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We investigate Cherenkov radiation triggered by qubit acceleration, which can be simulated using supercon-
ducting circuits. By analyzing qubit dynamics, we confirm the existence of the Cherenkov speed threshold.
A question immediately arises: What is the role of the Cherenkov speed threshold from the aspect of causation?
More specifically, what is the effect of the threshold on the ability of the qubit to transmit quantum information?
To address this question, we consider measurements of the quantum direct cause, which can be used to estimate
channel capacity, based on a recently developed notion on temporal quantum correlations. When choosing proper
values for qubit acceleration and qubit-field coupling in a single-mode model, we surprisingly discover that the
Cherenkov threshold serves as the speed limit for quantum information propagation in the single-mode model.
We further extend use of these measurements to a multimode model. The results indicate that introducing extra
modes can lead to further suppression of the quantum direct cause. The suppression is further enhanced when
the number of field modes involved in the system is increased.
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I. INTRODUCTION

When a charged particle is moving at a speed faster than
the speed of light in a medium (Cherenkov speed threshold
or, more concisely, Cherenkov threshold), the particle will
start to emanate radiation. This radiation is known as the
Cherenkov radiation [1-19], which was first analyzed in the
field of classical electromagnetism [3]. Quantum mechanical
treatment of the Cherenkov effect, which was first proposed
by Ginzburg [15], demonstrates that the moving source can
be a neutral body or any sort of perturbation [16—18]. Recent
studies [20-23] have shown that Cherenkov radiation can
be observed in superconducting circuits via simulations of a
qubit moving in constant velocity and with tunable coupling
strength. Along this line of thinking, we further consider the
Cherenkov effect that is triggered by uniformly accelerating
motion. In this study, our goal is to reveal the role of the
Cherenkov threshold from the aspect of quantum causation.
To accomplish this goal, a causality test, for estimating the
underlying speed of quantum information carried by the ac-
celerating qubit, is required.

A notable causality test usually performed on cavity and
circuit QED systems [24-27] is known to be a Fermi prob-
lem [28] and is used to estimate the propagation speed of
photons in a cavity. The basic principle of the test is to con-
sider two distantly separated atoms in the cavity. Initially, one
of the atoms is prepared in the excited state and the other
one in the ground state. The excited atom will decay and
emit a photon, which can be received by the other atom. The
speed of the photon can then be intuitively estimated based
on the flying time to excite the other atom. In our study,
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instead of performing the Fermi test, we aim to uncover the
speed of quantum information transmitted or carried by the
accelerating qubit. Therefore, we employ recently developed
methods for inferring what is referred to as the quantum direct
cause based on pseudo-density-matrix (PDM) formalism and
its related idea known as temporal quantum steering.

PDM [29] is established through a temporal analog of
the quantum state tomography procedure, which signifies that
a PDM can be constructed via timelike separated measure-
ments, i.e., measurements performed on the same system at
different times. A PDM can be a negative matrix, which fails
to be reinterpreted as a valid quantum state. The existence
of negative eigenvalues naturally eliminates common-causal
explanations [30-32], indicating the presence of a quantum
direct cause (or direct-causal influence) encoded in the PDM.
Furthermore, recent research [33] has demonstrated that the
degrees of direct-causal influence between two ends of a
quantum channel also imply the upper bound of its channel
capacity. Therefore, in this study, measuring the quantum
direct cause is equivalent to determining the capability of the
accelerating qubit to propagate quantum information.

On the other hand, the notion of temporal steering (TS)
[34-39] was introduced in analogy with the steering con-
cept [40-49] proposed by Schrodinger [40], where remote
state preparation is made possible through the use of entangled
pairs. Instead of involving bipartite systems, TS explores the
possibility of reformulating the steering task through a single
system at different moments. A recent paper by Ku et al. [39]
has further highlighted that there exists a hierarchical relation
between PDM and TS, suggesting that TS is a weaker measure
of the quantum direct cause.

