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Conventional photon blockade with a three-wave mixing
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The conventional photon blockade is studied in a three-wave-mixing system. The analytic conditions for
realizing the photon blockade are obtained by analyzing the eigenvalues of the system Hamiltonian, which is
expanded by an effective single excited space for the high-frequency mode. The numerical results are calculated
by solving the master equation in a truncated Fock space, which agrees well with the analytic conditions.
Different from the other schemes of the conventional photon blockade, photon antibunching can be realized
in the three modes of the three-wave-mixing system simultaneously due to the nature of the system.
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I. INTRODUCTION

The control and manipulation of a single photon have be-
come an active area of research in modern quantum optics
and quantum information processing in recent years [1–13].
To this end, the study of a single-photon source has become
a conspicuous focus in quantum physics, which can be re-
alized by the photon blockade (PB) effect. The PB effect
is a phenomenon that a single photon in a nonlinear cavity
blocks the transmission of a second one [14–20]. The photon
blockade yields antibunching, and we should find the sys-
tems to produce sub-Poissonian light when it is driven by a
classical light field. Since the photon blockade was proposed,
this nonclassical effect has attracted significant experimental
and theoretical attention due to the applications in informa-
tion and communication technology. In the process of PB
development, two main physical mechanisms are discovered
to realize this effect: The PB enabled by the energy-level
splitting due to the nonlinearity of the system is known as a
conventional phonon blockade (CPB) [21]. The PB enabled
by the quantum interference is named as an unconventional
photon blockade [22–24], which has been recently observed
experimentally [25,26]. In this paper, we are only concerned
with the CPB, which was observed for the first time experi-
mentally in the system of an optical cavity coupled to a single
trapped atom [21]. After that, different experimental groups
observed the CPB in different systems, including a quantum
dot in a photonic crystal system [27] and circuit cavity quan-
tum electrodynamics systems [28,29]. In the meanwhile, the
studies of the CPB have also advanced using different systems
[30–36]. In addition to the single-photon sources, the PB has
other applications in quantum optics and quantum information
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processing, such as the realizing of single-photon transistors
[37], interferometers [38], and quantum optical diodes [36].
Recently, the antiblockade [39–41] and PB in non-Markovian
systems [17] were also studied.

In this paper, we study the CPB based on a three-wave-
mixing system, where the three-wave mixing mediates the
conversion of a photon with high frequency into two photons
with different low frequencies. The analytical conditions for
the CPB are obtained by analyzing the eigenvalues of the
system Hamiltonian. We compare the numerical results with
the analytical conditions and find they are in good agreement,
which confirms the analytic conditions and the corresponding
analysis. The contribution of the present paper can be summa-
rized as follows.

(i) A system is proposed to realize the CPB, which can act
as a candidate to realize single-photon sources.

(ii) The three-wave mixing provides the present paper with
the feature that the CPB can be obtained in the three modes
with different output frequencies.

The remainder of this paper is organized as follows. In Sec.
II, we introduce the physical model. In Sec. III, we illustrate
the analytical conditions for the photon blockade and the
physical mechanism based on the three-wave mixing. In Sec.
IV, we show the numerical results and compare them with the
analytical conditions for the photon blockade. We also inves-
tigate the photon blockade effect with nonzero temperature.
Discussion and conclusions are given in Sec. V.

II. PHYSICAL MODEL

In this paper, we investigate the CPB in a three-wave-
mixing system. The three-wave-mixing process includes a
high-frequency mode a with frequency ωa and two low-
frequency modes b and c with frequencies ωb and ωc,
respectively. The three-wave-mixing process can be described
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by the following Hamiltonian [42,43]:

Ĥ0 = ωaâ†â + ωbb̂†b̂ + ωcĉ†ĉ + g(â†b̂ĉ + ĉ†b̂†â), (1)

where â, b̂, and ĉ denote the annihilation operators of modes
a, b, and c, respectively. And g denotes the coefficient of
the three-wave-mixing interactions. The energy conservation
condition ωa = ωb + ωc needs to be satisfied to ensure a max-
imum value of g. The three-wave mixing has been studied
extensively both theoretically and experimentally. In a re-
cent experiment, the model was realized by a triply resonant
microring resonator coupled by second-order optical nonlin-
earity with the fabricated aluminum nitride (AlN) microring
structure [42].

