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Plateau dynamics with quantized oscillations of a strongly driven qubit
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We present an interesting dynamical temporal localization of a strongly driven two-level system (TLS), a
plateau with quantized oscillation, by an analytical and transparent method, the counter-rotating-hybridized
rotating-wave (CHRW) method. This approach, which is based on unitary transformations with a single parame-
ter, treats the rotating and counter-rotating terms on equal footing. In the unitarily transformed representation, we
find that it is the multiple-harmonic terms shown in the transformed Hamiltonian that make a crucial contribution
to the generation of the exotic plateau phenomenon. By comparing the results of the numerically exact calculation
and several other methods, we show that the CHRW results obtained by analytical formalism involving the
collective effects of multiple harmonics are in good agreement with the numerical results, which illustrates
not only the general tendency of the dynamical evolution of strongly driven TLS, but also the interesting
phenomena of plateaus. The developed CHRW method reveals two kinds of plateau patterns: zigzag plateau
and armchair plateau, and quantitative analysis is given to comprehensively describe the features of the plateau
phenomenon. The plateau phenomenon has a periodical pattern whose frequency is double the driving frequency,
and possesses quantized oscillations, the number of which has a certain, precise value. Also, fast oscillation is
produced on every plateau that is determined by the relevant driving parameters of the TLS. Our main results
are as follows: (i) in the large-amplitude oscillatory case, it turns out that the collective effects of all even
harmonics contribute to the generation of zigzag plateau with quantized oscillation, and the general tendency
of evolution coincides with the result of the original CHRW method because of a linear trend of the phase
function; (ii) in the small-amplitude oscillatory case, the dynamics of the coherent destruction of tunneling under
strong driving is exactly exhibited by including the odd-harmonic effect, which offers an attractive dynamical
pattern, namely, armchair plateau possessing a two-stair structure rather than the complete destruction. Besides,
the characteristics of the plateau (position, frequency, the envelope, and number of quantized oscillations) are
revealed by our analytical formalism. Both of the dynamical patterns are of great interest to strongly driven
physics in the ongoing research on driven TLS systems.

DOLI: 10.1103/PhysRevA.102.053703

I. INTRODUCTION

The dynamics of driven quantum systems is an intriguing
component of quantum physics, which enjoys a long history
of both experimental and theoretical research [1-3]. Among
these numerous investigations, two-level systems (TLSs),
which attract the researchers in nearly every field for its sim-
plicity, have been widely used to explore and demonstrate the
fantastic phenomena of quantum physics. With the progress of
experimental technology, many TLSs and some variants have
received much attention in recent decades, such as TLSs with
relaxation [4-10], TLSs coupled to bosons [2,11-15], driven
dissipative TLSs [16,17], periodically driven qutrit [18-21],
etc. Of these systems, the simplest and widely investigated one
is the Rabi model [22], which in the localized representation
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is written as (7 = 1)

A
H(t) = —Eax -3 cos(wt)o,
:_éo, _é(efiwto, +eiwto, )
27 4 * -
A iwt —iwt
—Z(e o +e o), (D)

where oy ;) is Pauli matrix, o = (0, £ i0,)/2, A is tun-
neling frequency independent of time, and A cos(wt) is a
harmonic driving field with amplitude A and frequency w. The
last two terms in Eq. (1) represent the counter-rotating (CR)
couplings. On the other hand, the Rabi model has been utilized
and illustrated by experiments [23-25]. These experimental
progresses substantiate the effectiveness of the TLS models,
and inspire the further development of theoretical techniques
to give reasonable exposition for novel dynamics in a broader
parameter regime. Especially, when the driving amplitude A
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is comparable to or even larger than the tunneling frequency
A, i.e., the driving parameter is in strongly or ultrastrongly
driving regimes, the driven systems that have been realized
in flux and spin qubits, generate novel dynamical phenomena
[26-29].

A lot of methods have been introduced to study the dy-
namics of the Rabi model and improved for the past 80 years
[22,30-34], aiming to give a valid approximate analytical
solution to depict major dynamical characteristics and phe-
nomena of interest. The Rabi rotating-wave approximation
(RWA) method [22], which is regarded as the initial method
to analytically solve the dynamical evolution of the TLS, has
been applied and developed for many years. However, it is
a basic fact that the Rabi-RWA method breaks down in the
strong driving regime or off-resonant situation since the CR
terms can not be neglected in comparison with the rotating
one. Actually, many interesting phenomena are attributed to
the contribution of CR terms, such as coherent destruction of
tunneling (CDT) [35-37], Bloch-Siegert (BS) shift [38—40],
quantum Zeno effect [41], etc. Therefore, various methods
sprang up in order to improve the analytical results in some
parameter regime and offer perspectives to discover the in-
sight of these significant phenomena, such as the ad hoc
RWA treatment [42], Floquet theory [43,44], transfer-matrix
approach [42,45], etc.

Over all of the advanced approaches, it is worth em-
phasizing the efficacy of the counter-rotating-hybridized
rotating-wave method (CHRW method) [46], which has been
extensively utilized in many researches [47-54]. In compari-
son with the classical Rabi-RWA method, it takes the effects
of the CR terms into consideration by a unitary transfor-
mation, which results in the RWA mathematical formalism
applicable to both the far off-resonant situation (A > w or
A < ) and the intermediate-strong driving strength case.
Although, in the strong driving case, the original CHRW
method demonstrates the accurate frequency of the overall
oscillatory evolution, it cannot give a detailed local pattern of
the dynamical evolution, such as a dynamical phenomenon,
termed as “plateau with quantized oscillation”.

Plateaus with quantized oscillation, named in this work, are
an intriguing dynamical pattern and its intrinsic mechanism
is not clearly demonstrated until now though it was noticed in
previous work [55,56]. This stunning phenomenon happens
under the strong driving condition. The particular dynamical
pattern consists of plateaus periodically occurring with the
double frequency of the driving field, and fast oscillation with
a certain period number in each plateau. Although the original
CHRW method could predict the accurate frequency of the
overall oscillatory evolution, it ignores some local oscillatory
property that strongly driven TLSs possess. A possible reason
for the failure to account for this phenomenon is that the
original CHRW Hamiltonian does not take into account
higher order harmonics, as shown in the harmonic expansion
of Hamiltonian in the interaction picture. Therefore, an
improved method needs to be introduced to serve as a bridge
between the multiple-harmonic effect and the intriguing
plateau phenomenon.

The aim of our work is to reveal the relation of this plateau
phenomenon to the multiple harmonics. Based on the sim-
plest form of the TLSs shown in Eq. (1), we develop the

CHRW method, which is realized by applying another unitary
transformation to the modified Hamiltonian of the original
CHRW method in Ref. [46]. The improved method, named
as the CHRW2 method in this work, has an extraordinary
performance in a much wider parameter regime than before,
especially on the strong driving condition. From the view-
point of the formalism of the CHRW2 method, the plateau
phenomenon of large-amplitude oscillatory dynamics is de-
termined by the even-harmonic effect naturally. Besides, the
concise form of the analytical solution provides further quan-
titative discussion about dynamical structures of the plateau,
and emphasizes the important collective role of all the even-
harmonic terms on the evolution of strongly driven TLS.

