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Parametric amplifier for Bell measurement in continuous-variable quantum state teleportation
Xin Chen and Z. Y. Qu®”
Department of Physics, Indiana University—Purdue University Indianapolis, Indianapolis, Indiana 46202, USA

® (Received 18 May 2020; accepted 27 August 2020; published 15 September 2020)

A parametric amplifier is in essence a linear four-port device, which couples and linearly mixes two inputs
before amplifying and sending them to two output ports. Here we show that for quadrature-phase amplitudes, a
parametric amplifier can replace beam splitters to play the role of the mixer. We apply this idea to a continuous-
variable quantum state teleportation scheme in which a parametric amplifier replaces a beam splitter in the Bell
measurement. We show that this scheme is loss tolerant in the Bell measurement process and thus demonstrate
the advantage of the parametric amplifier over the beam splitter in the applications in quantum measurement.

DOI: 10.1103/PhysRevA.102.032407

I. INTRODUCTION

Quantum interference plays an important role in the dis-
play of many quantum phenomena. It usually requires a
linear beam splitter to superimpose two fields for interference
between them. This happens in many protocols of quan-
tum information processing. For example, optical quantum
computing relies on the Hong-Ou-Mandel effect where a
beam splitter is an essential element [1,2]. Current applicable
schemes of Bell measurement [3,4] for quantum state tele-
portation [5-8] require beam splitters to mix the incoming
unknown state with one field of an entangled state.

It is well known that losses are notorious in degrading
quantum effects and are the key obstacle in many protocols of
quantum information processing. The detection process often
introduces losses due to imperfect coupling and less-than-
unity quantum efficiency. Highly efficient detectors are only
available for some limited spectrum of the electromagnetic
waves. Thus, it becomes a major concern in high-fidelity
quantum communication involving quantum measurement by
detection. Quantum state teleportation is one such quantum
communication protocol where a Bell measurement is per-
formed to projectively select out the required states. For
continuous-variable quantum state teleportation, Bell mea-
surement is usually achieved by homodyne detection, which
is sensitive to losses. This will inevitably affect the fidelity of
the teleported state.

On the other hand, amplification is known to overcome
the effect of losses. Indeed, parametric amplifiers (PAs) were
recently used in SU(1, 1) interferometers [9] and quantum en-
tanglement measurement [10] to mix two fields by replacing
beam splitters (BSs) for interference and were demonstrated
to be loss tolerant in detection processes.

At first look, it seems counterintuitive that a parametric
amplifier can be of any use in quantum information science
and play any role in mixing fields for interference since it is
often portrayed as adding extra noise and thus degrading the
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signal in the amplification processes [11]. However, if we look
into the origin of the extra noise, we find it comes from the
vacuum fluctuations of the internal degrees of the amplifier.
So if we can access these internal degrees and place them
in correlation with the input, the extra noise can actually be
suppressed due to quantum correlation [12,13]. Therefore, by
treating the internal degrees of the amplifier as another input,
we mix them with the original input and use the amplifier as a
field mixer similar to a beam splitter. Specifically, parametric
amplifiers are such devices for which the internal degree is the
so-called idler field that we can easily access from outside. In
essence, a parametric amplifier is a four-port linear device just
like a beam splitter, even though it is often realized through
nonlinear interaction with energy actively pumped into it for
amplification.

In this paper we investigate the feasibility of replacing a
beam splitter by a parametric amplifier for Bell measurement
in a quantum teleportation scheme and demonstrate the loss
tolerant property of the scheme. The paper is organized as
follows. In Sec. II we introduce quantum state transformation
for both the beam splitter and parametric amplifier. This is
based on the Wigner representation of the quantum state. In
Sec. III we present the result for quantum teleportation with
a parametric amplifier and demonstrate its feasibility. The
loss-tolerant property of the scheme is discussed in general in
Sec. IV and its influence on the transmission of pure states
such as a coherent state and photon number Fock states is
discussed in Sec. V and on Einstein-Podolsky-Rosen (EPR)
entangled states in Sec. VI. We conclude with a summary and
discussion in Sec. VII.

II. QUANTUM STATE TRANSFORMATION OF A
PARAMETRIC AMPLIFIER

The role played by a parametric amplifier in the mixing of
fields for interference can be understood from the input-output
relation

iy = G+ = 6o+, (1)
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where G and g are amplitude gains satisfying G> — g = 1 and
without loss of generality we assume they are real and positive
(otherwise we can always absorb the extra phases in a; ).
In comparison, the input-output relation for a beam splitter
is given by

a\pg, =tal’ +ra)),  ayg =t —rd’, ()
with 2 4+ r? = 1. It can be seen that the PA is basically a four-
port linear device that not only amplifies but also, similar to a
beam splitter, mixes the two input fields.

