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Effective control and switching of optical multistability in a three-level V-type atomic system
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We theoretically analyze the behavior of single optical bistability (OB), double OB, and tristability (OT)
in a three-level V-type atomic system confined in a unidirectional optical ring cavity. The physics behind
the emergence of various bistable and tristable states, and switching from the absorptive to the dispersive
characteristics, are explored. The role of probe- and control-field detunings on the input-output characteristics is
probed. Further, it is found that the switching between various bistable phenomena is defined by the ratio between
the absolute peak values of the parameters describing dispersion and absorption, respectively. This ratio sets a
criterion for obtaining absorptive OB, OT, double OB, and dispersive OB. The role of control-field intensity and
detuning as well as the cooperation parameter on the input-output characteristics are explored. Finally, a scheme
is discussed to control the width of the middle branch of double OB and OT as well as single OB.
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I. INTRODUCTION

The possibility to modify linear absorption, dispersion,
and nonlinearity of atomic medium ceaselessly pushes the
research in optical sciences for half a century until now.
Quantum coherence and interference, which led to the ob-
servation of the phenomena such as coherent population
trapping (CPT) and electromagnetically induced transparency
(EIT) are at the heart of manipulation of the properties
of an atomic medium and have been studied extensively
in past decades and continue to remain a major area of
research in various contexts [1–12]. Among a plethora of
phenomena, optical bistability (OB) and optical tristability
(OT) have drawn much attention due to their numerous ap-
plications such as all-optical switching, optical transistors,
optical memories, logical gates [13–16], and even in the
context of cold atoms [17,18]. Initially, OB has been demon-
strated experimentally for saturable absorber, ruby crystal,
and sodium vapor as a nonlinear medium inside in an optical
resonator [19–21]. Then, by developing the basic theoretical
model of OB for two-level atoms coupled by a single-cavity
mode [21–24], it was realized that OB arises due to intensity-
dependent absorption or dispersion, or hybridization of both;
henceforth, OB is classified as absorptive or dispersive or hy-
brid, respectively. A decade later, OT has been demonstrated
for a �-type three-level atomic system comprising an excited
state and two ground-state sublevels driven by two cavity
modes [25–27]. Soon it was proposed that OB (OT) is more
definitive with multilevel atoms than in two- (three-) level
atoms as a nonlinear medium inside in an optical resonator.
This is owing to the fact that absorption, dispersion, and
nonlinearity could be greatly modified by quantum coherence
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and interference in multilevel atoms for increased pathways.
In this regard, coherent control by electromagnetic field-
induced transparency (EIT) in three-level atomic systems was
demonstrated theoretically and experimentally to reduce OB
threshold intensity and give rise to a new type of OT by
adjusting the control laser field parameters [28–30]. Also,
by considering spontaneously generated coherence (SGC),
the possibility of obtaining small cooperative parameter with
low threshold intensity for OB and OT in three-level atomic
systems was demonstrated [31–35]. Moreover, the optical
bistability (OB) behavior of a three-level V-type atomic sys-
tem inside a unidirectional ring cavity was demonstrated using
a microwave field driving a hyperfine transition between two
upper excited states. It was illustrated that, with the increase
of the intensity of the coherent microwave driving field, the
bistable threshold intensity increases and the hysteresis loop
becomes wider [36]. Recently, incorporating coherent control
by incoherent pumping in a �-type three-level atomic sys-
tem was demonstrated to reduce OB threshold intensity [37].
Furthermore, hybrid absorptive-dispersive optical bistability
(OB) behavior in an open �-type three-level atomic system
by using a microwave field to drive the hyperfine transi-
tion between two lower states, along with the consideration
of incoherent pumping and SGC, has been analyzed and
demonstrated to reduce OB threshold intensity over a closed
three-level atomic system [38]. On the other hand, the consid-
eration of coherent control by incoherent pumping and SGC in
an open �-type three-level atomic system was shown to affect
the OB threshold intensity, and give rise to OT by adjusting the
detuning of the control laser field [39]. Alongside closed and
open three-level schemes, four- and five-level atomic systems
were proposed as promising alternatives to control OB and
OT. In this context, considering SGC in a four-level atomic
system was illustrated to decrease the threshold intensity for
OB [40]. On the other hand, without considering SGC, OB
and OT in an open and closed four-level atomic system inside
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a standing-wave cavity were theoretically and experimentally
studied [41,42]. Also, coherent control of nonlinear absorp-
tion of a probe field by both the coupling and control fields
was shown to affect OB threshold intensity in �-type four-
level atomic system [43]. Moreover, coherent control of the
two sublevels in the ground state was shown to manipulate
the OB threshold intensity, and change OB to OT in an
inverted Y-type four-level atomic system by switching the
two orthogonally polarized cavity modes was reported [44].
Furthermore, coherent control by a microwave field driving
two lower states and relative phase of the applied fields was
demonstrated to control OB behavior, and change OB to OT
in four-level systems [45,46]. Again, coherent control by the
probe and the control field was shown to affect OB behavior,
and switches OB to OT in a five-level EIT atomic system [47].
As previously mentioned, OB and OT in a three-level �-type
atomic system have been extensively studied while less atten-
tion has been paid to investigate OB and OT in a three-level
V-type atomic system. This may be owing to the coherence
relaxation of upper levels by spontaneous emission which is
not the case for �-type atomic system [31,48]. Hence, to the
best of our knowledge, available studies on OB and OT in a
three-level V-type atomic system are attempting to circumvent
this effect by incorporating coherent control using incoherent
pump field, or microwave field, or SGC [31–33,36,49–52].
In passing, it is worthwhile to note that various studies, in-
cluding optical bistablity, continues in V-type atomic systems.
For example, very recently, experimental studies on optical
bistability and nonlinear dynamics in a three-level V-type cold
Yb-atomic system have been reported [53]. In this work, by
assuming that a three-level atomic system should be sufficient
for reliable obtainment of single OB, double OB, and OT, we
investigate the criteria for achieving the same, without consid-
ering coherent control by incoherent pump field, or microwave
field, or SGC. In addition, we propose a method to control the
width of the middle branch of double OB and OT even at small
cooperation parameter. We find that our proposed scheme for
obtaining OB and OT in a three-level V-type atomic system,
even amidst coherence relaxation of upper levels by spon-
taneous emission, is comparable or even better than that of
ones reported with three-level �-type atomic system, where
coherent control is done by making use of incoherent pump
field, or microwave field, or SGC [15,16,28,29,34].