The rest of this paper is structured as follows. In Sec. II,
we begin with the single-mode model, where the Cherenkov
effect can be triggered by an accelerating qubit. We then
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identify the Cherenkov threshold via the perturbation the-
ory. By simulating the qubit dynamics with different initial
states, we can determine that either a decrease in the qubit
acceleration or an increase in the qubit-field coupling strength
can cause the qubit states to approach an excited state after
the threshold is crossed. It then becomes more difficult to
distinguish the qubit initial condition through the qubit states,
implying that modulation of the acceleration and coupling
strength enhances the tendency of the qubit to lose quantum
information. In Sec. III, we then review measurements of
the quantum direct cause, which can be used to quantify the
ability of the accelerating qubit to propagate quantum infor-
mation. In Sec. IV, we present numerical results regarding the
quantum direct cause for the single-mode model. We observe
that if we choose proper values for the acceleration and cou-
pling strength, the quantum direct cause can drastically drop
to zero when the Cherenkov threshold is crossed. Under these
circumstances, the threshold serves as a speed limit for the
transmission of quantum information via the qubit. Afterward,
we consider a multimode model for simulating a genuine
cavity. The results suggest that introducing extra modes can
lead to further suppression of the direct-causal influence. In
addition, the suppression is further enhanced when the num-
ber of modes is increased. From the perspective of an open
quantum system, the enhancement of the suppression is an
effect of the increase in system-reservoir interactions, i.e., the
enlarged size of the environment.

II. THE MODEL

Let us begin by modeling a qubit moving with a uniform
acceleration A in a cavity, as depicted in Fig. 1(a). The qubit
trajectory is given by

2

X =SV F - = (1)
A A
where c is the speed of light in a vacuum. The total qubit-
field Hamiltonian can be written as (by letting 7 = 1, for
simplicity)

Wy s
H = 701 + woa'a + Hy[x,(t)],

with  H[x,(t)] = gcos[kox,(t)]oy(a’ + a), )

where w, is the transition frequency between the qubit ground
state |G) and the excited state |E); o, and o, are Pauli matrices
acting on the qubit; and a (a") is the annihilation (creation)
operator of the cavity field. Here, we assume that the qubit
effectively interacts with the fundamental cavity field mode at
frequency wy = vk and wave number ky = /L, where v is
the phase velocity of the field mode and L is the cavity length.
The motion of the qubit, x,(¢), is encoded in the interaction
Hamiltonian H;[x,(¢)] with the maximal coupling strength g.

According to Refs. [21,50], the system can be simulated
using a superconducting circuit, as shown in Fig. 1(b). The
circuit is composed of two capacitively shunted supercon-
ducting quantum interference device (SQUID) loops that
couple to a LC resonator. Theoretical investigation [51] re-
vealed that these two coupled SQUID loops can be regarded
as an effective qubit, where the qubit transition frequency
and the qubit-resonator coupling strength can be tuned via

X(t) x,(1)  x,(1r) x,(t3)

LC resonator

FIG. 1. (a) Uniformly accelerating qubit coupled to a cavity,
where the red curve represents the spatial profile of the coupling
strength. (b) The system can be simulated using a superconducting
circuit with tunable coupling strength, which depends on external
fluxes ®¢ and ®°.

modulation of the external fluxes ®¢ and ®° flowing through
the SQUID loops. Moreover, it is possible to modulate the
coupling strength while the qubit transition frequency is main-
tained a constant. In this case, the qubit-resonator interaction
Hamiltonian can be modeled as

H (94, %) = g(d7, ®2)o,(a" + a), 3)

where the dependence of the coupling strength g on these
two fluxes, ®¢ and bej, is further explained in Ref. [51].
Accordingly, the qubit motion depicted in Eq. (2) can be
simulated using this circuit through the modulation of the
external fluxes, such that

g[@4(r), DE(1)] = geoslkox,(t)]. 4)

For this particular design, the maximally reachable simulated
acceleration is approximately 10'°> m/s? (see Ref. [21] and the
references therein).

