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The virial expansion characterizes the high-temperature approach to the quantum-classical crossover in any
quantum many-body system. Here, we calculate the virial coefficients up to the fifth order of Fermi gases in
one, two, and three dimensions, with attractive contact interactions, as relevant for a variety of applications in
atomic and nuclear physics. To that end, we discretize the imaginary-time direction and calculate the relevant
canonical partition functions. In coarse discretizations, we obtain analytic results featuring relationships between
the interaction-induced changes Abs, Ab,, and Abs as functions of Ab,, the latter being exactly known in many
cases by virtue of the Beth-Uhlenbeck formula. Using automated-algebra methods, we push our calculations
to progressively finer discretizations and extrapolate to the continuous-time limit. We find excellent agreement
for Ab; with previous calculations in all dimensions and we formulate predictions for Ab, and Abs in one
and two dimensions. We also provide, for a range of couplings, the subspace contributions Absz;, Abyy, Aby,
and Abs;, which determine the equation of state and static response of polarized systems at high temperature.
As a performance check, we compare the density equation of state and Tan contact with quantum Monte Carlo
calculations, diagrammatic approaches, and experimental data where available. Finally, we apply Padé and Padé-
Borel resummation methods to extend the usefulness of the virial coefficients to approach and in some cases go

beyond the unit-fugacity point.
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I. INTRODUCTION

The thermodynamics of interacting fermions at finite den-
sity is largely (though not only) controlled by the value of the
temperature T relative to the Fermi energy scale €5 or alter-
natively the chemical potential p. For systems with attractive
interactions, the regime Su > 1, where 8 = 1/(kgT'), often
contains the onset of a superfluid or superconducting transi-
tion, while in the region Su =~ 0 a crossover regime between
quantum and classical physics takes place. When z = ef* «
1, systems are in a dilute, high-temperature regime whose
thermodynamics is captured by the virial expansion, i.e., an
expansion in powers of z. Such an expansion encodes, at
a given order n, the physics of the n-body problem in the
form of virial coefficients. The simplest form of the virial
expansion is that of the pressure (which is naturally inherited
by the density and the compressibility), with corresponding
coefficients usually denoted by b,,.

The applications of the virial expansion in quantum many-
body physics have mushroomed in recent years with the
equally widespread multiplication of ultracold-atom labora-
tories around the world (see, e.g., Refs. [1-5]). Indeed, as
the density is among the easiest thermodynamic observables
to determine experimentally [6-9], the virial expansion has
served as a natural nonperturbative anchor for the results of
a variety of theoretical approaches to quantum many-body
physics (see Ref. [10] for a review). Applications of the ex-
pansion in nuclear physics have also been explored, although
to a lesser extent, in the context of finite-temperature neutron
matter [11-13].
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In the recent work of Ref. [14], a “semiclassical” lattice
approximation to the calculation of b, was put forward and
applied at leading order for the interaction-induced changes
Abs and Aby, of spin-1/2 Fermi gases in arbitrary spatial
dimensions. The results were compared with quantum Monte
Carlo (QMC) calculations in one and two dimensions as
well as diagrammatic approaches in two dimensions. Notably,
while that approximation corresponds to a maximally coarse
Trotter-Suzuki factorization of the imaginary-time evolution
operator, the answers were in good quantitative agreement.
Reference [15] carried out the approximation one order fur-
ther and up to Aby, with similar results when comparing with
previous calculations (where available). Tests of the coarse ap-
proximation for Ab3 and Ab, in a harmonic trapping potential
were also obtained, in Ref. [16], which showed remarkable
qualitative and semiquantitative agreement with prior calcu-
lations as a function of the trap frequency. Finally, Ref. [17]
used the leading-order approximation to study the thermody-
namics of rotating matter.

Encouraged by such a positive experience, here we take the
calculation up to Abs by refining the factorization as much
as possible for each virial coefficient. We extend our work
to one and two dimensions, focus still on attractive contact
interactions, and present applications to the equation of state
and Tan contact. For completeness, we also discuss aspects
of the three-dimensional (3D) system here that we did not
discuss in our previous work [18], namely, the isothermal
compressibility. In all cases, we present the decomposition of
Ab,, in terms of its subspace contributions, namely, Ab3; and
Aby, for Aby, and Abs; and Abs, for Abs. These subspace
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contributions are not often discussed, but they are important:
they determine the thermodynamics (energy, entropy, density,
static response, and so on) of the polarized systems. Fur-
thermore, as we will see, Ab,,; displays simpler and more
systematic behavior than Ab,, as a function of the order in the
expansion and the coupling strength. Finally, we take a step
further and analyze the virial coefficients using resummation
techniques, namely, the Padé and Borel-Padé methods, which
substantially extend the applicability (in a practical sense) of
the virial expansion in all the cases we studied.

The remainder of this paper is organized as follows.
Section II presents the Hamiltonian we focus on along with
the formal elements of the virial expansion, and explains the
basics of our approach, which is based on the discretization
of imaginary time by a Trotter-Suzuki factorization of the
Boltzmann weight. Section III presents our analytic formulas
for canonical partition functions in Sec. III A and virial coeffi-
cients for arbitrary spatial dimension in Sec. III B. In Sec. 1V,
we show our results from extrapolating to the continuous-time
limit. Specifically, Secs. IV A-IV F show our results for virial
coefficients and corresponding applications in one, two, and
three dimensions. As a way to extend the application of the
virial expansion, we use Padé and Padé-Borel resummation
techniques, which we comment on in Sec. IV G. Finally, we
summarize and conclude in Sec. V.

