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Contextuality is regarded as a nonclassical feature, challenging our everyday intuition; quantum contextuality
is currently seen as a resource for many applications in quantum computation, being responsible for quantum
advantage over classical analogs. In our work, we adapt the N-cycle scenarios with odd N to multiple independent
observers which measure the system sequentially. We analyze the possibility of violating the inequalities as
a function of the number of observers and under different measurement protocols. We then reinterpret the
results as an open quantum system where the environment is divided into fragments. In this context, the results

show the emergence of noncontextuality in such a setting, bringing together the quantum behavior to our
classical experience. We then compare such emergence of noncontextuality with that of objectivity under the

“environment as a witness” paradigm.
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I. INTRODUCTION

Quantum contextuality, i.e., the failure of explaining the
probabilities obtained by quantum theory (QT) as a result of
unknown well defined answers for every question allowed
by a specified scenario, is a remarkable nonclassical treat.
Indeed, in classical theories (CTs), noncontextuality is a nat-
ural assumption [1,2] and these theories are very successful
in explaining our everyday experience. This incompatibility
was first shown as a logical impossibility between any theory
with such a feature and the predictions of QT [3]. The first
and stronger form of quantum contextuality is known as state-
independent contextuality, when a collection of measurements
satisfying some constraints generates correlations which can-
not be explained under noncontextuality assumption for any
quantum state [3-5]. A weaker but very interesting form
of contextuality happens when the contradiction appears for
some quantum states [6,7]. This is called state-dependent
(quantum) contextuality and it is the form of contextuality we
use in this Article. A very practical way of witnessing con-
textuality is using noncontextuality inequalities [7,8], which
are always obeyed by any noncontextual theory, but possibly
violated by contextual theories, such as QT. Suitable choices
of quantum states and measurements lead to violations of
these inequalities, as verified in the laboratory [9-13]. In the
laboratory, one experimentalist chooses randomly among the
possible contexts of the scenario, or among the terms involved
in the inequality, and makes the measurements, recording the
data for future processing.

One interesting open question concerns the robustness of
quantum contextuality to sequential independently chosen
measurements on the same system, made by different ob-
servers. Analogous questions were discussed for scenarios
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regarding steering [14] and nonlocality [15,16], but a similar
study on contextuality-like setups is still lacking. It is neces-
sary to understand the limits that quantum correlations obey
in a setting that does not necessarily respect nondisturbance
(or nonsignaling in a nonlocality setting) [15,16], since the
sequential measurements are not necessarily compatible. This
has both a foundational importance and a practical one. In
practical terms this nonclassical feature is a resource for quan-
tum to overcome classical computation [17,18], and analyzing
how robust it is for sequential measurements might be inter-
esting for some algorithms that use an analogous sequential
setup [18-21]. Foundationally, it touches the question of how
we, observers, create some classical picture of what is usually
called reality via a process within QT; this classical limit being
attained here by the absence of violation of noncontextuality
inequalities, which is consistent with a probabilistic view of
the world based on the lack of precise information of some
idealized underlying reality.

In this work, we discuss the robustness of contextuality for
independent observers using the odd N-cycle scenarios [22].
Those scenarios are interesting since they are the building
blocks for contextuality [23,24]. Moreover, they cannot be
mapped into any bipartite scenario, revealing an essential pic-
ture of contextuality. We introduce and study three different
measurement protocols which, despite being equivalent to
test contextuality in the usual single observer implementation,
behave quite differently in this multiplayer setting. Analyzing
for the best realization for the single observer case, we obtain
the best quantum results for each player in each protocol.
These results show that contextuality quickly disappears in
most cases. For one specific protocol, however, violations of
noncontextuality inequalities can be found by more than one
observer, which can be viewed as a way of protecting quantum
contextuality. In this sense, the generic result is consistent
with the emergence of a classical world from the quantum
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realm, while the peculiar exception is a guide towards the
quantum engineering and protection of contextual machines.

We move to interpret these results in the light of an inter-
action of the system and a fragmented environment, called by
Zurek et al. as the paradigm of “environment as a witness”
or the “redundancy program” [25,26]. In such an approach,
the environment is understood as a channel broadcasting in-
formation about the system. Following this paradigm, some
processes to explain how objectivity might emerge were pro-
posed: quantum Darwinism (QD) [26-28], state spectrum
broadcasting (SSB) [29], and finally, strong quantum Dar-
winism (SQD)—the latter providing sufficient and necessary
conditions for emergence of objectivity [30]. These processes
differ in important aspects [29,30], but they do agree on the
concept of objectivity: It is attained when independent ob-
servers obtain the same information about the system. One
very beautiful consequence of this concept is that, when at-
tained, the information about that specific observable of the
system is redundantly available in the environment, allow-
ing anyone to learn about it, without disturbing the system.
Another very appropriate name for this kind of “objectivity”
through agreement of independent agents is intersubjectivity
[31]. From this perspective, our results say that, for all practi-
cal purposes, odd N-cycle noncontextuality emerges from the
quantum realm, even in this well designed environment. This
indicates that noncontextuality is a classical feature that can
emerge in open quantum systems.

This paper is organized as follows: in Sec. II we review
some important features of the N-cycle scenarios and intro-
duce three possible protocols a single player can use to test
for contextuality in these scenarios. In Sec. III we develop
the multiplayers scenario and expose the results. In Sec. IV
we interpret these results as emergence of noncontextuality
under system-environment interactions, discussing its similar-
ities and differences with emergence of objectivity under the
“environment as a witness” paradigm. Conclusion and open
questions are discussed in Sec. V. The actual proofs of the
results are detailed in the Appendices.

II. SCENARIOS, INEQUALITIES, AND PROTOCOLS

Kochen-Specker contextuality scenarios are constituted by
a set of available observables (or measurements), the com-
patibility restrictions among them and the set of outcomes
[24,32]. The compatibility restrictions can be depicted in
a compatibility graph, where each vertex represents an ob-
servable and two vertices are connected if and only if they
represent compatible observables; sets where all vertices are
pairwise connected are called contexts. In the N-cycle sce-
narios, we have N observables and the compatibility graph
is a cycle of length N [22]. In other words, denoting A; the
observables, the maximal contexts are the elements in the
set {{Ag, A1}, ..., {An_1, Ao}}. The observables are dichotomic
with outcome events o; € {—1,1} and i € {0, 1,..., N — 1}
labeling each measurement. It is usual to consider the cor-
relations given by theories that respect the nondisturbance
principle, which states that marginalizing joint probabilities of
outcomes of compatible measurements always reproduce the
probabilities for the restricted context: Zof plo;, 0jli, j) =
p(o;i) for every measurement j compatible with i.