Note that there is a built-in symmetry for the Hamiltonian
in Eq. (2) [23], such that the trajectory given in Eq. (1) is
equivalent to a trajectory wherein the qubit bounces back
and forth between the two ends of the cavity. Therefore, in
a simulation scenario, the symmetry prevents the qubit from
leaking out of the cavity.

The time evolution is modeled by the following master
equation, which can be numerically solved using the QUTIP
open-source PYTHON package [52,53]:

)
= = ilH. pl+ K Dlalp+ I'Dlo_lp+ Ty Dlo:lp.

1 _ _
with D[O]p = E(20,)0T — pO'0 —0"0p). 5)
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FIG. 2. Numerical simulations of the qubit excitation probability
with initial qubit-field state |G, 0). (a) The acceleration is tuned from
0.25A4, to Ay, with Ay = 10"> m/s?, and the maximal coupling
strength is fixed at g = 0.01wy. (b) The maximal coupling strength
is tuned from g = 0.0lwy to g = 0.03wy, and the acceleration is
fixed at Ay. The remaining parameters are w, = wy = 27 x 4 GHz,
ko =/0.01 m~!, T} =10 us, T» = 20 us, and « = 100 kHz.

Here, « is the photon decay rate, I' = 1/T; is the qubit decay
rate, and I'y = (1/T, — 1/2T1)/2 is the qubit dephasing rate,
where T and T, are the qubit relaxation time and coherence
time, respectively. We use the typical circuit-QED pa-
rameters (o, = wy = 27 x 4 GHz, kg = 7/0.0l m™', T} =
10 us, T, = 20 us, and k = 100 kHz), which are achievable
in current experiments [54]. The maximal coupling strength
g applied in this study is below the ultrastrong-coupling
regime (g < 0.1wg) [55]. Furthermore, we consider a five-
dimensional Fock space for the field mode, where convergent
numerical results can be obtained.

In Fig. 2, we plot numerical simulations of the qubit exci-
tation probability P(¢) = (E|p(t)|E) at different accelerations
and coupling strengths. Here, we consider the qubit as be-
ing initialized in its ground states |G). Moreover, the field
is initialized in the vacuum state |0). An interesting feature
is that after a period of time, P(¢) will be significantly en-
hanced and reach an equilibrium value (before the qubit decay,
which results from the dissipation). Either a decrease in the
acceleration or an increase in the coupling strength also leads
to enhancement of the Cherenkov radiation. In addition, the
moment at which enhancement starts to occur depends on

the acceleration magnitude. Because there is initially no ex-
citation in the entire system, the enhancement must originate
from the activation of a counter-rotating transition, which
simultaneously excites the qubit and emits a photon. Such
an enhancement has also been identified as a cavity-enhanced
Unruh effect [56-61], wherein the counter-rotating transition
can be activated via movement of the qubits without requiring
ultrastrong coupling between the qubits and the cavity field.

To gain further insight, we calculate the counter-rotating
photon emission probability by using the standard perturba-
tion technique. Note that the threshold time ¢*, where the
enhancement starts to occur, is small enough (% < 1) that
a nonrelativistic limit can be obtained, such that

xg (1) > T AP (6)

With this approximation, the leading order of the transition
probability from |G, 0) to |E, 1) at time ¢ can be written as

t ) 1
/ dt ge' @it ™)T cos (ko—.AT2>
0 2

gn
8 Ak

2
P) =

t
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We can infer that the transition will be significantly enhanced
once the following relation is satisfied:

0

—Akot™ + wy + wg =0 (8)
or
ve= A = L ©)
ko

Because A can be identified as the nonrelativistic velocity
of the qubit, Eq. (9) suggests that the requirement for tran-
sition enhancement is that the qubit velocity must be higher
than the threshold velocity v.. This result is also manifested
in Ref. [20], where v. has been identified as the Cherenkov
threshold. Accordingly, the enhancement of the transition can
be interpreted as the Cherenkov radiation triggered by the
accelerating qubit.