However, the difference between the two devices is also
obvious: The PA output is related to the Hermitian conjugate
of the second input field, which can lead to unwanted spon-
taneous emission even with input in a vacuum, as seen in the
average photon number

(Nitpn) = a2l
= P+ 2+ ). ®)

if the two inputs are independent of each other. So a PA is not
suitable for mixing photons or quantum information process-
ing with discrete variables. On the other hand, the input-output
relations for quadrature-phase amplitudes are given by
o (0) —_ oW o (D) 0 (0) —_ v o (i)
Xioeay =GCX 15 +8X5 1, Yipeay =G, -8, 4
which are similar to those for a beam splitter
¢ (0) —_ v ® o (D) v (0) _ 4y o (i)
X\ ams) =X Xy Yigs) =tk 4)

where X =a+a' and ¥ = (a—a")/j (j = +/—1) for the
corresponding field described by a. So they only differ
in coupling coefficients. Therefore, for continuous-variable
quantum information processing, a PA can play the same role
as a BS for superimposing two fields. Note, from Egs. (4)
and (5), that similar to the situation of loss, which introduces
quantum noise through the vacuum in the unused port, am-
plification also adds noise through the vacuum of the second
input if it is unattended and thus uncorrelated with the signal
input. For this reason, the second input is usually called an
idler.

The relationships in Egs. (4) and (5) provide a way to
evaluate quantum state transfer through a BS and a PA, which
can be done through Wigner function representation [14,15].
For a PA with the input state described by a Wigner function
Win(X1, Y1; X5, o), the output Wigner function of the PA is
given by (for details see the Appendix)

Wt (x1 Y1352, 32)

out
= Win(Gx1 — gx2, Gy1 + gy2; Gxa — gx1, Gya + gy1). (6)
Similarly for a BS with the same input state, the output state
is described by [14,15]
Was (x1, Y1332, y2)
= Win(tx1 — rxa, tyr — ry2stxa + rxy, tys +ryp). (7)
Comparing Eqgs. (6) and (7), we find that the output Wigner
functions for the two devices give rise to a superposition of

input fields but with different phases and different transfer
coefficients.

As an example, let us consider the input of a two-mode
squeezed state with a Wigner function of [16]

‘/Vin(xl 5 YI§X27 }’2)
— 1 e—[(xl +22)2 (1 —y2)?1e* /4
(2m)?

Xe—[(X1—Xz)2+(y1+yz)2]e’zj/47 (8)

where s is the squeezing parameter. It is known that when ¢t =
r = 1/+/2, the output of the BS is two single-mode squeezed
states with squeezing at orthogonal quadratures. This can be
easily confirmed from Eq. (7):

BS
Wo(ut (1, Y13 %2, ¥2)
1
(@)
L e L

2 2

The corresponding situation for a PA is

o~ QT2 ;= (3Hy])e /2

e—()ée’zx-&-y%ez‘ )2 )

PA
W (1, i3 %2, 1)

B R T (o
(2m)?

s ln=0)?+01+n))le > (G+)* /4 (10)
Especially when G + g = 1/(G — g) = ¢€°, we have

A
WS (e, yisx2, y2)
— ie_(x]z+y‘]2)/2Le_(xg_'_y%)/z’ (1)
2 2

which is just the Wigner function for the vacuum. This is
equivalent to the case of balanced gain in an SU(1, 1) inter-
ferometer [9].

III. APPLICATION TO QUANTUM STATE
TELEPORTATION

Consider the scheme shown in Fig. 1 for quantum state
teleportation with continuous variables. This is the scheme
that makes a complete unconditioned state teleportation (even
for the vacuum state) [4,8] in comparison [17] with the tele-
portation scheme of polarization states [5,7]. In this scheme,
an EPR entangled source in the form of Eq. (8) of strength
characterized by s is produced from a nondegenerate optical
parametric amplifier and its two entangled fields (2 and 3)
are sent to Alice and Bob, respectively. A Bell projection
measurement is performed with a BS to mix the unknown state
(field 1) to be teleported with one of the fields (field 2) of the
EPR entangled state, which is described in Eq. (8). The results
(ix1 and iyy) of the Bell measurement are sent by Alice via a
classical channel to Bob, who modifies field 3 (My and My)
to recover the original input state characterized by the Wigner
function W,.