The paper is arranged as follows: In Sec. II we discuss the
standard model for realizing single OB, double OB, and OT in
a three-level V-type atomic system confined in a unidirectional
ring cavity. Section III contains our simulated results and
discusses the criteria for obtaining single OB, double OB,
and OT in a V-type three-level atomic system, aside from the
method for controlling the middle branch width of double OB
and OT, followed by conclusions in Sec. IV.

II. MODEL

We consider a three-level V-type atomic system, as de-
picted in Fig. 1(a). The transition |1〉 ↔ |3〉 with frequency
ω31 is coupled by a coherent probe laser field of frequency
ωp and amplitude Ep. The transition |1〉 ↔ |2〉 with fre-
quency ω21 is coupled by coherent laser field of frequency
ωc and amplitude Ec. The total electric field can be written

(a)

(b)

FIG. 1. (a) Three-level V-type atomic system, (b) unidirectional
ring cavity.

as E = (Eceiωct + Epeiωpt + c.c.)/2. Under the dipole and the
rotating-wave approximations, the Hamiltonian of a three-
level V-type atomic system is given by

H/h̄ =
⎡
⎣

0 �∗
c/2 �∗

p/2
�c/2 −�c 0
�p/2 0 −�p

⎤
⎦, (1)

where �c = −μ21Ec/h̄ and �p = −μ31Ep/h̄ are Rabi fre-
quencies for the transitions with electric dipole moments μ21

and μ31, respectively. �c = ωc − ω21 and �p = ωp − ω31

are the detunings of control and probe fields, respectively.
It should be noted that ωi j = ωi − ω j . The density matrix
equations describing the atomic system dynamics are given
by

ρ̇11 = γ21ρ22 + γ31ρ33 − i[�∗
cρ21 + �∗

pρ31 − c.c.]/2,

ρ̇22 = −γ21ρ22 + i[�∗
cρ21 − c.c.]/2,

ρ̇33 = −γ31ρ33 + i[�∗
pρ31 − c.c.]/2,

ρ̇21 = 	21ρ21 − i[�c(ρ11 − ρ22) − �pρ23]/2,

ρ̇31 = 	31ρ31 − i[−�cρ32 + �p(ρ11 − ρ33)]/2,

ρ̇32 = 	32ρ32 − i[−�∗
cρ31 + �pρ12]/2 (2)

with ρi j = ρ∗
ji and

∑3
i=1 ρii = 1. γi j denotes the spontaneous

decay rate from state |i〉 to | j〉. 	21 = i�c − γ21/2, 	31 =
i�p − γ31/2, and 	32 = i(�p − �c) − (γ21 + γ31)/2.