As shown in Eq. (7), the magnitude of the transition de-
pends on g%/ A; that is, either an increase in g or a decrease
in A results in enhancement of the Cherenkov radiation. It is
somewhat intuitive that for cavity-QED systems, increasing
the qubit-field coupling strength also enhances the counter-
rotating transitions. On the other hand, enhancement of the
Cherenkov effect due to the acceleration A is somewhat coun-
terintuitive because from the viewpoint of the Unruh effect,
the qubit experiences a hotter temperature, or more excitation,
when its acceleration is increased. The prediction in Eq. (7)
shows an opposite result because decreasing the acceleration
results in enhancement of the excitation, i.e., the Cherenkov
radiation. In fact, several research studies have pointed out
that the accelerated particle coupled to the vacuum can be
cooled down as the acceleration is increased, and this phe-
nomenon is termed the anti-Unruh effect [62-65].

In contrast with the previous setup, we now set the qubit
initial state to be the superposition state (|G) + |E ))/ﬁ,
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FIG. 3. Numerical simulations of qubit excitation probability and coherence with the initial qubit-field state (|G, 0) + |E, 0))/ V2. (a),
(c) Qubit dynamics for different values of acceleration with a fixed coupling strength g = 0.01wy. (b), (d) Qubit dynamics for different
values of coupling strength with a fixed acceleration A = 10" m/s*. The remaining parameters are Ay = 10'> m/s?, wy = wy = 2w x 4 GHz,

ko = /0.0l m~", T; = 10 us, T» = 20 s, and k = 100 kHz.

whereas the field is still initialized in the vacuum state |0).
In Fig. 3, we plot the time evolutions of the qubit excita-
tion probability and qubit coherence |(E|p(t)|G)| for different
coupling strengths g and accelerations .A. We can observe
fast transients around ¢ = 0. It could result from the nona-
diabatic effect since, at the moment ¢ = 0, the qubit-field
interaction is suddenly turned on. The physical intuition be-
hind the nonadiabatic effect is that the sudden change of the
interaction kicks the system and results in drastic transients for
system dynamics. When the coupling strength or the acceler-
ation is increased, the kick (sudden change of the interaction)
becomes stronger such that one would expect more drastic
transients. However, the result of the increased acceleration
does not follow the intuition because the transients’ magni-
tude is actually smaller when the acceleration is increased.
We therefore point out that it is another counterintuitive as-
pect of qubit acceleration. Moreover, the enhancement of the
qubit excitation probability accompanies the suppression of
the coherence after the Cherenkov threshold is crossed, where
the degree of the qubit excitation probability enhancement and
the coherence suppression are enhanced by either a decrease
in A or increase in g. Note that the coherence remains at
zero for the entire time evolution when the qubit is initialized
in |G).

With the qubit dynamics for the two different initial states,
we can infer how well, depending on different g and A, the
qubit is able to transmit quantum information after crossing
the threshold. According to the concept of the memory ef-
fect [66,67], the loss of quantum information due to a given
dynamical map N; can be quantified by the decrease in the
trace distance for a given pair of initial states after being sent
into the map. To be more specific, consider two initial states,

01(0) and p,(0), with nonzero trace distance. The reduction
of the trace distance between the states after insertion into the
dynamical map, i.e., NV;[01(0)] and NV, [02(0)], can be regarded
as loss of the quantum information. Accordingly, because the
qubit approaches |E) for the two different initial conditions
when g is increased or A is decreased, it is implied that mod-
ulation of g and A reduces the trace distance of the dynamics
for the different initial states, and therefore enhances quantum
information leakage to the environment.

Motivated by this observation, in the upcoming parts of
the research, we employ measurements of the quantum direct
cause, which can be used to quantify the upper bound of the
channel capacity, that is, the ability of the qubit to propagate
quantum information for a given time.

III. MEASUREMENT OF CAUSAL INFLUENCE
USING TEMPORAL CORRELATIONS

Here, we give a short review of the measurements of the
quantum direct cause based on PDM and TS, which are appli-
cable to the current model.

