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Steerability is a characteristic of quantum correlations lying between entanglement and Bell nonlocality.
Understanding how these steering correlations can be shared between different parties has profound applications
in ensuring the security of quantum communication protocols. Here we show that at most two bipartite
reduced states of a three-qubit state can violate the three-setting CJWR linear steering inequality, contrary to
the two-setting linear steering inequality. This result explains that quantum steering correlations have limited
shareability properties apart from the conventional 'nonshareable’ monogamy constraint. In contrast to the
two-measurement-setting scenario, the three-setting scenario turns out to be more useful for developing a
deeper understanding of the shareability of tripartite steering correlations. Apart from the distribution of steering
correlations, several relations between reduced bipartite steering, different measures of bipartite entanglement
of reduced states, and genuine tripartite entanglement are presented here. The results enable the detection of

different kinds of tripartite entanglement.
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I. INTRODUCTION

The success of a secure quantum network depends on
quantum correlations distributed and shared among different
parties over many sites [1]. Different kinds of quantum cor-
relations, for instance, multipartite entanglement [2,3] and
multipartite nonlocality [4], have been used extensively as a
resource to perform many tasks in such networks. A key prop-
erty of these quantum correlations used to secure quantum
networks is that they have limited shareability properties and
sometimes can even be monogamous. For example, when a
quantum system A is entangled with another system B, then
this entanglement puts a constraint on the amount of entan-
glement that can exist between one of those parties (B, say)
and a third party, C. This limited shareability phenomenon is
termed monogamy. This is one of the fundamental differences
between quantum entanglement and classical correlations,
where all classical probability distributions can be shared [5].
Monogamy of entanglement was first quantified by Coffman,
Kundu, and Wootters (CKW) in [6], where it was shown
that the sum of the individual pairwise entanglement between
A and B and C cannot exceed the entanglement between A
and the remaining parties together. Since then much research
work has been done on such monogamy relations of quantum
entanglement [7-12]. This characteristic of quantum entan-
glement has found potential applications in various quantum
information processing tasks such as quantum key distribution
[13,14], classification of quantum states [15-17], and study
of black-hole physics [18] and frustrated spin systems [19].
Similarly to monogamy of entanglement, if any two quantum
systems A and B are correlated in such a way that they vio-
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late Bell-CHSH inequality [20], then neither A nor B can be
Bell-CHSH nonlocal with the other system, C. For a given
Bell inequality, this "nonshareability’ feature of quantum cor-
relations is termed 'monogamy of nonlocality.” Otherwise,
these correlations are shareable. In the last few years, several
fundamental results on shareability of nonolocal correlations
have been proven that constrain the distribution of nonlocal
correlations in terms of violation of some Bell-type inequali-
ties among the subsystems of a multipartite system [5,21-32]
and they play a key role in the applications of quantum
nonlocal correlations to cryptography [13,14]. Monogamy
relations have also been studied for quantum discord [33], in-
distinguishability [34], coherence [35], measurement-induced
nonlocality [36], and other nonclassical correlations [36-38].

Despite the importance of shareability in quantum infor-
mation, the knowledge of shareability for quantum steering
is so far rather limited [39—41]. The objective of this paper
is to achieve a better understanding of the shareability as-
sociated with quantum steering. The notion of steering was
introduced by Schrodinger in 1935 [42] and the effect was
recently formalized from the foundational as well as the quan-
tum information perspective [43,44]. Considering two distant
observers, Alice and Bob, sharing an entangled state, steering
captures the fact that Alice, by performing a local measure-
ment on her subsystem, can remotely steer Bob’s state. This
is not possible if the shared state is only classically correlated.
This kind of quantum correlation is known as steering [45].
It can be understood as a form of quantum nonlocality in-
termediate between entanglement and Bell nonlocality [46].
Quantum steering is certified by the violation of steering
inequalities. A number of steering inequalities have been de-
signed to observe steering [47-56]. Violation of such steering
inequalities certifies the presence of entanglement in a one-
sided device-independent way. Steerable states were shown
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to be beneficial for tasks involving randomness generation
[57], subchannel discrimination [58], quantum information
processing [59], and one-sided device-independent processing
in quantum key distribution [60]. However, comparatively
little is known about the shareability of this type of nonlo-
cality. By deriving shareability relations, one can understand
how this special type of nonlocal correlation (steering) can
be distributed over different subsystems. In this paper, by
using the three-setting linear steering inequality formulated
by Cavalcanti, Jones, Wiseman, and Reid (CJWR) [48,56],
we derive different kinds of trade-off relations that quantify
the amount of bipartite steering that can be shared among
three-qubit systems. In turn, these trade-off relations help
us to prove that at most two of three reduced states of an
arbitrary three-qubit state can violate the three-setting CJTWR
linear steering inequality, contrary to the two-setting CJWR
linear steering inequality or Bell-CHSH inequality, where at
most one of the reduced states can violate those inequalities.
Consequently, in general, steering correlations turn out to be
shareable.

Over the past few years it has become clear that correlation
statistics of two-body subsystems can be very fruitful for
inferring the multipartite properties of a composite quantum
system [61-67]. In this context, we have also studied how the
reduced bipartite steering of a three-qubit state depends on the
bipartite and genuine tripartite entanglement of the three-qubit
state. Interestingly, criteria for detecting different kinds of
entanglement of pure three-qubit states are obtained based on
these shareability relations. We illustrate the relevance of our
results with different examples.

II. PRELIMINARIES

In this section, we briefly discuss the concept of steering
and the three-setting CJWR linear steering inequality that we
use in this work.

