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Qubit-environment negativity versus fidelity of conditional environmental states
for a nitrogen-vacancy-center spin qubit interacting with a nuclear environment
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We study the evolution of qubit-environment entanglement, quantified using negativity, for nitrogen-vacancy-
center spin qubits interacting with an environment of partially polarized nuclear spins in the diamond lattice.
We compare it with the evolution of the fidelity of environmental states conditional on the pointer states of
the qubit, which can serve as a tool to distinguish between entangling and nonentangling decoherence in the
pure-dephasing scenario considered here. The two quantities show remarkable agreement during the evolution
in a wide range of system parameters, leading to the conclusion that the amount of entanglement generated
between the qubit and the environment is likely to be proportional to the trace that the joint evolution leaves on

the environment.
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I. INTRODUCTION

The study of system-environment entanglement or even
qubit-environment entanglement is seriously limited due to
large sizes of the studied environments, which translates into
few entanglement measures being available on the level of
density matrix considerations. This would not be a prob-
lem if the joint system-environment state was pure, but in
most realistic scenarios the initial state of the environment
is far from pure, except for extremely low temperatures.
In fact, the only measure which can serve to quantify en-
tanglement between two systems of any size which can be
calculated directly from the joint density matrix is nega-
tivity [1,2] (or closely related logarithmic negativity [3]),
which nevertheless requires diagonalization of a matrix of
the same size as the joint system’s Hilbert space. Negativity
has its limitations, since there exist entangled states which
are not detected by it [4,5], but it is the best available tool
if the two potentially entangled systems are larger than a
qubit and a qutrit and the purity of the system is less than
one. All other measures require some form of minimization
over possible representations of the states in different bases,
which becomes highly cumbersome with growing system size
[6-13].

Recently, relatively straightforward methods for detecting
system-environment [14] and qubit-environment [15] entan-
glement have been found for a scenario in which the reduced
state of the system undergoes pure dephasing in the basis of
pointer states [16,17], which is singled out by the interaction
itself. The main result of these papers was that the generation
of system-environment entanglement during decoherence of
the system occurs if the environment interacting with the
system in distinct pointer states (the conditional states of
environment) evolves into distinct states. Let us note that this
is not only a canonical example of decoherence, in which the
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importance of establishment system-environment correlation
for decoherence is particularly transparent [17,18], but it also
describes the dominant decoherence mechanism for almost all
the solid-state-based qubits [19-33] and also for trapped ions
[34,35].

The problem of the method is that it does not quantify the
amount of entanglement, instead answering the question if
system-environment entanglement is present at a given time
after initialization of the system or qubit in a pure state. As
there are no limitations on the initial state of the environment,
which is likely to be mixed, the whole system is initially
impure, and pure dephasing can occur either while being ac-
companied by entanglement generation or due to completely
separable system-environment evolutions [14,15,36-38]. This
is in stark contrast to pure-state system-environment evolu-
tions, for which pure dephasing is irrefutably linked with the
buildup of entanglement with the environment [17,39]. The
results of Refs [14,15] show that system-environment entan-
glement leaves a detectable trace on the environment, while
it is impossible to distinguish entangling from nonentangling
evolutions by straightforward measurements of system pure
dephasing. More involved schemes for the detection of qubit-
environment entanglement by operations and measurements
on only the qubit subsystem have been recently proposed
[40,41]. Both detection of entanglement by measurement only
on the environment and detection of entanglement via op-
erations on the qubit are possible because the problem is
restricted to a special class of Hamiltonians, hence there is no
contradiction with the popular theorem on the impossibility of
local detection of entanglement.

