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Hyper-hybrid entanglement for two indistinguishable bosons has been recently proposed by Li et al. [Y. Li, M.
Gessner, W. Li, and A. Smerzi, Phys. Rev. Lett. 120, 050404 (2018)]. In the current paper, we show that this en-
tanglement exists for two indistinguishable fermions also. Next, we establish two no-go results: no hyper-hybrid
entanglement for two distinguishable particles, and no unit fidelity quantum teleportation using indistinguishable
particles. If either of these is possible, then the no-signaling principle would be violated. While several earlier
works have attempted extending many results on distinguishable particles to indistinguishable ones, and vice
versa, the above two no-go results establish a nontrivial separation between the two domains. Finally, we propose
an efficient entanglement swapping using only two indistinguishable particles, whereas a minimum number of
either three distinguishable or four indistinguishable particles is necessary for existing protocols.
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I. INTRODUCTION

In the last century, physicists were puzzled about whether
“the characteristic trait of Quantum Mechanics” [1], i.e.,
entanglement [2], is real and, if so, whether it can show some
nontrivial advantages over classical information processing
tasks. The answers to both are positive, thanks to several
experimentally verified quantum protocols like teleportation
[3,4], dense coding [5,6], quantum cryptography [7,8], etc.
[9].

In the current century, entanglement of indistinguishable
particles and its similarity with as well as difference from that
of distinguishable ones have been extensively studied [10–30].
Here, indistinguishable particles means independently pre-
pared identical particles like bosons or fermions [31,32],
where each particle cannot be addressed individually, i.e., a
label cannot be assigned to each. Experiments on quantum
dots [33,34], Bose-Einstein condensates [35,36], ultracold
atomic gases [37], etc., support the existence of entanglement
of indistinguishable particles.

The notion of entanglement for distinguishable particles is
well studied in the literature [9], where the standard bipartite
entanglement is measured by Schmidt coefficients [38], von
Neumann entropy [39], concurrence [40], log negativity [41],
etc. [42]. Indistinguishability, on the other hand, is repre-
sented and analyzed via particle-based first quantization ap-
proach [10–16] or mode-based second-quantization approach
[17–20]. Entanglement in such a scenario requires measures
[22–28] different from those of distinguishable particles, but
there is no consensus on this in the scientific community [29,
Sec. III], particularly on the issues of physicality [13,18],
accessibility [22,36], and usefulness [25,26] of such entangle-
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ment. Very recently, the resource theory of indistinguishable
particles [28,30] has been proposed aiming to settle this
debate.

In order to treat the entanglement of distinguishable as well
as indistinguishable particles on an equal footing, we use the
algebraic framework introduced in [43–45] (see the Appendix
for more details). To measure this entanglement in the case of
both distinguishable and indistinguishable particles, we use
the violation of Clauser-Horne-Shimony-Holt (CHSH) [46]
inequalities.

Quantum entanglement is encoded in the particle’s degrees
of freedom (DOFs) like spin, polarization, path, angular mo-
mentum, etc. The simultaneous presence of entanglement in
multiple DOFs, i.e., hyper-entanglement [47], is useful for
some tasks like complete Bell state analysis [48], entangle-
ment concentration [49], purification [50], etc. [51]. Also,
entanglement between different DOFs, i.e., hybrid entangle-
ment [52,53], is useful in quantum repeaters [54], quantum
erasers [55], quantum cryptography [56], etc. [57–59]. Al-
though hyper-entanglement and hybrid entanglement were
separately known for more than two decades, interestingly,
the simultaneous presence of these two, i.e., the hyper-hybrid
entangled state (HHES), has been proposed very recently by
Li et al. [60], using particle exchange [61,62] method. The
above three types of entanglements are shown schematically
in Fig. 1.

This discussion raises a few natural questions. The first two
questions are as follows.

(i) Is HHES possible for two indistinguishable fermions
also?

(ii) Is the scheme for HHES, as proposed by Li et al. [60],
applicable for two distinguishable particles?

Systematic calculations establish the answer to the first
question as positive and that to the second as negative. The
negative answer (i.e., the specific scheme of Li et al. [60] does
not have a distinguishable version) immediately leads to the
obvious but nontrivial third question.
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FIG. 1. From left to right: (a) hyper-entanglement (solid lines),
(b) hybrid-entanglement (dotted lines), and (c) hyper-hybrid entan-
gled state of two qubits with two degrees of freedom.

(iii) Can distinguishable particles exhibit HHES through
some other scheme?

In answer, we establish the following no-go result: HHES
is not possible for distinguishable particles; otherwise, ex-
ploiting it, signaling can be achieved. Throughout this paper,
by signaling we mean faster-than-light or superluminal com-
munication across spacelike separated regions.

