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Continuous-variable graph states for quantum metrology
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Graph states are a unique resource for quantum information processing, such as measurement-based quantum
computation. Here, we theoretically investigate the use of continuous-variable graph states for single-parameter
quantum metrology, including both phase and displacement sensing. We identified the optimal graph states for
the two sensing modalities and showed that Heisenberg scaling of the accuracy for both phase and displacement
sensing can be achieved with local homodyne measurements.
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I. INTRODUCTION

Quantum metrology is among the most important applica-
tions of quantum information science, which aims at using
quantum-mechanical techniques and resources, such as noise
squeezing and entanglement, to enhance the accuracy of pa-
rameter estimation beyond any classical means [1–4]. One
pronounced example is the use of squeezed light in interfero-
metric gravitational wave detectors to probe weak mechanical
displacement beyond the standard quantum limit [5,6].

Besides quantum sensing using a single electromagnetic
mode, which typically exploits the quantum correlation be-
tween its two quadratures, multimode quantum metrology that
is relevant to distributed sensing uses nonclassical intermodal
correlations to achieve advantages over classical resources,
such as realization of the Heisenberg limit of the sensitivity in
terms of, for example, the total number of modes. Multimode
metrology based on both discrete variables [7–9] and contin-
uous variables (CVs) [10–13] has gained discussions in the
literature. For the latter, many considered scenarios, however,
rely on the output of highly squeezed states intertwined via a
network of beam splitters as the probe.

Here, we consider another type of entangled states–graph
states–as the probe for distributed quantum metrology. Graph
states are deemed as a unique resource for measurement-based
quantum computing. Recently, discrete-variable graph states
have also drawn attention for applications in quantum sensing
[14–16]. In this paper, we study CV graph states for quantum
metrology, including both phase and displacement sensing,
of a single unknown parameter. We calculated the quantum
Fisher information (QFI) for both cases with arbitrary graph
states and identified the graph states to achieve the optimal
scaling of sensitivity. Furthermore, we show that the QFI of
both phase and displacement sensing can be attained [up to an
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O(1) factor] using local homodyne measurements, highlight-
ing the practicality of this scheme.

The general scenario of quantum metrology deploying CV
graph states is schematically illustrated in Fig. 1. The CV
graph state with density matrix ρ̂ is generated by using the
canonical method by applying Cz gates onto a cluster of
squeezed vacuum states |0, r〉, where r is the squeeze factor. In
this way, the graph state can be represented by a graph, where
each vertex corresponds to a squeezed vacuum and an edge
connecting two vertices represents the applied Cz gate. The
CV graph state then experiences a unitary transformation Ûφ

which encodes the unknown variable φ onto the graph state,
i.e., ρ̂φ = Ûφρ̂Û †

φ . Finally, proper measurements described by
positive-operator valued measures (POVMs) P are performed
on the transformed state ρ̂φ to extract the information about φ.

The accuracy of measuring φ is subject to measurement
and fundamental noise. It is known that, for a given set of
POVMs, the sensitivity δφ is constrained by the classical
Cramér-Rao bound, whose lower limit is given by the quan-
tum Cramér-Rao bound—a quantity that is intrinsic to the
probe state and the parameter-encoding transformation, yet
independent of POVMs, i.e.,

δφ � 1/
√

I (φ|P, ρ̂ ) � 1/
√

F (φ|ρ̂), (1)

where I (φ|P, ρ̂ ) and F (φ|ρ̂) are the Fisher information (FI)
associated with the POVM P and the QFI, respectively
[17,18]. In principle, for single-parameter metrology, POVMs
can always be constructed such that the corresponding FI sat-
urates the fundamental QFI [17]. With proper quantum states
as the probe, the quantum Cramér-Rao bound may achieve
the Heisenberg scaling in terms of relevant resources, i.e.,
δφ ∝ 1/n, where n could be, for example, the total number of
photons or the number of modes. While with classical probe
states, the best available sensitivity always complies with the
standard quantum limit, i.e., δφ ∝ 1/

√
n.