The evolution of a qubit and its environment is not accom-
panied by entanglement generation if and only if the evolution
of the states of the environment conditional on the pointer
states of the qubit is the same at all times (if this occurs only
at isolated points of time, then there is no entanglement only
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at these times) [15],
Roo(t) = R (1), (D

where said conditional states are denoted by Rii(r), withi =0
and 1, and they correspond to the state the environment would
be in at time ¢ if the qubit were initialized in pointer state
|i) at the initial time. Hence if the qubit is initialized in a
superposition state, a|0) + b|1), the state of the environment
at time ¢, obtained by tracing out the qubit from the full
qubit-environment density matrix, is given by

R@t) = |al*Roo(t) + [BI*Ry1(¢). 2)

In the case where there is no qubit-environment entanglement,
this state is the same regardless of the initial qubit superposi-
tion and is equal to the state the environment would evolve
to under the influence of the qubit in one of its pointer states.
When entanglement with the environment is generated, the
situation is qualitatively different, and the state of the envi-
ronment depends on the probability of finding the qubit in
either pointer state. Therefore we can talk about a trace left by
joint qubit-environment evolution on the environment which
is present only for entangling evolutions.

Here, we make a first step towards a measure of qubit-
environment entanglement designed to quantify the amount
of entanglement generated during evolutions of the pure-
dephasing type. To this end, we test if the magnitude of the
trace left by entangling evolutions on the state of the envi-
ronment is proportional to the amount of actual entanglement
generated on a realistically modeled nitrogen-vacancy (NV)
center in diamond spin qubit interacting with a nuclear spin
environment [33]. The choice of test system is based both on
its experimental relevance [42-47] and on the wide variety of
test scenarios it provides. As the NV center has effectively
spin S = 1, the spin states form a qutrit, but the uneven level
spacing between the different spin states allows for any two
levels out of three to be singled out as the qubit under study.
Furthermore, this type of spin qubit interacts strongly only
with nuclei of spinful carbon isotopes '3C, which are few
within the diamond crystal lattice, and both their number and
locations vary, which leads to different evolutions for different
realizations of the environment of the qubit. The whole qubit-
environment Hilbert space is therefore small enough to allow
for effective diagonalization of matrices within it, which is
necessary to find the evolution of negativity.

We test a number of qubit-environment evolutions driven
by different interaction Hamiltonians, all within the NV-center
spin qubit model with five randomly placed and partially spin-
polarized relevant environmental nuclei. Results for other
realizations of the environment are given in the Supplemental
Material [48]. We find a remarkable agreement between the
time evolution of the entanglement measure negativity and the
fidelity between the states of the environment conditional on
the qubit pointer states. Furthermore we find that this agree-
ment is also present for evolutions which cannot be detected
by the qubit-based schemes of Refs. [40,41]. We conjecture
that the effect is of a more general nature, and that said, fi-
delity could be the basis of an entanglement measure designed
specifically for pure-dephasing evolutions.

The paper is organized as follows. We introduce the NV-
center qubit and its environment in Sec. II. In Sec. III we pro-

vide the definitions necessary to calculate qubit-environment
negativity and show that the existence of unpolarized envi-
ronmental spins does not influence its evolution. In Sec. IV
we discuss the correlation between entanglement generation
in pure-dephasing scenarios, and the difference between con-
ditional evolution of the environment while using the fidelity
to quantify this difference. Similarly to the section before,
we also show that the existence of unpolarized environmental
spins does not influence the evolution of the fidelity. Results
obtained for realistically modeled spin qubits with randomly
chosen environments are presented and discussed in Sec. V,
while Sec. VI contains concluding remarks.

II. NV CENTER INTERACTING WITH A PARTIALLY
POLARIZED NUCLEAR ENVIRONMENT

Our test system consists of a spin qubit defined on an
NV center in diamond interacting with an environment of
nuclear spins of the spinful carbon isotope '*C. As most of the
diamond crystal lattice consists of spinless carbon nuclei, the
relevant (for decoherence) atoms of the environment are few
and randomly located. This is of use for testing of the corre-
lation between generated entanglement and the magnitude of
the trace that entangling evolutions leave on the conditional
states of the environment (how strongly the conditional states
of the environment are affected by entangling evolution), since
the resulting system-environment evolutions vary depending
on the choice of qubit, as well as on the locations of the
relevant nuclei and their number.