Steering

Steering is usually formulated by considering a quantum
information task [43,44]. Suppose that two spatially separated
observers, say Alice and Bob, share a bipartite state psp and
they can perform measurements in the sets M, and Mp, re-
spectively. In a steering test, Bob, who trusts his own but not
Alice’s apparatus, wants to verify whether the shared state
between them is entangled. He will be convinced that the
shared state p4p is entangled only if his system is genuinely
influenced by Alice’s measurement, instead of some preexist-
ing local hidden states (LHSs) which Alice may have access
to. To make sure that Bob must exclude the LHS model

P(a, blA, B, pap) = Z piP(alA, M)Po(b|B, py), (1)
A

in which P(a, b|A, B, pag) = Tr(A, ® By pap) is the probabil-
ity of getting outcomes a and » when measurements A and B
are performed on p4p by Alice and Bob, respectively; A, and
B, are their corresponding measurement operators; A is the
hidden variable; p;, is the state that Alice sends with probabil-
ity p» (3", pa = 1); P(alA, 1) is the conditioned probability of
Alice obtaining outcome a under A; and Py(b|B, p;) denotes

the quantum probability of outcome b, given by measuring B
on the local hidden state p;,. Now, if Bob determines that such
a correlation, P(a, b|A, B, pap), cannot be explained by any
LHS model, then he will be convinced that Alice can steer his
state, and thus the corresponding bipartite state is entangled.
In short, the bipartite state psp is unsteerable by Alice to Bob
if and only if the joint probability distributions satisfy Eq. (1)
for all measurements A and B. The assumption of this LHS
model leads to certain steering inequalities, violation of which
indicates the occurrence of steering.

The simplest way of constructing steering inequality is
to find constraint for the correlations between Alice’s and
Bob’s measurement statistics. In this work, we are interested
in using the CJWR type of linear steering inequality [48].
They proposed the following series of steering inequalities
to check whether a bipartite state is steerable from Alice to
Bob when both parties are allowed to perform n dichotomic
measurements on their respective subsystems:

1 n
El(pAB7 M/) = —F (Ak ®Bk> g 19 (2)

il
where AkZCAlk-E), Bkzl;k~7, ?2(0‘1,0‘2,0‘3)

is a vector composed of the Pauli matrices, & € R?
are unit vectors, Bk e R® are orthonormal vectors,
w=1ay, as, ...,&,,,51,52, ...,l;,,} is the set of mea-
surement directions, (A; ® Bx) = Tr(pap(Ax ® By)), and
pap € Hp ® Hp is any bipartite quantum state.

Here our attention is confined to the qubit case. In the
Hilbert-Schmidt representation any two-qubit state can be
expressed as

1 -
pABz—|:I®I+(7l~3®I+H®b'8+2t330i®aj:|’

4

- 3)
d and b being the local bloch vectors and Txp = [tlf‘}-B] the
correlation matrix. The components #}* are given by r/}* =
[oasTro; ® 0] and @ + 5> + Y, (1/%)” < 3. In [68], Luo
showed that any two-qubit state can be reduced, by local
unitary equivalence, to

ij

1 - .
p/;BzZ[I®I+a’-6®I+I[®b'~8+2i:u;oi®oi],
4)

where the correlation matrix of p)p is Tp = diag(u}, u}, u}).
In [56], for any two-qubit state p),, the authors derived an
analytical expression for the maximum value of the two-
setting and three-setting CJWR linear steering inequalities in
terms of diagonal elements of the correlation matrix T, =
diag(u), uj, u}).

Specifically, max, F>(py5, #) and max, F3(p5, #) have
been evaluated to be the following:

max Fy(ppg. ) = Jul +uf ()

and

max F3(pyg, 1) = | Tr[TiET ), ©)
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where u/% and u% are the two largest diagonal elements of
T(%. Here we consider only the three-setting linear steering
inequality, as under two measurement settings the notions
of steering and Bell-CHSH nonlocality are indistinguishable
[56]. Since the states given in Egs. (3) and (4) are local unitary
equivalent, we must have

max F5(plps 1) = \/Tr[TA/gTA/B] = \/Tr[TATBTAB]
= mlleF3(;0ABa ).

Consequently, the linear inequality, (2) (for three measure-
ment settings), implies that any state psp is F3 steerable if and
only if

Sap = Tr[T);Tag] > 1. (7)

Note that this condition is just a sufficient criterion to check
steerability. There exist steerable states which satisfy Sy < 1.

III. SHAREABILITY AND MONOGAMY
OF STEERING CORRELATIONS

Consider a scenario in which Alice, Bob, and Charlie share
a three-qubit state papc. Let pap, pac, and ppc denote the three
bipartite reduced states of papc. In general, for tripartite states,
monogamy relations have the form

O(pas) + O(pac) < O(pajpc) €]

or

O(pap) + Q(pac) < K &)

for some bipartite quantum measure Q and positive real
number K. Here Q(p4pc) represents the correlation between
subsystem A and subsystem BC. Entanglement, Bell-CHSH
nonlocality, and steering (via the two-setting linear steering
F, inequality) are examples of correlation measures satisfying
this monogamy relation [Eq. (9)]. Particularly, for Bell-CHSH
inequality and F; inequality, the monogamy relation, (9), takes
the form [5,23,26,30]

O(pap) + Q(pac) < 2. (10)

From Egs. (2) and (5), it is easy to see that violation of the
F, inequality by any bipartite state p implies max,, F>(p, ) >
1 [i.e., Q(p) > 1]. Thus, the above trade-off relation [Eq. (10)]
implies that at most one bipartite reduced state with respect
to a certain observer (say A) can violate the linear steering
F, inequality. This shows that quantum steering correlations
(obtained by the violation of the F, inequality) between party
A and party B cannot be shared with parties A and C. This
’nonshareability’ feature is known as “monogamy of steering
correlations.” For a given bipartite steering inequality and a
three-party quantum state papc we consider the state to be
monogamous for the steering inequality if the violation of the
steering inequality among any two of its subparts (say pap) is
not shareable with any other party. Monogamy of the linear
steering inequality violation thus implies that only one among
three reduced states of pspc can violate the steering inequality.
Otherwise, the bipartite steering correlations obtained from
the state pspc are shareable for this steering inequality.

It is a fact that entanglement is a property of a quan-
tum state; now correlations generated due to measurements
performed on any entangled quantum state are not solely
determined by the state of the system under consideration. It is
also dependent on the specific setup used to determine the cor-
relations. Consequently, in general, steerability of a quantum
state varies from one measurement scenario to another. In this
context, an obvious question arises: Can the addition of one
more observable per party change the monogamous nature of
steering? An affirmative answer to this query is given by the
following theorem.