The nontrivial inequalities defining the classical polytope
for odd N, after relabelling outcomes if necessary, can be
written as

N-1 NC
> (Adiyr) = 2N, (1)

i=0

with sums in the indexes made modulo N [22]. Considering
our choice of outcomes, the average value is given by

(AiAip1) = po; = 0iq1li, i+ 1) — p(o; # oip1li, i+ 1).
2)

The superscript “NC” in Ineq. (1) reminds that the inequality
was derived assuming noncontextuality. This means that the
deterministic outcome assigned to a measurement does not
depend on which context it was measured, e.g., if one mea-
sures {Ag, A1} or {A], A}, a noncontextual theory must assign
the same o, irrespective of the context and so on. Inequality
Ineq. (1) just means that if we try to assign dichotomic values
to all observables noncontextually, at least two neighbors must
agree. Another way of saying this is through inequality

N—1

NC
Y ploi = olivi+1) > 1, (3a)
i=0

which, through the normalization condition p(o; = 0;41li, i +
1)+ p(o; # 0i41li, i + 1) = 1, is equivalent to

N—-1

NC
Y p(oi # oisilii+ 1) <N — 1. (3b)
i=0

Now, if we assume exclusiveness [23], that is, as-
sume that p(—1,—1]i,i+ 1) =0 for all contexts, then
the joint measurements become three-outcome measure-
ments: the event (—1, —1|i,i £ 1) never happens. Then,
> ,pP(—1,0li, j) reduces to p(—1, +1]i, j) and nondistur-
bance reads p(—1, +1|i, j) = p(—1]i) for all measurements
A j compatible with A;. So, in a theory obeying nondisturbance
+ exclusiveness in this dichotomic scenario, we can identify,
counterfactually, the events (—1, +1]i,i + 1) < (+1, —1]i —
1, i) <> (—1]i). This allows us to write the following:

poi # oiprli i+ 1) = p(=11) + p(=1li+1). (4

Let us now assume a generalized probabilistic the-
ory framework to describe how probabilities are obtained
[33,34]. In a scenario with nondisturbance, exclusiveness, and
dichotomic measurents, one can associate to the event “mea-
suring A; and obtaining output o; = —1 (resp. 0; = 1)” the
effect a; (—a;) and to the joint measurement of {A;, A;11} the
set of three exclusive effects {a; A —a;11, —a; A a1, —a; A
—a;+1}. The probabilities of the respective events are given by
the expected values of such effects.! In terms of effects, we

'The identification of events that led to Eq. (4) is translated to
a; A —aiy <> a; A —a;_1 <> a;. This last identification between ef-
fects is also related to the stronger principle of “Gleason property”
[23,35]. See the Appendix A for a quick exposition about the rela-
tion and differences between this property, nondisturbance and their
equivalent consequences in this scenario.
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FIG. 1. Hypergraph representing a five-cycle realization in a
theory obeying p(—1, —1]i,i + 1) = 0. Hyperedges represent each
context {A;, A;+1}. The a; vertices denote the outcomes “yes” to the
related effects, important for expression « (hence the continuous
line) and the b; vertices are “yes” answers to the related effects,
where the dashed line reinforce its exclusiveness only to {a;, a;1}.
Nondisturbance in this dichotomic scenario, or the validity of the
“Gleason property” for the effects, allows us to consider a; “the
same” vertex for both hyperedges it belongs to (see Appendix A).
Noncontextuality to deterministic assignments then implies Inequal-
ities (6).

can rewrite Eq. (4):
p(o; # 0ip1li, i+ 1)
= p(—=1]i) + p(=1li + 1) = (@;) + {aiz1). &)

The probabilities of disagreement can then be written only
in terms of {(a;)}. The agreement probabilities, because of
exclusiveness, depends only on the expected values of {—a; A
—a;41}. For a lighter notation, and for historical reasons [36],
we will denote b; instead of —a; A —a;y; (see also Fig. 1).
Then, Ineqs. (3) turn (with a small twist in ordering) into

N—1 NC N — 1
o= (a)) € ——, (6a)
° 2
i=0
N-l NC
B=) (b)) = 1 (6b)
i=0

These are the Inequalities that will be used from now on
(inequality Eq. (6a) for N = 5 is the KCBS inequality [7]).
It is important noticing that violation of one Inequalities (6)
leads to violation of the other, and so they are equivalent with
respect to witnessing contextuality. Another important com-
ment is that, surprisingly, inequality Eq. (6a) shows explicitly
that we can look to the results of a measurement of each A;
alone, instead of a whole context {A;, A;+1}, under the validity
of the exposed assumptions. Of course, experimentally, it is
important to show that such conditions are met [23]. Figure 1
exhibit the pentagon scenario under the exclusiviness assump-
tion, which gives rise to the trichotomic measurements with
effects (a;, b;, ajy1).

The trichotomic measurements (a;, b;, a;+) together with
inequality Ineqgs. (6) suggest three different protocols for
testing for contextuality in the N-cycle obeying exclu-

siveness hypothesis. For each value of i, the first proto-
col specify the complete measurement of this hyperedge,
while two other protocols come from two natural coarse-
grainings/dichotomizations, i.e.:

(1) M; = {a;, b;, ai+1}; suitable for both inequalities;

(2) M¢ = {a;, —a;} suggested by Eq. (6a);

(3) M? = {b;, —b;}, suggested by Eq. (6b).

Protocol 1 is motivated by the usual contextuality scenario,
where joint or sequential measurements of the context allows
to recover separately the results for both observables in that
context. However, as Inequalities (6) show, this can carry
excess of information: under the assumption p(—1 — 1|i, i +
1) = 0, one (surprisingly) might know only the occurrences of
a; or b;, which are less invasive measurements (used in several
experimental tests of similar inequalities [9-11]). In a typical
setup with a single observer this makes no difference (since
after measuring one context the system is prepared again for
another round). This is not the case for sequential observers,
as we shall explain soon. Protocol 2 is designed to evaluate
the quantity « and test contextuality through Eq. (6a), while
protocol 3 focus on B and inequality Eq. (6b).