Bose and Home [63] have identified a property of indistin-
guishable particles, called the duality of entanglement, which,
according to them, is absent in distinguishable particles. How-
ever, Karczewski and Kurzyński [64] have shown later that the
duality of entanglement can be seen in distinguishable parti-
cles also. Thus, so far HHES remains the exclusive property
that is possible for indistinguishable particles only.

As HHES is unique to indistinguishable particles, the
following fourth question naturally comes up.

(iv) Is there something unique in the case of distinguishable
particles?

The answer is positive, due to our second no-go result: unit
fidelity quantum teleportation (UFQT) [65] is not possible
for indistinguishable particles; otherwise, using it, the no-
signaling principle can be violated.

The above two no-go results establish a separation between
quantum properties and applications of distinguishable parti-
cles and those of indistinguishable ones.

Apart from the above unique properties and applications,
there are many, such as coherence [66,67], entanglement
swapping (ES) [68,69], metrology [43,70], steering [1,71],
etc., that are common to both distinguishable and indistin-
guishable particles. The seminal work [68] on ES required
four distinguishable particles as a resource along with Bell
state measurement (BSM) [72] and local operations and clas-
sical communications (LOCC) [73] as tools. Better versions
with only three distinguishable particles were proposed in
two subsequent works, one [74] with BSM and another [75]
without BSM. Recently, Castellini et al. [69] have shown
that ES for the indistinguishable case is also possible with
four particles (with BSM for bosons and without BSM for
fermions).

Thus, in terms of resource requirement, the existing best
distinguishable versions [74,75] outperform the indistinguish-
able one [69]. We turn around this view, by proposing an
ES protocol without BSM using only two indistinguishable
particles.

This paper is arranged as follows. In Sec. II, we show the
existence of HHES for two indistinguishable fermions and
also present a unified mathematical formalism for HHES that
includes both bosons and fermions. Section III shows the inap-

plicability of the circuit of Li et al. [60] for two distinguishable
particles. We present our first no-go result, i.e., no HHES for
distinguishable particles, in Sec. IV. Here we also propose
a generic signaling scheme using HHES for distinguishable
particles, which is an application of the above no-go result.
However, the above generic scheme requires a large number
of DOFs and thus may be hard to realize experimentally. As a
remedy, we show an experimentally realizable scheme using
only two DOFs. Section V discusses our second no-go result,
i.e., no unit fidelity quantum teleportation for indistinguish-
able particles. Using the above two no-go results, we illustrate
nontrivial separation between the quantum properties and
applications of distinguishable and indistinguishable particles
in Sec. VI. In Sec. VII, we propose a circuit to perform the
entanglement swapping protocol using only two particles and
without using BSM. Finally, in Sec. VIII, we discuss and
summarize all the results and their implications.

II. HYPER-HYBRID ENTANGLED STATE FOR TWO
INDISTINGUISHABLE FERMIONS

Yurke and Stoler [61,62] had proposed an optical circuit
to generate quantum entanglement between the same DOFs
of two identical particles (bosons and fermions) from initially
separated independent sources. Recently, the above method
has been extended by Li et al. [60] to generate HHES be-
tween two independent bosons among their internal (e.g.,
spin) DOFs, external (e.g., momentum) DOFs, and across.
We show that their circuit can also be used for independent
fermions obeying the Pauli exclusion principle [76], albeit
with different detection probabilities.

For fermions, the second quantization formulation deals
with fermionic creation operators fi,p with |i, p〉 = f †

i,p |0〉,
where |0〉 is the vacuum and |i, p〉 describes a particle with
spin |i〉 and momentum p. These operators satisfy the canoni-
cal anticommutation relations:

{ fi,pi , f j,p j } = 0, { fi,pi , f †
j,p j

} = δ(pi − p j )δi j . (1)

Analysis of the circuit of Li et al. [60, Fig. 2] for fermions
involves an array of hybrid beam splitters (HBSs) [60, Fig. 3];
phase shifter; four orthogonal external modes L, D, R, and U ;
and two orthogonal internal modes ↑ and ↓. Here, particles
exiting through the modes L and D are received by Alice
(A), who can control the phases φL and φD, whereas particles
exiting through the modes R and U are received by Bob (B),
who can control the phases φR and φU .