Theorem 1. For any three-qubit state pppc € HA @ H? ®
HC, at most two reduced states can violate the three-setting
CIJWR linear steering inequality, i.e., steering correlations
can be shareable when each party measures three dichotomic
observables.

Proof. Any three-qubit state papc can be represented as

1 -
PABC:§|:]I®]I®]I+Zl~8®]l®]l+]l®b~8®]l

+IRI®E-6+ ) tfoi®o; @1
ij
+th}cc0i®ﬂ®0k+ztﬁccﬂ ®0;® 0o
ik K

+Zt{‘}fcoi®aj®ak:|. (11
ijk

In the following p; denotes the reduced density matrices for
subsystem i = A, B, C. One computes from Eq. (11) that

o 1+ 2 1 7
tr(,oA) = T Tr(,oBC) = Z(l +b° + ¢ + Spe). (12)
Similarly,
1+5? 1 L
tr(pp) = 5 Tr(pic) = 4_1(1 +@ + &+ Sa0),
1+ ¢ 1 -
wr(pe) = —5— Tr(pip) = (1 +3 +5 + San). (13)

First, consider pspc a pure state. Then from Schimdt decom-
position, we have Tr(p?) = Tr(,o]zk) fori#j#k, i,j k=
A, B, C. Using these relations and Egs. (12) and (13), it is
straightforward to calculate S;; for each pair of qubits, yield-
ing

Sup=1+28 —a* — %, (14)

Sac = 1 + 2B —a* — &, (15)
and

Spc = 1 +2a* — B> — &. (16)

Adding these three relations and simplifying, one obtains the
following relation:

Sap + Sac + Spc = 3. )

This relation is derived by a method similar to that used in
[69] for developing Bell monogamy relations.

052209-3



BISWAIJIT PAUL AND KAUSHIKI MUKHERIJEE

PHYSICAL REVIEW A 102, 052209 (2020)

Now, taking the mixed state pspc as Zn Pnl¥n) (¥, one
has Sip < Zn DnSlip, and similar relations for Ssc, Sac.
Adding these relations and using Eq. (17), we obtain

Sap + Sac + Spe < 3. (18)

This is a trade-off relation among two qubits of any three-
qubit state papc. Now Syqp > 1 is sufficient for Alice and Bob
to witness violation of the F3 inequality. Hence, inequality
Eq. (18) imposes a constraint on the quantum steering: It is
impossible for all pairs of qubits to violate the F3 inequality.

But the trade-off relation, (18), is unable to assure us about
the number of two-qubit reduced states that can violate the F3
inequality. To complete the proof, we still have to find two
reduced states of pspc which violate the F3 inequality.

Using Eqs. (14)—(16), one can easily find that the reduced
states pap and psc of the pure three-qubit state papc will vi-
olate the F; inequality iff the following inequality is satisfied:

L, @+ ., @+
> , >
2 2
One can similarly obtain the condition of violation for other

pairs of reduced states. Now consider the fully entangled
three-qubit state,

19)

1
[Vasc) = 7(1100) +1010) + V2|001)). (20)

By using the above conditions, one can find that bipartite
correlations between party A and party C of subsystem AC
and between party B and party C of subsystem BC violate the
F;3 inequality: Sgc = Sac =1 + }1 > 1. This shows that some
of the steering correlations between party A and party C can
thus be shared with parties B and C. Thus, under some con-
ditions [for example, Eq. (19) and its permutations], steering
correlations are shareable with respect to the F; inequality. l

The above result for symmetric states leads to the following
corollary.

Corollary 3.1. None of the three reduced states of any
three-qubit symmetric state pspc violates the F3 inequality,
i.e., steering is monogamous for such states with respect
to the F; inequality. Theorem 1 guarantees the existence
of three-qubit states for which all two-party reduced states
with respect to a certain observer violate the F; inequality
(Fig. 1). This shareable nature of steering allows one to reveal
the shareable nature of the entanglement of bipartite mixed
states. As far as the shareability of quantum correlations is
concerned, quantum entanglement is, strictly speaking, only
monogamous in the case of pure entangled states. If the state
of two systems, say pap, is a mixed entangled state, then it is
possible that both of the systems, A and B, are entangled with
a third system, say C. For example, the so-called W state [15]

W) = w has bipartite reduced states that are all

identical and entangled. Thus, entanglement of these reduced
bipartite mixed states is shareable, however, the steering cor-
relations obtainable from these states follow the monogamy
inequality Eq. (10). So, by considering the F; inequality, one
cannot reveal shareability of entanglement of bipartite mixed
states. To reveal this, steering correlations obtainable from
these states must be shareable. As shown in Theorem 1, the
state |Yapc) [Eq. (20)] provides steerable bipartite reduced

(a) Q (b)

FIG. 1. Steering graphs: Here each circle represents a physical
system and a solid line connecting two systems describes the bipartite
steering correlation between them. Different possibilities of sharing
bipartite steering among three distant physical systems are depicted.
(a) No bipartite steering is detected between individual parties. For
example, the tripartite GHZ state [70] |pcuz) = % has no bi-
partite steering. (b) Bipartite steering of one reduced state is detected.
One such state of this kind is the pure biseparable state. (c) Two
bipartite reduced states are steerable. As we show in Sec. III, state
|[¥apc) belongs to this group. (d) The trade-off relation, Eq. (18),
prevents bipartite steering between all pairs of systems.

states between subsystem AC and subsystem BC. Therefore
the corresponding reduced mixed states psc and ppc are also
entangled and entanglement of the two-qubit mixed entangled
state psc is shareable with at least one other qubit. This in turn
indicates that the F; inequality is an appropriate ingredient to
reveal shareability of entanglement of mixed states.