II. HAMILTONIAN, VIRIAL EXPANSION, AND METHOD

The simplest interacting effective theory one can write for
nonrelativistic spin-1/2 fermions in d spatial dimensions has
a Hamiltonian given by H = T 4V, where

=3 [dtile )( )wm (1)
s=1,)
and
V=—g4 / dx iy (X)) (X), )

where the field operators 1, 1/3; are fermionic fields for par-
ticles of spin s =1, |, and #i,(x) are the coordinate-space
densities. In the remainder of this work, we take i = kg =
m = 1. To regularize the interaction, we put the Hamiltonian
on a spatial lattice of spacing ¢, whose calibration is deter-
mined by our renormalization condition, as explained below.
As mentioned above, the virial expansion is an expansion
around the dilute limit z — 0, where z = ¢®* is the fugacity,
B is the inverse temperature, and u the chemical potential
coupled to the total particle number operator N. The coeffi-
cient accompanying the nth power of z in the expansion of the
grand-canonical potential €2 is the virial coefficient b,

—BR=IZ =01) by, 3)
n=1
where
N . oo
Z = ufe P10 = 3" Ny “)
N=0

is the grand-canonical partition function. Qy is the N-body
partition function, b; = 1, and the higher-order coefficients
are given by

01by = 0 — %2 &)
Q1b3 = Q3 — b,Q? — g (6)
Q1b4=Q4_(b3+b2)Q2—b %—% (7

Q1bs = Q5 — (by + bab3) 0} — (W+bﬁgz—%%;—%;
®)

etc. The noninteracting virial coefficients for nonrelativistic
fermions in d spatial dimensions are b? = (—1)"*1p=@+2)/2,

The highest power of Q; does not involve any virial co-
efficients and therefore always disappears in the interaction
change Ab,:

Q1Ab; = AQs, 9

Q1Aby = AQ; — Q7 Aby, (10)

b2 Ab
01Aby = AQs — A (bz-i- >Q1 22Q§, (11)

01Abs = AQs — A(bs + byb3)0F
Ab
__A(b2+b3)Q3 S'ZQ‘I‘. (12)

Furthermore, in terms of the partition functions Qyn of M
particles of one type and N of the other type, we have

AQ; = AQy, 13)
AQ3 = 2AQy, (14)
AQs = 2AQ51 + AQx, (15)
AQs = 2AQ03 +2AQu;. (16)

Therefore, the main complexity in the calculations presented
below is in computing the few AQyn shown above within the
Trotter-Suzuki factorization of the imaginary-time evolution
operator, which we discuss next.

Trotter-Suzuki factorization

To carry out our calculations, we factorize the imaginary-
time evolution operator in the style of Trotter-Suzuki, such
that

e PIHY) ~ (e—ﬁT/ke—BV/k)k7 a7

where setting k = 1 defines the coarsest possible discretiza-
tion. In this work we take k > 1 and as far as possible. For
low k, however, we carry out analytic calculations leading
to explicit formulas which are useful for cross-checks across
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dimensions, as they feature the spatial dimension d as a pa-
rameter.
For k = 1 we have

e PIHV) ~ =BT =BV (18)

which is equivalent to neglecting [T, V] and higher-order
commutators; for that reason we have called this a semiclassi-
cal expansion in previous works. In all cases of interest here,
the expressions will appear inside a trace, such that the error
is pushed to O(1 /kz). Indeed, as far as the trace is concerned,
Eq. (18) is equivalent to the more accurate, symmetric decom-
position

e BAHDY (o BT 1K) (=B [k =BT/ R0 (19)

whose error is O(1/k?).

III. ANALYTIC RESULTS

In this section we present our main analytic results. In
Sec. I A we present partition functions for £k = 2 and in
Sec. III B virial coefficients up to the fifth order for k = 1 and
k = 2. In all cases the results feature the spatial dimension d
as a variable. Our analytic results are shown as examples and
cross-checks for the method, and for future reference.

A. Canonical partition functions for k = 2

As the simplest nontrivial example, we work out in detail
Q11 which determines b, and therefore plays a central role in
our method. For k = 2, the calculation begins as follows:

_BT gV BT BV
On =Y (Pip2le e e 2e 7 pipa)
P1pP2
— Z o BOT+P)/4m ,—B(D3+D})/4m

Pi1P2P3P4

 (p1pale "2 |pspa) (pspale 2 Ipipa). (20)

The next step is to insert a coordinate-space completeness
relation and use the following identity:

e Rxix0) = [ (1 + Ciy @)y (2)Ix1%0)

= |XIX2> +C Z 8x1,18x2,1|xlx2>
z

= [1 + Céx, x,1Ix1%2), 2y

where C = (¢%/2 — 1)¢4 and we used the fermionic relation
A2 = f,. Note that the series in powers of C terminates at
linear order for this particular state in which there is only
one particle for one of the species (regardless of how many
particles of the other species are present). The C-independent

term yields the noninteracting result, such that

/2 / /
AQy = Y e DA PIX) (X |P) (P'IX) (X' |P)
PP’ XX’

X [C(8xx + 8wy xs) + C2 (3 mbyixn)]s (22)

where P is the shorthand for the set of momentum variables
p: and p, and P? = p? + p3, and similarly for P’, X, X'.

Using a plane-wave basis, |(X;X;|pip2)|> = 1/V?, where
V = L% in d spatial dimensions and L is the linear extent of
the system, and we then find

AQn =C€+C2%, 23)
where f; = 20%,, with
Qi = Ze’ﬁ”%/z’", 24)
P
and
fH= Z o BlPTHPIHRI + (PP —ps )] /4m 25)

P1P2P3

In the continuum limit, in d spatial dimensions,

L\
Q1o = (E) , (26)

7\ LA\
f1=2(E>s f2:<E) z, 27)

where Ay = /27 B is the thermal wavelength.
Thus,

A —2de+2%—lcz 28
o) e Gg) ) o

such that
2
d C
227! <—> ; (29)
A
where we have used Q| = 20.

As explained in the Introduction, only a few canonical
partition functions enter in Ab,,. For n = 3, 4, 5 all we need is
AQZI» AQ31, AQ22, AQ41, and AQ32. Of these, the last two
are the most mathematically demanding. Below we present a
sample of our analytic results for kX = 2 for selected partition
functions (excluding AQ4; and AQ3;) in the continuum limit.

Calculating Abs requires Ab, and the following result:

2001 _ €l e (LY
0 ‘x;{ SRR
Cc\? 24+1 «f L\
() [0-50)>(G) |
T 2

Both of the contributions displaying explicit dependence on
L/Ar will cancel out in the final expression for Abs, giving a
volume-independent result.

A C
Abzzﬁz—d‘i‘
Ql )\‘T
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Calculating Aby requires Ab,, Abs, and the following two results:

2AQy  C| 2 3 /L) L\ c\* 1 1 24+ /L 1 [ L\*
=gl ze =<\ + | — + T4 — t\z—— — ) + 7\ T ) (31)
01 A7 37 27 \Ar AT A 33 2 53 AT 21=5 \Ar
AOn  Cl. 4 af L\ (LN CN| (w2 3 2\ (LN (L\*
i R Lo ¥ (i = — 2 — )42 )= 2071 =
0O xa |: AT * AT * a * 35 2% * 55 ) \Ar e AT

L

AT

d

3 2+d
2
) [<1+2“3'— o >+2z<
2

As mentioned above, also in this case, the explicit dependence
on L/A7 will be canceled in the final expression for Ab,. Only
the volume-independent terms will remain.