The low-energy states of the NV center constitute an ef-
fective electronic spin S = 1, so we are dealing with a qutrit
defined on the m = —1, 0, and 1 levels, subsequently labeled
as | — 1), 10), and |1). This is subjected to a zero-field split-
ting, A(S® )2, with the direction of the z axis determined by
the geometry of the center, so the presence of a magnetic field
along the z axis leads to a splitting of the m; = £1 levels and
an uneven level spacing between all the levels. This allows
for any two-level subspace to be used as a qubit controlled
by microwave electromagnetic fields. We choose two out of
the three possible qubits for our study, one is the most widely
employed qubit based on the m = 0 and 1 levels, and the other
is based on the m = —1 and 1 levels.

The large value of the zero-field splitting, A = 2.87 GHz,
and a large ratio of electronic and nuclear gyromagnetic fac-
tors lead to the suppression of transitions between the qutrit
states mediated by the environment, hence the system can be
described as one which undergoes only a pure-dephasing type
of interaction [49]. Additionally, the |0) state is decoupled
from the environment, so the qutrit-environment Hamiltonian
is of the form

H=(A+7v.B) — 1) {(—1] + (A — y.B)I1) (1] + Hg
=DV +|)({1|®V. (3)

The first two terms in the Hamiltonian describe the free evo-
lution of the qutrit. The energies of states | &= 1) depend on
the zero-field splitting symmetrically and asymmetrically on
a magnetic-field-dependent term, where y, = 28.08 MHz/T
is the electron gyromagnetic ratio. This part of the Hamil-
tonian commutes with all other terms in Eq. (3) and the
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resulting evolution can therefore be eliminated from the joint
system-environment evolution via a unitary operation per-
formed solely on the qutrit (by moving to a rotation frame
with respect to the qubit). The consequence of this is that this
part has no bearing on either the generation of entanglement
or on its magnitude. It will also play no part in the conditional
evolution of the environment.

The second term in the Hamiltonian describes the free
evolution of environmental spins,

I_?E = Z ynBzfji» (€
k

where k labels the spins, 3, =10.71 MHz/T is the gyromag-
netic ratio for '3C nuclei, and [{ is the operator of the z
component of nuclear spin k. A term describing the internu-
clear magnetic dipolar interactions has been omitted, since
the free evolution decoherence process occurs on timescales
much shorter than those of the nuclear dynamics due to said
interactions (in contrast to coherence observed in spin echo
experiments [33,49]).

The last term in Eq. (3) describes the hyperfine interaction
between the spin qubit and its nuclear spin environment. It is

given by
V=>" > AYI. 5)

k jelxyz)

If we omit the Fermi contact interaction [S0] which is related
to the nonzero probability of finding an electron bound to the
NV center on the location of a given nucleus, and only take the
dipolar coupling into account, the coupling constants present
in Eq. (5) are given by

= oty e Din v

(6)

k4 rt
Here, 11 is the magnetic permeability of the vacuum, ry is a
displacement vector between the kth nucleus and the qubit and
j =%, ¥, and 2 denote versors corresponding to three distinct
directions.

Note that the free evolution of the environment and the
interaction term do not commute for nonzero magnetic fields;
therefore the free evolution cannot be eliminated via a local
unitary transformation and can take part in the generation
of qubit-environment entanglement, regardless of the qubit
of choice. Hence, the evolution operator for the qutrit and
the environment (without the irrelevant free evolution of the
qutrit) is given by

1
O@)y= ) Im)(m ® iy (t), (7)
m=—1
with
W_1(t) = e~ # A=V (8a)
Wo(t) = e ilEr, (8b)
() = e 7 HAV) (8¢)

Note that since both Az and V can be written as sums over
environmental spins k, each conditional evolution operator of

the environment W;(¢) can be written in product form with
respect to said spins for any instance of time z,

wit) = ) wf (t). ©)
k

In the following we consider an initial state which is a prod-
uct of a pure state of the qutrit within one of the two chosen
qubit subspaces, |¥) = a|0) + b|1) or |¢¥) =a| — 1) + b|1),
and a partially polarized state of the nuclear environment,
R(0), which is mixed,