In a unidirectional ring cavity, a three-level V-type atomic
medium with number density N and length L is inserted as
shown in Fig. 1(b). For simplicity, the mirrors M3 and M4 are
assumed to be perfect, whereas R (T ) is the intensity reflection
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(transmission) coefficient of mirrors M1 and M2, provided that
R + T = 1. The probe field Ep circulates in the cavity, while
the control field Ec does not. The incident coherent probe field
EI

p entering the cavity through semisilvered mirror M1 induces
polarization P(ωp) in the atomic medium and then transmitted
partially from the mirror M2 as ET

p . Meanwhile, the control
field can further modulate the induced polarization, which
may modify the absorption and the dispersion of the atomic
medium. Under the slowly varying envelope approximation
and using Maxwell’s equations, the equation describing the
probe-field dynamics could be expressed as follows:

∂Ep

∂t
+ c

∂Ep

∂z
= iωp

2ε0
P(ωp), (3)

where c is the speed of light, ε0 is the permittivity of free
space, and P(ωp) = Nμ13ρ31 is the slowly oscillating term
for the induced polarization in the transition |1〉 ↔ |3〉. It is
worthwhile to note that it is possible to obtain an analytical
expression for ρ31, and thereby P(ωp) [3,5,28]. The analytical
expression for ρ31 is provided in the Appendix. However,
rather than discussing this very complicated expression, we
focus on our simplified model.

For a perfectly tuned ring cavity, in the steady-state limit,
the boundary conditions between the incident field EI

p and the
transmitted field ET

p are given by

Ep(L) = ET
p

/√
T , Ep(0) =

√
T EI

p + REp(L). (4)

By considering the mean-field limit, and employing the
boundary conditions, the steady-state input-output relation for
the probe field is written as [15,24,28]

y = x − iCγ31ρ31, (5)

where x = μ13ET
p /(h̄

√
T ) and y = μ13EI

p/(h̄
√

T ) are the
normalized output and input field, respectively, and C =
NωpLμ2

13/(2h̄ε0cT γ31) is the cooperation parameter. The in-
put field y is complex while the transmitted amplitude x is
assumed to be real [28].

The atomic system response to the applied fields is deter-
mined by the complex susceptibility parameter χ = χR + iχI ,
which is connected to ρ31, which is again a complex quantity,
via the following relation:

χ (ωp) = Nμ13

εoEp
ρ31(ωp). (6)

It is well known that the real part of susceptibility, i.e., χR

is related to dispersion while the imaginary one, i.e., χI , is
related to absorption of the atomic system [54]. It is straight-
forward to show that

χR = − Nμ13

Cγ31εoEp
Im(y), χI = Nμ13

Cγ31εoEp
[Re(y) − x]. (7)

Thus, Im(y) could be utilized to quantify dispersion, whereas
[Re(y) − x] could be used for enumeration of absorption. For
the sake of brevity, in the rest of the work we will write χ ′ =
Im(y) and χ ′′ = [Re(y) − x], and they could respectively be
referred to as the real part of susceptibility and imaginary part
of susceptibility in normalized units.

III. RESULTS AND DISCUSSIONS

We solve Eqs. (2) and their complex conjugates at the
steady state, together with Eq. (5) numerically to study the
input-output characteristics. As regards a real system, we
may consider rubidium vapor as the cavity nonlinear medium
to observe OB, double OB, and OT. The states |1〉, |2〉,
and |3〉, respectively, refer to 5S1/2, 6P1/2, and 6P3/2 quan-
tum states of Rb atoms. ω21/2π = 113.18 and ω31/2π =
113.56 THz are the transition frequencies with electric dipole
moments μ21 = 2.7427 and μ31 = 4.4342 × 10−30 C m, re-
spectively [55]. The corresponding spontaneous decay rates
are γ21/2π = 0.238 73 and γ31/2π = 0.281 70 MHz [56].
The vapor cell length L could be taken as 0.05 m, and the
intensity transmission coefficient T of mirrors M1 and M2 is
0.05. The cooperation parameter C is an adjustable parameter,
and could be changed by varying the vapor density inside the
cell. However, it is worthwhile to note that in order to set the
cooperation parameter C to 100, the atomic number density
N of 7 × 1015 m−3 is mandatory which corresponds to tem-
perature ∼292 K [57]. There is another possibility in which
the probe and the control fields interchange their roles. In that
case, C = 100 is possible at slightly higher atomic number
density N of 6 × 1016 m−3 which corresponds to temperature
∼300 K.