In the next section, we use the above expressions to as-
semble the calculation of Ab; and Ab4, using Egs. (9)—(16)
at k = 2. We will, in fact, go beyond the above expressions
and present results for Abs as well, and extend the whole
analysis to k = 3,4 and extrapolate to the continuous-time
limit. As the equations for k > 3 are much too long to be
displayed in the present format in a useful manner, we have
written a PYTHON code that evaluates our formulas for k =
1, 2, 3, 4, available as part of our Supplemental Material [19].
(Note, however, that beyond the analytic results presented
here, where the spatial dimension d appears explicitly, we do
not show continuous cross-dimensional results for the virial
coefficients in this work but rather focus on one, two, and
three dimensions. The Supplemental Material contains the
numerical values of the virial coefficients in one, two, and
three dimensions, after extrapolation to the large-k limit.)

(<
»

d
T

A

B. Virial coefficients: Analytic results atk =1
and k = 2 across dimensions

Previous work [14,15] calculated the virial coefficients at
k = 1, which yields, for a fermionic two-species system with

J

)]G

4 d d
3 L
S ) 427 =) | 32
VG5 )
[
a contact interaction, in d spatial dimensions,
Abs = —2'7% Abs, (33)

Aby =237 + 27 HAb, + 21772717 — 1)(Aby)?,
(34)

where we have corrected the coefficient of (Ab,)? relative
to Ref. [14]. Also at k = 1, but going beyond the work of
Ref. [14], Ref. [15] found

Abs=—27 467 %)Aby + 420 +377 — 77 7)(Ab,),
(35)

which we show here for completeness as we will calculate
Abs at higher k.

As part of our main results, we have extended the above
calculations to higher k for Abs, Aby, and Abs. For k =2
one can write explicit formulas that easily fit on a sheet of

paper:

Aby = C +2271¢2, (36)
v~ 21+d 5
Abs =—21‘2C+(1— 51 )CZ, (37
2
- 3\~ 2d+2N 3 24\ .
Ab4=2(3§+2‘“)C+<3l5+2d‘—7>C2+<1+21z— - )C3+(——7>C4, (38)
27 52 4 135
21-5\ . 7 21+ 7 2 plHd I+
Abs = — 2174 4 42 C+<_d 3d P - —3 d>C2
33 2 37 37 77 11: 193
1-d 1-4 1-4 () 2 -4 -4 ~3 24 1+d 1—d Hd
+[217 =27 a3 28 S 5T 7 I E 4 (14277 2 3 Ty
2
4d 31—%4(1 21+2d 5
——— +—— +3x —|C% (39)
3453 72 292

where C = (ef84/2 — I)Ed/)\‘%. Although we used these k = 2
results in a previous work [15], we did not include the above
formulas explicitly.

Note that, while the above expressions resemble truncated
power series in C, they actually display the full answer for
k = 2. Furthermore, we note that as in the k = 1 case, in the
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k = 2 case Ab; is always positive and Abj is always negative,
for positive Cind =1, 2, 3. The behavior of Ab, and Abs,
however, is less obvious, which is at least in part because
they are the result of competing subspace contributions (see
Ref. [18] and our discussion below). Solving for C in terms of
Aby at k = 2, we find

C=2"0(/1+25Ab, — 1), (40)

where we have chosen the solution that yields a real and
positive value for C, which corresponds to attractive inter-
actions and thus positive Ab,. Using that result yields Abs,
Aby, and Abs in terms of Ab,. In the sections that follow we
use the above formulas and their generalizations to k = 3 and
beyond to display the behavior of virial coefficients as k is
increased and compare those results with the extrapolations to
the large-k limit.

IV. EXTRAPOLATED RESULTS

In this section we focus on the physically relevant cases of
one-dimensional (1D), two-dimensional (2D), and 3D attrac-
tive Fermi gases, extrapolating to the large-k (i.e., continuous-
time) limit. Specifically, we calculated the interaction-induced
changes in the virial coefficients Abs up to k = 21, Abs up
to k = 12, and Abs up to k = 9, and based on those results
we extrapolated to k — oo using the techniques discussed in
Ref. [18].

In each spatial dimension, we discuss applications centered
around measurable quantities such as the density equation of
state, Tan contact, and the isothermal compressibility. The
applicability and usefulness of the calculated coefficients ex-
tends well beyond those observables, however, as the Ab,
also determine the high-temperature behavior of a broad suite
of thermodynamic quantities such as the energy, entropy,
pressure, magnetic susceptibility, etc. Furthermore, we fo-
cus largely on unpolarized systems (the exceptions being
the density equation of state in one and three dimensions at
unitarity), but provide the subspace decomposition of Aby
and Abs, which extend the applicability of our results to the
polarized-system version of the aforementioned thermody-
namic quantities.

A. Virial coefficients in one dimension

To calculate the virial coefficients of attractively inter-
acting fermions in one dimension we used the technique
described above combined with the exact Beth-Uhlenbeck
result [20,21]

1 e)“%/“
——t—
272 22

This equation, together with Eq. (40) (and its counterparts at
higher k), allows us to obtain C as a function of the dimen-
sionless physical coupling A; = 2./B/ag, where qay is the 1D
scattering length.

The results of our 1D calculations are shown in Fig. 1 and
are in excellent agreement with the QMC data of Ref. [14] for
Abs; and Aby. For the latter, the QMC calculations are very

Ab;D,exaCt — [1 + erf(Al/Z)] (41)

S —
o Abs QMC T T T T T
0.51
<
Q
3 I
% 0.0 B v T
|m S B—
_05 4
T k = ~~~“:—:‘——__.___________:____.-_--_-———_—_:____
-1.0{ 7 k=
0.2
g
-2 Z
‘E 00 B I L T
Q
‘GJ
-02{ — n=4
— =
n=m+]j

00 05 10 15 20 25 30 35 40 45

FIG. 1. Top: Virial coefficients Ab, for n = 3-5 for the 1D at-
tractive Fermi gas as a function of the dimensionless coupling A;.
To fit the scale, the Ab,s are scaled by exp(—gpB¢p), where g is the
maximum number of spin-1|, pairs. The £ = 2 results are shown as
dashed lines, kK = 3 as dash-dotted lines, and the k — oo extrapo-
lation with solid lines. Results for Ab; appear in blue, Ab, in red,
and Abs in green (as labeled). Blue squares and red stars show the
QMC results for Abs and Aby, respectively, from Ref. [14]. Bottom:
Subspace contributions Ab,,; as functions of the coupling strength,
scaled by exp(—jBe,). Our results are shown as labeled error bands,
color coded as in the top plot by n = m + j: blue for —Ab;,,, red for
Abs; and Aby,, and green for —Aby; and —Abs,. Specific cases are
inverted in sign for clarity and to avoid overlaps.