6(0) = ¥)(¥| ® R(O). (10)

The Hamiltonian (3) does not contain any terms which allow
for transitions between different qutrit pointer states |m), so
effectively the evolution of such an initial state is governed
only by the terms in the Hamiltonian which contain the rel-
evant qubit states, so either |0) and |1) or | — 1) and |1). We
assume that R(0) does not contain any correlations between
the nuclei, so 1@(0):@,{ 01(0), where p;(0) is the density
matrix of kth nucleus, given in the case of spin-1/2 nuclei
by

1 .
pu0) = 3 (L +2pik). (11)

where pye[—1, 1] is the polarization of the kth nucleus.
Without dynamic nuclear polarization, p; = 0 for all &, the
density operator of the environment at low fields is R(0) 1,
and according to the results of Ref. [15] no qubit-environment
entanglement forms throughout the evolution. Since such nu-
clear polarization of the environment for an NV center has
been recently mastered [51-59], the assumption of the spe-
cially prepared initial state of the environment is reasonable.
In Sec. V we assume that the polarizations of each environ-
mental nucleus are the same, so p; = p for all k, because
in Secs. III and IV we show that additional interaction with
any unpolarized environmental spins has no bearing on either
the evolution of the negativity or the evolution of the fidelity
between conditional states of the environment for the prod-
uct initial state of the environment. This is relevant for the
studied system, since dynamical nuclear polarization makes
only some of the relevant environmental spins polarized. Note
that the initially unpolarized environmental spins contribute to
decoherence, even though they do not entangle with the qubit.

Since both the initial state and the evolution operator are
known, we can write the time-evolved qubit-environment den-
sity matrix in the form

.
6@=CM&N)

ab*R,, (t
R 1( )>’ (12)
a*len (t)

bI%R11 (1)

with n = —1 and 0 depending on the choice of the qubit. Here
the environmental operators R;;(¢) are given by

Rij (1) = @i(ORO)D] (1) (13)

Since both the initial state of the environment and its condi-
tional evolution operators (8) can always be written in product
form, all matrices (13) can also be written in product form
with respect to different spins of the environment at all times,

Ry =@ b ), (14)
k
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with

Pl (1) = @) pO) (1), (4

III. NEGATIVITY—AN ENTANGLEMENT MEASURE
APPLICABLE FOR LARGE BIPARTITE SYSTEMS

For large bipartite systems, such as the qubit and the envi-
ronment (where the latter is larger) studied here, the choice of
entanglement measures which can be computed is very lim-
ited. It comes down in fact practically to the choice between
negavitity [1,2] or logarithmic negativity [3]. Both measures
are closely related and are based on the positive partial trans-
pose (PPT) criterion of separability [60,61]. The criterion and
therefore also the measures do not detect a certain type of
entangled states called bound entangled states [4,5], but in the
studied scenario, namely in the case of an initially pure-state
qubit, bound entanglement never forms [15,62]. Therefore in
what follows, negativity (and logarithmic negativity) signifies
separability if and only if the joint qubit and environment state
is really separable.

We choose to employ plain negativity, which is defined as
the absolute sum of the negative eigenvalues of the density
matrix of the whole system after a partial transposition with
respect to one of the two potentially entangled subsystems and
can be written as

. [Ail — A
N@G) = Z o (16)
where A; denote all eigenvalues of the density matrix after
partial transposition, ™. Obviously the positive eigenvalues
cancel out in Eq. (16) while only negative eigenvalues are
left. Negativity does not depend on the system with respect
to which partial transposition is performed, A = Q and E.