Since our motivation is to consider the robustness of quan-
tum contextuality, it is important to look closely to quantum
realizations of the odd N scenarios. The maximum quantum
violations for all odd N > 5 can be realized in a Hilbert
space of dimension d = 3, with measurements defined by
A; =7 — 2la;){a;|, where 7 is the identity and, with an ap-
propriate basis choice, the vectors |a;) are

t
(5]
05 ,
N

|a;) = ;C[COS(M) sin(w)
N N

with ¢ meaning transposition, and K = 1/4/[1 + cos(it /N)]
for normalization [22]. The vectors |b;) are orthogonal to
{la;), lai+1)}. The important point here is the symmetry
obeyed by the vectors {|a;)}: they form a regular polygon in a
plane orthogonal to the axis (0, 0, 1)'. The state that reaches
the maximum violations is |Yphanaie) = (0, 0, 1)/, symmetric
with respect to the {|a;)}. The form above for the vectors
implies (a;|a;+1) = 0, obeying the compatibility and exclu-
siveness constraints required by the scenario.

III. MULTIPLAYERS SEQUENTIAL APPROACH

Usual tests of contextuality involve only one “player.” Even
if many experimentalists access the same system, they do it
as a coordinate team. The multiplayer sequential approach
(MPSA) that we study here goes in the opposite way: the
same quantum system will be tested by different players. The
players agree on which protocol to use, but they independently
choose the measurement to implement without any knowledge
related to other players’ measurements or results.

By comparison, if an experiment is draw to test inequality
Eq. (6a) in a given N-cycle scenario, usually one considers
identical preparations of a system; at each run, the experi-
mentalist chooses i, applies the measurement M¢, collects the
result and discards the system. In the MPSA, given a prepared
system, the first player chooses i, applies the measurement
Mg, collects the result and leaves the system for the next
player, who independently chooses i, and so on.
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FIG. 2. Scheme for the multiplayers game. (a) First player makes
a measurement #; on state p, obtaining his outcome o, |i;. All other
players ignores i; and o;,. (b) Second player makes a measurement
on state o which depends on p, i; and o;, |i;, and so on.

The question we focus is whether the kth player will be
able to witness contextuality under this rules. We will see that
the answer depends strongly on the choice of the protocol to
be used and of the inequality to be tested.

More precisely, the game to analyze the resistance of
quantum contextuality under sequential independent players
is formulated as follows (see Fig. 2). Fix a N-cycle scenario,
an inequality of Inegs. (6) (which all players will evaluate),
and a related protocol. Then, (i) an initial state of dimension
d = 3 is prepared; (ii) an order of access of each player to
S is followed; (iii) each player chooses one of the possible
quantum projective measurements and executes it on S. Steps
(1) to (iii) (called henceforth a run) are repeated for players

to collect their individual data to estimate the expression a’é

or ﬁg, where superscript k labels each player and Q reminds
that we are looking at quantum realizations. Player k wins the
game if capable of violating the chosen inequality. Players
cannot communicate, being ignorant with respect to others’
measurements and outcomes.” The game is represented in
Fig. 2; in the following, we analyze the behavior of the ob-
servables involved in the inequalities in each of the protocols.

For protocol 1, it is useful to define the probability vector
:k: each entry tells the probability of obtaining each outcome
for the measurement M, , with i; € {0, ..., N — 1} labeling
the choice of the kth observer. For instance, suppose ip =3,
then P, —3 = (p(as|3), p(b313), p(as|3))". With (P, );, at hand,
each observer can calculate either ag or By by choosing the
relevant entries, i.e., using the relation

aé :Z(v“’ﬁik>2<vavzﬁik>, (7a)

iy

Bo = (e Bi) = <Uﬂs Zﬁik>, (7b)

ik

where (-, -) is the usual Euclidean scalar product, vg =
(0, 1,0) and v, = (1/2,0, 1/2), see Appendix B. Since pro-
tocol 1 is composed of complete measurements, each of its
elements prepares completely the state after a measurement.
Hence, the dynamics under this protocol takes the form of
a Markovian process on the post-measured states (details in

2This is the sense of saying we relax the nondisturbance condition:
the measurements and inequality evaluation of each player dobey
non-disturbance, but what was done with the state by previous play-
ers will generally not be compatible to what will be done in the
future.

Appendix B). Considering that each player chooses uniformly
which measurement to perform and that the same order of
players is used in every run, it is possible to show that

DB =) MyP, =My Y B, (®)
iy il

ik—1

where My is a bistochastic matrix. Given the quantum re-
alization described above, My depends only on the N-cycle
scenario being tested (thus is fixed). It could happen that the
initial state allowing for the best violation for the kth observer
would depend on k. However Eq. (8), together with the form
of My, shows that the initial quantum state which reaches
the maximum violation for the first player maximizes (or
minimizes) the value of «j, (8 for the kth observer (see Ap-
pendix B for details). Equations (8) also permits to obtain all
the values (aé )i or (,BZ )« and also to calculate the asymptotic
limit. Because My represents a regular (and so, irreducible)
Markov process for every odd N, its steady eigenvector P*
is unique [37]. Since My is bistochastic this is given by the
uniform distribution 13;* = 1/3, which implies

. k : v _ N

klggo %= klggc Po= 3" ©)
Analyzing a’é and ﬂé for each k via Eq. (7), we see that
there is no violation already for the second observer, for all
N (see Table I and Fig. 3). This is a rather extreme behavior,
leading to impossibility of attesting noncontextuality after
measurement on S by just one player. This can be considered
as a consequence of the high level of disturbance of these
measurements, since they completely destroy coherences in
the measured basis. It is natural to ask if this radical emer-
gence of no-violation also happens for the other protocols,
which preserve coherence in a two-dimensional subspace of
the Hilbert space.

For protocols 2 and 3, the post-measurement state can
not be completely determined by a previous measurement.
Remarkably, using the symmetries of the odd N-cycle quan-
tum realizations (defined by the Cy, point group [38]), it is

possible to obtain a relation between a’é and aé‘l , as well for

B2 (see Appendix C). Explicitly,

ap = Cyay ' +cy, (10a)

Bo = ByBy ' + b, (10b)

with By, by, Cy, cy fixed for each N. With Egs. (10), it is pos-
sible to see again that the initial state allowing for maximum
violations for k = 1 reaches the highest violations for any k,
i.e., |¥handle)- With the form of Egs. (10) it is possible to calcu-
late the quantities for each player and to obtain the asymptotic
limit analytically, using the symmetries and dependencies of
By (Cy) and by (cy) with N (see Appendix C). This gives
N

Jfim oo = fim o =3 (1
which again means no violation of any of the inequalities and
show that dynamics imposed by the game leads to a limit
considerably above (below) the noncontextual bound (equal to
the asymptotic limit for protocol 1). Results presented above
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TABLE 1. Number of players that can witness contextuality (K.x) for the different protocols in both versions regarding step (ii): (left)
order is fixed; (right) the order is sorted randomly for the total number of players.