In this paper, we drive the three modes simultaneously. In
such a case, the Hamiltonian for this system reads

Ĥ = Ĥ0 + (εlae−iωlat â† + εlbe−iωlbt b̂† + εlce−iωlct ĉ† + H.c.),
(2)

where ωla, ωlb, and ωlc are the frequencies of weak driving
fields, while εla, εlb, and εlc are the corresponding driving
strengths. In fact, the above Hamiltonian also appears in a
process of down-conversion to create a single photon. How-
ever, in the process of down-conversion, it always drives the
high frequency, and the photon with high frequency will be
converted into two photons with low frequencies. The photon
conversion is unidirectional. In our paper, the three modes
are driven simultaneously, and the down-conversion and up-
conversion are allowed to exist simultaneously. The photon
conversion is bidirectional. And the CPB can be obtained in
the three modes simultaneously.

For convenience, we would like to turn to a rotation frame-
work subject to the operator Û (t ) = eit (ωlaâ†â+ωlc ĉ† ĉ+ωlbb̂†b̂),
which leads to an effective Hamiltonian Ĥeff = Û ĤÛ † −
iÛdU †/dt as

Ĥeff = �aâ†â + �bb̂†b̂ + �cĉ†ĉ + g(â†b̂ĉ + ĉ†b̂†â)

+ [εlaâ† + εlbb̂† + εlcĉ† + H.c.], (3)

where �a = ωa − ωla, �b = ωb − ωlb, and �c = ωc − ωlc.

III. ANALYTICAL CONDITIONS AND THE PHYSICAL
MECHANISM

The Fock-state basis of the system is denoted by |m, n, p〉
with the number m denoting the photon number in mode a,
n denoting the photon number in mode b, and p denoting
the photon number in mode c. Under the weak driving limit
in the steady state, we restrict to the system containing a
single photon in the three modes. Here we select |1, 0, 0〉 and
|0, 1, 1〉 to form a closed space, and the Hamiltonian can be
expanded with the two bases, which can be described as a
matrix form:

H (1) =
[
�a g
g �b + �c

]
, (4)

where we have neglected the driving terms under the case of
weak driving. Two eigenfrequencies ω

(1)
+ and ω

(1)
− are created

in the coupled system by analyzing the above matrix, which

FIG. 1. Schematic energy-level diagram explaining the occur-
rence of the single-photon blockade by the driving field satisfying
the resonance condition when �a = �b + �c is satisfied, where
ω

(1)
± = ωa ± g, ω

(2)
± = 2ωa ± √

6g, and ω(2) = 2ωa.

can be written as

ω
(1)
± = 1

2 [�a + �b + �c ±
√

4g2 + (−�a + �b + �c)2],
(5)

where the superindex (1) denotes single-photon excitation for
mode a. The corresponding un-normalized eigenstates are

|ψ±〉 = �a − �b − �c ∓
√

4g2 + (−�a + �b + �c)2

2g
|100〉

+ |011〉. (6)

The analytical conditions for the CPB can be obtained by ana-
lyzing the eigenvalues. The conditions that all the eigenvalues
equal to zero can be obtained as

g = ±
√

�a(�b + �c). (7)

The corresponding eigenstates reduce to

|ψ±〉 = �a

g
|100〉 + |011〉. (8)

When one of the analytical conditions in Eq. (7) is met, the
system will occupy the eigenstates in Eq. (8), which leads to
the occurrence of the CPB. The above optimal analytical con-
ditions for the CPB agree well with the numerical simulation,
which is shown in the next subsection for studying the CPB
numerically.

