3(b), the contours change only a little by changing w, with
wy fixed, while by comparing Figs. 3(a) and 3(c), the contours
drastically change by changing w, with w, fixed. Therefore,
to control x, over a wide range, we should tune w, instead of
wy; on the other hand, to control x; accurately, we should first
choose an appropriate value of w, and then tune w, with w,
fixed.

Figure 3 also implies that the range of the accessible values
of x; and y, by varying I', and I', depends on w, and w,. To
get a better understanding of this dependence, we show the
region of possible values of (xy, y,) for several different values
of (wyx, ) in Fig. 4. Figure 4(a) shows the boundaries of this
region for different values of w, = —0.1, —0.5, and —1, with
w, fixed at 0.5. Note that these boundaries are straight lines
within the numerical accuracy. With increasing the absolute
value of w, from zero, the range of the possible values of
x, first increases and becomes maximum at |w,| = 0.5, then
decreases, while the range of the possible values of y; is un-
changed from 0 < y,; < 1. On the other hand, Fig. 4(b) shows
the boundaries for different values of w, = 0.1, 0.5, and 1,
with wy, fixed at —0.5. The result is similar to that of Fig. 4(a),
but x; and y, are switched: As w, increases from zero, the
range of the possible values of y, first increases and becomes
maximum at w, = 0.5, then decreases, while the range of the
possible values of x; is unchanged from 0 < x; < 1. These
results are consistent with the discussion in the last paragraph,
and they also highlight the importance of choosing parameters
wx and w, properly in preparing the state of the system. A
given target steady state with some x; and y; is realizable only
for parameters (wy, w,) in some region.
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FIG. 3. Contours of x, with respect to I'y and I'y at (a) (wy, @) =
(0.1,0.1), (b) (wx, wy) =(0.5,0.1), and (c) (@, wy) = (0.1, 0.5).
Here we set w, = 0 and k; = 1.

IV. CONCLUSION

In summary, we have generalized the Arthurs-Kelly mea-
surement model for a single-shot, simultaneous measurement
to two arbitrary observables of the system whose commuta-
tor is not necessarily a c-number. We have found that this
generalized measurement model is valid only when the cou-
pling between the system and the detectors is sufficiently
weak. By applying this generalized model to the continuous
measurement of two arbitrary observables, we have derived
both unconditioned and conditioned master equations. We

. ; ; ;
\(a)\ ———w, =—0.1
08l N Twy =05
) \ \\\ e wy =1

\ N
0.6 N\ N
\ N
\
04F ' N
\\ \\
\ \\
\ AN
0.2+ \ N
\ N
\ \\
\ ~
0 A BN
0 0.2 0.4 0.6 0.8 1
Ts
1
N
(b)\ ———w, =01
08k S ——-w, =05 |
’ AN e wy =1
\\
\\
0.6t N
N
o ~
=N S
04 S
~ N
~ N
\\\ \\
02t To-l AN
\\\ N
-~ N
~ ~N
0 : e
0 0.2 0.4 0.6 0.8 1
Ts

FIG. 4. Boundaries of the region of possible (xy,y;) for dif-
ferent values of (wy, w,). Values of (x,,y;) below the dashed line
are realizable for each (w;, w,). (a) w, = 0.5 and w, = —0.1 (blue
dashed line), —0.5 (red dashed line), and —1 (green dashed line). (b)
wy = —0.5 and w, = 0.1 (blue dashed line), 0.5 (red dashed line),
and 1 (green dashed line). Here, we set k; = 1, and negative values
of w, to get positive x;.

have shown that the unconditioned master equation takes the
Lindblad form in the continuous limit, even if the coupling is
not infinitesimally small. Moreover, we have found that there
is no effect of the interplay of the two measurements in the
continuous limit, even if the two observables are noncommu-
tative and their commutator is not a c-number. Finally, taking
a spin-1/2 system as an example, we have illustrated that we
can prepare a designated state as an asymptotic steady state of
the time evolution by a static external field, the simultaneous,
continuous measurement, and the feedback control based on
the formalism derived in this work. We have obtained analyt-
ical expressions of the steady state and the timescale of the
relaxation to the steady state, which offer a guiding principle
for controlling the system. We have demonstrated that by
appropriately setting the static external field and the strengths
of the measurement and the feedback, we can control both the
populations of the ground and the excited states and the co-
herence between them. Our results show that feedback control
based on simultaneous, continuous measurement of multiple
observables is one of the promising techniques which allows
us to control the quantum state in a versatile manner.
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