Unlike the standard |W) state, the state |4pc) can be used
as a resource for deterministic teleportation and dense coding
[71]. As another application of the shareable nature of steering
correlations, consider that a pure three-qubit state is provided
to experimentalists, which they have to use as a resource
in deterministic teleportation or dense coding. They are also
provided with the information that the state is either |y4pc) or
|W). We show that the shareability phenomenon as described
in Theorem 1 can be used to determine the desired state.
For |W) state, S;; =1 for all reduced states, so monogamy
is preserved. On the other hand, state |[y4pc) does not obey
monogamy as shown in Theorem 1. Thus, the above result
distinguishes the two types of states, though they belong to
the same class (W -like states [15]).

Keeping in mind the usefulness of shareability relations,
one naturally is interested to know which of the three-qubit
states obey monogamy (or shareability) of steering. An ex-
plicit evaluation of the number of reduced steerable states
along with the monogamy (or shareability) in each class of
three-qubit pure states as classified by Sabin and Garcia-
Alcaine [72] is reported in the Appendix, where we see that
only the steering correlation obtained from star-shaped states
and W-like states can be shared. Next we ask whether the
shareability behavior of those two classes of pure states is ro-
bust against white-noise admixture. The results are presented
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in the Appendix, where it is shown that less entangled states
are more robust against white-noise admixture in comparison
to more highly entangled states.

We note that the mere existence of the shareable nature of
steering already follows from the work in [73]. This is due
to the fact that shareability of nonlocality implies shareabil-
ity of steering. Nevertheless, the present results are stronger
in the sense that the F3 inequality can detect much larger
classes of shareable states compared to all facet inequalities
in the three-setting Bell scenario [73,74]. For instance, the
F; inequality detects the shareable nature of |y4pc), which
is not the case for any facet inequality in the three-setting Bell
scenario, as each of the reduced states of |{apc) satisfies all
facet inequalities under projective measurements.

Other than the constraint given by Eq. (19) and its per-
mutations, few other conditions under which F3 steering is
shareable are derived in the following sections.

IV. REDUCED STEERING VERSUS ENTANGLEMENT

In two-qubit systems, the more entangled a pure state is, the
more it can violate the Bell-CHSH inequality. In this context,
a relevant study is to find the relation between violation of
the F; inequality by the reduced bipartite states of a pure
state and their corresponding entanglement (with respect to
some measure). The relation between Ssp and concurrence
Cap (a measure of entanglement) [75,76] can be derived with
methods similar to those used in [77]. For pure bipartite states
the relation is Syp = 1 + ZC/%B. Hence, for pure states, more
entanglement generates a larger violation of the F3 inequality.
However, from this relation we cannot infer anything about
mixed bipartite reduced states of a three-qubit pure state. In
the theorem below we derive a relation between them.

Theorem 2. The triples (Sap, Sac,Spc) of three re-
duced states obtained from a pure three-qubit state and
(Ca, Cac, Cpc) maintain the same ordering, i.e.,

SAB > SAC > SBC iff CAB > CAC > Cgc. (21)
Proof. By eliminating d from Egs. (14) and (15), we have
Sap — Sac = 3(& — bP). (22)

Now, the three tangle t [6], for a three-qubit pure state, is
given by [30]

2 2
t=1—-a —Csz —Che

=1-5"=Chp— Ciec

=1-&—Ci —Ca. (23)
Comparing these equalities, we obtain
Cig—Cac =8 -V (24)
and its permutations, which immediately lead to
Sag — Sac = 3(Ciz — Cac) (25)
and its permutations. Thus, we have developed the ordering
relation as per Eq. (21). |

It is interesting to note that (Sag, Sac, Sgc) and (&2, b2, @*)
follow the same ordering for all pure three-qubit states.

Distribution of bipartite quantum entanglement (i.e., entan-
glement of reduced bipartite states) of any pure three-qubit
state is subjected to certain shareability laws. In particular, the
addition of squared concurrence of all bipartite reduced states
cannot be greater than % [15]:

Cis+Cac+Chc <3 (26)

This shareability constraint indicates that the shareability of
the reduced bipartite steerability as well as the individual bi-
partite steerability of any pure three-qubit state might depend
on concurrence of the reduced bipartite states. This is in fact
the case. We next discuss a few results in this direction.

Theorem 3. If the squared concurrence of any bipartite
reduced state for a pure three-qubit state is greater than g,
the corresponding reduced state is F3 steerable, i.e., if ij > ;-‘
(i#j,i,j=A,B,C), the corresponding reduced state p;; is
F; steerable.

Proof. By using Eqs. (24) and (14)—(16), each of S;; can be

expressed in terms of C;;,

Sap =142C%, — C2n — C3p (27

and its permutations. Let C2, = g + €, where € is a sulffi-

ciently small positive number. This immediately restricts the
sum of squared concurrence of the other two bipartite reduced
states,

Cic+Che < 3¥-e (28)

Applying these to the expression of Sz, this leads to the sharp
inequality Syp > 1+ 3. So, if C3; > 5, the F; inequality is
violated. Similarly, it can be proved for other bipartite reduced
states. ]

This result holds for all pure three-qubit states. As an
example, consider the pure state |Y4pc) which has two F3
steerable reduced states, pac and ppc, with C/%C = szac = % >
g. However, one should note that the above inequality Cizj > g
is only a sufficient condition for F; steerability of the reduced

bipartite state p;;, because there are reduced states which
violate the inequality Cizj > g but still give rise to F3 steer-

ability. One such example is |Peon) = %3 1000) + ﬁllOD +

ﬁi |110). For this state, from the above formulas one can ob-

tain C3z = % < g and Syp =1+ 15—6. Clearly, the reduced state
pap violates the F; inequality, while it violates the inequality
Cly > %. Although an obvious necessary and sufficient condi-
tion can be derived from Eq. (27) and its permutations.
Corollary 3.1. Any reduced state p;; of a pure three-qubit
state will violate the F3 inequality if and only if the squared
concurrence of the corresponding reduced state is greater than

the average of the squared concurrence of the remaining two
Ci+Ch

TR where

reduced states, i.e., S;; > 1 if and only if Cizj >
i#j#kandi, jk=AB,C.