Given n bosonic modes with annihilation and creation
operators {âk, â†

k}, or equivalently quadrature operators
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FIG. 1. Schematic plot illustrating generation of the CV graph
state by applying Cz gates onto squeezed vacuum states and its use in
quantum metrology.

q̂k = (âk + â†
k )/

√
2, p̂k = (âk − â†

k )/(i
√

2), k = 1, . . . , n,
CV states created from these modes are typically described
by the Wigner function of a Gaussian form:

W (x) = exp
[− 1

2 (x − x)T �−1(x − x)
]

(2π )n
√

det �
, (2)

where x̂ := (q̂1, p̂1, . . . , q̂n, p̂n)T , xi = Tr(x̂iρ̂ ), and �i j :=
1
2 〈{x̂i − 〈x̂i〉, x̂ j − 〈x̂ j〉}〉 is the covariance matrix ({ , } is the
anticommutator) [19]. Our calculation uses the formulation of
CV graph states generated from the finite squeezed vacuum
[20,21]. Such CV graph states possess a covariance matrix

� = 1

2
SST , (3)

where S is a symplectic matrix, and it can be further decom-
posed into the following form:

� = 1

2

[
U −1 U −1V

VU −1 U + VU −1V

]
, (4)

where U is symmetric and positive definite and V is symmet-
ric. For graph states created by the canonical method with
Ĉz = exp[ i

2 q̂1 ⊗ q̂2], where q̂1 and q̂2 are the position oper-
ators of the two involved modes, we have [21]

U = e−2rI, V = A, (5)

where r is the squeeze parameter of the input squeezed vac-
uum, |0, r〉 ≡ exp[ r

2 a2 − r
2 a†2]|0〉, I is the identity matrix, and

A is the adjacency matrix of the underlying graph.

II. PHASE SENSING

A. Quantum Fisher information for phase sensing

We first consider the case of phase sensing, where the
unknown parameter φ is encoded via the phase change of the
probe state. The corresponding unitary transformation acting

on the graph state is given by

Ûφ = exp

(
−i

n∑
j=1

φ f j â
†
j â j

)
, (6)

where n is the number of modes constituting the graph state,
â j (â†

j ) is the annihilation (creation) operator of the jth mode,
and f j is its responsivity. Equation (6) is a passive, or energy-
preserving, Gaussian unitary transformation, i.e., its generator

Ĝφ ≡ iÛ †
φ

dÛφ

dφ
commutes with the number operator. In general,

the QFI for parameter estimation using Gaussian states and
passive Gaussian unitary transformations can be calculated by
[12]

F (φ|ρ̂ ) = 1

2
Tr

(
Gφ�−1Gφ� − G2

φ

)
, (7)

where Gφ is the matrix form of the generator of the Gaussian
transformation.

We straightforwardly calculated the QFI for phase sensing
by using a CV graph state with the covariance matrix � given
by Eqs. (4) and (5), which yields

F (φ|ρ̂) = 2 sinh2 2r
n∑

j=1

f 2
j +

n∑
j,k=1

(
f 2

j + e4r f j fk
)
AjkAk j

+ 1

2
e4r

n∑
j,k=1

f j fk[A2] jk[A2]k j, (8)

where [A2]i j is the element of matrix A2. The first term in
Eq. (8) is the QFI for n independent squeezed vacuum states,
and the remaining terms result from the entanglement gener-
ated by Cz gates. We also calculated the total mean photon
number of the CV graph state (Appendix A),

N̄ = n sinh2 r + 1

4
e2rTrA2. (9)

Similarly, the first term of Eq. (9) is the total mean photon
number of n uncoupled squeezed vacua and the second term
is the addition due to Cz gates.

B. Continuous-variable graph states achieving
the Heisenberg limit

In this section, we identify CV graph states that achieve
the Heisenberg limit for phase sensing in terms of both total
number of photons and number of modes. We first consider
the simplified case where f j ≡ f , ∀ j. The QFI given in
Eq. (8) reduces to

F (φ|ρ̂ ) = 2n f 2 sinh2 2r + (1 + e4r ) f 2TrA2 + 1

2
e4r f 2TrA4.