limited and stop beyond A; >~ 1.0 (where the QMC method
begins to break down), whereas our present results go well
beyond that region. Because a two-body bound state forms in
this system as soon as the interaction is turned on, the virial
coefficients will tend to grow exponentially with the binding
energy (as is evident at second order from the Beth-Uhlenbeck
formula). To capture that behavior, we scaled our virial co-
efficients by the inverse Boltzmann weight exp(—gpBep) of
the available particle pairs g (i.e., g =1 for Abs and g =
2 for Abs and Abs), where €p = 1/a} is the binding en-
ergy of the two-body system. The resulting mild behavior
at strong coupling shows that indeed the scaling factor cap-
tures the shape of Ab, as the coupling is increased. Beyond
that leading contribution, however, Ab; is controlled by the
atom-dimer scattering properties, just as Aby4 is controlled
by dimer-dimer properties, and so on. In all the dimensions
explored here, we found that Ab; is of constant sign, whereas
Abs and Abs change sign at strong enough coupling, as
a result of the competition between positive and negative
contributions coming from the fixed-polarization subspaces
Aby;.

Tfle Ab,,; are shown in the bottom panel of Fig. 1. There
is naturally only one subspace contributing at third order:
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Absz = 2Aby. However, Aby = Aby, +2Ab3; and Abs =
2Absy + 2Aby,. Furthermore, in each of the latter, the sub-
space terms enter with similar magnitudes but opposing signs,
and thus compete to determine the sign and size of Ab,. It is
hard to miss that |Ab,,;| follows essentially the same trend
as a function of the coupling across all m, and that trend
becomes increasingly suppressed for increasing m. A similar
observation applies to | Ab,,;|. The suppression with increased
polarization is easy to understand: at large m both |Ab,,;| and
|Ab,»| must approach the noninteracting values (i.e., zero)
as the majority of the particles do not interact due to Pauli
blocking.

B. Applications in one dimension
1. Density equation of state at finite polarization

In the virial expansion, the density equation of state of
a polarized system becomes a double series expansion in
powers of the fugacity of each spin z; = exp(Bu;s), s =1, {.
More specifically, the grand thermodynamic potential 2 =
Qo + AQ, relative to its noninteracting counterpart €2y, be-
comes

o0
—BAQ=01) > Abylz], (42)
n=2 m,j>0
m+j=n

such that the particle number density for spin-1 is given by

[}
n=2 m,j>0
m+j=n

where Ay = /27 is the thermal wavelength, k‘%nT,o =
fay2(z4) is the noninteracting value in d dimensions, f;,2(z) =
Liy/»(—z) is the Fermi-Dirac function, and Li,(x) is the poly-
logarithm function. An analogous expression to Eq. (43) holds
for A¢n, .

In Fig. 2 we show our estimates for the density equation
of state at finite polarization in the virial expansion, for at-
tractively interacting fermions in one dimension. We compare
our results with those of Ref. [22] obtained with the complex
Langevin method. The fifth-order virial expansion provides a
modest improvement over the third and fourth orders. How-
ever, for all the available polarizations the agreement with
the data is reasonable as long as Bu is sufficiently small.
Resummation techniques (see below) like Padé approximants
extend that agreement (which, while not perfect, is better than
qualitative) with the available data over a wider Bu region.

2. Contact

As elucidated by Tan and others [23-25], in systems with
short-range interactions the short-distance and high-frequency
behavior of correlation functions is captured by a single quan-
tity called the contact, often denoted by Z. The contact also
enters celebrated pressure-energy and other exact relations as
well as sum rules [26-38] and is therefore a crucial piece
of the thermodynamic puzzle that complements conventional
quantities. Below, we compare our virial-expansion results for
the contact in one dimensions with QMC data.

Bh=0.0
Bh=0.5
Bh=1.0
Bh=15
Bh=2.0

n/ng

FIG. 2. Density equation of state n of the attractive 1D Fermi
gas, shown in units of the noninteracting, unpolarized counterpart ng
with coupling strength A; = 1.0, for several values of the chemical
potential difference Bh = B(us — p,)/2. The colored symbols are
complex-Langevin results from Ref. [22] and the colored lines show
the virial expansion at various orders: dash-dotted line at third order
(VE3), dashed line at fourth order (VE4), and solid line at fifth
order (VES5). The black dotted line is the result of the [3/2] Padé
resummation (see Sec. IV G). The Padé approximant for h = 1.5
contains a pole close to S = —1.2; the corresponding dotted line is
therefore cut off at that value. The limiting value for fu — —oo is
known exactly and is given by cosh(Bh).

In one dimension, the contact is given by
_29(89)

I= , 44
5 oag (44)
such that its virial expansion becomes
4 >
I=370 > e, (45)
m=2

where Ay = /27 8 and

3 Aby,
m = | 222250 (46)
2" o,

The Beth-Uhlenbeck formula yields
M
4
as first shown in Ref. [21]. Using the A; dependence of our
results for Ab,, we obtained the virial expansion of Z up to
fifth order. In Fig. 3 we show the dimensionless, intensive
form of the contact, Zw 82 / (2LA%) as a function of tempera-
ture in the virial expansion. At weak couplings (A; < 2.0), the
virial expansion shows good agreement with the QMC results
of Ref. [21]. However, as the coupling strength increases, the
disparity becomes significant, which is not completely unex-
pected as both methods face challenges in the strong-coupling
regime: the radius of convergence of the virial expansion can
be very small, such that the expansion ceases to be useful
even at very negative Su; on the other hand, the lattice QMC
method may suffer from increasing lattice-spacing effects at

o=ty %ﬁekmiu FerfOa/2l  (47)
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0.30

IA4/(8nL)
o
-
w

0.10 1

0.05 1

0.00

FIG. 3. Tan contact Z, in the dimensionless form Zx 82/(2LA%),
as a function of Su, for the attractive 1D Fermi gas. The dots show
the QMC results of Ref. [21] and the curves show the virial expansion
at various orders, following the same line style as in Fig. 2. The color
encodes the coupling strength from A; = 0.5 (dark blue) to A; = 4.0
(dark red) in steps of 0.5. From bottom to top, the curves and data
correspond to A; = 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, and 4.0.

strong coupling, due to the reduced size of the two-body
bound state.