Let us start from the PDM formulation. A PDM is con-
structed from generalized quantum state tomography via the
collection of measurement outcomes from a single system at
two successive times. By definition, for a single-qubit system,
the corresponding PDM [29] is written as

3
R = Z ({ai"’, ajt:f})o,- ® o, (10)
i,j=0

where ({0}, 0;}) is the expectation value of the product of the
outcome of measuring o; at initial time 7y and the outcome
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FIG. 4. Evolutions of the (al)—-(a4) f function and (b1)—(b4) TSR for different qubit accelerations .A and maximum coupling strengths
g The remaining parameters are w, = @y = 27 x 4 GHz, ky = 7/0.01 m™', T} = 10 pus, T, = 20 us, and k = 100 kHz. The orange dashed
lines denote Cherenkov thresholds for different acceleration values predicted using Eq. (9).

of measuring o; at later time 77. The Hilbert space for R is

HY ® ’H,X, which is the tensor product of the state space of
the qubit at initial time and later time. A PDM shares many
similarities with a bipartite density matrix, except that it is not
necessary to be positive semidefinite. Because any negative R
cannot be reinterpreted as a regular bipartite quantum state,
it can eliminate common-causal explanations for the correla-
tions between two qubits. Based on such insight, a measure
of the quantum direct cause (or the direct-causal influence),
referred to as an f function, has been proposed [29]:

f=Y I,

which is the summation of all negative eigenvalues u; for
a given R. It appears that the negativity of a PDM has an
operational meaning for quantum communication. According
to Pisarczyk et al. [33], the negativity (in this research, the
logarithmic negativity) serves as a computable upper bound
of channel capacity for a quantum channel, implying that the
degrees of quantum direct cause characterize the ability of the
channel to transmit quantum information. Accordingly, in this
study, measuring the direct-causal influence is equivalent to
quantifying the capability of the accelerating qubit for quan-
tum information propagation.

Let us now turn to the temporal steering scenario, where
a system is measured at initial time #p, and the resulting
dynamics are collapsed (steered) into different states at later
time 7. Operationally, the key quantity of interest in TS is
characterized by a set of unnormalized states referred to as
a temporal steering assemblage: {0, (t) = p(al|x)pux(t)}a,x»
where p(alx) is the probability of obtaining outcome a con-
ditioned on the measurement choice x performed at 7y, and
Pa)x(t) is the conditional quantum state at time ¢, where the
steered evolution is characterized. For simplicity, we consider
that the measurements are characterized by the eigenoperators
of three Pauli matrices, i.e., {0y, 0y, 0. }. We highlight here that
the element in the assemblage can also be derived from PDM
using the following equation [39]:

O'a\x(t) = trtU [R(Ealx ® ]I)]»

(1)

12)

where the set E,, denotes the measurements conducted at
to. Furthermore, the hierarchical relation between PDM and
TS can be obtained from Eq. (12), indicating that the TS can
be regarded as a weaker measure of direct-causal influence.
The magnitude of temporal steerability can be quantified by
several distant measures between the given assemblage and
what can be classically interpreted as what is known as the
local hidden state (LHS) model, which is written as

ontS(@t) =" p(plalx, Mpx. (13)
A

where {p(1), p,} is an ensemble of ontic states distributed
with the random variable X, and {p(alx, 1)} denotes classical
postprocessing. In this research, we utilize the measure of

steerability known as the temporal steering robustness (TSR),
which is defined as [36,39]

TSR[6,,(1)] = min a,

1 o
such that ———0yx(f) + —— T4 = oIS
1+«

1 P alx
where 7, is an arbitrary noisy assemblage element. This
value quantifies the minimal noise required to destroy the
steerability for a given assemblage.

Note that as explained in the following section, we impose
another restriction, referred to as no-signaling in time con-
dition [39,68], which can be realized via initialization of the
qubit in the maximally mixed state py = [[/2. In this case, we
can negate the possibility of a classical direct-causal effect,
e.g., influence from some hidden communication channels.