In this circuit [60, Fig. 2], two particles, each with spin
|↓〉, enter the setup in the mode R and L for Alice and Bob,
respectively. The initial state of the two particles is |�0〉 =
f †
↓,R f †

↓,L |0〉. Now, the particles are sent to the HBS such that
one output port of the HBS is sent to the other party (R or
L) and the other port remains locally accessible (D or U ).
Next, each party applies path-dependent phase shifts. Lastly,
the output of the local mode and that received from the other
party are mixed with the HBS and then the measurement is
performed in either external or internal modes. The final state
can be written as

|�〉 = 1
4 [eiφR ( f †

↓,R + i f †
↑,U ) + ieiφD ( f †

↑,D + i f †
↓,L )]

⊗ [eiφL ( f †
↓,L + i f †

↑,D) + ieiφU ( f †
↑,U + i f †

↓,R)] |0〉 . (2)
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Alice and Bob can perform coincidence measurements both
in external DOFs or both in internal DOFs or with one party
in the internal DOF and the other in the external DOF. Now
from Eq. (2), the detection probabilities when each party gets
exactly one particle where both Alice and Bob measure in
external DOFs are given by

B : R B : U
A : D 1

4 cos2φ 1
4 sin2φ

A : L 1
4 sin2φ 1

4 cos2φ

, (3)

where φ = (φD − φL − φR + φU )/2.
Now we assign dichotomic variables +1 and −1 for the

detection events {L,U } and {D, R}, respectively. Let Prmn

denote the probabilities of the coincidence events for Alice
and Bob obtaining m = ±1 and n = ±1, respectively. The
normalized expectation value is then given by

E (φA, φB) = Pr++ − Pr−+ − Pr+− + Pr−−
Pr++ + Pr−+ + Pr+− + Pr−−

= cos(φA − φB), (4)

where φA = (φD − φL ) and φB = (φU − φR). Now the CHSH
[46] inequality can be written as∣∣E(

φ0
A, φ0

B

) + E
(
φ1

A, φ0
B

) + E
(
φ0

A, φ1
B

) − E
(
φ1

A, φ1
B

)∣∣ � 2,

(5)

where the superscripts 0 and 1 stand for two detector settings
for each particles. Now for φ0

A = 0, φ1
A = π , φ0

B = π
4 , and

φ1
B = −π

4 , Eq. (5) can be violated maximally by obtaining
Tsirelson’s bound 2

√
2 [77].

Now if Alice and Bob both measure in internal DOFs, then
the detection probabilities can be written as

B :↓ B :↑
A :↓ 1

4 sin2φ 1
4 cos2φ

A :↑ 1
4 cos2φ 1

4 sin2φ

. (6)

If Alice measures in the internal DOF and Bob measures in the
external DOF, then the detection probabilities can be written
as

B : R B : U
A :↓ 1

4 sin2φ 1
4 cos2φ

A :↑ 1
4 cos2φ 1

4 sin2φ

. (7)

If Alice measures in the external DOF and Bob measures
in the internal DOF, then the detection probabilities can be
written as

B :↓ B :↑
A : D 1

4 cos2φ 1
4 sin2φ

A : L 1
4 sin2φ 1

4 cos2φ

. (8)

Now by applying similar analysis for Eqs. (6), (7), and (8)
as performed for Eqs. (4) and (5), one can show maximal
violation of Bell’s inequality.

Generalized hyper-hybrid entangled state

Interestingly, following the approach by Yurke and Stoler
[61], we can generalize the detection probabilities of HHES

for indistinguishable bosons and fermions into a single for-
mulation as shown below. Let

φ1 = φD − φL,

φ2 =
{−(φR − φU ) for bosons
−(φR − φU ) + π

2 for fermions .
(9)

The generalized detection probabilities of Eqs. (3), (6), (7),
and (8) are, respectively, given by

B : R B : U
A : D 1

4 cos2(φ1 − φ2) 1
4 sin2(φ1 − φ2)

A : L 1
4 sin2(φ1 − φ2) 1

4 cos2(φ1 − φ2)
, (10)

B :↓ B :↑
A :↓ 1

4 sin2(φ1 − φ2) 1
4 cos2(φ1 − φ2)

A :↑ 1
4 cos2(φ1 − φ2) 1

4 sin2(φ1 − φ2)
, (11)

B : R B : U
A :↓ 1

4 sin2(φ1 − φ2) 1
4 cos2(φ1 − φ2)

A :↑ 1
4 cos2(φ1 − φ2) 1

4 sin2(φ1 − φ2)
, (12)

B :↓ B :↑
A : D 1

4 cos2(φ1 − φ2) 1
4 sin2(φ1 − φ2)

A : L 1
4 sin2(φ1 − φ2) 1

4 cos2(φ1 − φ2)
. (13)

Computations, following Eqs. (4) and (5), lead to the maxi-
mum violation of Bell’s inequality.