Due to the shareability constraint, Eq. (26), violation of
one of the reduced states (say pap) puts a strong restriction on
the average of squared concurrences of the remaining reduced
states.

Corollary 3.2. For any F; steerable reduced state p;;, the
inequality

2 2
SCk < 4 nolds, where i # j # kand i, j,k = A, B, C.
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As shown in [6], the sum of the squared concurrence be-
tween i and k and the squared concurrence between j and k
cannot be greater than 1, i.e., Cizk + ka < 1. Hence, from the
above corollary it is observed that this restriction is further
strengthened if one considers the F3 steerability of p;;.

Since Corollary 3.2 imposes a more stringent restric-
tion, using it we get the following sufficient condition for
monogamy of F3 steering:

Corollary 3.4. For any pure three—qubit state )OABC, steer-
ing correlations will obey monogamy if C +C? K 2 9, where
i# j#kandi, j,k=A, B, C, holds for at least two of three
possible cases.

It may be noted that Theorem 3 gives rise to a sufficient
condition for shareability of F; steerability.

Corollary 3.5. F; steering is shareable if Cizj >
i, j =A, B, C) for any two pairs of i, j.

Now we discuss how the F3 inequality violation by the
reduced bipartite states depends on the genuine entanglement
of the three-qubit state. As shown in Sec. III, a maximum
of two bipartite reduced states of pspc can violate the F3
inequality, so the bipartite steering of pspc implies that it
comes from one component of either the triple (Sag, Sac, Spc)
or ((Sag, Sac), (Sas, Sac), (Sac, Spc)). Considering both pos-
sibilities, we adopt two measures, ™ (papc) and St (PaBc),
where S™(papc) = max {Sag, Sac, Spc} and S (papc) =
max {Sap + Sac, Sap + Spc, Sac + Spc}-

In each case, we now derive a relation with tripartite entan-
glement of papc.

Theorem 4. For an arbitrary three-qubit state p4pc, the three
tangle t(papc) and maximum bipartite steering [S™ (papc)]
with respect to the F3 inequality obey the following comple-
mentary relation:

S™(papc) + 2t (pasc) < 3. (29)

Proof. Note that for a pure three-qubit state Eq. (14) pro-
vides Syp = 1 + 282 — @*> — b?. Incorporating this with the
third equality of the three tangle in Eq. (23), we obtain

Sag +2t(papc) = 3 — a* — b* — 2C4c — 2Cpc
<3. (30)

Similarly, one has Sic+27t(oapc) <3 and Spc+
27(papc) < 3. Hence for the pure state S™*(papc) +
27(pagc) < 3. As the three tangle t and S™*(papc) both are
convex under mixing, it implies that the relation in Eq. (29)
holds for all three-qubit states. ]

This complementary relation suggests that the F3 in-
equality violation by the reduced bipartite states depends
on the tripartite entanglement present in the tripartite sys-
tem. We determine a class of three-qubit genuinely entan-
gled states which saturates the above-mentioned relation.
This smgle arameter class of states is given by |¢,,) =
1000)+m(1 2+’;n(1)210 I , where m € [0, 1]. The above class of

states has been identified in [78] as the maximum dense-
coding-capable class of states. For this class of states,

S™(|pm)) = 1+ (1+m Tz and 7(|pm) =1 — 3 + 2)2 Hence,
for this class of states, one can show the relation S™*(|¢,,)) +
27(1¢m)) = 3.

Theorem 5. For an arbitrary three-qubit state p4pc, the three

tangle 7(papc) and maximum bipartite steering [Sgi (0asc)]

g(i;«éjand

satisfy the following complementary relation:

total (PaBC) + T(pasc) < 31

Proof. Combining Egs. (14) and (15) and the last two
equalities of Eq. (23), we get

Sap + Sac + 2t (papc) = 4 — 2> — C3 — Cir — 2C
=3+71—-a —2Cp.
Thus,
Sas + Sac + T(pABC) < 3. (32)
Considering all permutation of parties, we get Sap + Spc +
T(pABC) < 3 and Sac + Sgc + t(papc) < 3. u

Now, by using the convexity property of the left-hand sides
of these inequalities, we claim that relation (29) holds for all
three-qubit states.

We have identified a class of genuinely entangled states
which saturates the afore-mentioned relation. This class of

states is given by |¢,) = f|000) + l —q*|101) + g|111),
where g € (0, \/Lz). For |¢g), Spa =3 — 2¢% and 7 = 24°%.

Hence, Sgi(pasc) + t(papc) = 3. However, |¢,) has only
one reduced state which violates the F3 inequality. Since
among all pure three-qubit GHZ states, only star-shaped states
can have two reduced steerable states (see the Appendix) and,
for this class of states, Sihi (0asc) + T(papc) < 3, there is no
pure three-qubit state with T % 0 having two reduced bipartite
steerable states which saturates the above inequality.

All the above-mentioned relations are obtained with re-
spect to the three tangle. However, the three tangle is not
a good measure of genuine tripartite entanglement even for
pure states, as there exist a large number of pure states (W-
like states [15]) for which it becomes 0. Hence, none of the
relations are meaningful for these W-like states.

To obtain such relations for W-like states, we consider the
measure for W entanglement introduced by Dur ef al. [15],
defined as Ewy = min{C3y, C3., C3-}. Any pure state papc
contains W entanglement if Eyy > 0. The W entanglement Ey
achieves its maximum value g in the |W) state.

Theorem 6. For an arbitrary pure three-qubit state |@apc),
the W entanglement (Ey ) and maximum bipartite steering
[Stii(oapc)] satisfy the following complementary relation:

10
Sei(pasc)) + 3Ew (Ipasc)) < 3 (33)

Proof. Using Eq. (27) and its permutations, we have
Sap +Sac +3Chc =2+ Cip +Cic +Che. (34
If one uses Eq. (26), the above equality immediately leads to
Sag + Sac +3Che < X (35)

Slmﬂarly, permutation of parties gives Syz + Spc + 3C2 o <
T and Sac + Spc + 3 C/%B < 1? The above equations confirm
the validity of the claim made in Eq. (33). ]

This relation imposes a restriction on the bipartite steering
for a given amount of W entanglement and it is saturated by
the |W) state.