C. Virial coefficients in two dimensions

In Fig. 4 we show our results for Ab, for the 2D Fermi
gas with attractive interactions [40]. As in one dimension,
we scaled the coefficients by exp(—gBep), where ¢ is the
maximum number of available spin-1 pairs. To renormalize,
we again rely on the exact Beth-Uhlenbeck result [20,39,41—
45]

©dy  2e

e 48
y 72 +4In’y (“48)

2
AbgD,exact — ekz _/
0

to define C as a function of the physical coupling A3 = Bep,
where €5 is the binding energy of the two-body system.

At all orders the similarity with one dimension is clear:
Abs remains negative for all the couplings studied, whereas
Aby and Abs change sign at strong enough coupling as a
result of a competition between subspaces Ab,,; and Ab,;
governed by the number of spin-1| pairs available in each
subspace. While Aby and Abs are calculated here (thus fur-
nishing a prediction), Abs was calculated in Ref. [39]. The
results of the latter are shown in Fig. 4 with blue dots, which
agree remarkably well with our answers.

The subspace contributions Ab,,; are shown in the bot-
tom panel of Fig. 4 and we again note clear parallels with
the 1D case. Specifically, the subspace terms contributing to
Aby and Abs enter with similar magnitudes but opposing
signs, indicating that the final results for Aby and Abs result
from subtle coupling-dependent cancellations. Furthermore,
|Ab,,| and |Ab,;| follow consistent trends as a function of
the coupling across all m (with the expected suppression as m
is increased). In fact, once the exp(—gfBep) factor is included,

e‘jﬁfﬂAbmj

0.0 0.5 1.0 15 2.0 25 3.0
A3

FIG. 4. Top: Virial coefficients Ab, for n = 3-5 for the 2D at-
tractive Fermi gas, as a function of the square of the dimensionless
coupling X,. To fit the scale, Ab,s are scaled by exp(—¢gpBe¢;), where
g is the maximum number of spin-1| pairs, and Ab,,;s are scaled
by exp(—jBep). The k = 2 results are shown as dashed lines, k = 3
as dash-dotted lines, and the k — oo extrapolation with solid lines.
Results for Ab; appear in blue, for Ab, in red, and for Abs in green
(as labeled). The diagrammatic results for Ab; from Ref. [39] appear
as blue dots. Bottom: Subspace contributions Ab,,; as functions of
the coupling strength. Our results are shown as labeled error bands,
color coded as in the top plot by n = m + j: blue for —Ab,;, red for
Abs; and Aby,, and green for —Aby and —Abs;.

|Aby | and | Ab,;; | are approximately constant as the coupling
is increased.

At weak coupling, on the other hand, the details are elusive
in the scale of Fig. 4. There, nonperturbative effects are only
visible if shown differently, as we do in Fig. 5, where show
that, as functions of Ab, all the coefficients tend smoothly
to zero as the coupling is weakened. The nonperturbative
behavior at weak coupling is completely captured by Ab;.

D. Applications in two dimensions
1. Density equation of state at zero polarization

Equation (43) can be easily applied in the unpolarized case
by setting z4 = z, such that the total density is given by

oo
Mn=24ng+2) nAb,", 49)
n=2

where the factor of 2 accounts for the number of species.
Our results for Ab, yield the curves shown in Fig. 6, where
they are compared with the QMC results of Ref. [46] and
the Luttinger-Ward results of Ref. [47]. The agreement with
the QMC data is outstanding. Moreover, for all the couplings
in the figure the Padé and Borel resummations substantially
extend the region of agreement. With the exception of the
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Ab,

FIG. 5. Weak-coupling zoom-in on Fig. 4, not including the
exp(—gpeg) factor and plotted as a function of Ab,. The right edge
of the horizontal axis corresponds to A, ~ 0.588. The line type, color,
and labeling are the same as that of Fig. 1.

weakest coupling in the figure (where the QMC results likely
incur volume effects due to the large size of the two-body
bound state), the virial expansion is systematically closer to
the QMC data than to the Luttinger-Ward results. Although
small, this discrepancy remains unresolved.

FIG. 6. Density equation of state n, shown in units of the non-
interacting counterpart ng at different coupling strength A2 = Bep
in two dimensions. The colored dots are the QMC results from
Ref. [46], the colored thin line shows the Luttinger-Ward result of
Ref. [47], and the colored thick lines are virial expansions at different
orders (same line style as in Fig. 2). The black dotted lines and
dashed lines are the results, respectively, of Padé and Borel resum-
mation of order [3/2] (see Sec. IV G) using the virial coefficients up
to the fifth order.

In Figs. 7 and 8, we compare our results with the experi-
mental data of Refs. [8] and [9], respectively. In all cases, the
agreement is remarkable in the regions where the virial expan-
sion is expected to work. Naturally, that region is pushed to
progressively more negative Su as the coupling is increased;
in other words, the radius of convergence of the virial expan-
sion decreases as the coupling increases. However, it is also
clear that, beyond weak and intermediate couplings (roughly
up to Beg = 3.0), the benefits of pushing the virial expansion
up to fifth order start to diminish, if the virial expansion is
taken at face value. We find, on the other hand, that Padé and
Borel resummations dramatically enhance the usefulness of
the virial coefficients. As shown in Fig. 7 (left and center
panels in particular), our Borel resummations of the virial
expansion agree not only qualitatively but in several cases also
quantitatively with the experimental data.

2. Contact
In two dimensions, the contact is defined as
2 9(BR)
~ B dIna/Ar)’

such that its virial expansion becomes

(50)

_ @)} ¢

T="5-01) cnd", (51)
T m=2

where

dAb,,
Iy

The Beth-Uhlenbeck formula yields

) oo
cr = 2)\3&2[1 + 2/ dy
0

(52)

Cm=)»2

2%+
e } (53)

72 +41In%y

as shown in Refs. [39,46]. Using the A, dependence of our
results for Ab,, we obtained the virial expansion of Z up to
fifth order. In Fig. 9 we show the dimensionless, intensive
form of the contact, ZA7/(872L?), as a function of B in the
virial expansion and compared with the QMC results from
Ref. [46]. As with the equation of state shown above, the
agreement with the QMC data is remarkable in the region
where the virial expansion is expected to work well.

E. Virial coefficients in three dimensions

Finally, in three dimensions we have [20,48]

A3
AbSD,exact — e—[l + el”f()» )]s (54)
2 ﬁ ’

where A3 = +/B/ap, and ap is the s-wave scattering length.
Note the unitary limit corresponds to A3 = 0 and we only
explore A3 < 0 regime in this work.