For the sake of brevity and to keep the calculations clean,
in the rest of the work, we assume γ21 = γ31 and scale all
figures in the unit of γ31. Figure 2 exhibits the effect of
the probe field blue detuning �P on the output field x as a
function of the normalized parameters, the input field |y|, and
the susceptibility components χ ′ and χ ′′. It could be seen that
for small �P of 0.5γ31 [Fig. 2(a)], χ ′′ has a negative peak
(absorption) at a small output field, while χ ′ after having a
very small positive peak (positive refraction) at small output
field, displays a negative peak (negative refraction) at inter-
mediate output field. This feature may be used to explain the
input-output characteristics, exhibiting OB, as shown by the
blue-colored solid curve. Here, OB is of absorptive nature
as its threshold intensity is mainly due to the absolute value
of χ ′′, at small output field. On the other hand, for large
�P of 2.6γ31 [Fig. 2(d)], χ ′′ exhibits a small negative peak
value compared to the previous case. Interestingly, χ ′ does
not show any initial positive peak unlike the previous case.
Rather, it displays a minor negative peak at small output field
followed by a small negative peak at an intermediate output
field. This results in disappearance of absorptive OB at small
output field and the emergence of dispersive OB, where the
threshold intensity could be owing to the absolute value of χ ′,
at an intermediate output field.

In-between these two extreme cases, say, for �P of 1.0γ31

[Fig. 2(b)], we find that χ ′′ has a negative peak at small output
field, whereas χ ′ has a negative peak at intermediate output
field. These features results in the formation of OT, as could be
seen joining the higher and lower branches of absorptive and
dispersive hysteresis loops, respectively, into a middle branch.
In fact, we find that OT will exist whenever the width of the
middle branch does not exceed the sum of respective widths of
the lower and higher branches. It is worthwhile to note that OT
could be changed to double OB by increasing �P to 1.3γ31,
as illustrated in Fig. 2(c). In this case, the width of the middle
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FIG. 2. Output characteristics as a function of the normalized parameters: the input field |y| and the susceptibility components χ ′ and
χ ′′. For different values of probe-field detuning �p/γ31: (a) 0.5, (b) 1.0, (c) 1.3, and (d) 2.6. Other parameters are �c = 0, �c = 2.2γ31, and
C = 100.

branch exceeds the respective sum of the widths of the lower
and higher branches. The difference between double OB and
OT is that double OB has two stable output fields for each of
two input field regions while OT has three stable output fields
for one input field region. Moreover, the threshold intensities
of the absorptive and dispersive hysteresis loops increase with
probe field detuning.

Furthermore, it is revealed that the threshold intensities of
the dispersive OB, and that of both OT and double OB, in the
middle branch, are predominantly due to the absolute peak
value of χ ′ at intermediate output field. On the contrary, the
threshold intensities of absorptive OB and that of both OT
and double OB, in the lower branch, are due to the absolute
peak value of χ ′′ and/or χ ′ at small output field. Thus, it may
be inferred that the ratio between the absolute peak value of
χ ′, at intermediate output field, and the absolute peak value
of χ ′′ and/or χ ′, at small output field, defines the switching
between various bistable phenomena. If this ratio is consid-
erably less than unity, absorptive OB is attainable and when
it is around unity, OT could be obtained. On the other hand,
if it is slightly more than unity, double OB is achievable,
while if it is considerably more than unity, dispersive OB is

attainable. It is worthwhile to note that this ratio relies on the
physical properties of the atomic system such as absorption
and dispersion but not on the cavity feedback.

In Fig. 3 we show the effect of the control field detun-
ing �c on the behavior of single OB, double OB, and OT
for a given blue-detuned probe field �p. It is observed that,
in Fig. 3(a), the hysteresis loop area of the absorptive OB
could be enhanced by red detuning the control field, say, by
0.15γ31, compared to the case without detuning. This results
in the increment of the threshold intensity of the lower branch,
while reduction in the threshold intensity of the higher branch.
On the other hand, blue detuning of the control field, by
0.15γ31, results in an increase of the threshold intensity in
both the lower and the higher branches. Again, as illustrated
in Figs. 3(b) and 3(c) respectively, we find that the absorptive
and dispersive hysteresis loop area and width for both OT and
double OB could be manipulated by detuning the control field.
The threshold intensity of both the lower and middle branches
gets affected while that of the higher branch remains almost
the same. A similar effect could also be seen for the case with
highly detuned probe field, as depicted in Fig. 3(d). However,
in this case only the middle branch and the corresponding
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FIG. 3. Input-output characteristics under different control-field detunings �c with blue detuning the probe field �p/γ31: (a) 0.5, (b) 1.0,
(c) 1.3, and (d) 2.6. The remaining parameters are �c = 2.2γ31 and C = 100.