We calculate negativity at each instance of time by first
performing partial transposition with respect to the qubit on
the time-evolved qubit-environment density matrix (12),

f%mv
IbI2Ry1 (1))’

|al* R, (1)

A 17
ab*Rnl (t) ( )

glo(t) = (

and then finding the eigevalues of the matrix obtained in this
way.

At this point we can show that since all the environmental
operators Ry, (¢) retain their product form throughout the evo-
lution (14), the presence of unpolarized environmental spins
will not change the amount of entanglement as described by
negativity, even though they do contribute to decoherence. To
this end, let us divide the environment into a part composed
of polarized nuclear spins, for which the initial state of each
spin is given by Eq. (11), and a part composed of unpolarized
spins, for which the initial state of each state is proportional
to a unit matrix of appropriate dimension (which for spin 1/2
is obviously equal to 2). We denote the joint initial state of the
polarized nuclei as RP(0) and that of the unpolarized nuclei as
R™(0) = ﬁI[M, and correspondingly the conditional evolution
operators acting on the two parts of the environment as @7 (1)
and ;" (r). Hence at all times we have

Rij(t) = léf’j(t) ® I??JP(;), (18)

and we can write the qubit-environment density matrix after
partial transposition (17) with

Run(1) = RS, (1) ® Iy, (19a)
Ri(t) = R, (t) ® Ly, (19b)
Riu(t) = R (1) ® @7 ()™ (1), (19¢)
Ru(t) = R, (1) @ P (1)@iP (1), (19d)

where Iélpj/ "P(¢) is obtained following Eq. (13). Since
ﬁ)?p (t)ﬁzsz (t) can be diagonalized, and the unit matrix which

is defined on the same subspace retains the same form in any
basis, the whole matrix (17) can be written as

1 al*R, (¢ a*bR® (1)e'tn
ﬂm=—2<'J(? lﬁ)) jm) {m.
M~ \ab*R’ (t)e = |b*RY,(t)
(20)

at any time ¢. Here ¢/®" and |m) are eigenvalues and eigenvec-
tors of the unitary matrix @} OO (1),

It is now important to note that the matrix (20) is in fact
block diagonal and each block corresponds to a given vector
|m). Hence, finding the eigenvalues of this matrix reduces to
finding the eigenvalues of each matrix,

1, ( la|* R, (t) a*b}%'fn(z)ef%)

G (1) = ~ : ~ s
ab*RY | (t)e~¥n bI2RY, (1)

and dividing them by M. Hence the value of negativity ob-

tained by diagonalization of the matrix in Eq. (20) must be

equal to the average value of negativities obtained from the
matrices (21),

2n

1
NIG®] = 7 Y NIGn(0)]- (22)

Additionally, all of the matrices (21) are identical to the
matrices which would be obtained when describing the joint
evolution of the qubit with the part of the environment which
is polarized with the exception of the phase factors e/®". A
single of these phase factors can be introduced into such a
density matrix by a local unitary operation in the qubit sub-
space. Since it is known from the properties of negativity that
its value cannot be changed by local unitary operations, obvi-
ously N[&,,(t)] = N[6,(¢)] for all m and m’, so the addition
of unpolarized environments does not influence the amount of
entanglement in the system.

IV. FIDELITY OF CONDITIONAL ENVIRONMENTAL
STATES

As shown in Refs [14,15], the if and only if criterion of
separability for pure-dephasing qubit-environment evolutions
at time ¢ can be written as

Rnn(t) :Iéll(t)v (23)

where the density matrices of the environment conditional on
the qubit being in either of its pointer states are given by
Eq. (13). This means that there is no entanglement between
the qubit and the environment at time ¢, for an initial state that
involves a pure state superposition in the qubit subspace, if
and only if the environment would be in the same state at time
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t if the qubit would have been initialized in either of its pointer
states.