It has been shown that a parametric amplifier-assisted ho-
modyne measurement can make the same quantum correlation
measurement as the homodyne measurement [10]. So let us
now replace the BS with a PA of gain parameters G and
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Classical Information

EPR Entangled
. Sources, NOPA (s) | '=================-=---=

FIG. 1. Schematic of the continuous-variable quantum state teleportation with a parametric amplifier (PA, inset) in place of a beam splitter
(BS). Also shown are the nondegenerate optical parametric amplifier (NOPA), homodyne detection (HD), and local oscillator (LO).

g, shown in the inset of Fig. 1. Using Eq. (8) for the EPR
entangled state with a strength of s and labeling of the fields in
Fig. 1, we find that the input state of the parametric amplifier
is described by the Wigner function
Win(x1, Y15 X2, y23 X3, ¥3)
— 1 e_[(x3+x2)2+(y3_y2)2]e2&/4
(2m)?

xe (O I A (e, v (12)
From Eq. (6), the Wigner function after the PA becomes
Wour (X[, Y13 X5, ¥55 X3, ¥3)
1
T @enp
x e~ 1= G gx P+ 3ty +Gyy) le ™ /4

o L0 +Gx—gx| P+ (3 =gy —Gy) e /4

xWin(Gx| — gx3, Gy + 8¥3). 13)

Now we make a homodyne measurement of X, and Yy of
the PA output fields. With a result of ix; and iy}, the state in
field 3 (another field of the EPR entangled state) is projected
to a state described by the density operator

,(A)proj = Trl’Z’(“X{, iY2’><iX]” iY2’|)65ys)v (14)
where |ix;, iy;) is the common eigenstate of X and Y5. The
Wigner function of the projected state is then

Woroj (X3, y3)
/ / / A
N / A2y Wou (61 Y1552, Y2363 ¥3) =iy =iy
/ /
dX2dyl e*[(x3+Gx;_ —giy; P+3—g, ~Giy Ple2 /4

~ ) @y

— —Gx. i )2 / P V21,28
xe [(x3 Gx2+g’xl) +(,V3+gyl+cly2/) le=*/4

xWin(Gix; — g3, Gy| + gir;). (15)

Combining the common terms in the integral above, we obtain

Wproj (x3,y3)

e—[(x% +3)/2cosh2s]

—(cosh2s/2)(Gx,+x3tanh2s—giy/ )?
0 [ adaye : i

« e—((:oshZ.v/2)(gy’l +Giy2/ —ystanh2s)?
xWin(Gix; — gx5, G, + giy;)- (16)

Taking the limit of s >> 1 so that cosh2s > 1, we can ap-
proximate the Gaussian functions in the integral above with
8 functions. Then we have

1

2 cosh2s

X /dxédy'IS(Gx/z + x3tanh2s — giy;)

_ N )
Woroj (13, ¥3) = e~ (/2002 )

x8(gy} + Giy; — ystanh2s)
xWin(Gix; — gx5, Gy} + giy))
1

b (1/2c0sh2s) (2 42)
27 Ggcosh2s

ix G iy

X Win §X3tanh2S + ﬁ, —ystanh2s — X .
G G g g

A7)

When g>1 so that G=.,1+g2~g we have
g/G~G/g~1. Furthermore, if ~/cosh2s >
max{1, the range of Wi,(x3,y3)}, we have tanh2s &~ 1 and
cosh2s 3> x2 + y3 so that e~(1/2c0h290505%) ~ | within the
range of Wj,(x3, y3). Then Eq. (17) becomes

Woroj (%3, ¥3)
1

Wil + A (18)
~ 27Ggcosh2s "\’ )3 g )

G

The case of finite G and s is dealt with in the Appendix and it
is shown that the limits of G >> 1 and s > 1 are independent.
With the detection outcomes of ix; and iy;, we transmit these
measurement results through a classical channel to the loca-

tion of field 3 and a displacement operation of x3 + %‘ — X3
and y; — % — y3 (Mx and My in Fig. 1) can be performed
on field 3, leading to the displaced Wigner function as

WP (3, y3) o Win (23, 3). (19)
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This recovers the Wigner function of the input state, thus
achieving quantum state teleportation. So we just showed that
the quantum state teleportation scheme still works even after
we replace the BS with a high-gain PA. Note that the condition

=/1+ ¢ ~ g is equivalent to t = r = 1/+/2, which is
required for the scheme with a BS.

IV. TOLERANCE TO DETECTION LOSS

The quantum teleportation process involves homodyne
detection which may introduce losses through detectors’ less-
than-unity quantum efficiency and imperfect mode matching
with the local oscillator fields. It is known that PA-assisted ho-
modyne measurement is tolerant to detection and propagation
losses [10]. We will discuss the influence of these losses in
this section. Let us start with the traditional BS scheme. This
case was treated in Ref. [4], so we will only present the result
here for the comparison with the PA case.