III. DOES THE SCHEME OF LI et al. [60] WORK FOR
DISTINGUISHABLE PARTICLES?

We are interested to see whether the circuit of Li et al. [60,
Fig. 2] gives the same results for two distinguishable particles.
Let us calculate the term in the first row and first column
of Eq. (3) for fermions. It says that the probability of Alice
detecting a particle in detector D and Bob detecting a particle
in detector R is given by

∣∣ 1
4 [ei(φR+φL ) + ei(φD+φU )]

∣∣2 = 1
4 cos2φ. (14)

If the particles are made distinguishable, this probability is
calculated as ∣∣ 1

4 ei(φR+φL )
∣∣2 + ∣∣ 1

4 ei(φD+φU )
∣∣2 = 1

8 . (15)

As for other terms of Eq. (3), each term of Eqs. (6), (7), and
(8) reduces to 1

8 . From that, one can easily show that the right-
hand side of Eq. (4) becomes zero. Thus the Bell violation
is not possible by the CHSH test. Similar calculations for the
bosons lead to the same conclusion. So, the circuit of [60]
would not work for distinguishable particles.

IV. NO HHES FOR DISTINGUISHABLE PARTICLES

It is well known that UFQT [65] for distinguishable par-
ticles is possible using BSM and LOCC. Here, we show
that if HHES for distinguishable particles could exist then
one could construct a universal quantum cloning machine
(UQCM) [78,79] using UFQT and HHES and, further, use that
UQCM to achieve signaling.

A. Our signaling protocol

Our signaling protocol works in three phases, as follows.
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FIG. 2. The singlet state |ψ〉A1B1
is shared between DoF 1 of

Alice and that of Bob, whereas HHES |χ〉PQ is kept by Bob.

1. First phase: Initial setup

Suppose there are four particles A, B, P, and Q each having
two DOFs 1 and 2. The particle A is with Alice and the
remaining three are with Bob, who is spacelike separated from
Alice. The pair {A, B} is in the singlet state in DOF 1 denoted
by |ψ〉A1B1

and the pair {P, Q} is in HHES using both the DOFs
1 and 2 denoted by |χ〉PQ. To access the DOF i of particle X ,
we use the notation Xi, where X ∈ {A, B, P, Q} and i ∈ {1, 2}.
The situation is depicted in Fig. 2. Note that |ψ〉A1B1

can be
expressed in any orthogonal basis. We have taken only Z basis
or computational basis {|0〉 , |1〉} and X basis or Hadamard
basis {|+〉 , |−〉} such that

|ψ〉A1B1
= 1√

2
(|01〉A1B1

− |10〉A1B1
)

= 1√
2

(|+−〉A1B1
− |−+〉A1B1

). (16)

Alice wants to transfer binary information instantaneously to
Bob. Before going apart, Alice and Bob agree on the following
convention.

(1) If Alice wants to send zero to Bob, then she would
measure in Z basis on the DOF 1 of her particle so that the
state of the DOF 1 of the particle at Bob’s side would be either
|0〉 or |1〉.

(2) If Alice wants to send 1 to Bob, then she would measure
in X basis on the DOF 1 of her particle so that the state of the
DOF 1 of the particle at Bob’s side would be either |+〉 or |−〉.

2. Second phase: Cloning of any unknown state

There are two steps of our proposed UQCM as follows.
(1) Alice does measurement on DOF 1 of her particle A,

i.e., A1 in either Z basis or X basis. After this measurement,
the state on DOF 1 of particle B, i.e., B1 on Bob’s side, is in
an unknown state |φ〉 ∈ {|0〉 , |1〉 , |+〉 , |−〉} and it is denoted
by |φ〉B1

.
(2) After Alice’s measurement, Bob performs BSM on

DOF 1 of particles B and P, i.e., on B1 and P1. This results

FIG. 3. Our proposed universal quantum cloning machine to
demonstrate the impossibility of HHES using distinguishable par-
ticles. Inputs to this cloning machine are the unknown quantum state
|φ〉 of DOF 1 of the particle B (denoted by |φ〉B1

) and the hyper-
hybrid entangled state |χ〉PQ, as shown in Fig. 2. More specifically,
|φ〉B1

is the state unknown to Bob generated on Bob’s side after Alice
does measurement on A1 in either Z basis or X basis. After that, Bob
performs BSM on B1 and P1, resulting in one of the four possible
Bell states as output, denoted by k. Based on this output k, suitable
unitary operations Uk are applied on both the DOFs of Q, i.e., Q1 and
Q2, where Uk ∈ {I, σx, σy, σz}, I being the identity operation and σi’s
(i = x, y, z) the Pauli matrices. As a result, the unknown state |φ〉 of
B1 is copied to both Q1 and Q2.

in an output k as one of the four possible Bell states (as seen
in standard teleportation protocol [3]). Based on this output k,
suitable unitary operations Uk are applied on both the DOFs
of Q, i.e., Q1 and Q2, where Uk ∈ {I, σx, σy, σz}, I being the
identity operation and σi’s (i = x, y, z) the Pauli matrices. As
the first DOF of particle P, P1 is maximally entangled with
both the DOFs of Q, i.e., Q1 and Q2; thus, using BSM on
DOFs B1 and P1 and suitable unitary operations on DOFs Q1

and Q2, the unknown state |φ〉 on DOF B1 is copied to both
the DOFs Q1 and Q2. This part of the circuit, shown in Fig. 3,
acts as a UQCM.