We have also investigated such complementary relations
for bipartite nonlocality (with respect to Bell-CHSH viola-
tion), bipartite steering, and the three tangle. Following the

052209-6



SHAREABILITY OF QUANTUM STEERING AND ITS ...

PHYSICAL REVIEW A 102, 052209 (2020)

same procedure as before, a similar trade-off relation can be
obtained for them,

S™(papc) + M™ (papc) + 3 1(papc) < 5, (36)

where  M™(pppc) = max{Myup, Mac, Mpc} and M =
u? + u3 is the Horodecki parameter [79] used for measuring
the degree of Bell-CHSH violation. u% and u% are the largest
two eigenvalues of /5 Typ.

V. COMPLEMENTARY RELATIONS FOR LOCAL
AND NONLOCAL INFORMATION CONTENTS

The total information content of a three-qubit state can
be divided into two forms: Local and nonlocal information
contents. Local information can be defined as [80]

local = @ + b* + . (37)

To derive the complementary relation between local and
nonlocal information contents, we consider only bipartite non-
local information present in the three-qubit state. Bipartite
nonlocal information content can be defined as

Lhontocat = Max{Nag + Nac, Nag + Npc, Nac + Npc}, (38)

where N;j = max{0, S;; — 1}, i # jand i, j = A, B, C, quan-

tifies the amount of F; inequality violation and hence the

steering nonlocal correlations of the two-qubit state p;;.
Theorem 7. For an arbitrary three-qubit state ppc,

Ilocal + Inonlocal < 3. (39)

Proof. For pure three-qubit states, it is straightforward to
check that

hocal + (Sap — 1)+ (Sac — 1) =2(0* + &) — @
<2(1 +a*) — @
<3, (40)

where in the first inequality we have used the fact that re-
lation 5% + & < 1 + a2 holds for all pure three-qubit states
[81]. Since I,y < 3, the above inequality [Eq. (40)] also
holds when both Nsp and Nyc are equal to 0. Hence Ijocq +
Nap + Nac < 3. Similarly, one gets liocar + Nap + Npc < 3
and joca1 + Nac + Npe < 3. Note that the left-hand sides of
these inequalities are convex under mixing. This confirms the
relation presented in Eq. (39). ]

The above trade-off relation links local information and
bipartite steering. One can easily show that fjocq = 3 and
Tnonocat = 0 for the product state. On the other hand, in order
for bipartite steering to exist, fjocy must be less than 3. For
|WABC> [Eq (20)]9 Docal = %, Lhontocal = 2+ %’ and it is the
state which saturates this trade-off. In this context, it may
be noted that to obtain a larger violation of the F; inequality
(characterizing a larger amount of steering), the local informa-
tion content must be reduced. This fact is confirmed in the next
section, where we show that the amount of local information
content must be less than 1 for any three-qubit pure state to
have two F3-steerable bipartite reduced states.

VI. ENTANGLEMENT DETECTION

We now illustrate the relevance of the above results with
some applications. By using the shareability relations, we
derive criteria for detecting different types of tripartite entan-
glement.

Theorem 8. For any three-qubit pure state |papc) €HA ®
H? ® HE, if at least one of the following conditions holds:

=2 BZ
(i & £ ST,
41

b2+82 le—{-gz

(i) @ # T

(i) b* #

the state is entangled.

Proof. Let |papc) be a separable state; then all bipartite re-
duced states are also separable and Sag, Sac, Spc < 1. Hence
violation of the F3 inequality by any bipartite reduced state
entails entanglement of |@papc). It is clear from Egs. (14)—

(16) that if Sap, Sac, Sgc > 1, then & > T 2 &4

and @°* > i# hold, respectively. Again, liy adding Eq. (14)
and Eq. (15), we have Sap + Sac = 2+ b* + & — 2a*. By
noting that Sap + Sac > 2 implies steerability of at least one

P+
2

permutation of the parties gives b* < and & <
Combining all these expressions, we arrive at Eq. (41). |

Now one may enquire whether condition (41) is also neces-
sary for entanglement. Unfortunately, this is not the case. For
example, consider the |W) state, which does not satisfy (41)
but is entangled.

Theorem 9. For any three-qubit pure state |papc) €HA ®
H? ® HC, if at least one of the following conditions holds:

of pap or pac, |Papc) is entangled if a* <

@4

. Similarly,

>+

, P4+ L @+
() @ > v

2 =2 =2 2
Gy #> 28 @ a Tt 42)

2

N =2 =2 =72 b2

Giy P>t 2. EHY
2 2

the state is genuinely entangled.

Proof. Let |¢papc) be any biseparable state in which AB is
independent of C; then it can be expressed as (cos8|00) +
sinf]11))ap ® |0)¢c, where 0 < 0 < %. For this state, ¢ = 1
and a2 = b%. Using Eqgs. (14)—(16), one can find that Syz =
3 — 232, Syc = @2, Sgc = @>. So only Sup can be greater than
1. Similarly, one can show that only one reduced state will
violate the F; inequality in which a system other than the C
system factorizes. This immediately leads to a simple suffi-
cient condition for genuinely entangled pure states: Violation
of the F3 inequality by two reduced states indicates genuine
entanglement of |@4pc). Then, from Egs. (14)-(16), we obtain
conditions (42). |

It is important to note that for a pure biseparable state
@2+ b+ > 1 and exactly one of the reduced bipartite
states is F3 steerable. Therefore, for the existence of two F3-
steerable bipartite reduced states of a three-qubit pure state,
@2 + b* + @ < 1 must hold. This condition can be treated as
necessary for a three-qubit pure state to have two F3 steerable
bipartite reduced states. However, this is not sufficient, for
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example, 4> + P+ = % < 1 for the |W) state, but no re-
duced bipartite state of this state is F3 steerable.