On the other hand, the CDT phenomenon, which points
out the magical destruction of the TLS dynamics under the
control of specific driving parameters, is presented by an al-
ternative and general explanation in this work. Instead of the
traditional recognition, completely frozen dynamics without
any deviation from the initial state, the CDT exhibits actually a
complex structure. The occupation probability oscillates peri-
odically between two kinds of plateaus close to each other, and
quantized oscillation with small amplitude is also shown on
each plateau. From the CHRW method, it would be clear for
us to illustrate that the even-harmonic effect diminishes under
the CDT condition and the odd-harmonic effect establishes
dominance over the dynamics. Additionally, analogous anal-
ysis offers the quantitative features of the plateau structure,
which presents the advantage of this analytical method.

The structure of the paper is organized as follows: In
Sec. II, we improve the original CHRW method in Ref. [46]
by applying two unitary transformations successively to the
Hamiltonian of the Rabi model, and derive analytical results
of (oy(t)), {(oy(¢)) and (o,(¢)), which exhibit the even-
harmonic effect in the strong driving regime. Then in Sec. III,
we demonstrate the effectiveness of the CHRW?2 method by
comparing with the results of the numerically exact method,
the original CHRW and Rabi-RWA methods, and illustrate the
intriguing phenomenon of plateau with quantized oscillation
in the time evolution. Finally, we give quantitative results
of some physical quantities describing the plateau dynamics.
In Sec. IV, we obtain an effective Hamiltonian by utilizing
the CDT condition under strong driving condition. Then we
present another kind of plateau phenomenon that exhibits the
odd-harmonic effect and provide detailed quantitative analysis
of the plateau. In Sec. V we give the conclusion of this paper.

II. COUNTER-ROTATING-HYBRIDIZED
ROTATING-WAVE METHOD

To give a more complete physics on strong driving, in
this section we attempt to improve the CHRW method with
unitary transformations. We illustrate an important dynamical
phenomenon, i.e., a plateau structure with quantized oscilla-
tion. Meanwhile, we demonstrate the significant underlying
reasons, the effect of the even-harmonic processes, on this
kind of dynamical pattern.

A. CHRW Hamiltonian

In order to investigate the effect of the multiharmonic pro-
cess on the dynamics, we apply the unitary transformations to
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the Rabi model and obtain an effective Hamiltonian. More im-
portantly, the even-harmonic processes are taken into account
to analytically resolve the dynamics under strong driving con-
dition. ®(¢) is defined as the corresponding wave function
of the TLS satisfying the Schrodinger equation i % o) =
H®(t). By the unitary transformation with a generator S [46],
the Schrodinger equation becomes i % ®'(t) = H'®'(t), where
®'(t) = SP(r) and

-

H' () =H@)e™S — ies%. (2)

Now we apply two unitary transformations to the Rabi model
in succession, and the generators are

A
S) = —i—& sin(wt)o,, 3)
2w
>\ Ay (L¢)
Sy = —iy ———22sin(2kat)o,, 4)
P 2kw

where & is a parameter determined later and Jy;( gé) is the
2k-order Bessel function of the first kind. Then we can get the
transformed Hamiltonian as follows:

de™
1

H\(t) =S H(@)e™S —ie®
1(t) =e"H(t)e e —

= ——Jp(E)o, — A E 2(B) cos(2nwt oy
> 0 2

n=1

—A ZJQ,,,l(E) sin[(2n — Dot]o,

n=1

A
- 5(1 — &) cos(wt )o, )
e

d
Hy(t) = e H,(t)e ™S> — je> -

= —%JO(E)GX - A ZJzn_](E)sin [2n — Dot]

n=1

X {cos |:Z X sin(2ka)t):| oy

k=1

+sin |:Z X sin(2kwt)i| Uz}

k=1

—%(1 —£) cos(a)t){cos [Z Xi sin(2kwt):| o,

k=1

—sin [Z Xi sin(Zka)t):| ay}, (6)

k=1

where X; = A/ (E)/kw and E = A& /w. It is obvious to see
the expansion of Eq. (5) according to the orders of the har-
monics: zeroth harmonic (zero-w term), even harmonics (2nw
terms, n = 1,2, ---) and odd harmonics ((2n — 1)w terms,
n=1,2,---).InEq. (5), the second term consists of all even
harmonics, while the last two terms includes all odd harmon-
ics. Since the product of odd harmonics and even harmonics of

the cos or sin factor happens in the last two terms of Eq. (6),
it leads to odd harmonics in H,. Thus, after the successive
two unitary transformations, H,(¢) is composed of zeroth and
all odd harmonics. In other words, we have removed all even
harmonics (n > 2). This is a key point of this work. Until
now, no approximation has been made, the information of all
harmonics are complete.

In the following treatment, we divide the Hamiltonian H,
into two parts Hy = Hcurwz + H', Hearwaz keeps the zeroth
and first harmonics of the transformed Hamiltonian (nw, n =
0, 1).

A o0
Henwz = == Jo(E)or — AN(E) [ T o) sin(en)oy
k=1

A o0
-5 0= s)gfom)cos(wt)oz, (7)

and H' = H, — Hcprwa- Apparently, H' includes all higher-
order odd harmonics (3w, Sw, ...) generally accompanying the
higher-order Bessel functions.

All higher-order odd harmonic terms in H' that correspond
to multi-harmonic processes in the unitarily transformed pre-
sentation are neglected since they cause little variation during
the integral with regard to a long period, which is numerically
proved in the next section. Then we choose a proper param-
eter £ so that the coefficients of the counter-rotating terms
o, exp(iot) and o_ exp(—iwt) in Eq. (7) become zero, which
gives

A
S (1 =8)—AL(E)=0. ®)
Thus we obtain the reformulated rotating-wave Hamiltonian,

A A( —iwt + iwt ) (9)
5 0x — gl op +eoo).

Here, A and A are renormalized tunneling strength and renor-
malized driving strength, which read

Hcurw2 = —

A= Ajo(gs), (10)

A=2401 =& [T oo, (11)
k=1

respectively. This is called the counter-rotating-hybridized
rotating-wave method. It is obvious that the CHRW Hamilto-
nian possesses the same mathematical structure as the RWA
one except for those modified physical quantities. In order
to calculate dynamical quantities of the CHRW Hamiltonian
shown in Eq. (9), we acquire the well-known RWA results. To
distinguish the present CHRW Hamiltonian in Eq. (9) from
that introduced in the CHRW method [46], we denote the
original CHRW Hamiltonian in Ref. [46] as CHRW1, and
the present Hamiltonian in Eq. (9) as CHRW?2 in the follow-
ing. Actually, when X; = 0, the CHRW2 immediately returns
to the CHRWI1, which indicates that the CHRW2 method
works well in the valid parameter region of the CHRW1 [46].
More importantly, by applying the second transformation to
H; in Eq. (5), we have taken into account the effect of all
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FIG. 1. The value of & as functions of w/A and A/w, which is
determined by Eq. (8).

even-harmonic terms. Therefore, the CHRW?2 method can be
used to investigate the physics of strong driving and may
reveal the “even-harmonic” collective effect.

For the parameter regime of interest A > @ and A ~ w,
one immediately obtains & ~ 1 which is illustrated in Fig. 1.
Then, one gets

AJgk(E) A 2w A T
Xx=—"——— |——cos|—&—kr—— | KL
kw ko\ mAE w 4
(12)
Thus, J,(X;) < 1 (n # 0). Consequently, it is reasonable to
simplify Eq. (6) with the drop of H' to Eq. (7). We ignore
all higher harmonics in the sums of coefficients of o, and o,
involved in the product of multiple higher order Bessel func-

tions, because the value of Bessel function decreases rapidly
when its order increases.