We conjecture that the degree of how different the two con-
ditional density matrices are is proportional to the amount of
entanglement generated throughout the evolution. To quantify
this difference we use the fidelity between R,,(t) and Ry, (¢),
which yields a number between 0 and 1, 1 meaning that the
states are the same and 0 meaning that they have orthogonal
supports. The definition of fidelity for two arbitrary density
matrices (of the same dimensionality) R,, and Ry, is

2
F(Iénnv]/éll) = |:TI‘< V Rnnﬁll\/ Iénn>:| . (24)

Contrarily to negativity, described in the previous section, the
product form which is retained by the conditional density
matrices of the environment throughout the evolution results
in the numerical complexity of calculating the fidelity growing
very slowly with increasing size of the environment. This is
because

F<®ﬁ;:", ®i>,11> =[Ir@a). @5
k k k

As in the previous section, we now show that the presence
of unpolarized environmental spins does not change the fi-
delity (24), but the proof in this case is much simpler. We
start with dividing the environment into parts as before, and
we obtain the product form which is retained between the
conditional density matrices of the environment throughout
the evolution as in Eq. (18),

Ri(1) = RE() @ RF (1). (26)

Inserting this into Eq. (24) and using the property (25) yields
F (R, Rix) = F (RS, @), R ) F (R, R (@)

=F(R, (), R, (1)), (27)

nn
since

Iy

) Lot . oot
Brw = ool o= 4 e

regardless of the index i.

V. RESULTS

In the following we compare the evolution of negativity
between one of the two chosen qubits and the environment
and one-minus-fidelity between the conditional states of the
environment, 1 — F [Ié,m(t),li’n(t)], where n=—1 or 0 is
specified by the choice of qubit. As the aim here is to study
exemplary evolutions of the type found for NV-center qubits
interacting with a nuclear environment, we use the same ran-
domly chosen realization of the spin environment in all plots.
They correspond to an environment composed of five initially
partially polarized '3C isotopes (nuclear spin 1/2) for which
their randomly generated spatial arrangement determines the
coupling constants (6). The distances of each environmental
spin from the qubit and the coupling constants are given in
Table I. Analogous sets of plots for other realizations of the
environment are provided in the Supplemental Material [48].

TABLE I. Distances of each environmental spin from the NV-
center qubit and the corresponding coupling constants for the
realization of the environment used in Figs. 1-5.

koonam) AP (us) AP (ups) AP (1/us)
1 0.563961 0.492 352 0.511667 —0.417774
2 0.617788 0 0 1.05937
3 0.636801 —0.093 8789 0.069 687 —0.47416
4 0.667 287 0 —0.441263 0.660531
5 0.667 287 —0.169 842 0.588 35 0.060048 3

The evolution of twice the negativity between the m = 0
and 1 qubits and an environment is plotted for B, = 0 and
B, =0.2 T in Figs. 1 and 2, respectively, using dashed red
lines. For the m = —1 and 1 qubits, analogous plots are found
in Fig. 3 for B, = 0 and in Fig. 4 for B, = 0.2 T. The evolution
of the one-minus-fidelity between the conditional states of
the environment, 1 — F[R,, 1), Ry ()], is plotted in the same
figures using solid blue lines, with n = 0 for Figs. 1 and 2
and with n = —1 for Figs. 3 and 4. The panels (a), (b), (¢),
and (d) in all figures correspond to growing initial polariza-
tion of the environment, with the most mixed environment
(corresponding to p = 0.1, so not maximally mixed) in panels
(a) and fully polarized environments in panels (d). All of
the figures contain results for an initial equal superposition
qubit state (the initial phase between the components of this
superposition is irrelevant). Let us note that dephasing of
the qubit, described in detail for an unpolarized environment
in Ref. [49], is caused both by the few polarized nuclei in
the close vicinity of the qubit and by the ~100 unpolarized
nuclei farther away. The typical timescale of this process
is a few microseconds, so that the entanglement shown in
Figs. 1-4 becomes significant on the timescale on which the
qubit is already dephased. It is however important to note
that this is a coincidence: the dephasing is mostly caused by

t [us] t [us]