In Figs. 10 and 11, we present our results for Ab, for
the 3D Fermi gas with attractive interactions. These plots
parallel the main figure of our previous work of Ref. [18],
where we show the same results as a function of Ab,. For
completeness, future reference, and to parallel our discussion
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FIG. 7. Density equation of state n of the 2D attractive Fermi gas, shown in units of the noninteracting counterpart n, at different coupling
strength A% = Bep in two dimensions. From bottom to top, the curves and data correspond to Bep = 0.1, 0.5, 1.0, 2.0, and 3.0. The colored
symbols are the results of experimental analyses from Ref. [8] and the colored lines show the virial expansion at different orders (following
the same line style as in previous figures). (Note: the fourth-order case is omitted from this figure only for clarity.) The black dashed lines
are the results of Borel resummation of order [3/2] (see Sec. IV G) using coefficients up to the fifth order. The thin black solid lines are the
Luttinger-Ward results of Ref. [47], around which the nearby labels indicate the corresponding Beg. Only the central value of our estimates
is used in these plots; the relative error on the virial coefficients from continuous-time extrapolation can reach 15% at the strongest couplings
shown in the left panel, although that does not translate into a significant change in the scale shown. Also in the left panel, the blue dotted
lines show our Borel-resummed results at Seg = 9.5 (lower) and 10.5 (upper), respectively, which enclose the experimental points completely
(in agreement with the experimental uncertainty on Beg). In the middle panel, we also present the [3/2] Padé result as a black dotted line for
Bep = 6.3 to demonstrate the performance difference between the two resummation techniques at strong coupling. Reference [8] also provides
data at Beg = 0.45(5), but mostly at large B¢ > 0 and therefore not shown here.

in lower dimensions, Fig. 10 shows our results as a function of
—1/X3 to display the weak-coupling regime, while in Fig. 11
we plot the approach to the unitary limit (A3 = 0) as a function
of As3. In the latter, we find excellent agreement with the exact
Abj of Ref. [49] (see also Refs. [50-53]).

The bottom panels of Fig. 10 and 11 show the subspace
decomposition of Ab, into Ab,,;. The qualitative similarities
with lower dimensions are clear. Here, however, we have ex-
plored a coupling regime in which no two-body bound states

2.2
—-— VE3
Lol —om VEA
01 — vEs
...... Pade
1.87 swinburne Expt.
. Beg = 0.005
S16 Bes = 0.06
Bes =0.26

25 20 _15 _1.0 —05 0.0 05

FIG. 8. Density equation of state n, shown in units of the non-
interacting counterpart ny at different coupling strength A3 = Be in
two dimensions. The colored symbols are the results of experimental
analyses from Ref. [9] and the colored lines are virial expansions
at different orders (the same line style applied). The black dotted
lines and dashed lines are the results, respectively, of Padé and Borel
resummation (see Sec. IV G) of order [3/2] using coefficients up to
the fifth order.

are yet formed, such that the introduction of the exp(—gpBep)
factor is not needed. As the unitary limit is approached,
however (see left edge of Fig. 11), all of the coefficients
we computed start to display increased curvature. Beyond
that point, we expect an exponential increase characterized
by exp(gBep) precisely as in lower dimensions. The rapid
downturn of Ab; at strong coupling was, in fact, already
noticed in Ref. [49], while the same feature for Ab, appeared
in Ref. [53]. Here, we see that that behavior is inevitable as

0.35

0.00 1 — T T T . T T T
-5.0 =45 -4.0 -3.5 -3.0 —2.5 -2.0 -1.5 -1.0 -0.5
Bu

FIG. 9. Contact Z, represented in the dimensionless form
T)%/(87w2L?), as a function of By in two dimensions. The squares
are the QMC results of Ref. [46] and the lines are the results of virial
expansion at various orders (dash-dotted lines for third order, dashed
lines for fourth order, and solid lines for fifth order). From bottom to
top, the data shown correspond to coupling strengths Beg = 0.1, 0.5,
1.0, 2.0, and 3.0.
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FIG. 10. Ab, for n = 3-5 for the 3D Fermi gas in the weak-
coupling regime, as a function of the dimensionless coupling A3. The
k = 2 results are shown with dashed lines, k = 3 with dash-dotted
lines, and the kK — oo extrapolation with solid lines. Results for Ab;
appear in blue, for Ab, in red, and for Abs in green, as labeled,
following the same convention as Fig. 1.

it is merely a consequence of the dominance of Ab,, (with
m = 2, 3) over Ab,,; (with m = 3, 4). However, the sign dif-
ference between these terms, as in lower dimensions, results
in cancellations that make fully numerical determinations of
Aby and Abs a difficult task. Finally, we note that our analysis
of Ab,;, and their apparent systematic behavior, suggests
that the conjecture of Refs. [54,55] on the high-order virial
coefficients in the unitary limit may be refined by focusing on
the subspaces rather than the full Ab,,.

F. Applications in three dimensions
1. Density equation of state in the unitary limit

In Fig. 12, we show a comparison of the density equation
of state, following closely the format of Fig. 5 of Ref. [58]. By
plotting the density relative to the third-order virial expansion,
and dividing by z*, the authors of Ref. [58] showed how their
diagrammatic Monte Carlo data compare with previous work
on the fourth-order virial coefficient coming from experiments
and theory. Our prediction for Abs allows us to take that
comparison further (see orange shaded region in Fig. 12),
showing excellent agreement with the diagrammatic Monte
Carlo results.

In Fig. 13, we present our results for the density equa-
tion of state in the unitary limit and compare with the
complex-Langevin results of Ref. [59]. The fifth-order expan-
sion shows the best agreement compared to its lower-order
counterparts, although the improvement is mostly marginal.
When applying the Padé resummation technique, however,
the agreement with the data is extended even beyond Su =

0.2

014"

0.0 1

g
3 —-0.11
—0.21

—0.3 1

-0.4 T T T T T T T

0.15 1
0.10

Abs;
R ——
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Dby
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>
o
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—0.101 Aby;

00 02 04 06 08 10 12 14

FIG. 11. Ab, for n = 3-5 for the 3D Fermi gas in the vicinity
of the unitary regime (a9 — 00, which corresponds to A; = 0), as a
function of the dimensionless coupling A3;. The exact result for Ab;
from Ref. [49] appears as a thin solid black line. The k = 2 results are
shown with dashed lines, k = 3 with dash-dotted lines, and the k —
oo extrapolation with solid lines. Results for Ab; appear in blue, for
Ab, in red, and for Abs in green, following the same convention as
Fig. 1.