B. Physical quantities

Similar to the mathematical formalism of the RWA
method, one can find an exact solution of the Schrédinger
equation with the Hamiltonian in Eq. (9). Supposing ®(r =
0) = ((1)) without loss of generality, one obtains ®(t = 0) =

®'(t = 0) because of the generator S(¢) proportional to sinu-
soidal function sin(wt), and

1 1
(1) = Ecm)(}) + Ecz(l‘)<_11>, o

X

it 9 é _S 9
cit)=e? [% cos <%) + i«Z/EQR sin <%>:|, (14)

wl| 1 Qrt 443 Qrt
c(t)=e 2| —cos <—R> +i2—sin <—R> ,
2 2 V2% 2

15)

where § = w — A, Qg = /62 4+ A2/4. In this representation,
one can easily calculate the average values of oy, oy, and o,

r_ / / __ﬁ = 2 @
X' = (@ 0lo'0) =~ sin ( " ) (16)

Y= (¢'()oy| (1))

- 2 -
Qpt 4)" - 52 Qpt
sin(wt) cos’ (—R) + (2)~— sin® (—R>
2 52123 2

— i cos(wt) sin (Qgt), (17)
Qp

(@' (1)|o-| D' (1))

([ () (5)]
=1—-2{|—sin| — |sin| —

2Qr 2 2

QRt . wt

+ |:c0s (T) sin (7)
% ~ 2

—QiRsin (%) coS <%t):| }, (18)

respectively. To acquire the average values of the physical
quantities in the laboratory representation, one obtains

Z/

X = (D()|oy| D)) = (D' (1)|e7eS e e | D' (1)), (19)
Y = (D(1)|oy| (1)) = (D' (1)|eVeS aye e D (1)), (20)

Z = (D(1)]o;|D(1)) = (D' (1)|ePeM o675 e[/ (1)). (21)

One can see that the average values in the laboratory represen-
tation can be expressed by those in the unitarily transformed
representations under a linear transformation,

X/

v|=11|r] 22)

Z
cos[ E sin(wt)]

T' = | — sin[E sin(wt)]

where

>\ AJy(E
Sje(wt) = Z AJu(8)
=1

sin[ E sin(wt )] cos[Sj.(wt)]
cos| & sin(wt )] cos[S;.(wt)]
0 — sin[Sje(wt)]

Z/

sin[ & sin(wt )] sin[S . (wt)]

cos[ E sin(wt)] sin[S.(wt)] |, (23)
cos[Sje(wt)]

sin(2kaot). 24)

kw
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Assuming S;, — 0, one obtains the transformation matrix in the CHRW1 method,

cos[ E sin(wt)]
T = | —sin[ E sin(wt)]

0

The physical quantities of the three methods (RWA,
CHRW 1, and CHRW?2) are shown in Table I. It is obvious to
see that both the CHRW1 and CHRW2 methods have modi-
fied the bare physical quantities into effective ones because of
the unitary transformations. In comparison with the CHRW 1
method, the CHRW?2 method, which takes the even-harmonic
effect into consideration, has different effective physical quan-
tities because of the unitary transformation Eq. (6). Moreover,
the dynamical quantities of interest are subject to linear trans-
formations in both the CHRW methods, and exhibits the
sophisticated physical picture of the driven TLS. Combining
modified physical parameters with transformations for the
observable physical quantities, we turn out that the CHRW
methods are superior to the RWA one because of their accurate
dynamics in a much broader parameter regime [46].

Although the CHRW2 method has the same parameter
equation as that of the CHRW1, it has an important reduced
factor ]_[,foz] Jo(X;) in A, which makes adjustments towards
the general tendency in the time evolution. Furthermore, the
CHRW?2 method, whose transformation matrix is equipped
with dressed factors resulting from the unitary transformation
S5, exhibits the even-harmonic effect that the CHRW1 does
not show. We will investigate this effect in the next section. It
is just the transformation of the CHRW2 method that reveals
an interesting plateau structure in the evolution of (o,(t))
under strong driving.

From Egs. (21)—(23), one obtains the population dynamics
Z = {0:(1)),

_ A (Qrt\ . (0t\T
Z = cos [Sje(a)t)]{l — 2{ [ﬁ sin <T) sin <7>}
N Qrt\ . (ot
COS (T) sin (7)
() (2)]]
— —=—sin|{ — Jcos | —
Qr 2 2

~ A2 %
— sin[Sje(wt)] {sin(wt)|:cos2 (%) + (2){2—%5

i 2(%) 3 (wt)si (Q t> (26)
X s 2 — QR cos(wr ) s1in R .

TABLE I. The comparison of quantities for different methods.

Method RWA CHRWI1 CHRW2
diving strength A 2A(1—¢&) 2A00— &), JoX0)
Tunneling frequency A AJy (%S) AJy (%E)
Transformation matrix I? T T

4] denotes the identity matrix and 7 defined in Eq. (25) represents
the transformation matrix derived from the original CHRW method.

sin[E sin(wt)] O
cos[Esin(wt)] O0]. (25)
0 1

(

When S, (wt) — 0, one gets the (o;(t))curwi1 of the CHRW1
method. The CHRW1 result shares the same form as that
of the RWA method, except for some renormalized physical
quantities. In contrast, the explicit expression of the CHRW2
method has taken into account the multiple even harmonics
with the key dressed factors cos(S.) and sin(S}.). As a result,
it leads to some interesting characters of driving dynamics.
The precise condition for the validity of the CHRW1 method
has been reported in Ref. [46]. Moreover, the CHRW?2 method
can work in the parameter regime of the strong driving (A >
w) as well as in the valid parameters of the CHRW1 method,
which is demonstrated in the next section.

III. EVEN-HARMONIC PROCESSES UNDER
STRONG DRIVING

In this section, the strongly driven dynamics of the
CHRW?2 method by Eq. (26) are given in comparison with
those of other methods (the CHRW 1, RWA, numerically exact
methods) to demonstrate the even-harmonics effects on dy-
namics. Meanwhile, we will explain the interesting characters
of the population dynamics (o,(t)).

A. Population dynamics

In strong driving cases an interesting dynamical pattern,
i.e., plateau dynamics with quantized oscillations happens. We
show the time evolution (o, (¢)) of the CHRW2 method in the
resonance case (A = w) for different strong driving strengths
in Figs. 2(a) and 2(b), and also give the results of other
methods for comparison. It is obvious to see that the CHRW2
method considering the even harmonic effect gives a zigzag
type plateau with small-amplitude quantized oscillation on
short time scale, which is a pronounced character of strong
driven dynamics. It not only shows a slow large-amplitude
oscillation but also illustrates periodic plateaus with an oscil-
latory frequency 2w, which is exactly the same as that of the
numerical calculation. The agreement applies to all explored
cases. In the comparison of the CHRW1 result, we demon-
strate that the phenomenon periodic plateau of the TLS results
from the even-harmonic effect. It is clear to see that the RWA
method breaks down, of which the result deviates largely
from the numerically exact one. Actually, the dynamics of
the RWA always oscillates with an amplitude (o, )max = 1 and
a constant frequency nearly equal to w. In contrast to the
numerically exact result, both the CHRW methods show a
correct general tendency of the (o,(¢)) on a longer time scale.
Besides, quantized oscillations mean that the number of the
fast periodic oscillations on each plateau is a certain, precise
integer value. This kind of quantization is characterized by an
integer number corresponding to the fast periodic oscillation
on each plateau, which is discussed in the next subsection.