(10)
Because we want to explore the effect of entanglement of
the graph state, it is assumed that the graph is sufficiently
connected and the dominant terms in Eqs. (9) and (10) are
the adjacency matrix-dependent terms.

We introduce a characteristic figure that is intrinsic to the
underlying graph of the CV graph state,

χp ≡ TrA4

(TrA2)2 . (11)
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Using this characteristic figure, the QFI for a sufficiently
connected graph can be expressed as

F (φ|ρ̂ ) ≈ 8 f 2χpN̄2 ≡ 8 f 2χpn2Ñ2, (12)

where Ñ = N̄/n is the average number of photons per mode.
It is easy to show that

χp � 1 (13)

and the equality is asymptotically saturated when the adja-
cency matrix A has only one largest eigenvalue (in absolute
value) and the ratio between it and the other eigenvalues
approaches infinity as n increases. In this case, the Heisenberg
limit of phase sensitivity in terms of N̄ is achieved. When A
has m > 1 largest eigenvalues, with m not to scale with n,
whose mutual ratios are asymptotically nonzero constants, the
Heisenberg limit can still be achieved, yet with the QFI re-
duced by a factor of O(1) constant compared with the previous
case.

As an example, we show that the star graph state satisfies
the condition above for achieving the Heisenberg limit for
phase sensing. The star graph has only one vertex adjacent
to all the other vertices which are otherwise unconnected. The
adjacency matrix of the star graph is given by

Ai j = δi1 + δ j1 − 2δi1δ j1, (14)

assuming the central vertex is j = 1, which only has two
nonzero eigenvalues λ± = ±√

n − 1, leading to χp = 1
2 . To

be more precise, F (φ|ρ̂) ≈ 16
9 f 2N̄2 = 16

9 f 2n2Ñ2, after taking
into account of the first term of Eq. (9). Thus, the star graph
state achieves the Heisenberg scaling in terms of total num-
ber of photons and the number of modes (for fixed number
of photons per mode). In contrast, the separable state with
A = 0 has F (φ|ρ̂) ≈ 1

2 n f 2e4r ≈ 8 f 2N̄2/n = 8 f 2nÑ2, which
only achieves the standard quantum limit in terms of number
of modes (for fixed number of photons per mode), while the
Heisenberg scaling in N̄ is weakened by a factor of

√
n. We

plot the QFI of phase sensing [calculated by using Eq. (10)]
for the star graph state and separable state in Fig. 2. The star
graph state always outperforms the separable state. Another
type of graph states that achieve the Heisenberg scaling in
phase sensing is the l-multipartite graph states, which we
detail in Appendix B.

Now we show that, for the general case where f j are not
necessarily equal, the CV star graph state still achieves the
Heisenberg limit. The QFI in this case is found to be

F (φ|ρ̂) ≈ 1

2
e4r

n∑
j=1

f 2
j + 1

2
e4r

[
(n − 1)2 f 2

1 +
(

n∑
j=2

f j

)2]

>
1

2
e4r (n − 1)2 f 2

1

≈ 8

9
f 2
1 N̄2 = 8

9
f 2
1 n2Ñ2, (15)

which indeed exhibits the same scaling as the equi- fi case. In
this sense, the CV star graph state is universally optimal for
phase sensing.

(a)

(b)

(c)

FIG. 2. Comparison of QFI scaling of phase sensing between the
star graph state (maroon) and separable state (yellow) with respect to
(a) N̄ for fixed n = 10 and (b) n for fixed Ñ = 1 (dash-dotted line)
and Ñ = 10 (solid line). (c) Ratio between QFI achieved by the star
graph state and separable state for small n and Ñ . We have chosen
f = 1 in these plots.