The physical mechanism of the CPB in the three-wave
mixing system is analyzed next. The energy-level diagram of
Ĥ0 is relatively complex when Eq. (7) is satisfied, so we only
analyze the case that �a = �b + �c here, which means that
the conditions in Eq. (7) reduce to

g = ±�a. (9)

The energy-level diagram under the above conditions is shown
in Fig. 1, where ω

(1)
± is obtained by Eq. (5) without considering

the driving frequency. ω
(2)
± and ω(2) are the energy levels of
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the system with two-photon excitation for mode a. To get the
ω

(2)
± and ω(2), the Hamiltonian will be expanded with the basis

|200〉 and |022〉; however, the two bases are incomplete, so
we insert an intermediate state |111〉 and the three bases can
form a closed space. Under these bases, the Hamilton can be
described as

H̃ =
⎡
⎣2�a

√
2g 0√

2g 2�a 2g
0 2g 2�a

⎤
⎦. (10)

Three eigenfrequencies ω
(2)
± and ω(2) can be obtained by

solving the matrix without considering the driving frequency,
which can be described as ω

(2)
± = 2ωa ± √

6g and ω(2) = 2ωa.
The superindex (2) denotes two-photon excitation for mode a.

The physical mechanism of the CPB is the anharmonic
energy ladder. As shown in Fig. 1, the transition of 0 → ω

(1)
±

is resonant, and the transition of ω
(1)
± → ω

(2)
± (or ω(2)) is de-

tuning. If Eq. (9) is met, the driving frequency ωl will equal to
ω

(1)
± and the single excitation resonance condition is satisfied,

which leads to the single-photon probability p1 increasing
dramatically. But, at the same time, the two-photon proba-
bility p2 will not change remarkably due to the detunings.
Under the weak driving limit, the zero-delay-time correlation
function can be expressed as g(2)(0) ≈ 2p2/p2

1. The sharp
increased p1 for single excitation gives rise to an important
result that g(2)(0) ≈ 0, and the strong single-photon blockade
can be triggered. When Eq. (9) is satisfied, the output state of
Eq. (8) reduces to

|ψ±〉 = 1√
2

(|100〉 + |011〉). (11)

The modes a, b, and c all occupy the single-photon state,
which means that the photon antibunching can be realized in
the three modes of the three-wave-mixing system simultane-
ously.

IV. NUMERICAL RESULTS

A. Numerical simulation method

The statistic properties of photons will be described by
the zero-delay-time second-order correlation function g(2)(0).
In order to obtain g(2)(0), we need to numerically solve the
master equation, which can be described as

∂ρ̂

∂t
= −i[Ĥeff, ρ] + κa

2
(n̄th + 1)(2âρ̂â† + â†âρ̂ + ρ̂â†â)

+ κb

2
(n̄th + 1)(2b̂ρ̂b̂† + b̂†b̂ρ̂ + ρ̂b̂†b̂)

+ κc

2
(n̄th + 1)(2ĉρ̂ĉ† + ĉ†ĉρ̂ + ρ̂ĉ†ĉ)

+ κa

2
n̄th(2â†ρ̂â + ââ†ρ̂ + ρ̂ââ†)

+ κb

2
n̄th(2b̂†ρ̂b̂ + b̂b̂†ρ̂ + ρ̂b̂b̂†)

+ κc

2
n̄th(2ĉ†ρ̂ĉ + ĉĉ†ρ̂ + ρ̂ĉĉ†), (12)

where κa, κb, and κc denote the decay rates of mode a, mode
b, and mode c, respectively. n̄th = {exp [h̄ω/(κBT ) − 1]}−1 is
the mean number of thermal photons, κB is the Boltzmann

FIG. 2. The logarithmic plot (of base e) of the zero-delay-time
second-order correlation functions g(2)(0) and average photon num-
ber N as a function of g/κ and �a/κ for mode a, b, and c,
respectively. (a, a’) The statistical properties of mode a. (b, b’) The
statistical properties of mode b. (c, c’) The statistical properties of
mode c. The shared parameters are �b/κ = 3, �c/κ = 6, n̄th = 0,
εla/κ = 0.2, and εlb/κ = εlc/κ = 0.1. In all panels, the dotted line
denotes the optimal conditions of the PB shown in Eq. (7).

constant, and T is the reservoir temperature at thermal equi-
librium.

In this paper, we are concerned with the zero-delay-time
second-order correlation function in the steady state, so we
need the steady-state density operator ρ̂s, which can be
obtained by setting ∂ρ̂/∂t = 0. The zero-delay-time second-
order correlation function is defined by

g(2)(0) = 〈 ĵ† ĵ† ĵ ĵ〉
〈 ĵ† ĵ〉2

, (13)

where j is selected from the modes a, b, and c. When j = a,
the second-order correlation function describes the statistic
properties of photons in mode a. The second-order correla-
tion function g(2)(0) < 1 corresponds to the sub-Poissonian
statistics.