Moreover, we show the off-resonance case of (o, (¢)) with
different tunneling frequencies for A/w = 10 in Figs. 2(c) and
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FIG. 2. (0.(2)) as a function of dimensionless time wt for A/w = 10 and 13 in the on-resonance case (A = w) shown in (a) and (b), and
the off-resonance case with A/w = 10 for A/w = 0.3, and 1.2 in (c) and (d), respectively. In each graph, the black line is the result of the

CHRW?2 method obtained by Eq. (26).

2(d). When A = 0.3w shown in Fig. 2(c), the results of the
CHRW?2 demonstrate that (o,(¢)) exhibits slower oscillation
as A decreases. The RWA method fails to give the correct
evolution while both of the two CHRW methods do accurately
provide the general tendency of the dynamics. Besides, the
plateaus illustrated by the CHRW2 result possess a certain
periodical pattern for the off-resonance condition. Hence, the
dynamical pattern of the plateaus turns out the improvement
of the CHRW?2 beyond the CHRW 1 method in the strong driv-
ing case. Likewise, when A is a bit larger than o [A = 1.2w
in Fig. 2(d)], it is obvious to see that the CHRW?2 method still
performs well, demonstrating the profound efficiency of the
CHRW?2 method in much wider parameter region.

Further, in order to examine the validity of the CHRW2
method, we also show the Fourier transform (FT) of the
(0,(2)) of Fig. 2,

F(v) = ‘ / h dt{o,(t))e™|, (27)

which is shown in Fig. 3. From the FT results, it is clear that
the values of discrete frequencies obtained by the CHRW2
method are in good agreement with the exactly numerical
results for all the peaks in each case. As the ratio of A/w
increases, the frequency of the highest peak, which is corre-
sponding to the frequency |Qz — w|, increases, too. On the
other hand, as the driving strength increases, the frequency
of the main peak decreases. In order to explicate the in-

formation given in frequency domain, let us take Fig. 3(a)
(A =10w, A = w) as an example. As expected, the RWA
method shows only a single peak at v = w, in other words,
the resonance frequency results from the rotating-wave inter-
actions. In contrast, the CHRW1 method accurately shows a
main peak at v = |Qz — w| since it considers the effect of
counter-rotating coupling. Nevertheless, the CHRW?2 method
exhibits all the peaks perfectly in accordance with the exact
solution. Moreover, the frequency component corresponding
to (0.(t)) occurs at v = 2kw % (w — Qg), or approximately
v =2kw =+ A for A > w, which can be easily obtained in
Eq. (26) by expanding the multiharmonic factor, S ., in Taylor
series and retaining sum frequency terms. Furthermore, the
multiple even harmonic factors cos(S;.) and sin(S.) deter-
mine the split pairs of peaks at v = 2k + (w — Qg), which
is an important character of the qubit response away from
the CDT condition. As a result, the even-harmonic effect is
presented in a more explicit way in the frequency domain,
where we can see the split pairs of the peaks resulting in
the important plateau phenomenon in the dynamical picture.
The splitting between each pair of peaks is described by
2|w — Qg|. From Figs. 3(c) and 3(d), we find that the splitting
becomes larger as the tunneling frequency A goes up. It also
manifests the validity of the CHRW method in extracting
major frequency information of the population dynamics.

In summary, the dynamics (o,(¢)) under strong driving
exhibits an intriguing mode of time evolution, which generally
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FIG. 3. Fourier spectrum of (o;) with the same parameters as in Fig. 2. The insets of (a), (c), and (d) show detailed comparison of the

CHRW1 and CHRW2 methods.

oscillates harmonically with a large amplitude near to 1 in a
long-time evolution and locally presents a plateau structure
during a certain interval. Furthermore, it is worth noting that
these plateaus consist of fast oscillations with a much smaller
amplitude, of which the relevant properties are dependent on
the relative values of A/w and A/w. In the next subsection
we will analyze how the even-harmonic terms have effects on
the occurrence of this phenomenon and derive concise expres-
sions of some quantities comprehensively characterizing the
fast oscillations of the plateau with a small amplitude.

B. Sudden jumps and plateaus phenomena

We explain the interesting feature of the time evolu-
tion (o,(t)) consisting of zigzag plateaus: sudden jump
and plateau. To validate the efficiency and accuracy of the
CHRW?2 method introduced in Sec. II, we give a simple ap-
proximate expression of Eq. (26) for certain parameters. On
the physical condition of interest, where A > @ and A is
comparable to w, it is easy to check that the parameter £ is
close to 1. Therefore, we can explicitly verify that A <« w and
Qr~$ by Eqgs. (10) and (11). Then, we rewrite Eqgs. (17) and
(18) as

Y’ & sin[(w — Qp)t], (28)
' & cos[(w — Q)11 (29)

respectively. By Eq. (26), we obtain
Z = cos[(w — )t + Sje(wt)]. 30)

Sinceff and~A are quite smaller compared with w, thus we get
o — Qg =~ A. By means of a mathematical equality

cos(rsina) = Y J,(x)cos(na), 31

n=—00

we readily obtain

Z = cos {A/ dt cos[E sin(a)t)]}. (32)
0

This analytical result can give accurate dynamics under
the condition above. For example, in comparison with the
result in Fig. 2(a) for A/w = 10 and A = w, we show the
result of (o,(¢)) calculated by Eq. (32) with & = 1 in Fig. 4.
Definitely, the result of Eq. (32) is in perfect agreement with
the CHRW2 and numerically exact results. Furthermore, the
value of Eq. (32) is determined by its phase function defined
as ¢i(t) = Afot dt cos [E sin(wt)] which includes all even
harmonics. We illustrate ¢;(¢) with A = 10w and A = w in
Fig. 4(b).

The key dynamical characters of (o,(¢)) are attributed to
the properties of the phase function ¢;(t). When t =1t, =
nr /w, it is clear to see that the values of the phase function
¢1(t) satisfy a linear function f(¢) = At and, hence Z ~
cos(At,) at the same time, which signifies the efficiency of
the CHRW1 and CHRW2 methods by correctly illustrating
the general tendency of time evolution. Moreover, the phase
function ¢;(¢) involving all even harmonics presents fast os-
cillation with a small amplitude around the average value

A : : : nw T nw big
Answ/w when ¢t is during the interval (7~ — 5&, 2 + 5-).
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FIG. 4. (a) (0.(t)) as a function of wt for A/w = 10 and A = w. The result of the CHRW?2 method is plotted by the black line, the result of
Eq. (32) with £ = 1 by blue dots, the result of the CHRW1 method by the black dotted line, the result of numerically exact method by the red
dash-dotted line. (b) The phase function ¢, () = A fot cos [% sin(wt)]dt shown in Eq. (32), as a function of wt. The linear function f(¢) = At

shows the general tendency of ¢, (¢).