0. Notably, the change in curvature displayed by the data
is reproduced by the Padé approximant. Beyond Bu = 0.6,
however, the Padé approximant progressively departs from the
data. The Borel-Padé resummation shows performance very
similar to that of pure Padé resummation and is therefore
omitted.

0.0849
0.07 A ‘I
— |
o
2 0.06 -
T []
v‘|=> 0.057 - —— This work
- —&— ENS experiment
0.04 - —¥— MIT experiment
—F— Endo-Castin conjecture
—#— Yan-Blume PIQMC
0.03 A1 B Rossi et al. Diagrammatic MC
0.0 0.2 0.4 0.6 0.8 1.0

z=exp(Bu)

FIG. 12. Density equation of state n of the unitary Fermi gas,
relative to the corresponding third-order virial expansion, in units of
the thermal wavelength A7, as a function of the fugacity z. For com-
parison, the experimental results of Refs. [6,7] are shown alongside
the theoretical predictions of Refs. [56—58] and this work.
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FIG. 13. Density equation of state n of the unitary Fermi gas,
shown in units of the noninteracting, unpolarized counterpart ny,
for several values of the chemical potential difference h = B(us —
1y)/2. The colored symbols are complex-Langevin results from
Ref. [59] and the colored lines show the virial expansion at various
orders: dash-dotted line at third order, dashed line at fourth order,
and solid line at fifth order. The black dotted line is the result of
the [3/2] Padé resummation (see Sec. IV G). The limiting value for
Bu — —oo is known exactly and is given by cosh(Bh).

2. Compressibility in the unitary limit

The compressibility « is defined as

Kz_l[a_"] zﬁ[a_”} , (55)
VIoP |, n*ldBulr

where, in terms of virial expansion,

on ang = 2 i
= —+ Ab;; . 56
S~ ag T 2" 2 Abial 6O

i+j=m

In Fig. 14, we present our estimates for the compressibil-
ity «, shown in units of its noninteracting counterpart oy =
3/(2nep), in the unitary limit and compare them with the
experimental measurements from Ref. [7], the Luttinger-Ward
calculations of Ref. [60], and the complex-Langevin results
from Ref. [59].

The results of Padé and Borel-Padé resummations show
much better agreement with experimental data than the
finite-order virial expansion, even well beyond the region of
the virial expansion z < 1. Specifically, the resummations
smoothly follow the trend of the experimental data up to
fugacities as large as z = 10 (maximum fugacity shown in
Fig. 14), which is surprising considering that the superfluid
transition occurs at z 2~ 10.

3. Tan contact

For completeness, we cite the equations for the contact and
its virial expansion, as done above in one and two dimen-
sions. Our results for the contact at unitarity are presented
elsewhere [18]. In three dimensions, the contact is defined as

4 9(B2)

I=—2 Pt (57)
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FIG. 14. Compressibility « of the unitary Fermi gas in units of
its noninteracting, ground-state counterpart xy, as a function of the
temperature 7" in units of the Fermi temperature 75. Our results for
the virial expansion for fugacity z € [0, 1] are shown as solid lines:
blue for third order, red for fourth order, and green for fifth order. The
dotted lines are the result of Padé resummation of order [2/2] (red)
and [3/2] (green), respectively. The cyan dashed line is the result of
a [2/3] Borel-Padé resummation (see Sec. IV G). Other resummation
orders are omitted due to the appearance of poles on the real axis in
the region of interest. The vertical dotted line corresponds to the ap-
proximate T /Tr where z = 1 for the three resummed results. The red
circles show the data from the MIT experiment of Ref. [7]. The pur-
ple diamonds are the Luttinger-Ward calculations of Ref. [60]. The
black squares are complex-Langevin results from Ref. [59].

such that its virial expansion reads

T=— mZ s 58
P legc z (58)
where
1 9Ab,
Cm = (59)
V2w 0A3
The Beth-Uhlenbeck formula yields
LY K1+ erf(r3)) (60)
c=—+ ——=A e .
2= N 3 3

G. Resummation techniques

Before concluding, we present more details on the resum-
mation techniques used in this work, namely, the Padé and
Borel-Padé resummations, which we have found useful in
extending the applicability of the virial expansion. Gener-
ally speaking, the Padé resummation, based on fitting a Padé
approximant (see below), is useful when a series is finitely
truncated, as in the case of virial expansion. In such cases,
the Padé approximant is often better behaved than the partial
sums of the original series, and it may even work where the
original series diverges, i.e., beyond the radius of convergence
of the series. In our case, the technique is simple to apply: the
coefficients Ab, that we calculated determine the unknown
coefficients of a Padé approximant which is a rational function
P(2)/Q(z), where P and Q are polynomials of degrees a and b,
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respectively. Such an approximant is denoted by [a/b]. Using
m available virial coefficients, it is possible to fully determine
m coefficients in P and Q, which means that a + b = m (note
that the independent term in Q is set to 1 by convention).
By definition, the Taylor expansion of P(z)/Q(z) at small z
reproduces the input virial coefficients.

The Borel-Padé resummation is based on applying a Borel
summation [61,62], followed by a Padé fit and reverse (inte-
gral) Borel transform (which is a Laplace transform). In short,
the Borel summation amounts to replacing each coefficient
Ab, by Ab,/n!; the resulting function is fit with a Padé
approximant, and that approximant is then numerically inte-
grated to (effectively) undo the introduction of the n! factor.
Further details on this well-known technique can be found, for
instance, in the Supplemental Material of Ref. [18].

Such an approach has been applied in many other ar-
eas (famously in the calculation of critical exponents [63])
ranging from QCD [64] to ultracold atomic physics [65,66].
The method is particularly useful for summing diverging
asymptotic series, which is our motivation for using it in two
dimensions at strong coupling. We emphasize, however, that
there is only indirect evidence that the virial expansion is
an asymptotic series in any particular situation (e.g., in one
dimensions such evidence is shown in Fig. 2 of Ref. [14]). To
the best of our knowledge there is no rigorous proof of this
property in any interacting system.