B. Numerical results and comparison with the analytical
conditions for the CPB

In this section, the numerical results are provided to study
the CPB by plotting the second-order correlation function
g(2)(0) versus the system parameters, where g(2)(0) can be
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FIG. 3. The logarithmic plot of the zero-delay-time second-order
correlation functions g(2)(0) and average photon number N as a
function of g/κ and �a/κ for mode a, b, and c, respectively, where
the condition �a = �b + �c is satisfied. The shared parameters are
n̄th = 0, �b = 2�a/3, �c = �a/3, εla/κ = 0.1, εlb/κ = 0.05, and
εlc/κ = 0.01. (a, a’) The statistical properties of mode a. (b, b’) The
statistical properties of mode b. (c, c’) The statistical properties of
mode c. In all panels, the dotted line denotes the optimal conditions
of the PB shown in Eq. (9).

obtained by substituting Hamiltonian Ĥeff of Eq. (3) into the
master equation of Eq. (12). The Hilbert spaces of the system
are truncated to five dimensions for cavity modes a, b, and c,
respectively.

First, we numerically study the CPB effect under zero
temperature (n̄th = 0), and the results are compared with the
analytic conditions for CPB shown in Eq. (7). Here, the de-
cay rates of the cavity modes are assumed to be equal, i.e.,
κa = κb = κc = κ . And we rescale all the parameters with
respect to the decay rate κ . In Figs. 2(a), 2(b) and 2(c),
we plot the logarithmic plot of zero-delay-time second-order
correlation functions g(2)(0) as a function of g/κ and �a/κ

for mode a, b, and c, respectively. The shared parameters are
�b/κ = 3, �c/κ = 6, εla/κ = 0.2, and εlb/κ = εlc/κ = 0.1,
where we have assumed continuous wave excitation in this
paper. The numerical results show that the CPB can occur
in the three modes simultaneously. The shape of the anti-
bunching region looks like a quadratic function, where we
only show the region with positive values of g/κ , because
the region of g(2)(0) < 1 with a negative g/κ is symmetrical
with the positive g about the horizontal axis. The analytic
conditions shown in Eq. (7) are denoted by the dotted line,

0 5 10 15 20
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a
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g
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) mode a
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FIG. 4. The PB with nonzero temperature, where we plot the
logarithmic plot of the zero-delay-time second-order correlation
functions g(2)(0) as a function of �a/κ under the optimal condition of
Eq. (9) when �a = �b + �c is satisfied, where �b = 2�a/3, �c =
�a/3, g/κ = 10, n̄th = 0.001, εla/κ = 0.2, and εlb/κ = εlc/κ = 0.1.

and are in agreement with numerical results. The brightness
is defined as average photon number N = 〈â†â〉, which can
be obtained by numerically solving the master equation. The
brightness is plotted in Figs. 2(a’), 2(b’), and 2(c’). Comparing
with Figs. 2(a), 2(b) and 2(c), the valleys with strong photon
antibunching correspond to the large average photon numbers.
Different from the other schemes of the CPB, the character
of the three-wave-mixing system means that the photon anti-
bunching can be realized in the three modes at the same time
with different output frequencies.

In Fig. 3, we show the dependence of the second-order
correlation functions g(2)(0) on g and �a under the condi-
tion �a = �b + �c. The parameters are �b = 2�a/3, �c =
�a/3, εla/κ = 0.1, εlb/κ = 0.05, and εlc/κ = 0.01. We note
that the strong photon antibunching (the dark region) appears
exactly in the diagonal region for the three modes a, b, and c,
which are predicted by Eq. (9).

In the previous research, we study the CPB effect with zero
temperature. Next, the CPB with nonzero temperature will be
investigated. In Fig. 4, we plot zero-delay-time second-order
correlation functions g(2)(0) as a function of �a/κ for modes
a, b, and c, respectively, where �b = 2�a/3, �b = �a/3,
g/κ = 10, n̄th/κ = 0.001, εla/κ = 0.2, and εlb/κ = εlc/κ =
0.1. The results show that the PB appears on �a/κ = 10
for mode a, mode b, and mode c, just as predicted. The
value of g(2)(0) increases under nonzero temperature; how-
ever, the photon antibunching still exists, which indicates that
the zero-temperature environment is not strictly required in
this scheme.