J

1
(BS)
WprOJ (3, y3) /dxdyVV,-n(x,y) exp {_2012

where 02 = 2= 4+ ——
11— n? cosh 25"

Given the input state in Eq. (12) and using the relation
in Eq. (7), we can find the Wigner function after the 50:50
beam splitter of the Bell measurement. We then introduce
detection losses by using a beam-splitter model with the
same transmissivity n for both output fields 1’ and 2’ right
before detection. Since the homodyne detection is on the x
quadrature of field 1’ and the y quadrature of field 2’, we
can leave y| and x) unchanged and integrate them out so
that we only consider the effect on x| and y) together with
the vacuum from the unused port of the beam splitter: x; —
x| + V1 =nx, ¥y = 0y + V1= 02y, xe = g —
V1 —=n%x{, and y,» — ny,, — /1 —n?yy. Here @, and &,
are the vacuums coupled in through loss. For the homodyne
measurement with a result of x| = ix, and y; = iy;, we obtain
the Wigner function for the projected state of field 3 by settlng
xl zX and y2 ly/ and integrating the variables yl, xz, vl’
and y/,. In the limit of cosh 2s > 1, the projected Wigner
function is

2 2
2ix 2iy;

In the ideal case of no loss, we have n = 1, and for large s, the Gaussian in Eq. (20) becomes a §

function so that after the required displacement of x3 + TX‘ — x3 and y3 + nyz — y3 upon receiving the detection outputs
ix; and i ly;, we recover the input Wigner function W, (x3, y3). However, with finite detection losses, vacuum noise will come into
the quantum teleportation channel, so even in the limit of large s, we have

WS (x5, 33) o / dx dyWin(x, y) exp (—

772

m[(x —x3)% 4+ (y —ya)z]), 1)

which involves a convolution with the vacuum Wigner function. Equation (21) was first derived in Ref. [4].
For the scheme with a PA in place of the BS, we introduce losses after the output of the PA but before the homodyne
measurement. From Eq. (16) and a procedure similar to Eq. (20) but without the cosh 25 >> 1 assumption, we have the projected

Wigner function of field 3 after the homodyne measurement of results x]

(PA) —
Wiy (23, ¥3) = o

cosh2s

X exp (—

g™ (/2080 13) / dxydydx, dy,, exp(

= ixf and y/2 =y

cosh2s

[Gx) + x3tanh2s — g(nix; + /1 — n2x;1)]2)

[9v] + G(niy; + V1 — n2,) — y3tanh2s]2>

1
xexp (=5 [(nxly = VT =ix)” + (vl = V1= w7in))’])
X Win(G (i +v/T=1Px0,) = @64, Gl + glning +v/T=173(,))- @2

Now we make a change of integral variables from x; and y| to x = G(nix; ++/1 — n’x,;) — gxy and y = Gy| + g(niy; +

V1 —n%,). After integrating over x/,; and y, ,, we obtain the projected Wigner function in the form of

1 ix; :
Wp(rl;)(x3’y3) X e —(1/2cosh2s)(x2+y?) /dxdyvvm(x’ y) exp I:__2<x X @ tanh 25) :|
207, G

1 iy  Gys :
X exp | —=— y+—2——tanh2s) , (23)
20,, ng g
where 022x = 2 G2 + = Cizs — and 022y = % pe Cosh 5-- Setting G > 1 and s > 1 so that G ~ g and tanh 2s ~ 1 and cosh 25 >

1 and making the displacement operation of x3 + zX /ng — x3 and y3 —

proj

iy;/nG — y3, we have

Wi (3, 3) ox / dax dyWy (x, y)e™ (12002, 24
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where 07 = 1]2_—(;”22 + =535 ~ 07, ~ 03,. Notice that the con-
ditions of G~ g and s > | are independent of each other
(discussed further in the Appendix). Comparing 022 with 012
in Eq. (20) for the BS scheme, we find that the PA scheme
reduces the effect of losses by a factor of 2G>. If G* ~
(11— nz)ez"/an, we have 02’2 — 4¢~ % which is similar to
the lossless case (n = 1) of Eq. (20). Therefore, the effect of
losses can be mitigated by large G.

V. INFLUENCE OF LOSSES VIA FIDELITY

To quantify the influence of losses and the gain size of a PA
in place of the BS, we consider the fidelity of teleportation.
For a pure input state |¢;,) and an output described by density
operator Doy, it is given by [5]

F = (¢in|Pout|in). (25)

Note that if the output state is the same as the input, Py =
|éin) (dinl, Eq. (25) gives F = 1.