At this stage a pertinent question would be whether there
exists any biseparable mixed state which has more than one
reduced steerable state. Let us consider the example

) = 3(1+ NPT 45 ®10)(Olc + 3(1 +€)

X ™)@ 1ac ®10)(015 + §5(1 —86)p™ ) (@™ |5
® 10){Ola, (43)

where 0 < e <1 and |¢pT) = '00)% For this biseparable

mixed state, the bipartite reduced states pap and pac are F3
steerable if € > % — 1. Thus, genuine entanglement is not

necessary to reveal the shareable nature of steering correla-
tions.

VII. DISCUSSION

Analysis of the shareability of correlations between parties
sharing a quantum system is an effective way of interpreting
quantum theory. In this paper, we have investigated the share-
ability properties of quantum steering correlations. For our
purpose, we have considered the three-setting linear steering
(F3) inequality. Interestingly it is observed that at most two
reduced states of any arbitrary three-qubit state can violate
the F3 inequality. This in turn reveals the shareable nature of
steering correlations. This observation is, however, contrary to
the monogamous nature of steering obtained when using the
two-setting linear steering inequality or Bell-CHSH inequal-
ity. This indicates that steering correlations can be shareable
depending on the measurement scenario. Now steering corre-
lations in a setup with two settings per party cannot be shared,
whereas this is possible when a setup with three settings per
party is considered. So it might be tempting to think that an in-
crease in the number of settings per party could provide more
steerable reduced states. Consequently, it would be interesting
to investigate this shareability phenomenon in a scenario with
more than three settings

We have also addressed the question how different mea-
sures of genuine entanglement and also entanglement of
reduced states relate to reduced bipartite steering of three-
qubit states. We have established several relations between
reduced bipartite steering and different measures of entan-
glement. The relation between bipartite steering, Bell-CHSH
nonlocality, and genuine entanglement for three-qubit states
has also been analyzed.

Next we have determined the complementarity relation be-
tween the local information content and bipartite steering. We
believe that this will be helpful in designing some appropri-
ate information-theoretic measures of steering. Moreover, we
have shown that the shareability constraints allow us to detect
different types of tripartite entanglement. Now, monogamy is
the essential part in ensuring the security of quantum cryp-
tographic protocols [13]. For this reason, it is beneficial to
capture precisely under what conditions the steering correla-
tions are monogamous. So, our observations may be used in
framing some more secure quantum cryptographic protocols.

We hope that our results will be useful for further under-
standing the formalism underlying steering correlations and

their distribution in multipartite states. Apart from investigat-
ing our work in a scenario with more than three settings, it
will be interesting to generalize the shareability concept of
steering correlations and relations between different quantum
correlations for reduced states of more than two parties. Also,
investigation of the same beyond qubit systems is a potential
topic for future research.

APPENDIX: REDUCED BIPARTITE STEERING
OF THREE-QUBIT STATES

To check the number of reduced steerable states of any pure
three-qubit state, we consider the general Schmidt decompo-
sition (GSD) of three-qubit pure states as [82]

[) = 20|000) + A1€'?|100) + A2[101) + A3|110) + A4[111),

(A1)
where A; >0, ) ,A; =1, and ¢ is a phase be-
tween 0 and m. It is direct to derive that [30] 4 =
(20021 €OS d, 2h0A; sin @, 227 — 1), b= (2hAzcos ¢ +
2hoha, =20 1A3sing, 1 — 243 — 227), and ¢ =
(A A2 €08 P + 2Aoha, —2A 1Ay sing, 1 — 243 — 212). From
the formulas for calculating S;; presented in Eqs. (14)—(16),
one can provide the following expressions of §;; for any
three-qubit state in |¢):

Sap = 1+ 823A3 — 4a323 — 4a3ag — 42303

+ 8A1A2A3A4 COS D, (A2)
Sac = 14822035 —4a2r3 — 4adal — 4a0a3
+ 8A1A2A344 COS @, (A3)
and
Spe = 1 —4hoh3 — 42223 + 8ATA2 4 82343
— 16A1A2A314 COS . (A4)

By somewhat tedious but straightforward calculations, we
obtain the concurrence of each bipartite reduced state [76]:
Cip =40323, Ci-=4a2)3, and Ci. =4M303 + 42305 —
8A1AaA3A4 COS .

In [72], Sabin and Garcia-Alcaine proposed a classification
of three-qubit states based on the existence of bipartite and
tripartite entanglements. Here we investigate the number of
reduced steerable states in each of these classes of states.
Different types of reduced steering are summarized in Fig. 1.

(1) Type 0-0 (fully separable states): A pure state |¢) is fully
separable if it can be written as |¢;) ® |¢p,) ® |¢3). Clearly all
reduced states are separable, thereby implying the absence of
F;-steerable reduced states. The corresponding steering graph
[Fig. 1(a)] has three vertices without any edge.

(i) Subtype 1'-1 (biseparable states): Any state in this class
has one of the following GSD forms:

(@) |¢pps) = A1€'?[100) + A2|101) + A3]110) + A4|111),
where )»1)»4 75 )\2)»3 and )»1)\4 or )\2)»3 can be 0 if )»1)»4 = )»2)»3,
the state is of type 0-0;

(b) |¢'gs) = *0]000) + A;€'?[100) + A,|101); or

(©) |¢"gs) = A0|000) + A1€'?[100) + A3|110), where A;
can be 0 in the latter two cases.

In each case, exactly one of the reduced states is F3 steer-
able. For example, ppc is the only reduced F3-steerable state
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of |¢ps). So any biseparable pure state will obey monogamy
of steering. The corresponding steering graph has only one
edge connecting two circles [see Fig. 1(b)].

(iii) Subtype 2-0 (GHZ-like states): This class of states has
the form |¢pgguz) = alOOO) + BI111), where a®> + B> = 1. 1t
includes the |¢gnz) = I(IOOO) + |111)) state. Entanglement
of this class of states cannot be maintained if one of the
qubits is traced out. Hence, none of the reduced states can
be F; steerable. Three circles without any edge [see Fig. 1(c)]
correspond to this class of states. Thus, we see that two types
of states (GHZ-like states and separable states) have the same
graph.