3. Third phase: Decoding Alice’s measurement basis

Now from the two copies of the unknown state |φ〉 on the
two DOFs of Q, i.e., |φ〉Q1

and |φ〉Q2
, Bob tries to discriminate

the measurement bases of Alice, so that he can decode the
information sent to him. For that, Bob measures both the
DOFs of Q in Z basis, resulting in either 0 or 1 in each of
the DOFs. Now there are two possibilities.

(1) If Alice has measured in Z basis, then Bob’s possible
measurement results on the two DOFs of Q are {00, 11}.

(2) On the other hand, if Alice has measured in X basis,
then Bob’s possible measurement results on the two DOFs of
Q are {00, 01, 10, 11}.

Suppose Bob adopts the following strategy. Whenever his
measurement results are all zero or all one (i.e., 00 or 11),
then he concludes that Alice has sent a zero, and whenever
he measures otherwise (i.e., 01 or 10) then he concludes that
Alice has sent a 1.
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FIG. 4. Bob’s circuit for distinguishing between Z and X bases
using two types of DOF sorters, i.e., a spin sorter (SS) and a path
sorter (PS), and four detectors. Here the output of Fig. 3 is used as
an input in this circuit. Here, |↓〉 and |↑〉 denote the down- and the
up-spin states of the particles, respectively. Further, |T 〉 denotes the
transverse mode and |R〉 denotes the reflected modes of a PS.

B. Computation of the signaling probability

Let the random variables XA and XB denote the bit sent by
Alice and the bit decoded by Bob, respectively. Hence, under
the above strategy, Bob’s success probability of decoding,
which is also the probability of signaling, is given by

Psig = Pr(XA = 0 ∧ XB = 0) + Pr(XA = 1 ∧ XB = 1)

= Pr(XA = 0) × Pr(XB = 0 | XA = 0)

+ Pr(XA = 1) × Pr(XB = 1 | XA = 1)

= 1
2 × 1 + 1

2 × 2
4 = 0.75. (17)

To increase Psig further, Bob can use HHES involving N
DOFs of P and Q, with N � 3. Then he can make N copies
of the unknown state |φ〉 into the DOFs of Q. Analogous to
the strategy above for the case N = 2, here also if all the
measurement results of Bob in the N DOFs of Q in Z basis
are the same, i.e., the all-zero case or all-one case, then Bob
concludes that Alice has sent a zero; otherwise, he concludes
that Alice has sent a 1. Thus, the above expression of Psig

changes to

1

2
× 1 + 1

2
× 2N − 2

2N
.

In other words,

Psig = 1 − 1

2N
. (18)

By making N larger and larger, Psig can be made arbitrarily
close to 1.

C. Experimental realization of the signaling scheme using
HHES of distinguishable particles

For the experimental realization of the above protocol, we
propose a circuit with DOF sorters, such as a spin sorter
(SS), path sorter (PS), etc. (A spin sorter can be realized in
an optical system using a polarizing beam splitter for sorting
between the horizontal |H〉 and the vertical |V 〉 polarizations

FIG. 5. Bob’s circuit for distinguishing between Z and X bases
using three types of DOF sorters, i.e., S1, S2, and S3, and eight
detectors. Here the output of Fig. 3 is used as an input in this circuit.

of a photon. For an alternative implementation in atomic
systems using Raman process, one can see [60, Fig. 3].)

Suppose DOFs 1 and 2 are spin and path, respectively, with
the two output states {|↓〉 , |↑〉} and {|T 〉 , |R〉}. Here, |↓〉 and
|↑〉 denote the down- and the up-spin states of the particles
and |T 〉 and |R〉 denote the transverse and the reflected modes
of a PS, respectively. Without loss of generality, we take

|0〉 = |↓〉 = |T 〉 , |1〉 = |↑〉 = |R〉 ,

|+〉 = 1√
2

(|↓〉 + |↑〉) = 1√
2

(|T 〉 + |R〉),

|−〉 = 1√
2

(|↓〉 − |↑〉) = 1√
2

(|T 〉 − |R〉).