Va,x, (14)

IV. RESULTS AND DISCUSSIONS

In this section, to reveal the effect of the Cherenkov thresh-
old, we present the numerical results of utilizing the measures
of quantum direct cause introduced from the previous sec-
tions. In Fig. 4, we plot the TSR and the f function as
functions of time with respect to different accelerations and
coupling strengths. In general, the quantum direct cause will
decrease sharply when the threshold is crossed. In addition,
the results suggest that either a decrease in the acceleration
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A or an increase in the maximal coupling strength g can
suppress and eventually eliminate the remaining direct-causal
influence. This result is consistent with previous observations
shown in Figs. 2 and 3, where the equilibrium states of the
qubit can approach the excited state |E) when the values of g
and A are changed.

Here, one can infer that either a decrease in the acceleration
to A =2 x 10'* m/s? with a fixed maximal coupling strength
g = 0.01wy, or an increase in the maximal coupling strength
to g = 0.03wy with a fixed acceleration A = 10" m/s?, can
result in the suppression of the direct-causal influence to zero.
Therefore, for these cases, where the remaining direct-causal
influence can be fully eliminated, the Cherenkov threshold
serves as the speed limit for the qubit to transmit quantum
information. Note that for some parameters of g and .4, TSR
drops to zero, whereas the f function does not. The differ-
ence results from the hierarchical relation between these two
measures [39].

In previous sections, we focus on the single-mode model.
However, to simulate a genuine cavity, which can support
many field modes, we should consider a multimode model,
which is generally described by the following Hamiltonian:

N-1
Wy

1 .
H= 702 + ;wnaZan + g, cos (EIQ,A;?z)aX(a,'Z +a,),

5)

where N is the number of the field modes involved in the
cavity. w, = (n + D)wy, g, = v/n+ 1gp, and k, = (n + L)ko
are the frequency, coupling strength, and wave vector, re-
spectively, for each field mode n. The dynamic is described
by the master equation when «Dla]p is replaced with
K Zi\:ol Dla,]p in Eq. (5). Moreover, we consider a five-
dimensional Fock space for each field mode, which also
produces convergent results.

In Fig. 5, we plot the qubit dynamics for different numbers
of field modes and for the two aforementioned qubit initial
states, |G) and (|G) + |E))/ V2. The acceleration A and the
coupling strength g are fixed at 10"°m/s? and 0.01wy, re-
spectively. We can infer that several transitions occur for the
multimode model, where the number of transitions depends
on the number of modes. When the qubit is initialized in |G),
the excited-state population is enhanced after each transition.
In addition, the equilibrium value of the excited state popula-
tion increases when the number of modes is increased. Note
that the coherence remains at zero throughout the evolution.
However, when the qubit is initialized in (|G) + |E))/ V2, the
transitions do not always lead to enhancement of the qubit
excitation probability. We can observe that the qubit excitation
probability decreases after the first transition, and then again
increases for the following transitions. Additionally, increas-
ing the number of modes does not always increase (decrease)
the equilibrium qubit excitation probability (coherence). The
equilibrium value of the qubit excitation probability for a two-
mode case is larger than that for a three-mode case. Similarly,
the equilibrium value of the coherence for a three-mode case
is smaller than that for a four-mode case. On the other hand,
we can still observe that the coherence decreases for each
transition. From the viewpoint of an open quantum system,
decreases in the coherence imply the existence of strong

(a) po = 1G)(G|

e
oo
T
| >
oz 2 2

g 0.6

0.4

0.50r

M2

M) dr
i
|

Wowxmxm)emxm

Coherence

0.25r

i N vy o
0.15 0.30
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FIG. 5. Time evolutions of qubit excitation probability and co-
herence for different numbers of field modes N and for different ini-
tial states, |G) and |+) = (|G) + |E))/~/2. Here, qubit acceleration
is fixed at A = 10" m/s? and gy = 0.01w,. The remaining param-
eters are w, = wy = 2w x 4 GHz, kg = 7/0.01 m~!, T, = 10 us,
T, = 20 pus, and k = 100 kHz.