What is more, it also exhibits a sharp variation only when
t is very close to (2"2% The behaviors of ¢;(¢) lead to
the dynamical features of (o.(¢)). That is why the dynamical
pattern of (o) is called the plateau phenomenon with sudden
jump, i.e., zigzag plateau. Furthermore, the zigzag plateau
comes from the collective effect of all even harmonics because
of the explicit phase function ¢;(¢). From detailed analysis in
the Appendix, we can see that the oscillations of these plateaus
satisfy a quasiperiodic structure illustrated by & sin(wt) =
mm + 7, and accordingly the period number of any plateau is
obtained as N = L%J — Lajinj, where | o] is a floor function.
It is really notable that the period number is independent of A
in the parameter region of interest. The corresponding precise
values of the period number N in Figs. 2(a) and 2(b), are 3
and 4, respectively, in good agreement with the rule above.
The periodic oscillation of each plateau is called quantized
oscillation. It is clear to see in Fig. 2 that the number N
increases as the driving strength A increases. For example,
N increases from 3 to 6 when A/w raises from 10 to 19.
However, the number N of Fig. 2 for the fixed A/w = 10 does
not change with the increase of A.

Another remarkable feature of the plateau structure is the
amplitude of the oscillation, i.e., the deviation from the aver-
age value of a plateau. The envelope of the amplitude of the
plateau satisfies

lg1(®)] < qi(t) = (33)

Acos(wt)’
which is derived in the Appendix [see Eq. (A8)]. It is obvi-
ous to see that the amplitude of this quantized oscillation is
proportional to A/A. Subsequently, the oscillation is much
suppressed as A increases or A decreases, which is clearly
seen in Fig. 2.

IV. ODD-HARMONIC PROCESSES
UNDER STRONG DRIVING

The CDT is a fascinating phenomenon in the tunneling
dynamics of a driven quantum system, which corresponds
to the situation that tunneling is much suppressed and even
frozen for certain driving parameters. From the viewpoint of

(o,(t)), its average value is almost constant and its amplitude
is extremely small, namely the system stays in the initial state.

It is known that the CDT phenomenon occurs when @ > A
and A/w is one of the zeros of Jy(x), the zero-order Bessel
function of the first kind [1,46]. Note that the shift of the
CDT condition due to the key parameter £ in Eq. (10) has
been reported in Ref. [46]. It seems that the traditional CDT
condition, which corresponds to zeros of Jy(A/w) has no
relation with w/A. However, in the discussion of Ref. [46],
as w/A increases from 2 to 20, the driving-induced suppres-
sion of tunneling emerges clearly only for /A > 6. For an
intermediate large driving frequency, for example, w/A = 6
and A/w = 2.3976, (0,(t)) exhibits an oscillation with small
amplitude. In contrast, the amplitude of (o,(¢)) for A/w =
2.4048, which is a zero of Jy(x), increases. This shift of the
CDT condition becomes vanishing for w/A > 1 because of
& — 1. In this section we investigate the general CDT for a
resonant or near resonant driving with an extremely strong
amplitude driving corresponding to the zeros of Jy. By the uni-
tary transformation similar to the CHRW method, we predict
an interesting dynamics with peculiar plateau structures under
the condition above, which is called the odd-harmonic effect.
We explain the quantized oscillation with a small amplitude
by the odd-harmonic effect.

A. The odd-harmonic effect

To begin with, let us come back to Eq. (1) and take the
same unitary transformation as Eq. (3) with & = 1. Therefore,
we get the Hamiltonian in the unitarily transformed picture as

o0

A A .
H;(t) = -3 Z Jn<;>[cos(nwt)ax + sin(nwt )oy].

=—00

(34)

We denote the mth zero of Jy by «,,. According to asymptotic
behavior of the Bessel function

7 A 2w A nm w (35)
"\ w V 7A S\o ™2 4 )
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(where A > w), we obtain an approximate expression of «,,
as

A b4

oy = 5 = mmn — Z,

(meZ"). (36)

For % = oy, i.e., the CDT condition, it is explicit to check
that Jn(g) ~ (0 when 7n is even and n < A/w by Eq. (35).
When n > A/w, it is clear that Jn(%) ~ ( because of the
properties of the Bessel function for a large driving strength
A/w > 1. Therefore, it is reasonable to omit all terms with
even harmonics and an effective Hamiltonian reads
3 g 2 1
Hy = A;Jzn_l<w) sin[(2n — Daotloy,  (37)

by using J_,(x) = (—1)"J,(x) [57]. Because all the terms
remained in Eq. (37) correspond to odd harmonics, their effect
are the so-called “odd-harmonic” effect. We obtain an exact
wave function by solving Eq. (37),

q)/(l) _ %ei% Jo sin[2 sin(wr)ldT (l)

1

_%efi%f(; sin[4 sin(wr)ldt <i> (38)

where we have supposed ®(0) = ((])) without loss of general-
ity and the initial state is the same as that in the transformed
frame, i.e., ®(0) = ®’(0). In comparison with the CHRW1
method, it has a different form of wave function, suggesting
physical quantities, such as (o,(¢)), will not be simply frozen
at initial values but possess sophisticated dynamics.

In order to calculate some physical quantities of interest,
we find that the average values (o;(t)) (i = x,Y, 2), in the
unitarily transformed frame are described as

X' = —sin {A/ dT sin [é sin(a)t)“, (39)
0 w

Y' =0, (40)

Z' = cos {A/ dt sin |:é sin(a)r)“. 41
0 w

Similar to the CHRW 1 method, we acquire the transformation
matrix with & = 1,

cos[4sin(wr)]  sin[2sin(wr)] 0
T" = | —sin[2sin(wr)] cos[2sin(wt)] 0f. (42)
0 0 1

We investigate the CDT phenomenon of the TLS under
strong driving. When the driving strength is extremely larger
(A > w), the CDT condition Jo(%) = 0 leads to an effective
Hamiltonian including only odd harmonics. In Ref. [46], we
have demonstrated A/w = 2.4048 is not a sufficient condi-
tion of the CDT, because of the effects of higher-order even
harmonics (rn > 2) and odd harmonics. In fact, for A/w =
mm — 7w /4 (m€Z%), we can obtain a simpler analytical
solution under the CDT condition (in a proper approxima-
tion). In the case m > 1, the effect of even-harmonic terms,
which plays a significant role in the Sec. III, diminishes in
the Eq. (41). Therefore, the odd-harmonic effects dominate

the CDT dynamics. Furthermore, since the unitary operator
exp(S;) commutes with o,, we obtain the dynamics of (o,(?)),

Z = cos {A / drt sin |:é sin(a)r)i| }, 43)
0 w

which is in contrast with the ad-hoc RWA treatment [34,42],

A
Zad—hoc RWA = COS |:AJ0(5>l]- (44)

It is obvious that instead of freezing in the initial state, the
time evolution of (o,(¢)) possessing a time-dependent oscil-
latory integral similar to Eq. (32), might exhibit an analogous
“plateau” structure on the CDT condition. While the prevalent
use of Eq. (44), which completely obliterates such a dynami-
cal structure, can be seriously inappropriate. In the following
subsection we will illustrate the dynamics of (o, (¢)) under the
CDT condition by several methods, and give analytical results
to account for this kind of plateau structure.