(19)

The circuit, shown in Fig. 4, takes as input particle Q with
DOFs 1 and 2, each having the cloned state |φ〉 from the
output of the circuit in Fig. 3. Bob places a path sorter PS
followed by two spin sorters SS1 and SS2 on two output modes
of PS. Let D1 (D3) and D2 (D4) be the detectors at the two
output ports of SS1 (SS2).

If Alice measures in Z basis, Bob detects the particles
in {D1, D4} with unit probability. On the other hand, if she
measures in X basis, the particles would be detected in each
of the detector sets {D1, D4} and {D2, D3} with a probability
of 0.5. When Bob detects the particles in either D2 or D3, he
instantaneously knows that the measurement basis of Alice is
X . In this case, the signaling probability is 0.75, which can be
obtained by putting N = 2 in Eq. (18).

For better signaling probability, one can use three DOFs 1,
2, and 3, instead of two, in the joint state |χ〉PQ. The scheme
for three DOFs is shown in Fig. 5, where Si represents the
sorter for DOF i, for i ∈ {1, 2, 3}. Now, if Alice measures in Z
basis, Bob detects the particles in {D1, D8} with probability 1.
But if she measures in X basis, the particles would be detected
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in {D1, D8} with probability 2
23 and in {D2, · · · , D7} with

probability 23−2
23 = 0.75. In this case, the signaling probability

is 0.875, which can be obtained by putting N = 3 in Eq. (18).
We can generalize the above schematic as follows. Suppose

each of P and Q has N DOFs (each degree having two
eigenstates), numbered 1 to N , in HHES |χ〉PQ. We also need
to use N corresponding types of DOF sorters. Now, if Alice
measures in Z basis, Bob detects the particles in {D1, D2N }
with probability 1. But if she measures in X basis, the particles
are detected in {D1, D2N } with probability 2

2N and in detectors

{D2, · · · , D2N −1} with probability 2N −2
2N . For N DOFs, the

signaling probability is given in Eq. (18).

D. Increasing signaling probability without increasing the
number of DOFs

From Eq. (18), it is clear that the signaling is possible
only when N is infinitely large. The existence of such a huge
number of accessible DOFs may be questionable. Interest-
ingly, we devise an alternative schematic that can drive the
asymptotic success probability to 1 with only two DOFs but
using many copies of the singlet state shared between Alice
and Bob and the same number of copies of HHES at Bob’s
disposal.

Suppose Alice and Bob share M copies of the
singlet state {|ψ (1)〉A1B1

, |ψ (2)〉A1B1
, · · · , |ψ (M )〉A1B1

} and
Bob also has an equal number of copies of HHES
{|χ (1)〉PQ , |χ (2)〉PQ , · · · , |χ (M )〉PQ} (a single copy of the sin-
glet state and HHES is shown in Fig. 2). Now the cloning can
be performed in the following two steps.

(1) Alice performs measurement in her preferred basis on
each DOF 1 of her M particles so that on the DOF 1 of each
of the M particles on Bob’s side a copy of the unknown state
|φ〉 is obtained.

(2) After that, Bob performs BSM on each of the M pairs of
{B1, P1} and suitable unitary operations so that the unknown
state |φ〉 is copied to each of the M pairs of {Q1, Q2}.

Now Bob passes each of the M copies of Q as shown in
Fig. 4 and adopts the following strategy. If Bob receives each
of the M particles in D1 or D4, then he concludes that Alice
has measured in Z basis. On the other hand, if Bob observes
any one of the M particles in D2 or D3, then he concludes
that Alice has measured in X basis. Under this strategy, Bob
encounters a decoding error whenever Alice has measured in
X basis, but he receives all the M particles in D1 or D4. In
this case, the probability that a single particle is detected in
the detector set {D1, D4} is 1

2 and hence the probability that
all the M particles are detected in the above set is 1

2M . Hence,
the corresponding success probability of signaling is given by

Psig = 1 − 1

2M
, (20)

which also asymptotically goes to 1.
The essence of the above discussion is that, in a world

where special relativity holds barring signaling, HHES for
distinguishable particles is not possible.

V. NO UNIT FIDELITY QUANTUM TELEPORTATION
FOR INDISTINGUISHABLE PARTICLES

Earlier, we have shown that signaling for distinguishable
particles can be achieved using UFQT and HHES as black
boxes. UFQT for distinguishable particles is already known
[3], and so we have concluded that HHES for distinguishable
particles must be an impossibility.