0.00

system-environment coupling, which leads to the leakage of
quantum information. However, because the magnitude of
the coherence is not a proper quantifier of quantum direct
cause, we should again employ the aforementioned measures
to produce a quantitative result.

The numerical results of the quantum direct cause for the
multimode model are presented in Fig. 6. We can clearly
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FIG. 6. TSR and f function for different numbers of field
modes N with fixed qubit acceleration A = 10" m/s> and gy =
0.0lwy. The remaining parameters are w, = wy = 27 X 4 GHz,
ko =m/0.01 m™', T} = 10 us, T» = 20 us, and « = 100 kHz.

determine that the direct-causal influence decreases after each
transition. When the number of field modes increases, the
equilibrium value of the direct-causal influence also decreases
and, eventually, vanishes from the addition of a sufficient
number of modes. To eliminate the direct-causal influence,
two modes are necessary for TSR, whereas three modes are
required for the f function. Such a difference can again be
seen as a manifestation of the hierarchical relation between
TSR and the f function [39].

There are several studies [24-27] that have already re-
vealed that introducing additional field modes can suppress
the signaling velocity in a Fermi test. However, the physi-
cal origin of the suppression in their cases is different from
that in our scenario. In their cases, the information is prop-
agated by flying photons. The suppression of the signaling
velocity is due to the localization of the photon wave packet
because it is more likely for the photon to form a local-
ized wave packet when a sufficient number of field modes
is available in the system. In our model, on the other hand,
because the quantum information is carried by an accelerating
qubit, the cavity field should be treated as the environment
to the qubit. From the perspective of an open quantum sys-
tem, the information stored in the system tends to leak out
to the environment when the size (degrees of freedom) of
the environment is much larger than the system. Moreover,
increasing the number of field modes increases the size of
the environment. The numerical results suggest that this also
magnifies the tendency of the qubit to lose quantum informa-
tion and results in further suppression of the quantum direct
cause.

A few remarks on the multimode model should be given
here. In general, the couplings of an artificial atom to a field
are not restricted in the lowest two levels. Transitions beyond
the lowest two levels are possible. In this case, we shall
still consider the lowest two levels as our system. From the
viewpoint of an open quantum system, the other levels are
regarded as another reservoir. Therefore, transitions to other
levels may lead to information leakage, and we can expect the
quantum direct-causal influence to possibly suffer additional
suppression.

V. SUMMARY

In summary, we investigated how to quantitatively mea-
sure the quantum direct cause for a qubit accelerating across
the Cherenkov threshold. Conceptually, the system does not
involve two different parties, acting as signal sender and re-
ceiver, to allow a Fermi test to be performed [24-27]. In
addition, the system is characterized by a time-dependent
Hamiltonian, which forbids us from analyzing the system
with its energy spectrum [24]. These two aspects motivated
us to investigate causation on a single moving system using
recently developed direct-causal measures based on temporal
quantum correlations.

We numerically demonstrated that either an increase in the
qubit-field coupling strength or decrease in the qubit accelera-
tion can result in the suppression of quantum direct cause after
the threshold crossing. By observing the qubit dynamics for
different initial states, we can infer that modulation of the cou-
pling strength and acceleration causes the qubit to approach
the excited state after crossing the Cherenkov threshold. This
makes it more difficult to retrieve the quantum information,
which is initially encoded in the qubit.

To simulate a genuine cavity, we extended our investigation
to a multimode model. We determined that the qubit dynamics
involves several transitions. Moreover, each transition always
occurred together with a decrease in the qubit coherence, im-
plying the existence of strong system-environment coupling,
which results in the leakage of quantum information. We again
employed measurements of quantum direct cause for the mul-
timode model. The results suggest that increasing the number
of modes can further suppress direct-causal influence. The
suppression is an effect of the increase in system-reservoir
coupling due to the enlarged size of the environment.
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