Since the roles of G and s are independent of each other, for
the simplicity of argument and emphasis on the effect of the
PA, we set s — oo here. The case of finite s will be presented
in the Appendix and the conclusion is similar to the case
of s — oo.

A. Scheme with a beam splitter

Consider the quantum state teleportation scheme as the
quantum channel. For the case of using a BS for a Bell mea-
surement and with large s, the Wigner function of the output
is connected to the input by Eq. (21) and is rewritten as

Wour = Win 0 G(‘n s (26)

with o denoting convolution and G5, the two-dimensional
Gaussian distribution with a variance 2 = 2(1 — n*)/n?. The
teleportation input-output relation for the Wigner functions
described by Eq. (26) can also be cast in the density operator
form as (see the Appendix)

Pow = / dxdyb()%yj)ﬁmﬁ(x *;yj )G (30, @7)

where the operator D(a) = exp(aa’ — a*a) is the displace-
ment operator [ = (x + jy)/2].

From Eq. (25) we find that the fidelity for a pure state input
is then

F = /dxdylxin(x, WG, (x, y), (28)

where xin(x,y) = (¢>in|D(xgyj )|¢in), which is the single-mode
characteristic function defined in Eq. (A1) for the input state’s
Wigner function. We can now evaluate the fidelity for a num-
ber of known input states. First, for the coherent state, it is
easy to obtain the fidelity as

1

F=—s5—, 29
1+612/2 29)

1.0

0.8¢

0.0 : : ' :
0.5 0.6 0.7 0.8 0.9 1.0

n

FIG. 2. Fidelity F as a function of detection loss in the telepor-
tation scheme with a BS for a coherent state |«) with o =3 + 3
(dashed line) and Fock states of N = 1, 3, 5.

with 57 = 2(1 — 5?)/n?. For the Fock state |N),

) 2 AfX+Y] g
| Xin(x, Y)I* = (N|D 3 IN)

2
- ‘ / dx () fy () = x//2)e P VN

(30)
where
a4 2
fv@x) = We—x 2Hy(x), (31)

with Hy (x) the Nth-order Hermite polynomials. We can then
evaluate numerically the fidelity F with Eq. (28) for a given
loss modeled by a BS with transmission coefficient n. Figure 2
plots the dependence of F as a function of 5 for a coherent
state of @« = 3 4 3 and Fock states of N = 1, 3, 5, showing a
fast drop of F with the increase of loss (decrease of 1). The
rate of drop is especially large for number states with higher
photon numbers as compared to the coherent state (dashed
curve). Thus, nonclassical states are more sensitive to loss in
the teleportation process.

B. Scheme with a parametric amplifier

Next we consider the teleportation scheme with the aid of
a PA but having losses 1 — n before detection. The output
is related to input by Eq. (23) but with s > 1 and can be
rewritten in the form of Eq. (26) as

G
Wour(x, y) = /dx/d)/Win (XE — x/, _YE - y/>
X Gs,, (x)Ga,, (), (32)

where 67, = (1 —7*)/n*G* and 63, = (1 — n*)/n*¢’. Then
Eq. (27) is changed to (see the Appendix)

A A ol XFYVIN. ar/X+V]
= [ vy (5 )b (37

x87(€)Gs,, (¥)Gs,, (), (33)
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FIG. 3. Three-dimensional plot of fidelity F as a function of
transmission 1 (opposite of loss) and the gain parameter R(G =
cosh R) of the parametric amplifier used in the Bell measurement
for teleportation of the coherent state |«) with o« = 3 + 3. The light
curve at R = 0 corresponds to the case of using a beam splitter for
the Bell measurement (the dashed line in Fig. 2).

where S(¢) = exple(a’? — a?)/2] is the squeezing operator
with € = In(G/g), and Eq. (28) is modified to

F= /dXdy|XPA(xvy)|2G62,(x)G&2,(Y)a (34)

with xpa(x, y) = (BinlS@E)D(E) | pin).
For a coherent state |«), we have

1w = [tiS@D(E ) o]
2

(oz|$'(e)‘a n %) .