Kmux
Knax-Predef. Order K nax-Unif. Distr.
N M(a, B) M (o) M"(B) M(a, B) M*(@) M"(B)
5 1 1 2 1 2 4
7 1 1 3 1 1 6
9 1 1 4 1 1 8
11 1 1 5 1 1 9
13 1 1 5 1 1 11
15 1 1 6 1 1 12
17 1 1 7 1 1 14
19 1 1 8 1 1 16

are depicted in Fig. 3 for the case N = 9. Other cases are
presented at Table 1.

The striking difference between protocols 2 and 3 shows
that coherence is not the only ingredient necessary to extend
survival of contextuality. This difference must be a conse-
quence of orthogonality in the {|a;)} set: If a player obtains
outcome a;, then it is automatically forbidden for the next one
to obtain a; or a;_1, while the |b) vectors are less restrictive,
since obtaining an outcome b; implies (with high probability)
less disturbance on the incoming state.

We can understand this disappearance of the violations as
a consequence of the degradation of the state of the system
in each step. Since the inequalities in consideration are state-
dependent, this modification of the state makes it less capable
of violating the inequalities, until it goes under (above) the
classical bound. The average limit of N/3 for K — oo is due
to the fact that the average state in this limit is in fact the
maximally mixed (Appendix CI).

It is noteworthy that independence of players is crucial
since collective strategies can guarantee that all players win.
For instance, if all players combine which measurements to
make or post-select the data to keep only those not perturbed
by precedent players, then (maximal) violation is always
reachable.

(@ 3.

. ¥

non-contextual

L L L L L J

09
10 20 30
K

o non-contextual

IV. SYSTEM-ENVIRONMENT PICTURE AND EMERGENT
CLASSICALITY

A. Open quantum system interpretation

One valid analysis of those results is obtained by using an
open quantum system perspective. Since the system interacts
with the players, they can also be interpreted as an environ-
ment, causing the system to decohere, to approach a classical
description and to lose contextuality. However, it is much
more informative to interpret such interaction under the so
called “redundancy program” or “environment as a witness”
paradigm [25,26]. Usually in this paradigm, the environment
consists of several fragments; independent observers can then
learn something about the central system, S, by measuring
disjoint sets of such fragments.

Taking this paradigm into our game, each player plays the
role of a fragment of the environment monitoring S. A related
situation would be to consider a collisional approach to open
quantum systems [39], but with strong interaction rather than
weak. Within this picture, the system first interacts with a frag-
ment &;. This interaction is capable of establishing the right
correlations, transferring information about the monitored
observable— A;,, say—to the environmental subsystem. After
that, the decohered system goes on to the next interaction

FIG. 3. (a) Minimum value of ﬁg for the kth player, for protocols 1 (black) and 3 (red). (b) Maximum value of zxg for the kth player for
measurement protocols 1 (black) and 2 (red). Initial state is |Whanaie) and N = 9. Blue line sets the quantum highest violation and Green line

sets the noncontextual bounds.
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FIG. 4. We can interpret each measurement on the sequential
setup as a strong interaction in a collisional approach. In each in-
teraction (e.g., with &), an observable is monitored on S and such
information is transfered to the environmental fragment through the
correlations established by the interaction; i.e., it can be recovered by
measuring g, . The decohered S then interacts with the next system,
e.g., & and so on.

which, by its turn, establishes new correlations to the next
environmental subsystem, &,. See Fig. 4.

A slight modification in the game makes this interpretation
even stronger. In this new version, in each run the K players
access the system in a random order, unknown to them. In
this new version, each player would posses an average of the
values of o (B¥), given by the uniform distribution of the
possible results, @x = (1/K)Y_ o (similarly for 8), which is
now the same quantity for every player “in the environment.”
In this case, the answer to the question “Does the statistics of
outcomes of measurements accept a noncontextual model?”
would have a unique, collective answer. To understand which
answer this would be, we show at Table I, for some values
of N and for each protocol, the maximum number of players
Kax—i.e., the “size of the environment”—that still would
violate the relevant inequality. We can see that K.« is always
higher for protocol 3 and for the randomized access version
when compared with the other possibilities, as a consequence
of the less disturbance of the measurements in this protocol.
Even in this case, it is a quite small environment that can wit-
ness contextuality, for these values of N. So, our results show
that contextuality is hidden for a usual-sized environment, if
N is not enormously large. Even in this case, the asymptotic
limit shows that there is always a big enough environment for
which no-violation occur.

One could say that our conclusion is false for enormously
high values of N and a fixed usual-sized environment. Since
Kinax, grows with N for protocol 3, in principle, a very well
designed environment could witness N-cycle contextuality

for these values of N. However, the measurements involved
in such high values of N for N-cycle inequalities would re-
quire a huge precision to be performed and distinguished.
We can then conclude that witnessing violation of N-cycle
noncontextuality inequalities by having access to fragments
of an (already very carefully designed) environment is very
difficult, if not impossible for all practical purposes.

B. Comparison with emergence of objectivity

The “redundancy” paradigm is the stage where emergence
of objectivity might be obtained. So, obtaining emergence of
noncontextuality® under this same setup calls for an analysis
of the relation between our results and such different emer-
gence of classicality. Under such a paradigm, three processes
were suggested to be responsible for objectivity: QD,SSB and
SQD. Historically, the process of quantum Darwinism (QD)
was the first one to be proposed [27,28]. Further development
has replaced QD by state spectrum broadcast (SSB) structure
[29] or, more recently, by strong quantum Darwinism (SQD)
[30]. Let us concisely state the main features of these pro-
cesses to then see how our results compare to the emerging
classicality on them.

In system-environment processes where QD successfully
takes place, the interaction both decoheres the system S
in a preferred basis—the pointer basis—and broadcasts the
information about the projection on that basis to several in-
dependent fragments of the environment.* This allows for
independent observers to agree about this information even
if they have access only to disjoint fragments of the environ-
ment, without disturbing directly the state of the system. Since
this information is redundantly stored in the subenvironments,
having access to bigger fragments makes (almost) no differ-
ence, as long as there is some missing part. This gives rise to
the so-called classical plateau in the mutual information plot
[25]: (almost) irrespective of the number of environmental
fragments, #f£, the mutual information /(S : &) is approx-
imately the entropy of S. This whole process should be seen,
according to Zurek et al.’s proposal [26-28], as recovering
objectivity inside QT: independent observers would agree on
classical information obtained about a system, without further
disturbing it. The classical plateau being considered the sig-
nature that objectivity has indeed emerged.