C. Homodyne detection to saturate the quantum
Cramér-Rao bound

While the quantum Cramér-Rao bound sets the fundamen-
tal limit of parameter estimation, an important question is
whether a POVM exists whose FI saturates the QFI. Since
we are only considering single-parameter estimation here,
such a POVM can always be found, in theory [17]. However,
the mathematically constructed POVM is usually difficult to
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implement in most cases. Here, surprisingly, we numerically
find that local homodyne detection actually saturates the QFI
up to an O(1) factor for the phase sensing using the star graph
state.

To show this, in general, the outcome of the homodyne
detection (of the quadrature) of a Gaussian state is a Gaus-
sian probability distribution regarding the unknown parameter
φ [22,23], which is captured by the first- and second-order
moment ω and σM , respectively. The distinguishability of the
probability distribution with different unknown parameters

determines the sensitivity of φ, which is quantified by the FI.
As a result, the FI can be calculated by using the Gaussian
probability distribution of the measurement outcome as [23]

I = 1

2
Tr

[(
∂σM

∂φ
σ−1

M

)2]
+

(
∂ω

∂φ

)T

σ−1
M

(
∂ω

∂φ

)
. (16)

Following Refs. [22,23], we find the first- and second-order
moment of the homodyne detection for the phase sensing
using CV graph states are given by ω = 0 and

σM = 1

2

[
(F2G1 − G2F1)U −1(F2G1 − G2F1) + (G1G2 + F1F2)VU −1(F2G1 − G2F1)

+ (F2G1 − G2F1)U −1V (G1G2 + F1F2) + (G1G2 + F1F2)
(
U + VU −1V

)
(G1G2 + F1F2)

]
,

(17)

respectively, where U and V are given by Eq. (5), and

[G1]i j = δi j cos f jφ,

[F1]i j = δi j sin f jφ,

[G2]i j = δi j cos θ j,

[F2]i j = δi j sin θ j,

(18)

with θ j being the phase difference between the local oscillator
and the jth mode.

We numerically calculated and optimized FI, by varying
θ j , for the star graph state with f j ≡ f , ∀ j. Because of the
high-symmetric structure of the star graph, we expect that the
maximum FI is achieved when

θ1 = α and θ j = β, j � 2. (19)

With this rational assumption, we find the numerically opti-
mized FI saturates the analytical QFI given by Eq. (10) up to
a constant, irrespective of n (see Fig. 3 for an example).

FIG. 3. Numerically calculated FI of phase sensing with the star
graph state and the homodyne detection with optimized local oscil-
lator phases, for r = 1 (yellow) and 3 (maroon). The dots are 2 × FI.
The solid line shows the analytical QFI. We have chosen f = 1.

III. DISPLACEMENT SENSING

In this section, we consider another type of sensing
modality that is displacement sensing. One canonical ex-
ample of displacement sensing is found in the setting
of an optomechanical cavity subject to a detuned pump,
where the mechanical motion of the cavity mirror induces
a displacement of the probe beam. For the displacement
sensing, the unknown parameter φ is encoded in the
probe state via an active, or photon-number nonconserv-
ing, unitary Gaussian transformation Ûφ = e−iφX̂ f , where X̂ f

is a linear combination of mode quadratures, i.e., X̂ f =
( f1, f2, . . . , f2n)(q̂1, q̂2, . . . , q̂n, p̂1, p̂2, . . . , p̂n)T . The QFI
for displacement sensing using CV graph state can be calcu-
lated by using

F (φ|ρ̂) = 4
∑
i, j

fi f j�i j, (20)

where � is the covariance matrix given by Eq. (4). For the
graph state created by the canonical method, we have

F (φ|ρ̂) =
n∑

i=1

2e2r f 2
i +

n∑
i=1

2e−2r f 2
i+n +

n∑
i, j=1

4e2r fi f j+nAi j

+
n∑

i, j=1

2e2r fi+n f j+n[A2]i j, (21)

where the first two terms are the QFI for n independent
squeezed vacua while the last two terms are attributed to the
entanglement in the graph state.