In fact, our empirical observations are that the Borel-
Padé resummation yields better qualitative behavior and better
overall agreement with experiments at strong coupling than
the pure Padé fit mentioned above (see middle panel of Fig. 7).
At weak coupling, on the other hand, both techniques yield
similar results (see, e.g., Fig. 6). In three dimensions, the
strongest effective coupling corresponds to the unitary limit;
beyond that point the strong attraction leads to the formation
of bosonic dimers whose interaction is, as a residual effect,
weakly repulsive. However, the two resummation methods
still yield similar results at unitarity as the magnitude of the
virial coefficients is small. It is only for positive A3 (corre-
sponding to deeply bound pairs) that Ab,, will start to grow
exponentially, as we saw in one and two dimensions, and in
that case the Borel-Padé resummation is expected to offer
better estimates.

In Fig. 15, we show in more detail a comparison of Padé
and Padé-Borel resummations at different orders, as applied
to the density equation of state of the 2D attractive Fermi gas.
For all couplings, the pure Padé approach of order [3/2] shows
the best agreement with the QMC calculations compared with
every other lower-order approximant. (For the [1/4] approxi-
mant we have found no solution for the Padé coefficients for
the given values of the virial coefficients.) We find that, for
Bep = 2.0 and 3.0, the [3/1] approximant encounters poles
on the positive z axis at Su ~ —2.7 and —1.7, respectively,
which underscores the importance of calculating high-order
virial coefficients in order to access a wide range of possible
Padé approximants.

Although we found remarkable agreement between our
resummations and other results in several examples, these
techniques admittedly represent a break from the main a priori
method we used to obtain the virial coefficients, as Padé and
Borel methods have not been rigorously justified here (to the

T e Padel(n-1)/1];  « |, . Bes=01
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FIG. 15. Density equation of state n, shown in units of the non-
interacting counterpart ng at different coupling strength A2 = Bep
in two dimensions. The colored dots are the QMC results from
Ref. [46], and the colored lines show the results using Padé ap-
proximation at different orders. Different colors indicate the higher
order of coefficients used in calculating the Padé approximant: blue
for n = 3, red for n = 4, and green for n = §; different line styles
represent the degree of denominator in the approximant: dotted line
for [(n — 1)/1] and dashed line for [(n — 2)/2]. From bottom to top,
the data shown correspond to coupling strengths Beg = 0.1, 0.5, 1.0,
2.0, and 3.0.

best of our knowledge). Future studies may shed light on this
matter.

V. SUMMARY AND CONCLUSIONS

In this work we calculated the interaction-induced change
in the third to fifth virial coefficients, Abs;—Abs, of spin-1/2
fermions with attractive interactions using a temporal lattice
approximation. We provided a few analytic answers in coarse
discretizations k = 1, 2 before pushing our results to high
(k =21 for Abs, k =12 for Aby, and k =9 for Abs) and
extrapolating to the continuous-time limit. Using a renormal-
ization prescription based on matching Ab, to the known
exact results, we obtained Ab, for n = 3,4, 5 for a range of
attractive couplings in one, two, and three dimensions.

In one dimension, our results for Ab, agree with previous
QMC estimates (obtained at weak coupling) and substan-
tially extend the coupling range. In addition, we obtained
the subspace contributions which, as in higher dimensions,
appear with similar magnitude but opposite sign, thus partially
canceling each other out. We found that the presence of a
two-body bound state strongly controls the magnitude of the
virial coefficients: multiplying by a factor exp(—¢gpBep), where
g is the maximum number of 1, | pairs and €5 their binding
energy, it is possible to show all the virial coefficients we
calculated on the same vertical scale.

As an application in one dimension, we compared our
results (both partial sums as well as Padé resummation) with
complex-Langevin results for the density equation of state
at finite polarization, where we found excellent agreement.
Similarly, we compared with QMC data for the Tan contact
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in the unpolarized case, where we found very good agreement
at weak coupling, deteriorating as the coupling is increased
(likely due to the limited range of validity of the expansion,
but also due to the decreased quality of the data and possible
lattice spacing effects at strong coupling).

In two dimensions, the exponential growth mentioned
above for one dimension is even more evident: all the coef-
ficients we calculated become very approximately constant
once the exp(—gpBep) factor is included. The well-known
nonperturbative features of this system at weak coupling are
smoothly captured by plotting as a function of Ab, rather than
13 = Bep. Our results for Ab; match very closely those of
Ref. [39].

As an application in two dimensions, we compared our re-
sults with QMC and experimental data on the density equation
of state of the unpolarized system. Partial sums of the virial
expansion and resummation results are in excellent agreement
with QMC data for a range of negative values of Su, as
expected. Furthermore, in all cases the fifth order of the virial
expansion yields an improvement over lower orders. Beyond
partial sums, the Padé and Padé-Borel resummation shows
outstanding agreement in a range of Su that is substantially
larger than that of the partial sums. When comparing with
experimental data, the picture is similar: the partial sums give
at least reasonable agreement where expected, but it is the
Padé-Borel resummation that brings about the most remark-
able overall agreement with the data. Finally, our comparison
with the Tan contact obtained by QMC methods, where avail-
able, shows excellent agreement.

In three dimensions, we calculated Ab, for couplings up
to the unitary limit. Our results for Ab; show remarkable
agreement with the exact result of Ref. [49] at all couplings.
For the unitary limit, our results were discussed at length else-
where [18]. As no bound states are formed for the couplings
we explored in three dimensions, there is no need to include
an exponential factor as in the 1D and 2D cases; the growth
of the virial coefficients is in fact relatively mild for all the
couplings we explored in three dimensions.

As an application in three dimensions, we have calcu-
lated the density equation of state at finite chemical potential
asymmetry, as well as the compressibility of the unpolarized
system. As in the 1D case, we find that the Padé resummation
substantially extends the usefulness of the virial expansion. In
particular, for the compressibility the agreement with experi-
ments extends as far as z = 10.

In one, two, and three dimensions we presented not only
Ab, for n=3,4,5, but also the subspace contributions,
crucially Ab,; and Ab,;,. Discerning these is important
because they determine the thermodynamics of the polar-
ized version of the systems we studied. In particular for
Ab4 and Abs the subspace contributions enter with similar
magnitudes but opposing signs in all the cases we stud-
ied, indicating that the final answers for those coefficients
are the result of potentially delicate, coupling-dependent
cancellations.

Finally, it should be pointed out that, although we have
shown results for a variety of attractively interacting Fermi
gases, our analytic results apply to repulsively interact-
ing cases as well. We defer the analysis of the repulsive
case to future work. To facilitate the application of our re-
sults to those and other cases, we have made our analytic
formulas available in a PYTHON code as Supplemental Ma-
terial [19], along with data tables for the extrapolated virial
coefficients.
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