However, the classical plateau in the mutual information
plot was shown insufficient to attest objectivity in the pro-
posed sense. Indeed, references [29,42,43] have shown that
this condition can be obtained by rather nonobjective states.
In these states, considerable part of the mutual information is
composed of quantum correlations, instead of classical. This
gave rise to another proposition: objectivity was attained when
the combined state of system and environmental fragments
assume the SSB structure [29]. In states with such structure,
the spectrum of a pointer observable must be encoded into the
fragments and no-correlations among environmental subsys-

3 Actually, obtaining emergence of the impossibility of attesting
contextuality would be more precise, but also more cumbersome.

“This might not always be the case in nature; for those cases a
broader notion of POVM pointer states can apply [40,41].
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tems are allowed besides those established through the pointer
states of S. This structure was indeed shown sufficient for
objectivity [29]. Recently, it was shown that one can arise at
necessary and sufficient conditions for objectivity by requiring
weaker conditions than SSB, through strong quantum Darwin-
ism [30]. This process allows for extra correlations between
environmental fragments, as long as they are not quantum
correlations, i.e., as long as there is zero-discord.

All of those processes vary in their success to signal
inter-subjectivity, but they are all based in the same emer-
gence notion of objectivity: information about a pointer basis,
selected by the interaction, is spread to independent environ-
mental fragments. In all of those processes, when successful,
redundancy—seen as agreement on the information gathered
by independent observers—brings classicality.

In the case of our game, there are already two main dif-
ferences to these processes: here we consider several runs for
players to collect their data and the fragments of the environ-
ment try to monitor incompatible observables. Interestingly,
our results show that these independent players still see clas-
sicality to emerge in this program: they would, generically,
be unable to attest contextuality that was initially available.
This emergence of a different classicality—noncontextuality
instead of objectivity of pointer observables—can occur even
when those processes are not successful; in other words, an
important quantum feature, quantum contextuality, can be
lost even if objectivity does not prevail. This happens be-
cause these processes also require the selection of a pointer
basis and, in each run of our game, this fails to occur
since the observables monitored by each environment frag-
ment are usually not jointly compatible. For instance, if
one player monitors the projections {|ag)(aol, Z — |ao){aol},
this sets a selection of classical information about S that
might differ from the previous or the next player, if they
do not choose projections commuting with |ag)(ag|. This
implies that after the ith interaction, correlations between
S and the (i — 1)th fragments are weakened and there is
no well-defined collective classical information about S be-
ing broadcast to the fragments, in each run. This means
that there is no objectivity in this case—the observables
being monitored are not the same to begin with, so there
is no reason to hope the probabilities of each “answer” to
be the same. However, there is still emergence of noncon-
textuality: we can ask to the independent observers, after
several runs, if the probabilities they infer about S allow
them to violate the inequality or not. As discussed above,
the typical answer is “no,” and since this will happen for
all N-cycle inequalities, it means that the players can agree
on a noncontextual model leading to the frequencies that
they recorded. So, noncontextuality appears in such a “redun-
dancy program” even in a situation where objectivity does not
emerge.

As mentioned already, if we took a different approach,
allowing the players to combine strategies instead of acting
independently, (maximum) violation could be obtained—e.g.,
if every player made the same measurement in each run (every
fragment would monitor the same observable). This means
that this emergence of noncontextuality could be frustrated if
some of the players were allowed to cooperate. In this system-
environment interpretation, we can say that if we establish

the right correlations between the environment fragments, this
kind of classicality might fail to appear. This is similar to
what happens with objectivity, which might be hindered if the
right correlations are engineered between the environmental
systems [44], a rather unlikely situation. Interestingly, this
collective approach to the game could be exactly the case
where objectivity of pointer observables would emerge in each
run, with correct information about a unique measurement
spread out through the whole environment. In other words,
objectivity and noncontextuality are shown independent in
this game, with the former being related to consistency of
outcomes in each run while the latter to the possibility of
classically explain the probabilities inferred after many runs.

V. CONCLUSIONS

In this work, we address the behavior of quantum contex-
tuality under strong measurements from sequential observers,
in the odd N-cycle scenario. We focus on independent players
for two reasons: they mimic better the situation where un-
known effects act on the system and cooperative players can
act as one team, bringing back the one-player usual behavior.
We make a separate analysis for each of three protocols that
are equivalent in the usual single observer setup, showing
they behave differently in this new setting. Results point to
protocol 3 as the one that allows contextuality to survive for
more players, thus being better for protecting contextuality.

Since contextuality is a striking nonclassical feature, it is
important to understand classical limits in which noncontex-
tuality emerges. It is fair to say that any classical limit which
allows for contextuality is not a fully classical limit. By inter-
preting the game results in an environment-system language
we obtained N-cycle noncontextuality as an emergent prop-
erty in open quantum system approaches and compared it to
emergence of objectivity under the “environment as witness”
paradigm. In other words, the impossibility of attesting con-
textuality emerges for most players when many independent
observers, with no collective strategies, play the game. The
redundant conclusion among players is that it is not possible
to witness quantum contextuality.

This work also opens questions and directions for future
research. First, it is valuable to study variations of this game
that can be even more related to usual classical limits. For
example, considering interaction between players and S in
place of measurements, leading to an approach that is an
interplay between collisional models and QD [39,44-47].
This scenario is also a good stage to consider weak measure-
ments as done for nonlocality [15]. It is essential to study
the response of other forms of contextuality, specially state-
independent contextuality since our approach is manifestly
state-dependent—a state-recycling approach already shows
state-independent contextuality might be more robust to the
dynamics described here [48]. If the kind of behavior obtained
in the present work is not present in such type of contextuality,
then this is interesting for quantum foundations and compu-
tation; if noncontextuality still emerges in this setting, then
it would be interesting to understand why, since the “state-
degradation” interpretation is not possible anymore.
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APPENDIX A: NONDISTURBANCE AND “GLEASON
PROPERTY”

In this Appendix we intend to make a short exposition
about some fundamental principles mentioned in the main
text: nondisturbance (ND) and “Gleason property” (GP).

The ND principle can be stated as follows: a theory
obey the ND principle if the marginalization of the joint
distribution does not depend on the marginalized measure-
ment. Mathematically, a simplified version considering joint
measurements of only two compatible measurements, can be
written

ploili) =Y ploi, ojli, j) =Y _ ploi, opli, j",

0j Uj’

(AD)

for all Aj, Ay compatible with A;. The more general form
assume similar restrictions are valid for any number of com-
patible measurements and any marginalization in a given
context [32]. This is a way of saying that, if measurements
are compatible, there should be a way of performing them
such that they do not disturb the results of each other. This
can be seen as a nonsignaling-like principle where compati-
bility does not necessarily arise from spatial separation. If we
assume ND and exclusiveness, i.e., p(—1, —1]i, j) = 0, then
in a dichotomic scenario such as the N-cycles, one has

|
p(=1))=p(=1, +1li,i+ 1)+ p(=L=Hi7F 1) = p(+1, =1|i = 1, i) + p(=L =Hi=T,i) Vi

= p(—1]i) = p(=1, +1]i,i + 1) = p(+1, —1]i — 1, i) Vi.