B. Population dynamics and armchair plateaus

To illustrate the validity of the simple expression Eq. (43),
we compare its calculated results with those of the previous
methods, the RWA, CHRW, and numerically exact calcula-
tions. Figures 5(a) and 5(b) show the (o,(¢)) in the resonance
case (A = w) for various driving strengths A/w = 6.757 and
15.75m, respectively. It is obvious to see that both the CHRW1
method and Eq. (43) show much suppressed evolutions which
are well consistent with the numerically exact result, in con-
trast to a periodic oscillation with a large amplitude of the
RWA result. However, from the viewpoint of the detailed
structure of the dynamics, it is noticeable that only Eq. (43)
gains the exact fast oscillating structure well coinciding with
the numerical one, which is considered to be a joint con-
tribution of all the odd-harmonic terms, while the CHRW1
shows the main evolution without fast oscillating structure.
On the CDT condition, the effects of the even harmonic terms
disappear but those of odd harmonics predominate in the time
evolution. Since the CHRW1 method has taken into account
the zeroth and first harmonics in its Hamiltonian, it could
predict the main dynamical tendency corresponding to the
first harmonic. In contrast, Eq. (43) demonstrates the accurate
evolution with a fast oscillating structure because it includes
all odd harmonics. In other words, the collective effects of all
odd harmonics give rise to the pronounced character of the
oscillation: the armchair plateau.

In the off-resonance case, the armchair-plateau phe-
nomenon with an oscillating structure also happens. In Fig. 5,
we also show (o,(t)) for A/w = 30.75mw with various driv-
ing frequencies. When o > A [see Fig. 5(c), A/w = 0.6], or
w < A [see Fig. 5(d), A/w = 1.75], the results of Eq. (43)
exhibit a perfect agreement with the numerical ones from the
viewpoint of the fast oscillating structure of plateaus.

We will discuss how the odd-harmonic effect leads to
the armchair plateau and analyze the feature of the os-
cillating structure on the CDT condition. For the sake
of further analysis, we denote the phase function ¢,(¢) =
A fot sin [g sin(wt)]dt. The ¢, phase temporal evolution de-
termines totally the oscillations presented in Fig. 5. In contrast
to the phase function ¢;(¢) in Sec. III B, which has a linear
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FIG. 5. (o,(t)) as a function of wt on CDT conditions with A/w = 6.757 and 15.757 in the on-resonance case (A = w), shown in (a) and
(b), and A/w = 30.757 in off-resonance cases (A/w = 0.6 and A/w = 1.75) shown in (c) and (d), respectively. The insets show the detailed
comparison of Eq. (43), the CHRW1 and numerical methods in the aspect of the structure of short-time dynamics.

tendency as a function of time, the function ¢,(#) consisting
purely of odd harmonic terms exhibits a two-stair dynamical
structure (See the Appendix). In other words, the evolution of
¢ (¢) has two kinds of plateaus alternately occurring and each
kind shares the same average value. To verify it, we choose
$2(t = ") to estimate the average value of every plateau,

nmw o A .
¢2(—) = Af sin |:— sm(wr)]dr
w 0 w

[es) nmw
5 A
= 2AZ/ Jz,(_](;) sin[(2k — DotldT
k=170

i 1 A
=2A[-D)" + 1) ———— Ty (—)
]Z:]: 2k — Do w
(45)

Therefore, it is obvious to classify these values into two
groups, each of which has an average value denoted by L,
and L,,

Li = 0(n mod 2 = 0),

> 1 A
L, =4A — 1| — d 2=1 46
2 kX:; T l)whk 1<w>(’1 mo ), (46)

respectively. In the case of the CDT, where the driving
strength can be simplified approximately as A/w = mm —
7 /4, we utilize Eq. (35) to reduce the sum in Eq. (46). As

a result, we have

L~4A§: ! ‘/2")( 1yn*
: — 2k — o\ 7A

_ (—1)’”+1A,/i—z. 7)

It is remarkable that we demonstrate the CDT phe-
nomenon, which is commonly regarded as a complete
suppression frozen in the initial state in the previous liter-
ature [35,36], and actually processes a stair structure. The
general tendency of (o.(¢)) changes alternately between the
two values shown in Eq. (46), with the frequency w, which is
clearly seen from Fig. 5. By Eq. (47), we find that the height

of the stair is quantified as 1 — cos(L;), or 1 — cos (A i—f}),

which is proportional to A%/Aw for strong driving strength.
Therefore, Eq. (47) explicitly demonstrates the effect of A and
A on the “freezing” extent of the initial state. When A < w
and A > w, the relative height of the armchair plateau is so
small that the stair structure cannot be distinguished. Strictly
speaking, the CDT phenomenon should be regarded as a two-
stair dynamical structure, and the totally frozen situation is
just a limit case. This does contribute to the understanding
of the common CDT phenomena under the strong driving
condition (A > w and w > A).

It is found that the phase function ¢, (¢) determines the dy-
namics of the plateau. ¢,(¢) not only presents fast oscillations
with small amplitude around a certain average value when ¢
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3 . : ni b s ni T
is during the interval [? — 0 ot %], but also shows a

rapid variation near the boundary of each plateau. According
to the Appendix, the oscillations of these plateaus satisfy a
quasiperiodic structure illustrated by A sin(wt)/w = nx, and
the number of periods for each plateau is N = Li—frj — Lajinj ,
which is notably independent of A. Besides, the deviation
from the average value of ¢, (¢) corresponding to every plateau
satisfies the condition of Eq. (A18):

1g2(2)] < (48)

Acos(wt)’
It indicates that the envelop of the small-amplitude oscillation

are tightly dependent on A and A. For instance, for A/w =
6.75m in Fig. 5(a), it is readily seen that the bottom plateau
of this armchair structure nearly lies at (o,) = 0.82. As the
driving strength increases, such as A/w = 15.75m in Fig. 5(b),
the depth of armchair structure is much suppressed, where the
bottom plateau is around (o;) = 0.94. In contrast, when the
tunneling frequency A goes up from A = 0.6w to A = 1.75w
[see Figs. 5(c) and 5(d)], the location of the bottom plateau
is varied from the mean value (o;) = 0.997 to (o,) = 0.9. It
shows clearly that the depth of armchair structure increases
greatly as A increases. Consequently, the quasiperiodicity is
determined uniquely by A/w, and A /A controls the amplitude
of the oscillation. Notice that even if the driving Hamiltonian
of Eq. (37) contains only odd harmonics, we have verified that
the Fourier expansion of the Z(¢) temporal dependence con-
tains both even and odd harmonics. The phase accumulated
¢, produces this result.

From the above, we can see that the different qubit re-
sponse happens as the driving parameter changes. Especially,
the temporal evolution of Fig. 5 illustrates that the first har-
monic plays an important role on the evolution under the CDT
condition. In contrast, it is all of the even harmonic terms that
lead to a nontrivial armchair plateau phenomenon. As we can
see in Fig. 5, the CHRW1 method, which takes the first har-
monic into account, explicitly gives an oscillating structure in
comparison with the numerically exact result. Under the CDT
condition, the renormalized tunneling frequency A vanishes
since JO(%) = 0. As a result, the first harmonic determines
the general tendency in armchair plateau, which is agreement
with the numerically exact result. Furthermore, we discuss the
collective effect of all the odd harmonic terms in Eq. (43),
which eventually shows the exact plateau structure that the
CHRWI1 method cannot predict. Therefore, the higher-order
odd-harmonic terms also play important roles in the construc-
tion of the armchair plateau phenomenon.

V. CONCLUSION

In summary, we have studied the dynamics of a strongly
harmonically driven TLS in a systematic way by the improved
CHRW method. To provide a comprehensive solution in the
strong driving case, we divide the situation into two parts:
the even-harmonic situation and odd-harmonic one (CDT con-
dition). Both of them exhibit the specific phenomenon of a
plateau with quantized oscillation resulting from the collec-
tive effects of the multiple harmonics. We demonstrate two
kinds of plateau, one is the zigzag plateau corresponding to
the even-harmonic situation, the other is armchair plateau

corresponding to the odd-harmonic situation. It turns out that
the plateau seems to be the universal dynamical character of a
strongly driven TLS.