Using massive identical particles, Marzolino and Buchleit-
ner [80] have shown that UFQT is not possible using a finite
and fixed number of indistinguishable particles, due to the par-
ticle number conservation superselection rule (SSR) [81,82].
Interestingly, several independent works [82–84] have already
established that this SSR can be bypassed. So, an obvious
question is whether it is possible to perform UFQT for in-
distinguishable particles bypassing the SSR. This question is
also answered in the negative in [80].

Very recently, for indistinguishable particles, Lo Franco
and Compagno [30] have achieved a quantum teleportation
fidelity of 5/6, overcoming the classical teleportation fidelity
bound 2/3 [85]. But they have not proved whether this value
is optimal or whether unit fidelity can be achieved or not.

Systematic calculations show that our earlier scheme of
quantum cloning and signaling (Figs. 2 and 3) would still
work, even if one replaces the UFQT and HHES tools for
distinguishable particles with those of the indistinguishable
ones (assuming that such tools exist). As signaling is not
possible in quantum theory, we have concluded that HHES
for distinguishable particles is not possible. But, for indis-
tinguishable particles, the creation of HHES is possible [60].
Thus, a logical conclusion is that, to prevent signaling, UFQT
must not be possible for indistinguishable particles.

VI. A SEPARATION RESULT BETWEEN
DISTINGUISHABLE AND INDISTINGUISHABLE

PARTICLES

From the above two no-go results, we can establish a sep-
aration result between distinguishable and indistinguishable
particles. Let Qdis and Qindis be the two sets consisting of
quantum properties and applications of distinguishable and
indistinguishable particles, respectively, as shown in Fig. 6.

Several earlier works have attempted extending many re-
sults on one of these two sets to the other. For example, quan-
tum teleportation was originally proposed for distinguishable
particles [3,4]. But recent works [30,80] have extended it for
indistinguishable particles. Similarly, duality of entanglement
as proposed in [63] was thought to be a unique property of
indistinguishable particles. But later its existence for distin-
guishable particle was shown in [64]. Another unique property
of quantum correlation is quantum coherence, which was
proposed for distinguishable particles in [66] and later for
indistinguishable particles in [67]. Einstein-Podolsky-Rosen
steering [1] was extended from distinguishable particles to
a special class of indistinguishable particles called Bose-
Einstein condensates [71]. Entanglement swapping, originally
proposed for distinguishable particles in [68,74,75], was also
shown for indistinguishable particles in [69].

To the best of our knowledge, there is no known quantum
correlation or application that is unique for distinguishable

052401-6



HYPER-HYBRID ENTANGLEMENT, … PHYSICAL REVIEW A 102, 052401 (2020)

FIG. 6. The two sets Qdis (consisting of quantum properties
and applications of distinguishable particles), Qindis (consisting of
quantum properties and applications of indistinguishable particles),
and their intersection (UFQT, HHES, and ES stand for unit fidelity
quantum teleportation, hyper-hybrid entangled state, and entangle-
ment swapping, respectively).

particles only and does not hold for indistinguishable parti-
cles, and vice versa. In Sec. IV of this paper, we have shown
that HHES is unique to the set Qindis, and in Sec. V we have
established that UFQT is unique to the set Qdis. Thus, we
demonstrate a clear separation between these two sets.

VII. ENTANGLEMENT SWAPPING USING ONLY TWO
INDISTINGUISHABLE PARTICLES WITHOUT BSM

Here we present an ES protocol using two indistinguish-
able particles, say, A and B, without BSM by suitably mod-
ifying the circuit of Li et al. [60]. The basic idea is to use
any method that destroys the identity of the individual parti-
cles, like particle exchange [61,62] or measurement induced
entanglement [86]. Such methods added with suitable unitary
operations transfer the intraparticle hybrid entanglement in A
(or B) to interparticle hybrid entanglement between A and B.

Next, we present an optical realization using particle ex-
change method. Suppose Alice and Bob have two horizontally
polarized photons A and B, entering into the two modes R and
L of a HBS [60] and a BS, respectively. In second quantization
notation, the initial joint state is given by |�i〉 = b†

H,Rb†
H,L |0〉,

where |H〉 and |V 〉 denote horizontal and vertical polarization,
respectively, and bH,R and bH,L are the corresponding bosonic
creation operators satisfying the canonical commutation rela-
tions:

[bi,pi , b j,p j ] = 0, [bi,pi , b†
j,p j

] = δ(pi − p j )δi j . (21)

After passing through HBS1, Alice’s photon is converted
into intraparticle hybrid-entangled state 1√

2
(b†

H,R + ib†
V,D).