What Equation (A2) says is that the events (—1]i), (—1 +
1li,i+ 1), and (+1, —1|i — 1,1) are operationally equiva-
lent: Any probability assigned to one of these events must
be assigned to the others for the probabilistic model to re-
spect ND and exclusiveness. This allows us to identify the
events (—11i), (=1, +1]i,i+ 1), and (+1, —1, |i — 1, i), and
this identification allows us to take Inegs. (3b) and (3a) to the
forms

. N-2
> Pl < =, (A3a)

Y P+l i+ 1) > 1, (A3b)

under the assumption of noncontextuality as described in the
main text. We can visualize such an identification procedure
of the operationally equivalent events as identifying vertices
in a hypergraph where each vertex is an event and hiperedges
circles those vertices which are outcomes of a measurement.

Note that, on the above discussion, no hypothesis were
made on how this probabilities arise: how states are repre-
sented or how measurements act on them, etc.

However, one can also consider some assumptions on the
mechanism that lead to such distributions. Since we analyze
and compare different measurement protocols, it is also im-
portant in this work to consider such additional structure for
general theories, the proper language for contextuality scenar-
ios, to only then specialize it to QT. A broad and interesting
framework is the one given by generalized probabilistic theo-
ries (GPTs) [33,34]. In this framework, one usually considers
that propositions about physical systems can be represented
by linear functionals called effects, acting on the set of
states. Most importantly, effects are in a one-to-one relation
to an equivalence class of propositions/events, that is, if two

(A2)

(

outcomes are attributed the same probability when acting
on an initial state (for all initial states), these outcomes are
represented by the same effect [34]. The effects can then
be combined to form complete measurements {e;}, summing
up to a special functional u that gives probability one to all
normalized states, ) ¢; = u.

All this structure which considers (equivalence classes of)
propositions to obtain probabilities, irrespective of the rest of
the measurement, implies that the effects cannot depend on the
others with which they are combined to give a measurement.
This is what is called “Gleason property” [23]. This applies to
our case directly: since we can identify (—1]7), (—1, +1|i, i +
1), and (41, —1]i — 1, i) these outcomes are represented by
the same effect, namely a; by any probabilistic model obey-
ing GP—in particular, the usual approach on GPTs. This
means that a joint measurement A;A;;; for measurements
A; = {a;, —a;} must be made of q; itself, a;; and a third effect,
which we denote by b;. In other words, a joint measurement
ApA; that would initially be made of effects {ay A ai, ap A
—ay, —ap A a, —~ag A —a,} is adapted, given the operational
equivalence brought by exclusiveness and ND, by identifying
ap <> ag A —ap,a; < —a—0Aapandag A a; < 0. Finally,
we just rename by = —ag A —a;. This identification can be
in every context to get to Inegs. (6) and to adapt straight-
forwardly the hypergraph in Fig. 5 where vertices are effects
and hyperedges show those that form a measurement. When
considering all the contexts, one gets a hypergraph like the
one in Fig. 1 for N = 5.

APPENDIX B: PROTOCOL NUMBER 1

In protocol number 1, the measurements are given
by the set of complete projective measurements {|a;)(a;|,
|bi) (bil, |air1){air1]}i, where i € {0, ..., N — 1} denotes the N
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FIG. 5. (a) Two hyperedges defining joint measurements with its initially four outcomes. (b) ND says that the probabilities assinged to the
upper (lower) events on either hyperedge must sum up to the same value. This can be used together with normalization condition for each
hyperedge to obtain that probabilities assinged to the events in the green hyperedges must sum up to one. (c) Exclusiveness essentialy allows
to take (—1 — 1], j) out of consideration, implying the operation equivalence of these two vertices and the outcome of the measurement of A
alone. (d) The operational equivalence allows to identify these events as one vertex and we end up with this new hypergraph for these contexts.

possible choices and the sets of outcomes are {a;, b;, a;+; };.
We can define the vector P, for the kth observer (i, labeling
the choice of measurement for this player) as
p (a,-k \ I )
Py =\ p(bilic) |, (B1)
p (aik+1 | i )

where the entries define probabilities for the different out-
comes of the measurement. Using the definitions for o* and
B*, given by Eq. (3), we can write the sums involved in terms
of this vector, obtaining the following:

=) (010)F =010 P,

ot =) (100)F, = Z%U 0 P,

ik ik

1 .
=500 DY P,
ix

(B2a)

(B2b)

Some comments on Eq. (B2b) are important: the original
expression for «, Eq. (3a) of the main work, suggests the inner
product of each 13,-k with (1, 0, 0)” which picks out the value
plai i) = (lai.){a|). However, the last expression is also
correct under the nondisturbance + exclusiveness conditions
[32], which is valid for quantum theory and can be stated in

5Tt is important to stress that this notation is related to the GP
assumption. It is used in denoting equivalence between the events
@, 11lix = aj,11ix41, and is consistent with the use of the same pro-
jector in both measurements within quantum theory.

this case as follows:

p(a[kH |ik) = p(al‘kJrl |ik =+ l), Vi, iga1- (B3)
This means, in vector form,
(00 )P, = (100)P, 1, (B4)

which in turn implies that any convex combination of these
entries gives the same; in particular, the right-hand side of
Eq. (B2b). We chose this particular convex combination be-
cause of its simplicity and symmetry. These forms for o* and
B* can be summarized by the following expression:

=" (v.P,) (B5)
ik

where [ represent either ¢ or B and v; is respectively
(1/2)(1 0 1) or (1 00). We can understand Eq. (B5) as
follows: for every observer k, the collection (P, ); that max-
imizes o is the one that maximizes the extreme entries of
3" P, (and with the similar understanding for minimizing g).
Given Egs. (B2) for B* and of in terms of the vectors 13;A,
we can state the problem as a Markovian process, as follows.
Denoting as p* the state that is available to the kth player after
the measurements of the precedent ones and denoting either

{ai., b, ai,+1} as 0, we can write

p(oikiik) = <0,-k|pk|oik) = Tr[|0,-k)<0,-k|pk|o,-k)(0,-k|]