In the present work, after the first unitary transformation
with the generator S;, we obtain the transformed Hamilto-
nian Eq. (5). It is composed of different harmonics: zeroth
harmonic, even harmonics, and odd harmonics (nw terms,
n=20,1,2,..). Therefore, the even and odd harmonic effects
result from the even and odd harmonic terms, respectively.
In the paper, the CHRW2 Hamiltonian is realized by the
second unitary transformation with the generator S, to explore
the strongly driven dynamics, especially, the large-amplitude
oscillatory case. It turns out that the collective effects of
all even harmonics contribute to the generation of zigzag
plateau with quantized oscillation and the general tendency
of evolution coincides with the result of the CHRW1 method,
which exhibits the even-harmonic effect in this situation. On
the other hand, under the CDT condition, we find that the
even-harmonic terms vanishes as proven in Sec. IV, which
indicates a simplification of the Hamiltonian in Eq. (5), only
the odd-harmonic terms determine the CDT dynamics of the
strongly driven system. In this case, we reveal an armchair
plateau structure that is not a complete destruction in the
dynamical evolution. As a result, we obtain different patterns
of evolution in these two situations. All in all, the effects of
different multiple harmonics are treated by various methods,
and under different conditions, and analytical simple formulas
are derived for even harmonic effects and odd harmonic ones,
which are illustrated by the large amplitude and the small am-
plitude (CDT) oscillatory dynamics, respectively. Equations
(32) and (43) are two important simplified analytical results
for discussing zigzag and armchair plateaus, respectively. It
is clear that the valid condition of Eq. (43) for the ratio A/w
is indicated as (m — 1/4)r and Jy(A/w) = 0, while that of
Eq. (32) is away from (m — 1/4)r and at § — 1.

Although the CHRW?2 Hamiltonian has taken into account
the effects of even-harmonic terms, which are not considered
in the CHRW1 Hamiltonian [46], both the CHRW Hamil-
tonians hold a RWA mathematical form. As a result, the
analytical expressions of the physical quantities given by the
CHRW?2 method, such as (o.(¢)), possess the renormalized
framework similar to those of the CHRW1 method because
of their mutual form of the effective Hamiltonian, which im-
plies the simplicity for potential experimental applications.
Of greater significance is the transformation matrix due to
the representation transformation shown in Eq. (23), explic-
itly suggesting the multiharmonic effect by the trigonometric
functions. Therefore the CHRW2 method could work well in
a much broader parameter regime.

The superiority of the CHRW2 method is embodied with
the strong driving cases of the TLS. Frankly speaking, an
extremely strong driving amplitude A would lead to possible
multiharmonic processes in the procedure of tunneling phe-
nomenon. By the comparisons of several analytical methods
and numerical calculation about (o,(¢)), we prove that the
intriguing phenomenon, plateau with quantized oscillation,
predicted by the numerically exact calculation, can be well
illustrated and explicitly explained by the CHRW2 method.
Significant dynamical features of (o.(¢)) are found as fol-
lows: (i) This stunning plateau phenomenon has a periodical
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structure with the frequency 2w; (ii) (o,(7)) oscillates around
a certain mean value with a relatively tiny amplitude in each
plateau except near the boundary where dramatic jumps of
the evolution occur; (iii) With Eq. (32), we demonstrate the
detailed description about the oscillatory plateau, such as the
quasiperiodical structure, and the quantized property of the
oscillation whose number of periods is N = Lf}—ij - LG%J-
Interestingly, the number of periodic oscillation is indepen-
dent of the tunneling frequency A. However, the amplitude
of quantized oscillation is determined by A/A, which has
been shown in Eq. (A8). Moveover, the mean values of
these plateaus globally exhibit a harmonic oscillation with
the amplitude equal to 1, which corresponds to constructive
tunneling. It can be derived directly from the generally linear
evolution of the phase function f(¢) = At, which coincides
with the result of the ad hoc RWA method [42], a useful
method handling the strong driving dynamics of the TLS.
Therefore, the overall characteristics of the dynamics, both
the general evolution and the detailed quantized oscillation on
each plateau, can be elucidated by the CHRW?2 method.

On the other hand, the CDT phenomenon, which is de-
scribed as the situation where totally frozen tunneling occurs,
also presents another quantized plateau phenomenon (arm-
chair plateau) under the strong driving. In comparison with
the even-harmonic cases, the CDT phenomenon means the
diminishment of the linear evolution of the phase function
because of Jy(A/w) = 0, which is widely considered as the
necessary and sufficient condition of this phenomenon. Nev-
ertheless, the CDT possesses a two-stair structure beyond
the general understanding, especially in the cases of ex-
tremely strong driving and near resonance. In order to give a
comprehensive demonstration of this phenomenon, we apply
the CHRW1 method to calculate the CDT dynamics. Note
that the CDT condition signifies the vanishing of not only
the zero-harmonic term Jyo,, but also all the even-harmonic
terms Jo,0,(n > 1) in the CHRW1 Hamiltonian [Eq. (5)].
Therefore, when the even-harmonic effect disappears, the
odd-harmonic effect dominates. (o, (¢)) exhibits the armchair
structure with quantized oscillations rather than the totally
destructive tunneling. When A/w = mmx — 7 for a large m
and A/w — 0, the dynamical pattern is undistinguishable for
the diminishing difference between the two stairs. However,
this kind of plateau results from the multiharmonic effect
involving only the odd-harmonic terms. As a result, there are
also some significant differences between the CDT and the
even-harmonic cases.

This paper sheds some light on the dynamical pattern of a
TLS under the strong harmonic driving, where the multihar-
monic effect reveals a physical phenomenon, a plateau with
quantized oscillation. By the analysis of zigzag and armchair
plateaus, we prove the profound merit of the CHRW method
and believe that the dynamical patterns may illuminate the
experiment to understand the stunning dynamics in different
kinds of strongly driven systems [58,59].
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APPENDIX: THE EVEN-HARMONIC AND
ODD-HARMONIC EFFECTS

In this Appendix, we give a quantitative analysis for the
plateau structures: zigzag plateau and armchair plateau re-
sulting from the even-harmonic terms and the odd-harmonic
terms, respectively. We demonstrate these dynamical struc-
tures are determined by their intrinsic phase functions
consisting of multiple harmonics.

In terms of the phase function ¢(¢) in Sec. Il B,
we define a function gi(t) =¢1(t + %) — ¢1(), (t €
[, Z1). Then we get

T 20’ 20
! A
gi1(t) = A/ cos |:—$ sin(a)r)i|dr. (A1)
0 w
Substituting sin(wt) with x, we rewrite g|(¢) as
A ¥ cos (2¢x)
g1 =mX) = ” dx, (A2)

0 V1—x2

where X = sin(wt).