threshold intensity could be engineered by detuning the con-
trol field. It is worth mentioning that for a given red-detuned
probe field, the resonant control field results in the same input-
output characteristics as that of the blue-detuned one. But in
this case, detuning of the control field yields opposite effects,
i.e., the blue-detuned control field exhibits the results shown
by the red-detuned one with blue-detuned probe field and vice
versa.

The effect of the control-field intensity �c on the input-
output characteristics, for a given detuned probe field, is
illustrated in Fig. 4. It could be seen that for small �c of
1.2γ31, only dispersive OB with very large area and width
exists. However, as the control-field intensity �c is increased
to 2.0γ31 and 2.2γ31, emergence of OT and double OB could
be observed. If �c is increased to 3.0γ31, the unfolding of
OB alone could be seen. Thus, it is possible to switch from
dispersive OB to OT, double OB, and so on with judicious
choice of the control-field intensity.

In Fig. 5 we show the effect of the cooperation parameter
C on the input-output characteristics. It can be seen that, for
small C of 75, only the absorptive hysteresis loop exists. Now,
if C is increased to 100, the dispersive hysteresis loop emerges
above the absorptive one. The threshold intensity of its lower
branch is less than that of the middle branch, resulting in OT.

Further increment of C to 175 results in significant decrease
in the absorptive hysteresis loop area, which is again situated
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FIG. 4. Input-output characteristics under different control-field
intensities �c. Other parameters: �p = 1.0γ31, �c = 0.0γ31, and
C = 100.
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FIG. 5. Input-output characteristics under cooperation param-
eters C. Other parameters: �p = 1.0γ31, �c = 0.0γ31, and �c =
2.2γ31.

below the dispersive hysteresis loop. It is easy to see that
the required input threshold intensity to obtain OB or OT is
significantly increased with higher C. Hence, the cooperation
parameter needs to be chosen sagaciously. Finally, in what
follows, we discuss the attainability of OT and double OB us-
ing a small control-field intensity �c. In Fig. 6, we depict the
combined effect of blue-detuned probe field and red-detuned
control field on the input-output characteristics. Previously,
we found that blue detuning the control field, for a given blue-
detuned probe field, shrinks the absorptive hysteresis loop
area, while the one for the dispersive case is increased. On the
other hand, opposite effect could be observed by red detuning
the control field, paving the way to control the width of the
middle branch by adjusting the system parameters judiciously.
Figure 6(a) exhibits dispersive OB, for a given blue-detuned
probe field with 2.5γ31, if the control field is resonant. Now,
if the control field is red detuned, say, by 0.9γ31, OT could
be achieved. A slight increase in the detuning, say, to 1.0γ31,
results in a smooth and wide OT characteristics. We find
that in order to obtain double OB as well as OT, the probe-
field detuning, i.e., �p needs to be increased, along with the
control-field detuning. This is clearly illustrated in Fig. 6(b).
We observe that blue detuning the probe field by 3.6γ31 and
red detuning the control field by 1.25γ31, unfolding of the
double OB is achievable. Further increase in the detuning of
the control field by 1.55γ31 gives rise to the ramification of
OT. It may be noted that, while we have proposed atomic
vapor as the nonlinear medium to observe OB, double OB,
and OT, it may be possible to test the proposed scheme in other
nonlinear systems as well. For example, asymmetric quantum
wells, or double quantum dot nanostructure, or even a hybrid
semiconductor quantum dot–metal nanoparticle system could
possibly be modeled as a V-type system for the observation of
the aforementioned phenomena [58–60]. It may be useful to
note that SGC is extremely difficult to obtain in atomic sys-
tems. An effect similar to that, such as Fano-type interference,
is possible in solid-state systems, which has been employed
in Ref. [58]. Our work shows that even with such a type of
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FIG. 6. Input-output characteristics under the combined effect of
blue-detuned probe field and red-detuned control field. (a) �p/γ31 =
2.5 and (b) �p/γ31 = 3.6. Other parameters are �c = 1.0γ31 and
C = 100.

interference, while it reduces the threshold intensity, it is not
mandatory to obtain OB, double OB, and OT.