FIG. 1. Evolution of qubit-environment negativity (red dashed
lines) and one-minus-fidelity between conditional environmental
states (blue solid lines) for a qubit defined on m =0 and m = 1
spin states and five environmental spins at random locations as a
function of time for B, = 0.2 T and different initial polarizations of
the environment: (a) p = 0.1, (b) p = 0.4,(c) p=0.7,and (d) p = 1.
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| (@) |(b)

0.8 | (c) |(d)

36 9 1215 3 6 9 12 15
t [us] t [us]

FIG. 2. Same as Fig. 1, butfor B, = 0.2 T.

the unpolarized environmental spins that do not participate in
qubit-environment entanglement.

As should be expected [15], for a completely mixed envi-
ronment, p = 0, qubit decoherence is not accompanied by the
generation of entanglement regardless of the type of interac-
tion with the environment, since the initial density matrix of
the environment is proportional to unity and commutes with
any possible environmental evolution operators [15]. This
does not mean that the qubit does not experience decoherence
and, in fact, the qubit becomes dephased during the evolution
in all four of the studied situations with not polarized initial
states of the environment.

For partially and fully polarized initial environmental
states, generation of entanglement is observed regardless of
the variant of the Hamiltonian under study. This has been
predicted for the m = 0 and 1 qubits when B, # 0, which
has been used to exemplify the scheme for detection of qubit-
environment entanglement via operations only on the qubit
subsystem [40]. The procedure described there could also
be used to predict the generation of qubit-environment en-
tanglement for the m = —1 and 1 qubits and B, 0. This is
because the condition for the procedure described in Ref. [40]
to be able to detect qubit-environment entanglement is for

(2) (b)

36 9 12 15 3 6 9 12 15

FIG. 3. Same as Fig. 1, but for a qubit defined on m = —1 and
m = 1 spin states.

| (a) | (b)

0 — ‘

1-F, 2N
()
oo
\
\
/
/
/

3 6 9 12 15 3 6 9 12 15
t [us] t [us]

FIG. 4. Same as Fig. 3, butfor B, = 0.2 T.

the evolution operators on the environment conditional on the
pointer state of the qubit (8) not to commute, so

[Wn(r), W1(1)] # O, (29)

with n = —1 and O depending on the choice of qubit. This
condition is met for B, # 0, but not for B, = 0 when _(t) =
W] (t) and wo(t) = I.

More interestingly, the evolution of the quantity 1 —
F [Iém,(t),lé”(t)], which determines how different the two
conditional states of the environment are at time ¢, resem-
bles the evolution of the negativity very closely. In fact,
1 — F[R,(t), Ry1(t)] grows when negativity grows, decreases
when negativity decreases, and remains constant when neg-
ativity remains constant with very rare discrepancies. To
exemplify this, in Fig. 5 we plot the time derivatives of both
negativity and one-minus-fidelity corresponding to the evo-
lutions in Fig. 1. It can be seen that the derivatives of both

S 08 | 1 ¥ ]
= (a b

Z 04 —) 1 1
L0 i
% 04| I f
508 ¢ it ]
2 0% o 1@ 1
o4l IR ¢ f
508 t it ]

36 9 12 15 3 6 9 12 15

FIG. 5. Time-derivative of the evolution of qubit-environment
negativity (red dashed lines) and one-minus-fidelity between condi-
tional environmental states (blue solid lines) for a qubit defined on
m = 0 and m = 1 spin states and five environmental spins at random
locations as a function of time for zero magnetic field and different
initial polarizations of the environment: (a) p = 0.1, (b) p =04,
(¢) p=10.7, and (d) p = 1. The figure corresponds to the evolutions
in Fig. (1).
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quantities are positive, negative, and equal to O at the same
segments or points of time.

Figures analogous to Figs. 1-5 but corresponding to three
different realizations of the environment are provided in the
Supplemental Material [48]. They display the same qualitative
and quantitative similarity in the evolution of negativity and
one-minus-fidelity.