We analyze the distribution of extrema of /;(X), in which
X satisfies % =0, or géx =nw + 7, (n € Z). Consid-
ering the sign of % we find that g (¢) reaches a maximum
for %E sin(wt) = 2k + %)n, and obtains a minimum for
4¢ sin(wr) = (2k + 2)7. We denote these extrema by x, =
%(n + %), and divide the integral in Eq. (A2) into pieces as

A = b, on+ ) o wni
2A& 2A&
wo(nt+Dr A
A [T cos (2&x)
= — —2 2 dx. (A3)
w % V11— x2

It is easy to obtain that |A,+| > |A,| and the signs of A, are

(n mod 4=0,3)

(n mod 4 =1,2). (Ad)

+

Sgn(An) = { _

Because /(X)) is an odd function, we just take A (x,)(n = 0)

into consideration. After some mathematical calculations, we
get

2n
As + Azt — Ao > h(i) = ) Ai > Ag > 0,
i=0

(nmod 2 = 0), (AS)

2n
Ao+ Az + A0 < ha) = ) Ai <A +A1 +4; <0,
i=0

(nmod 2 = 1). (A6)

Thus, we find that all the maxima of %, (X) are positive while
all the minima are negative. Returning to the phase func-
tion ¢;(¢), we obtain that the value of the phase function
oscillates around the average value ¢, (t = %) = %, which
the maxima and minima are distributed above and below the
mean value alternately during time evolution. It is remark-
able that the oscillating structure of ¢;(¢) is like a harmonic
function. Even if the distribution of the extremum does not
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FIG. 6. (a) g,(t) shown in Eq. (A1), as a function of wt for A = 100w and A = 0.3w. ¢,(t) and —q,(¢) are depicted as the upper bound
and lower bound of g, (), respectively. (b) g2(¢) shown in Eq. (A9), as a function of wt, where A = 30.75mw and A = 0.5w. ¢,(¢) and —q,(t)

are depicted as the upper bound and lower bound of g,(#), respectively.

satisfy a strictly periodical relationship, ¢;(¢) is quasiperiod-
ically expressed as Af sin(wt) = nm + 5. An oscillation with
a quasiperiod is defined as the process during which the phase
function evolves from a maximum to a minimum and back to
a maximum again. Accordingly, the number of the oscillation
in a single plateau is calculated by N = L%J — Lajiﬂj. To
estimate the amplitude of the oscillation, from Egs. (AS5) and
(A6) we can find the bounds of these extrema
A 24E

A
cos (4£x)
hi(x < |— — o 7
| l( n)l w (2n2—Al$)w:r /1 —)C2

2A|: ((2n+1)wn>2:| 1
<= - (/===
AE 2AE

@n+Dor

dx

(AT)

The inequality Eq. (A7) is also valid when x, is substituted
with any x € [—1, 1]. Subsequently, g;(t)(t € [—5, 5-]) has

2A

A& cos(wt)’ (A%)

181D < q1(1) =
To validate Eq. (A8), we illustrate the results of g (¢), —q1(¢)
and g;(¢) in Fig. 6. In the majority part of a plateau, the
results of ¢(t) and —q,(t) show the best estimation of the
upper bound and lower bound, respectively. Moreover, we
find that the amplitude of g(¢) fulfills a function proportional
to 1/ cos(wt) in the main part of the plateau. Since ¢q;(¢) is
proportional to A/A&, the amplitude of the oscillation of the
plateau could be suppressed with the increase of A or the
decrease of A. Therefore, the plateau structure coming from
even-harmonic effects can be attributed to the properties of
d1(0).

Similarly, we would analyze the stair structure resulting
from the odd-harmonic effects by the phase function ¢,(¢) in
Sec. IV B, which oscillates around the average value 0. We de-
fine a function g2(1) = ¢a(t + 2) — pa(Z) (t € [- £, 1),
and get

o) = A/ sin |:é sin(wr)i|dr. (A9)
0 w

Substituting sin(wt) with y we rewrite g,(¢) as

&t)=h()= (A10)

A (Y sin (4
A / (%) i,
w Jo /1 — y2
where Y = sin(wt).

Analogously, we first solve the distribution of maxima

and minima of Y satisfying % =0, or %Y =nn(n e Z).
Considering the sign of % we know that g,(¢) gets a

minimum for % sin(wt) = 2k and g,(¢) reaches a maximum
for % sin(wt) = (2k + 1)m. We denote these extrema by y, =

nwi

#2%, and divide the integral in Eq. (A10) into pieces as

o {(20) ()

A w(nzt\l)ﬂ Sin (%x) d (Al 1)
== - _ .x.
® Joz /1 —x?
It is easy to obtain that |B,,+1| > |B,| and the sign of B,, is
+ nmod4=0,3
sgn(B,) = {— ((n mod 4 = 1 2)). (Al2)

Since h,(Y) is an even function, we just take A, (y,) (n = 0)
into consideration. We get

By + B By+ B
Bou_i + By + — - < () — =~
2 2
2n—1
B, B B B
_ Z B — o+ B < - o+ B <0
2 2
i=0
(nmod 2 = 0), (A13)
By+ B By+ B
B2n71 +B2'172 - 0 ! 2 hZ(yn) - 0 !
2 2
e Bo+B, _ By+B
_ ZBi _ B 1 > 0 L0
2 2
i=0
(nmod 2 = 1). (A14)

It is clear to see that all the maxima are positive while all
the minima are negative in terms of /,(y,). Returning to the
phase function ¢, (#), we obtain that the value of ¢,(¢) oscil-
lates around a certain nonzero value, which is modified from
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FIG. 7. The phase function, ¢,(t) = A fol sin [% sin(wt)]dt
shown in Eq. (43), as a function of wt for A = 9.757w and A = w.
The phase function is plotted by the red line with a two-stair plateau
structure. The mean values of the plateaus are shown as a two-value
function consisting of L and L) given by Eqgs. (A15) and (A16),
respectively, which is plotted by the black dashed line.

$a(t = "Z) to ot = “Z) + 2B By Ly and L, in Eq. (46),
the average value of the plateaus can be obtained as

Bo+B, A [% A
Ly =L+ Bot By ~ — /A sin |:— sin(wr)}dt
2 0 w

<A>

T

w

X {1 — Cos |:(2k— l)n—w:H,
A

Bo + B, > 1

A
— =~ A — ST —
2 kzz}(ﬂc—l)a) * 1<a))

x {3 + cos [(2k - 1)2—“’]}.

(A15)

Ly=1L+

(Al6)

The maxima and minima are distributed above and below the
average value alternately as a function of time (see Fig. 7).
It is remarkable that the oscillating structure of ¢,(¢) also
satisfies a quasiperiodic condition, which can be written as
‘% sin(wt) = nmw. Accordingly, the number of the oscillation
in a single plateau is calculated as 2 Laf‘—nj - Laf;nj. To estimate
the amplitude of the oscillation, from Egs. (A13) and (A14),
we can find reasonable bounds of these extrema as

(n—Dor l)m sin (Ax>

Bo+Bl
) = =5 < |o | =Fdx
2A|: (nwn>2:|_;
< —|1=-—
A A
2A _1
< 7(1 ) 2. (A17)

The inequality Eq. (A17) is also valid when y, is substituted

with any y € [—1, 1]. Subsequently, g>(t) (t € [~5;, 3-])
holds
2200 24 (AI8)
< = .
&2 P A cos(wt)

To illustrate the validity of Eq. (A18), we show the results of
g2(1), g2(t), and —g»(¢) in Fig. 6. It is obvious to see that the
q>(t) and —g(t) are the best estimation of the upper bound
and lower bound, respectively. Moreover, the envelope of
g2(t) fulfills a function proportional to 1/ cos(wt) over time
in most part of the plateau. Since the coefficient of g, () is
proportional to A /A, it indicates that the increase of A or the
decrease of A can suppress the amplitude of the oscillation
on the plateau.
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