(35)

Setting ¢ = a + bj, we then obtain from Eq. (34), with some
manipulation,

_ 2°(1-g/GP _ 2(1-GJg)
- 2 eXp( 1+g2/G2+522X 1+G2/e‘>’2+‘_722y)

\/(1 +&/G?+363)(1+ G/ +53)

_ L a+4p
N exp (— g 1+&22/2)

1+62/2

forG > 1, (36)

where 65 = (1 — n*)/n*G*. When G tends to a large value,
we have G ~ g and Eq. (36) approaches Eq. (29) but with
&} replaced by &35, which goes to zero as G becomes large.
Hence, F — 1 for large G and independent of the loss 1. So
with the aid of a PA of large gain, the effect of detection
loss can be reduced to zero. This is demonstrated in Fig. 3
as the red region (F ~ 1) in the three-dimensional plot of
F as a function of n and the gain-related parameter R with
G = coshR [or R = In(G + +/G? — 1)]. Figure 3 is obtained
from the first expression in Eq. (36) without approximation.
The red region extends to low values of n (<0.5, large loss)
at high gain (R > 2). The light colored curve at R = 0 is for
the case when we use a beam splitter for the Bell measurement
(the dashed line in Fig. 2). In this case, as can be seen, F drops
fast as n decreases.

FIG. 4. Fidelity F as a function of gain of parametric amplifier
at a loss of n = 0.7 for the Fock state [N) with N = 1,5, 10. The
dashed lines are for the BS scheme.

On the other hand, even with no detection loss (n = 1 and
02 = 02y = 0) but a finite G, we have, from Eq. (36),

2Gg (G—29? , 2)
= 2= (P4 b
oo (2@

~ exp[—(a® + b*)/4G*]  for G > 1. (37)

The blue region (low F < 0.15) in Fig. 3 extends to high-n
values when R < 1 for relatively low gain, which indicates
that high gain (R > 2) is required for the PA-assisted scheme.
From Eq. (37) we find that in order to have F ~ 1, we need
G? > Va? + b? = |a|, that is, the larger the average photon
number is, the bigger the gain G needs to be. This behavior is
not limited to coherent states, as we will see next for photon
number Fock states.

Next we look at the nonclassical states of the Fock state
|N). The characteristic function xp4 in Eq. (34) has the form
of
2

2 A o af(X+Y]
PERERIIE ' WIS@D(=5) V)

= '/dxlx/me‘fY[(x’/«/?)tanh(e)ﬂ/z]

2
3

X fi () fy( — x'tanh(e) — x/v/2) (38)

where the definition of fy(x) is the same as in Eq. (31). The
fidelity can be calculated numerically from Eq. (34). We plot
in Fig. 4 the fidelity F as a function of the gain-related pa-
rameter R for Fock states |N), with N = 1, 5, 10, respectively.
The detection loss is set with transmission n = 0.7. As can
be seen, larger gain (R value) is needed for higher N to reach
F =~ 1, similarly to the case of coherent states as predicted
by the second line of Eq. (37). We also plot in Fig. 4 the
corresponding values of F for the BS scheme (dashed lines)
for comparison, demonstrating the effect of the PA to counter
the detrimental effect of detection loss. The effect of loss on
the Fock state |5) is displayed in Fig. 5, where we plot F' as
a function of transmission coefficient n for R=1,2,3 (G =
1.54, 3.76, 10.07), respectively. The result of the BS scheme
(dashed line) is also plotted for comparison. As expected, the
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1.0

0.8

0.6
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0.4
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FIG. 5. Fidelity F as a function of transmission 7 for the Fock
state [N) with N = Satagainof R =1, 2,3 (G = 1.54,3.76, 10.07)
for the PA-assisted scheme. The case of the BS scheme is plotted as
a dashed line for comparison.

PA-assisted scheme is not good for the case of relatively low
gain (R = 1, 2), but with R = 3, it keeps a relatively high F
value (greater than 0.8) even at a large loss of 50% (n = 0.5).

VI. INFLUENCE OF LOSS ON ENTANGLEMENT

The input states in the previous sections are all pure states.
In quantum communication, we more often transmit one field
of entangled fields, as in, for example, the entanglement swap-
ping protocol [18-20]. The transmitted field is usually in a
mixed state when the other entangled field is not considered.
We will examine how losses in the two teleportation schemes
will affect the transmission of an EPR type of entangled state
which is simply a two-mode squeezed state with a Wigner
function given in Eq. (8).

A. Fidelity

For an input field that is entangled with another field, after
tracing out the other field, it becomes a mixed state described
by density operator pj,. In this case, we cannot use Eq. (25)
or its density operator form F’ = Tr(pjPou), for even in
the ideal transmitted case of Pout = Pin, F' = Tr(f)izn) # 1 for
mixed states. A widely used definition of fidelity for mixed

states was given by Jozsa as F,, = Tr[v/x/DinPout/Pin]” [21],
but this definition does not consider entanglement with the
other field.