1
= ]V Z Tr[|0ik><0ik|oik7|)<0ik71|pk71|0ik,|>
ik—1,0i—1
X <0ik—1 |0ik><0ik|]
1
N Z |(0iki0ik—1>|2p(0ik,| lik—1). (B6)
ik—1,0i—1
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We used the fact that the players choose the measurement
independently and from an uniform distribution under the N

J

N—l |(a[k_] |a,-k)|2 |(bik—1|aik>|2
o 1 2 2
Po=5 2 | MNawalbul™  [(bac [ba)]

=0 ) o)

which defines the matrix M;_;,_,: each column is labeled by a
fixed vector representing an outcome o;,_, |ix—; of the k — 1th
observer, while the rows are labeled by vectors representing
the outcomes o;, |ix of the kth observer. It is important to
note that, once N is fixed, this matrix depends only on the
difference iy — i;_; (modulo N) and is bistochastic—rows
and columns sum to one as they are the norm of normalized
states—denoting the Markovianity of this process. Indeed, if
the choice i;_; and values of EH are known, then the whole
vector ﬁ,-k can be obtained.

Now we are going to investigate the consequences of such
Markovianity, leading to the results for this protocol. Using
Eq. (B7) in Eq. (B5) we can obtain the expression for I* in
terms of the matrices {M;,;,_,}:

_ 1 5
IF = Z(vl , Plk) = Z <UI, ﬁ ZMiksikl})ikl>

ik ik ik—1

- <v,, > (11\/ ZM)ﬁ>

ik—1

(B8)

The term in parenthesis suggests the definition of the matrix

1
My = > M, (B9)
ik

which does not depend on i;_;, since each M, ; , depend
only on the distance iy — ix—; and, by summing M;_; , over
ix, all differences i; — iy_; are considered. We can see from
Eq. (BY9) that My is also bistochastic. The symmetry of
the N-cycles and the bistochastic feature reflect into My
not only by making it independent of i;,_; but also imply
that (M) = (M)13 = M)3; = (M)33 =ty and (M), =
(M)21 = (MD)23 = (M)32 =1 — 2ty [see Eq. (B7)]. So, we
can define My only in terms of 7y as

N 1 — 2ty In
My = [1-20y dty—1 1—21 (B10)
In 1 — 2ty In

With My in this form we can get bounds on fy, since all
elements being positive implies 1 < 4y < 2 for all odd N.

As we know the important features of the matrix My we
can turn back to its effects on the inequalities for the kth
player. From Eq. (B8) and the symmetries of My, we can
write

IF = <v1, ZMNE-“> = <v1, MNZF’[“>. (B11)

i1 i1

possible choices for defining p*~!. We can rewrite the relation
above in matrix form as

|(aik—l+1 |aik>|2

2 >
|<aikfl+1|bik>| f)ik—l N .

[Mii )P .. (B7)

|<Clik,,+1 |aik+1>|2

(

Equation (B11) highlights the Markovianity of the game under
protocol number 1. We can see that the relevant vector for
the kth player to calculate I; —i.e., Zl_’}k—can be obtained
only from M and the relevant vector of the previous player,
3" P, ,. Using the same reasoning as in Eq. (B8) for P, | in
terms of 13, and so on, we arrive at

k—2

If = <v1, My Zﬁik.> = <v1, (M) Zé,>. (B12)
Ig—1 0
Since the matrix Mly is fixed for each N, Eq. (B12) already
gives all that is necessary to calculate * and g* for any k and
initial state in terms of (P, );, .

With Egs. (B10)-(B12) it is possible to prove that the initial
state that gives maximal violation for the first player also
allows for the best attempt for the kth player to win. The
proof goes as follows. Writing >, P, , = (cd e) for the
(k — 1)th player, «*~! is maximized (8*~! is minimized) by
the vector with maximum (¢ + e), as pointed out above.® Now,
if this vector is multiplied by M, then from Eq. (B10) we
have

In 1 — 2ty

Y B, =My) P =(c+e)|l—2iy|+d|4y—1

ik ik—1 In 1 — 2ty
(B13)

k

Now, a* can be written as

of = (c+ ey +d(1 - 2ty)
= (c+e)Bty — D)+ N(1 = 2ty),

where we used that c+d +e=N. We know from the
positivity of every element of My that #y < 1/2, ensuring
positivity of the last term, (1 — 2#y). Now, we see that the
maximum value of o will be given by the maximum value
of (c+e) only if #y > 1/3. For those cases, we see that
the vector Y P, , that maximizes o*~! [the one with max-

imum (c + )] leads to the vector Y_ P, that maximizes a*,

i.e., leads to the vector ), P, with maximized extreme en-
tries. Then, continuing the argument for the previous players,
the vector Y P, that leads to the best value of I* is the
one that leads to the best value for I'. Since we know that

the quantum state |Whanqe) leads to maximum violation for

(B14)

®For Quantum Theory (and for any theory respecting the nondistur-
bance principle) ¢ = e, since p(a,li;) = p(a;|i;—;) Vj imply that the
sums of the extreme entries are equivalent. However, we do not need
to consider it here.
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the first player, we know by the previous argument that this
initial state also leads to the best hope for the kth player to
win, for all k. It is left to prove now that fy > 1/3 is not
a restriction in the scenarios we are considering. In fact, it
follows from (i) ty = (1/N)>_ [{ao | a;)|* increases with N
and (ii) ty—3 = 1/3, implying thatty > 1/3V N > 5.7
The calculation given by Eq. (B12) can be used for every
k and leads naturally to the evaluation of the limit k — oo.
The asymptotic limit can be calculated exactly by noting that
the matrix My is regular (which implies irreducibility). A
stochastic matrix M is said to be regular if there is a natural r
such that all entries of the rth power of M are positive:
(M");j > 0,Vi, j. (B15)
For the matrices My it is possible to see that r = 1.
This is so because there are null entries in M;, ; , if, and
only if, |iy — ix—;| < 1. In all other cases, the definition of
the vectors |o;) imply strictly positive entries for M;, ;, ,.
As My is the sum of all elements of {M; ; ,}, My has all
entries strictly higher than zero. Now, the Perron-Frobenius
theorem guarantees the existence of a unique stationary dis-
tribution eigenvector (i.e., eigenvector with eigenvalue 1) for
any regular stochastic matrix, for which the system will tend
by successive applications of this matrix [37]. This in turn
implies that My has such an unique stationary distribution;
more than that, as My is not only stochastic but bistochastic,
it is a fact that the uniform distribution P* = (1/3)1, 1, DT
is an eigenvector with eigenvalue 1. As the Perron-Frobenius
theorem guarantees the stationary vector is unique, this is the
only stationary distribution. In other words:

L1
lim (My)"P = -

1
3 } , VP s.t. ZP(i):l. (B16)

This implies the asymptotic limit presented in the text.