We first consider again the simplified case with fi ≡ f for
all quadratures. In this case, Eq. (21) reduces to

F (φ|ρ̂ ) = 2n f 2e2r + 2n f 2e−2r +
n∑

i, j=1

4 f 2e2rAi j

+
n∑

i, j=1

2 f 2e2r[A2]i j . (22)

We assume the leading terms in F (φ|ρ̂) and N̄ are the
adjacency matrix-dependent terms for a sufficiently con-
nected graph. For the displacement sensing, we define another
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characteristic figure of a graph to be

χd ≡
∑n

i, j=1 [A2]i j

TrA2
, (23)

with which the QFI can be expressed as

F (φ|ρ̂) ≈ 8 f 2χdN̄ ≡ 8 f 2χd nÑ . (24)

Since [A2]i j is the number of common neighbors of
the ith and jth vertices, it is obvious that [A2]i j �
min{deg(i), deg( j)} � √

deg(i)deg( j), where deg(i) is the de-
gree of the ith vertex. This leads to

χd �
∑n

i, j=1

√
deg(i)deg( j)

TrA2

�
n
[∑n

i, j=1 deg(i)deg( j)
] 1

2

TrA2

= n
∑n

i=1 deg(i)

TrA2

= n,

(25)

where we have used the Cauchy-Schwarz inequality and the
fact that TrA2 = ∑n

i=1 deg(i). To asymptotically saturate the
limit given by Eq. (25), or at least to realize the linear scal-
ing in n for χd, we require [A2]i j = min{deg(i), deg( j)} =√

deg(i)deg( j) = const. for most vertices in the graph, which
means that the majority of vertices share the same neigh-
bors. This indicates that the star graph state is again a good
candidate. Another graph state satisfying this criterion is the
l-multipartite graph (Appendix B).

For the star graph state, the characteristic figure and QFI
are χd = n

2 and F (φ|ρ̂) ≈ 2n2 f 2e2r ≈ 8
3 f 2nN̄ = 8

3 f 2n2Ñ , re-
spectively. Thus, the Heisenberg scaling over the number of
modes (for fixed number of photons per mode) and the total
number of photons is achieved. We stress that, in the displace-
ment sensing, the Heisenberg scaling over total number of
photons is linear in contrast to phase sensing. The separable
state, on the other hand, has F (φ|ρ̂) ∝ 2n f 2e2r ≈ 8 f 2N̄ =
8 f 2nÑ , which only achieves the standard quantum limit in
terms of the number of modes. We plot the QFI of phase
sensing [calculated using Eq. (22)] for the star graph state
and separable state in Fig. 4. The star graph state always
outperforms the separable state.

We now consider the general case with unequal f j for the
star graph state. The QFI to the leading order is given by

F (φ|ρ̂) ≈ 2e2r

[(
n∑

j=1

f j+n

)2

+ fn+1

(
n fn+1 − 2

n∑
j=1

f j+n

)]
� 2e2r

(
n2 f 2

min + n f 2
n+1 − 2n fn+1 fmax

)
,

(26)
where fmin = min{ fn+1, . . . , f2n} and fmax =
max{ fn+1, . . . , f2n} and we have labeled the center vertex of
the graph to be j = 1. Since f j are independent of n and N̄ ,
and assuming they do not vary significantly among different
modes, we see that the Heisenberg scaling over the number of
modes persists.

Similar to the phase sensing, we investigate whether the
QFI can be saturated by the local homodyne detection. For
the displacement sensing, we find the first- and second-order

(a)

(b)

(c)

FIG. 4. Comparison of QFI scaling of displacement sensing be-
tween the star graph state (maroon) and separable state (yellow)
with respect to (a) N̄ for fixed n = 10 and (b) n for fixed Ñ = 1
(dash-dotted line) and Ñ = 10 (solid line). (c) Ratio of QFI achieved
by the star graph state and separable state for small n and Ñ . We have
chosen f = 1.

moment of the probability distribution of the outcome of ho-
modyne measurement is given by