On the other hand, we can use the entanglement fidelity
[22], which quantifies how well a quantum (teleportation)
channel, which may interact with the environment E, pre-
serves the transferred input state (in a state space denoted by
Q) and its entanglement with another system in the space of
R. The input state (p;,) can be obtained by taking the partial
trace of an entangled pure state on a larger Hilbert space (a
joint space of Q and the entangled space R) over the space
R. For the case of no entanglement, the input state is then a
pure state. According to Ref. [22], the entanglement fidelity
only depends on the initial quantum state and the dynamic
evolution of the input state on Q through the quantum chan-
nel. Suppose the general quantum evolution of the state on

Q through the quantum channel can be cast in the form of
Pout = D Ax ﬁinAZ by some operator-sum representation with
A; being a collection of operators acting in the space of Q
and satisfying the completeness relation ) _, AA}:AA/( = 1. Then
entanglement fidelity is defined as [22]

Fo=) Tr(Aupu) Tr(A pin). (39)
k
For the special case of a pure input state py, = |Pin) (Pinl, We
have F, = 3", |{¢ia|Ax|#in) I> = (Bin] Pout|in), which recovers
Eq. (25).

In our derivation of the output Wigner function for
both teleportation protocols, the output density operators of
Eqgs. (27) and (33) have already been written in the form of
Pout = Y ArpinAL, with Ay = DCEL) and §(e)D(*E2) for
the BS and PA schemes, respectively. Note that the sum over
k is replaced by the integral over x and y.

To obtain p;, for Eq. (39), we just need to take the partial
trace of the other field component of the density opera-
tor of the entangled states. For the EPR state (a two-mode
squeezed state) in Eq. (8), the signal field becomes a ther-
mal state with an average photon number 7 = sinh?(s). Its
density operator can be expressed by the P representation
as pin = [ d*a P(a)|a)(a|, where P(a) = #e"“'z/f’. The en-
tanglement fidelity F, can be obtained from Eqs. (28) and (34)
with the characteristic functions being

2

+yJ) )

o (x, ) = '/dzaP(a)(odD(

'/dza—e o/

2

x el Oty ==yl 2=(2H)/8 | (40
for the BS scheme and
+Yi\ )
e P = | [ dap@aised(*57) )]
' / P P Iy eyl /4
+
(a|S(e)a+Ty]>' 1)

for the PA-assisted scheme. Figure 6 shows the results of the
calculation. It is very similar to Fig. 5 for the number state
case.

B. Inseparability

Another way to see how entanglement is affected by tele-
portation protocols is to check the inseparability criterion
through the parameter /; defined as [23]

I = (A*(X) — X)) + (A* (T + Ta)). (42)

For unentangled fields, it has a minimum value of I =4
for the vacuum. Here I, < I()) = 4 gives the criterion for
entanglement between two fields and the smaller the value
of I is, the more entangled the two fields are. The ideal
value is I; = 0, showing perfect EPR correlation between X,
and X, and between ¥; and Y,. For the EPR entangled state
given in Eq. (8) with s = —1, we have the normalized value
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FIG. 6. Entanglement fidelity F, as a function of transmission
n for a thermal state (one field of the EPR-entangled two-mode
squeezed state) with average photon number 7 = sinh?(—1) = 1.38
for the PA-assisted scheme with gain parameters of R = 1, 2, 3 (solid
lines) and for the BS scheme (dashed line).

IEPR /10 = 0.135 = —8.69 dB. We will teleport one of the
two entangled fields, say, the signal beam, through the BS or
PA-assisted teleportation scheme.

The Wigner functions of the output state are given by
Egs. (26) and (32) as

Wit = / dxX'dy Win(x1, y155 — X', ¥y — ¥')

XGO'X, (—xl)Ga}’.(y/)s (43)

with Xy = x2, y5 = y2, and 0, = o] = &, for the BS scheme
and ¥y = x5, y) = ygg, 0, = G, and o] = &y, for the PA-
assisted scheme. We calculate I? between the teleported
signal field and the original idler field to examine how
entanglement is affected by teleportation. Further, I =
(A2X ) o + (A%Yy ) oy With X_ =x; —xp and Yy = y; +
is calculated from the Wigner function by

(A)ow = /dxld)ﬂdxzdyﬁ(xl,}’1;)62,)’2)

XWOut(x11 yl;x27y2)7 (44)

where A = A?X_ and A?Y,, respectively. The W, is obtained
from Eq. (43) with W, given in Eq. (8) for an EPR entangled
state. Figure 7 shows the results of calculation. As can be seen,
the BS scheme (dashed curve) is very sensitive to losses: The
value of [ increases quickly as detection efficiency n drops
and the fields are unentangled for n < 0.7 (the thin gray line
at 0 dB is the threshold for entanglement). The PA-assisted
scheme, on the other hand, can keep /; at quite a low value
with a large gain (R = 3) even for n as low as 0.5. A small gain
cannot preserve the original /; value even at no loss n = 1, but
the fields are still entangled up to n = 0.5.