(iv) Subtype 2-1 (extended GHZ states): Any state in this
class has one of the following GSD forms:

(@) |¢eGHz) = A0/000) + A1€'?[100) + A4|111),

(1) [¢'krz) = 40/000) + A2]101) + Ay[111), or

(©) 19" kcHz) = 101000) + A3/110) + Aq|111),
with three nonzero coefficients in each case.

Any state in this class has only one entangled reduced state.
For example, the entangled reduced state pac of |¢rguz) is
given by pac = |a){x| + AZ|11)(11|, where |a) = A(|00) +
X2|11), with concurrence Ci. = 4A3A3. Since C3, and Cp
are both equal to 0, Syc can be obtained straightforwardly
from Eq. (27) and its permutations as Syc = 1 42 Cﬁc. Thus,
any extended GHZ state has only one reduced F3-steerable
state and thereby maintains a monogamous nature. Hence,
biseparable states and extended GHZ states have the same
graph.

(v) Subtype 2-2 (star-shaped states): This class of states
takes one of the following GSD forms:

(@) |PsTarR) = A0]000) + A1€'?[100) + A»]101) + Ag|111)
or

() 1¢'star) = +01000) + 1€ [100) + 3] 110) + A4] 111),

with all coefficients nonzero.
These states belong to class GHZ [83], since it contains gen-
uine entanglement with T = 4A212. It is the only class of
states among all GHZ classes that can have two entangled
reduced states. We find that for |¢'gpar), Cac is always O,
while Cﬁ (= 4A(2)A§) and Cﬁc(z 4)\%)@) are nonzero. Combin-
ing these with Eq. (27) and its permutations, one finds that a
state belonging to this class will obey shareability if and only
if 44313 > 22223 > A3A3 holds.

One simple example of such a state is x/_ |000) +
VZ1100) + }]110) + L-|111). Similarly, one can also find 2
state in this class which violates the above-mentioned inequal-
ity: v/21000) + v/ 1100) + 11110) + J5I111). Thus, this
class of states can be both monogamous and shareable. Also
it is clear that any state in this class has at least one steerable
reduced state, since Syp + Spc = 2 + 44523 + 4A7A5 > 2 for
every nonzero value of state parameters. This class of states is
represented in Figs. 1(b) and 1(c).

(vi) Subtype 2-3 (W-like states): We now take W-like
states into account. This class of states is given by
ldw) = A0|000) + A1€'?|100) + A,|101) + A3|110),  where
Ao, A2, Az > 0 and A% > 0. For W-like states, all bipartite
entanglements are nonzero, with Cip = 44213, C5- = 4313,
and C3. = 4A313. At this point one might wonder whether
the W class contains states with no reduced steering. Let
us consider the |W) = f(|001> + 1010) + |100)) state. As

shown in Sec. III, it has no reduced steering. This is in contrast
to GHZ states |¢pguz), which are less bipartite entangled but
have the same steering graph. Let us now address the question
of monogamy (or shareability) for states in the W class.
From the criterion presented in Corollary 3.1, monogamy
holds for this class of states if and only if H (/\2 A < A
(i#j#k, 1, j,k=0,2,3) for any two sets of Values of
(i, j, k), where H(A?, )»3) denotes the harmonic mean of A?
and A?. This is the the only class of states where one can get all
types of steering graphs, i.e., no reduced steering states, one
reduced steering state, and also two reduced steering states.
Examples of one reduced steering state and two reduced
steering states are given below: One reduced steering state,
%f(|000) + [100) + |101)) + %|110)' and two reduced

steering states, |Vapc) = 2(|100) +1010) + «/_|001 )). From
the above analysis, it is clear that this class of states can
correspond to any steering graph [Figs. 1(a)-1(c)].

Regarding the above classification, we want to remark
that only star-shaped states (subtype 2-2) and W-like states
(subtype 2-3) can violate monogamy of steering correlations.
We believe that our classification of three-qubit pure states in
terms of reduced steering and monogamy (or shareabilty) can
be useful in many areas of quantum information.

Now we investigate the effect of admixing white noise
to these two classes of pure states (star-shape states and
W-like states), which can exhibit the shareable nature of
steering correlations. In order to analyze it, we define a
critical value v (0 < v < 1) for which the mixed states
defined by

I
Pstar = V(| Bgae) (Bggar)) + (1 — v)g (A5)

and

pw = v(|ow){ow]) + (1 — v)% (A6)
lose the shareable nature of the original pure states. For a
given noisy state, we intend to find the critical value v such
that, if v > v, the shareable nature is preserved for steering
correlations, i.e., there exist two steerable reduced states of the
given noisy state.

For the pg. state, one has Ssp = v(1 + 8A%A% — 4A%Aﬁ),
Spc = v(1 + 81313 —4A2r%), and  Sac=1-—4a30% —
42323, Consequently, the state pg, leads to the critical

visibility
—4r23 ]

! 1

Verit = MAaX [1 F8AZAZ —4n2n2 T+ 82202
(A7)
4 (i=0,1,2,3),

which corresponds to the state |¢5*") = 2|000) 2|100)

11110) + 1[111) and leads to vy = 0.8. Thus, the state |$5)
is more robust against white noise than any other shareable

|¢s,,) state.
Similarly, one can find

Note that vy i1s minimized for Az

Verit = min[max{wy, wy}, max{w;, ws}, max{w;, ws}]
(A8)
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1

T2 —ana—ag W2 =

for the py state, where w; =

1 1
T+ 82— 412304030 18120 —4 213 —4a2R0 The most

robust shareability property is observed for the state |¢)) =
VZ1000) + v/ 11101) +~/1]110) and the corresponding
Verit = 0.75. Intuitively it can be expected that highly entan-

and w3 =

gled states might have greater robustness of nonmonogamy
compared to less entangled states. Let us take the example of
the |¥apc) state, which has vy = 0.8. Now if we compare the
efficiency of |¢1‘)” ) with [Y4pc), we find that the less entangled
state |¢XV ) with Ey = é is more robust in comparison to the
more highly entangled state |4pc) having Ey = %.
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