APPENDIX C: PROTOCOL NUMBERS 2 AND 3

For protocols 2 and 3, the measurements are
{lai){ai |, T — |a;.){a; |}, with outcomes o |ix € {a;,, —a;,}
and {|b;,)(bi|,Z — |b;,){b;|};, with outcomes o;|ix €
{b;,, —b;,}, respectively. Here we prove Eq. (10), relating
B to 5! and of to oF !

g = ByB! + by, (Cla)

k

ok = Cyaf ! 4 cy. (C1b)

We will present the calculations for ¥ and the results for o
follows an analogous path.

"For N = 3, two out of the three terms in the sum are zero, since
each state is orthogonal to the other two, and the remaining term is
1; this implies t; = Ml;; = 1/3.

Expression for 8 can be written in the form

Bt = ZTr{|bik>(bik|pk|bik><bik|}

ik

= Tr{ (Z |bi,)(bi, >pk} = Tr{Byp*}, (C2)

with By = Zik |bi,) (b;, |, and p* the state available for the kth
player. Since this state is given by the initial state p' measured
by the k — 1 previous players without registering of which
measurement and which result occurred, p* is given by

l k=t Oiy, i i 0;
o= (ﬁ) DT G oI T
7,0

where we denoted the projective elements of the POVM
{Ubi) (big ). T — |by,) (big |} as {TT1;* ), with oy, € {by,, =Dy}, 8
stands for o1iy, ..., 0;_, lix—1 while i= i1, ..., ig—1 below the
sum. As one can see, the operator By defines the expression
B* through its expected value on a given state p*. Now, some
symmetry aspects of such operator (and the analogous for the
operator for o) will be discussed.

(C3)

1. Symmetries of the odd N-cycle

The symmetry of the vectors defining the quantum realiza-
tion leads to some important relations. First, the action of a
rotation of 27t /N by an axis defined by the |Yhanqie) or the re-
flection by a plane that contains both the handle and one of the
vectors let the set of operators {|b;,)(b;,|};, unchanged, since
it only reorganize its elements.® This means that the operator
By is the same after action of any element of such symmetry
group (denoted Cy, point group in Ref. [38]). In other words,
for any unitary Uy representing any of the elements of the
group, the following relation is valid:

UvByUy' = Uylbi)(bilUy" = By = [By, Uy] =0

\4 UN S CN, (C4)

where we used subscript i instead of iy for sake of an en-
lightened notation and since this is valid for all k. If the
representations given by {Uy} were irreducible, then Schur’s
lemma would imply that the operator By be a multiple of
identity. However, this is not the case, as none of the groups
Cyv, with odd N has irreducible representations of dimension
3 [38]. However, these do have irreducible representation of
dimension 2. This implies, by Schur’s Lemma, that this matrix
takes the following form:

By =Y 1b)bil = 1T ® M Tia. (C5)

l

8The N-cycle scenario itself has a different symmetry group, since
arotation by 7 along an axis on the plane passing through any of the
vertices of the Cy compatibility graph is also an element of the group.
However, the special use of the third dimension for the quantum
realization prohibits this element of the symmetry.
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Of course, the same happens with operator Ay = ). |a;)(a;l,
which acquires the form

Ay =Y laiflail = ndToa ® u) Tra. (C6)

2. Proof for protocols 2 and 3

The symmetry relation Eq. (C5) implies the operator
identity

> BT = 2y By, (C7)

which says that when 1'[?' acts on By we get a multiple of
the same By, where the constant of proportionality is given
by zy = (1/N)[2(A))* + (AY)?] and is dependent only on the
scenario, i.e., on the odd N. It is also possible to analyze the
action of [T, = Z — 1% on the same operator, and one gets

D OIBYI = uyBy + 220 M Taxs,  (C8)

i

where uy = N + zy — 2(A) + AY), A} and A} are the eigen-
values of By and so uy is also only dependent on N. Now, it
is good to rewrite the expressions for 8% making explicit the
dependence on pf~!:

Bt = ZP(% = blix)

ik

1 o
= <IV) Z Tr{[j’N( lklkllpk lnlkkll)}. (C9)

ik—1,00,_,

= Tr{Byp*}

Using in Eq. (C9) the relations in Egs. (C7) and (C8) together
with the cyclic property of the trace operation, we get

N
v +uy (,)»1

Bt = T 27

—B k—1 b,
N NB"T + by

(C10)

which is the relation we aimed to prove. For the asymptotic
limit, we use the explicit form for uy and zy, to get

By=1-="",

N (C11)

Now, we just have to calculate the limit

‘ 1 N
: k : n
klggoﬁ - klggo (; 1By )bN T 1- BNbN -3 (€12
where the fact that |By| < 1 for all odd N was used. This
finishes the proof for protocol 3, and for protocol 2 the proof
is completely analogous. Now it is only left to prove that the
average asymptotic state is the maximally mixed, for all the
protocols.

APPENDIX D: AVERAGE STATE IN THE
ASYMPTOTIC LIMIT

To see that the average state is indeed the maximally
mixed, we first note that for this state p(o = b;|i) = (1/3) for
all choices of i. This implies that p,, can be written as

_ 1 2 —b; —b; .
Poo = =|bi)(bi| + gl’[i 'RiIT,™, Vie{0,..N -1}, (D1)

3

with R; being a positive semidefinite matrix with unit trace.
Now,

_ Np
e 2 L5 (b
1{1 2
=—[=By+ 2y 2RI .

Above we used the fact that Eq. (D1) is valid for all i. The
matrix Y H;b"Ril'I;b" also commutes with every operator
representing the group Cp,. Then, by Schur’s lemma this

means
> IR =
i

We also showed, in Eq. (C5) that By has an analogous form.
This means that the average state also has this form and we
can write

2
Wbl + = rrbe n*b>

(D2)

(r1Zrx2) ® roLixi- (D3)

Poo = (NTax2) ® roLix1, (D4)

with 7’ related to the eigenvalues of By and to r;. However,
it is not necessary to enter into these details. By Egs. (D1)
and (D4) and the orthogonality of Hfbe[H;bi with |b;){b;],
the average state is a diagonal matrix, with one eigenvalue
equal to ry; = 1/3 and two other eigenvalues equal to r|. By
the condition of unit trace for p this means that r; = 1/3 as
well.This implies po, = Z/3.
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