IV. CONCLUSIONS

In conclusion, we have theoretically analyzed single OB,
double OB, and OT behavior in a V-type three-level atomic
system, confined in a unidirectional optical ring cavity. The
work paves the ways to investigate the possibility of OB,
double OB, and OT in a V-type system without considering
coherent control by incoherent pump field, or microwave field,
or SGC or Fano-type interference. Most importantly, we have
tried to understand the physics behind the emergence of var-
ious bistable and tristable states, in particular switching from
the absorptive to the dispersive characteristics. It is found that
the switching between various bistable phenomena is defined
by the ratio between the absolute peak values of the param-
eters describing dispersion and absorption, respectively. This
ratio sets a criterion for obtaining absorptive OB, OT, double
OB, and dispersive OB. It is interesting to note that this ratio
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is independent of the cavity feedback. However, the respective
width of the lower, the middle, and the higher branch of the
hysteresis loop could be manipulated with judicious control
of the detuning of the control and the probe fields. Further,
we report that the threshold intensities of the absorptive and
the dispersive hysteresis loops decrease with the control-field
intensity but increase with the probe-field detuning and the co-
operation parameter, thereby paving the way for easy control
of the width of the middle branch of double OB and OT as
well single OB. These results are crucial and useful for many

applications aiming toward fabrication of efficient all-optical
switches and logic-gate devices for optical computing and
quantum information processing.
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APPENDIX: ANALYTICAL FORM OF ρ31

The steady-state solution for the off-diagonal density matrix element ρ31 is found to be the ratio of two polynomials of orders
5 and 6 in �p:

ρ31 = 4�p

∑2
i=0[a2i − iγ31b2i/2]|�p|2i

∑3
i=0 d2i|�p|2i

, (A1)

where a2i, b2i, and d2i are real parameters that depend on probe- and control-field detunings, spontaneous decay rates, and
control-field intensity. To arrive at the familiar expression for a two-level atomic system, simply set i = 0 and 1 in the numerator
and denominator to retain the first-order term, and up to the second order in �p, respectively, which result only in OB, while for
a three-level atomic system, judicious choice of the system parameters plays the key role behind the emergence of OB, double
OB, and OT. The detailed expressions for a2i, b2i, and d2i parameters are given as follows:

a0 = �pγ
mIs

c

(
4�2 + γ 2

s

) + 16γ m(�c − �)|�c|4 + 4γ m
[
�c

(
8�δ + γ 2

s

) + �p(4�2 − γdγs)
]|�c|2,

a2 = 16
[
γ 2

21(�c − �) + γ 2
31�p

]|�c|2 + 8γ m�p(4�c� + γ21γs), a4 = 16γ m�p, (A2)

b0 = γ mIs
c

(
4�2 + γ 2

s

) + 16γ m|�c|4 + 4γ21
[ − 8γ31�c� + γs

(
4�2 + γ 2

s − 2γ m
)]|�c|2,

b2 = 16
(
γ 2

s − 2γ m
)|�c|2 + 8γ m(4�c� + γ21γs), b4 = 16γ m, (A3)

d0 = γ mIs
c Is

p

(
4�2 + γ 2

s

) + 128γ m|�c|6 + 16γ m
(
Is
c − 16�p� + 4γ31γs

)|�c|4

+ 8γ m
[
Is
c

(
4�c�p + γ m + 2γ 2

31

) + Is
p

(
Is

p − 8�c�p + 2γ m
)]|�c|2,

d2 = 128
(
γ 2

s − γ m
)|�c|4 + 32(3γ m(4�2 + γ m) − 4�c�p

(
γ 2

s − 2γ m
) + 2γ m

(
γ 2

s − 2γ m
) + γ 2

21

(
Is
c + 2�2

p

)

+ γ 2
31

(
Is

p + 2�2
c

)
)|�c|2 + 8γ m

[
Is

p

(
4�c�p + γ m + 2γ 2

21

) + Is
c

(
Is
c − 8�c�p + 2γ m

)]
,

d4 = 128
(
γ 2

s − γ m
)|�c|2 + 16γ m

(
Is

p + 16�c� + 4γ21γs
)
, d6 = 128γ m, (A4)

where

γs = γ21 + γ31, γd = γ21 − γ31, γ m = γ21γ31, 2δ = (�p + �c), � = (�p − �c),

Is
p = (

4�2
p + γ 2

31

)
, Is

c = (
4�2

c + γ 2
21

)
. (A5)
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