ωi = φ([F2]ii fn+i − [G2]ii fi ) (27)

and

σM = 1

2
[F2U

−1F2 + G2VU −1F2 + F2U
−1V G2 + G2UG2

+ G2VU −1V G2], (28)
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FIG. 5. Numerically calculated FI (dots) of displacement sensing
with the star graph state and the homodyne detection with optimized
local oscillator phases, for r = 1 (yellow) and 3 (maroon). The solid
line shows the analytical QFI. Here, we have chosen f = 1.

respectively, where F2 and G2 are given by Eq. (18). The FI is
then numerically calculated using Eq. (16) for the star graph
state with fi ≡ f . By varying the local oscillator phases α and
β, as in the phase sensing, we find the optimized FI saturates
the QFI (Fig. 5). This result suggests that local homodyne
detection is able to achieve the optimal sensitivity predicted
by the QFI for displacement sensing.

IV. CONCLUSION AND DISCUSSION

In summary, we have investigated the use of CV graph
states for quantum metrology, including both phase and dis-
placement sensing that are of practical relevance. In particular,
QFI of the two sensing modalities with general CV graph
states is found, which can be benchmarked with characteris-
tic factors intrinsic to the underlying graphs. With this, we
identified the star graph states as an optimal resource which
provides the Heisenberg scaling of the sensitivity over the
number of modes for both phase and displacement sensing.
Furthermore, we discovered that local homodyne detection is
able to fulfill the QFI for phase and displacement sensing up
to a constant factor, which makes this scheme based on CV
graph states more appealing.

Compared with multimode metrology schemes where the
probe states are prepared as the outcome of a highly squeezed
state propagating through a mesh of beam splitters [11,13], the
scheme using graph states faces similar difficulty of generat-
ing large amount of squeezing, here for the implementation
of the Cz gate. However, several methods have been pro-

posed to generate graph states, including those based on linear
optics [24,25], frequency combs [26,27], QND gates [28],
and photonic temporal modes [29]. With proof-of-principle
demonstrations of some of these proposals realized recently
[30–33], the CV graph states discussed in this work represent
a viable resource for distributed quantum sensing.

APPENDIX A: MEAN PHOTON NUMBER OF
CONTINUOUS VARIABLE GRAPH STATES

For a CV graph state with adjacency matrix A created by
the canonical method, its Wigner function is given by [34]

W (
q, 
p ) = 1

πn
exp

(
−

n∑
j=1

q2
j/s2

)

× exp

[
−

n∑
j=1

s2

(
p j −

n∑
k=1

Ajkqk

)2]
, (A1)

where s ≡ er . The mean photon number could be calculated
by using

N̄ =
∫∫

d 
q d 
pW (
q, 
p )
n∑

i=1

1

2

(
q2

i + p2
i − 1

)
, (A2)

which yields

N̄ = n sinh2 r + 1

4
e2rTrA2. (A3)

APPENDIX B: OTHER EXAMPLES OF GRAPH STATES

We calculate the QFI of some other graph states for phase
and displacement sensing.

l-multipartite graph states. The vertices of this type of
graph states can be partitioned into l sets and the vertices in
each set are only connected with all vertices out of this set.
Assuming each set has m vertices, its adjacency matrix can
be written as A = A′ ⊗ G, where A′

i j = 1 − δi j , 1 � i, j � l ,
and Gkl = 1, 1 � k, l � m. A has two nonzero eigenvalues:
(l − 1)m (1-fold) and = − m [(l − 1)-fold]. As a result, we
find χp = l−1

l ≈ 1 and χd = m(l − 1) ≈ n, which is similar
to the star graph.

Rectangular graph states. The corresponding graph re-
sembles a belt formed by squares. Consider the 4 × m rect-
angular graph state with n = 4m modes. It has an adjacency
matrix Ai j = δi, j−1 + δi, j+1 + δi, j+4 + δi, j−4. In the large-n
limit, TrA2 = 4n, TrA4 = 36n − 84, and

∑n
i, j=1[A2]i j = 16n.

As a result, χp = 36n−84
16n2 ≈ 9

4n and χd = 4, leading to worse
scaling than star and l-multipartite graph states.
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