The close similarity between N and 1 — F' is present in all
four situations studied, which correspond to one physical sce-
nario, but differ quite extensively, containing an asymmetric
system-environment coupling (the m = 0 and 1 qubit) with
(B, = 0) and without (B, # 0) commuting environmental and
interaction parts of the Hamiltonian, as well as a coupling
which is not asymmetric (the m = —1 and 1 qubit) again in
two variants pertaining to the commutation of parts of the
Hamiltonian. It is thus reasonable to assume that the close re-
semblance of the negativity and one-minus-fidelity evolutions
is not accidental.

VI. CONCLUSION

We have studied four variations of an N'V-center spin qubit
interacting with an environment of nuclear spins, out of which
a few are polarized. The interaction leads to pure dephasing
of the qubit, caused by both polarized and unpolarized nu-
clei, and to creation of entanglement between the qubit and
the few polarized nuclei. The variations are obtained by the
choice of qubit under study (by choosing distinct pairs of
levels of the N'V-center qutrit we analyze two out of three
possible qubits), which yields different effective interaction
Hamiltonians, and by the application of the magnetic field or
lack thereof. The latter facilitates the transition between com-
muting and noncommuting conditional evolution operators of
the environment and is important from the point of view of
detecting this type of entanglement.

We have first shown that the evolution of the entanglement
measure negativity as well as the evolution of the fidelity
between conditional states of the environment does not de-
pend on the presence of initially unpolarized environmental
spins. We have then compared the time evolution of the
amount of entanglement between the qubit and the environ-
ment with the time evolution of one-minus-fidelity for an
environment composed only of spins which were initially
partially polarized. In all the studied situations the evolution of
one-minus-fidelity resembled the evolution of negativity very
closely.

We conjecture that the amount of entanglement with the
environment generated during any evolution that leads to pure
dephasing of the qubit for an initial product state of a pure

qubit and environment is proportional to one-minus-fidelity
between the states of the environment conditional on the qubit
pointer states. This would mean that the amount of entan-
glement generated between the qubit and the environment
is proportional to the trace that the joint evolution leaves
on the environment. Hence, although it is not possible to
distinguish between entangling and nonentangling evolutions
by studying only qubit dephasing, it not only is possible to
distinguish them by detecting the difference in environmental
evolution linked to the different pointer states of the qubit but
may also be possible to quantify the amount of entanglement
in the qubit-environment system by studying the magnitude
of this difference. We have shown this to be the case in
quantitatively different situations which can be realized in
NV-center spin qubits. The advantage is that, contrary to
other measures of mixed-state entanglement, here we have
a natural physical interpretation, which in fact is the same
as for the pure state entanglement in pure-dephasing scenar-
ios (namely, entanglement is proportional to how much the
two conditional states of the environment differ from one
another).

In fact, recently, it has been shown in Ref. [63] that one-
minus-fidelity between the conditional density matrices of
the environment is, after normalization with respect to the
parameters of the initial superposition state of the qubit, an en-
tanglement measure. All of the one-minus-fidelity plots show
the evolution of entanglement quantified by the measure of
Ref. [63], which would be obtained for an equal superposition
initial qubit state.

The results presented here would be hard to reproduce
experimentally because of the size of the environment, which
hinders the reconstruction of the qubit-environment state
through tomography. There exist proposals to measure the
fidelity [64—66] and negativity [67-69] more directly, which
could at least in principle be used to study these quantities
in the case of the NV-center spin qubit and its environ-
ment. Another class of schemes, such as coarse-grained
collective measurement [70-73], which rely on measure-
ments of collective quantities of larger systems (such as
magnetization) could be potentially used to experimentally
distinguish between different states of the nuclear environ-
ment, but a careful analysis of how reliable such schemes
would prove (and how to optimize the measurement for
quantification of entanglement) is beyond the scope of this
work.
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