The particle exchange operation is performed between Alice
and Bob, such that the photons coming from D (U ) and L (R)
mode go into Alice’s (Bob’s) side. Next, Alice applies path-
dependent (or polarization-dependent) phase shifts ϕD and ϕL

on the photons coming from her and Bob’s parts, respectively,
which go into HBS2. Similarly, Bob applies path-dependent
phase shifts ϕU and ϕR on the photons coming from his and
Alice’s parts, respectively, which go into BS2 as shown in

FIG. 7. Entanglement swapping with only two indistinguishable
particles without Bell state measurements.

Fig. 7. The final state is given by

|� f 〉 = 1
4 [eiϕR (b†

H,R + ib†
H,U ) + ieiϕD (b†

V,D + ib†
H,L )]

⊗ [eiϕL (b†
H,L + ib†

V,D) + ieiϕU (b†
H,U + ib†

H,R)] |0〉 .

(22)

If Alice measures in the polarization DOF and Bob measures
in the path DOF, from Eq. (22) the probabilities that both of
them detect one particle are given by

B : R B : U
A : H 1

4 cos2ϕ 1
4 sin2ϕ

A : V 1
4 sin2ϕ 1

4 cos2ϕ

, (23)

where ϕ = (ϕD − ϕL − ϕR + ϕU )/2. With suitable values of
the phase shifts, one can get the Bell violation in the CHSH
[46] test up to Tsirelson’s bound [77]. It can be easily verified
that after particle exchange, the particle received at Alice’s
side (or Bob’s side) has no hybrid entanglement, because it is
transferred between them. Note that the difference between
the circuit of Li et al. [60, Fig. 2] and Fig. 7 is that both
the HBSs in Bob’s side in the former circuit are replaced by
BSs in the latter. Thus, the intraparticle hybrid entanglement
of one particle is transferred into the interparticle hybrid
entanglement of two particles.

VIII. CONCLUSION

In this paper, we settle several important open questions
that arise due to the recent work on hyper-hybrid entangle-
ment for two indistinguishable bosons by Li et al. [60].

In particular, we have shown that such entanglement can
also exist for two indistinguishable fermions. Further, we
have argued that, if in their circuit the particles are made
distinguishable, such type of entanglement vanishes. We have
also proved the following two no-go results—no HHES for
distinguishable particles and no UFQT for indistinguishable
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particles—as in either case the no-signaling principle is vio-
lated.

Finally, we have shown an application where indistinguish-
able particles provide more efficiency than distinguishable
ones in terms of resource, contrary to the existing results. This
application is an entanglement swapping protocol with only
two indistinguishable particles using linear optics where Bell
state measurement is not required.

Our results establish that there exists some quantum corre-
lation or application unique to indistinguishable particles only
and yet some unique to distinguishable particles only, giving
a separation between the two domains.

The present results can motivate researchers to find more
quantum correlations and applications that are either unique
to distinguishable or indistinguishable particles or applicable
to both. For the latter case, a comparative analysis of the
resource requirements and the efficiency or fidelity can also
be a potential future work.
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APPENDIX: DEFINITION OF ENTANGLEMENT

Here, we discuss the definition of entanglement of dis-
tinguishable and indistinguishable particles as proposed in
[43–45] and followed in our current paper.

Let us consider a many-body system which is represented
by the Hilbert space H. The algebra of all bounded operators,
which includes all the observables, is represented by Z (H).
In this algebraic framework, the standard notions of states
and the tensor product partitioning of H are changed into
the observables and local structures of Z (H). Now before

defining entanglement, we define algebraic bipartition and
local operators.

1. Algebraic bipartition

An algebraic bipartition of operator algebra Z (H) is any
pair (A, B) of commuting subalgebras of Z (H) such that A,
B ∈ Z (H). If any element of A commutes with any element
of B, then [A,B] = 0.

2. Local operators

For any algebraic bipartition (A,B), an operator is called a
local operator if it can be represented as the product AB, where
A ∈ A and B ∈ B.

3. Entangled states

For any algebraic bipartition (A,B), a state ρ on the
algebra Z (H) is called separable if the expectation of any
local operator AB can be decomposed into a linear convex
combination of products of local expectations, as follows:

Tr(ρAB) =
∑

k

λkTr
(
ρ

(1)
k A

)
Tr

(
ρ

(2)
k B

)
,

λk � 0,
∑

k

λk = 1,
(A1)

where ρ
(1)
k and ρ

(2)
k are given states on Z (H); otherwise the

state ρ is said to be entangled with respect to the algebraic
bipartition (A,B). Note that this algebraic bipartition can also
be spatial modes like distinct laboratories each controlled by
Alice and Bob. If any state cannot be written in the above
form, then it would certainly violate the CHSH inequality.
Therefore, we use the violation of the CHSH inequality as an
indicator of entanglement.
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