The scheme is not restricted to a particular physical
system. There are many potential physical systems to re-
alize the three-wave-mixing-induced CPB. For example, a
three-mode cavity filled with a high-χ (2) nonlinear material
[such as IIICV semiconductors (e.g., GaAs, GaP, GaN, AlN,
etc.] [44–46]) can realize the three-wave-mixing process,
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FIG. 5. (a, b, c) The logarithmic plot of the zero-delay-time
second-order correlation functions and average photon number N as
a function of �a for mode a, b, and c, respectively, where the con-
dition �a = �b + �c is satisfied. The shared parameters are �b =
4�a/5, �c = �a/5, n̄th = 0, g = 15 × 2π GHz, κa = 2π GHz, κb =
0.65 × 2π GHz, κc = 0.54 × 2π GHz, εla = 2π GHz, εlb = 0.4 ×
2π GHz, and εlc = 0.1 × 2π GHz. (a) g(2)(0) and N for mode a.
(b) g(2)(0) and N for mode b. (c) g(2)(0) and N for mode c. (d) g(2)(τ )
as a function of τ for mode a with �a = g = 15 × 2π GHz. The
others parameters are the same as in panels (a), (b), and (c).

where bulk nonlinear susceptibility can be of the order of
10–200 pm/V in optoelectronics. A degenerate three-wave
mixing g(âb̂†2 + b̂2â†) is proposed by a cyclic three-level
artificial atom of a superconducting flux quantum circuit in-
teracting with a two-mode superconducting transmission-line
resonator [47], so the circuit QED is also a candidate to realize
our scheme. In this paper, we adopt the experiment parameters
of a triply resonant microring resonator with fabricated AlN
microring structure [42]. The quality factor for mode a (b, c)
is Qa (Qb, Qc)=1.1 × 105 (1.8 × 105, 2.6 × 105), and the cor-
responding decay rate is κa = 2π GHz (κb = 0.65 × 2π GHz,
κc = 0.54 × 2π GHz). The above parameters are chosen from
Ref. [42]. A realistic order-of-magnitude estimate for the
three-wave-mixing coefficient is g = 15 × 2π GHz, where g
can be reduced at the cost of increasing g(2)(0). Under the
present parameters, we plot g(2)(0) and N as a function of �a

for mode a, b, and c shown in Fig. 5. The second-order corre-
lation functions of the three modes can reach g(2)(0) � 0.034
for mode a, g(2)(0) � 0.16 for mode b, and g(2)(0) � 0.12 for
mode c, and the corresponding average photon number can
reach Na � 0.14, Nb � 0.27, and Nc � 0.32. We use R to de-
note the repetition rates, which are calculated as Ra = 0.14 ×
2π GHz, Rb = 0.18 × 2π GHz, and Rc = 0.17 × 2π GHz.
The photon blockade regions correspond to a large average
photon number and repetition rate, so our scheme can act
as a single-photon source. In addition to the zero-delay-time
second-order correlation functions, quantum signatures can
also be found in photon-intensity correlations with a finite-
time delay. The second-order correlation functions g(2)(τ ) are
plotted in Fig. 5(d), and it is shown that the photon antibunch-
ing will be observed when time delay τ changes on a large
scale.

V. CONCLUSION

We have investigated the CPB with three-wave mixing
caused by level splitting, where the three-wave mixing me-
diates the conversion of a photon with high frequency into
two photons with different low frequencies. We considered
the situation that the three modes are driven simultaneously.
By solving the master equation in the steady-state limit and
computing the zero-delay-time second-order correlation func-
tion, strong photon antibunching can be obtained in the three
modes simultaneously. We derived the optimal conditions for
the photon antibunching by analyzing the eigenvalues of the
system Hamiltonian, and the optimal conditions are compared
with the numerical results. We found that they are in good
agreement, which confirms the analytic conditions and our
theory.
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