Comparing Figs. 6 and 7, we find that there is a high cor-
relation between entanglement fidelity F, and inseparability
I, although there is no direct connection between the two
quantities. This reflects that F, indeed quantifies how well
the entanglement is preserved through transmission. In some
sense, they both provide a general characterization of the
transmission quality of the teleportation protocols.

L/ (dB)
o

FIG. 7. Normalized inseparability £;/1® (I =4 for the vac-
uum) in logarithmic scale as a function of transmission n for
the EPR-entangled state with initial input /°P%/I© =0.135 =
—8.69 dB for various gain parameters of R = 1,2, 3 for the PA-
assisted scheme (solid lines) and the BS scheme (dashed line). The
light black line at O dB is the threshold for entanglement.

VII. CONCLUSION

In summary, we have studied the quantum state telepor-
tation scheme with a parametric amplifier replacing the beam
splitter for field mixing used in the Bell measurement process.
With large enough gain for the PA, the scheme is as good
as the original scheme. In addition to field mixing, the PA
amplifies the input field to a level that is much higher than the
vacuum quantum noise so that it can overcome the detection
loss in the Bell measurement process, leading to a high tele-
portation fidelity even in the presence of a large detection loss.
This will be especially useful for the spectrum of light where
no efficient detector is available. However, internal losses of
the PA and the losses before the PA such as mode mismatch
will be the losses imposed on the incoming fields before the
PA and thus cannot be overcome by the employment of the PA
[9]. They will have the same effect as in the BS scheme.

The addition of an active element of the PA to replace a
passive element like a BS will not only require extra resources
in the pumping of the PA but also add an extra level of control
such as locking of the pump phase to the EPR source. In a real
experiment, these can be easily handled, as shown in a recent
demonstration in a fiber system [10] where a PA is used to
replace a BS in battling the large coupling losses in fibers.
The requirement of R > 2 discussed in Sec. V for a good
fidelity corresponds to G > 3.8 or a power gain larger than
15, which can be easily achieved experimentally [10]. On the
other hand, a larger average photon number requires a higher
gain, as shown in Eq. (37) and in Figs. 4 and 5. However,
states with a larger photon number are more prone to losses
in the BS scheme. So one must balance between the cost and
benefit of loss tolerance in selecting a PA.

The application of a PA is not limited to quantum tele-
portation schemes. The general principle of loss tolerance
is applicable to overcome any loss before detection. For ex-
ample, there may exist large losses in coupling light out of
a waveguide structure in integrated optics for detection. An
on-chip PA will mitigate these losses before detection. On
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the other hand, the PA scheme can only be used in the final
measurement of light and cannot be inserted into a quantum
network to overcome losses. This is because the PA amplifies
the fields to a macroscopic level that loses the quantum sig-
nature of the original input states. Furthermore, the scheme
only works for measurement of continuous variables such as
homodyne detection but fails in photon-counting technique.
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APPENDIX

1. Derivation of the input-output relation of the Wigner
function for a parametric amplifier [Eq. (6)]

To find the input-output relation, we consider the two-
mode Wigner function of a system in the state described by
density operator p, which is defined through the characteristic
function

The Wigner function is a Fourier transformation of the char-
acteristic function

W(xt, yi5%2,y2) = /dxldyldxzdyZX(ul» V15 U, U2)

1
(2m)?

x @MY= jvIxIjiey2 = juars (A2)

Assume the input state is described by a Wigner function
Win (X1, Y1; X5, Y») for a parametric amplifier. Since the input-
output relations presented in Eqs. (4) and (5) are for the
Heisenberg picture, the state described by a density operator
0 is the same for both the input and output. Using Eq. (4), we
find

RO DO, i 9O D)
Xour (i1, V13 U, vp) = Tr(pe/ VX —Julimjvda =il

= Tr(pe/iX1 i 47Xy —jshy

= Xin(v], U} V5, uy), (A3)

where u] = u1G — upg, V] =viG+vag, uy =ur,G—ug,
and v5, = v,G + v, g. Taking the reverse Fourier transforma-
tion for W, we find

A ; = Win(Gx; — gx2, ;
1 V1 1, v2) out (X1, Y15 X2, ¥2) (Gx1 — gx2, Gy1 + gy2; Gxp
- Tr(bejvl)?l 7j“1Yl+jU2X27ju2Y2). (A1) —8x1. Gy2 + gyn)- (Ad4)
|
2. Derivation of Egs. (27) and (33)
For the scheme with a beam splitter for the Bell measurement, we have, from Eq. (26),
Wou (X, Y) = /Vvin(X —x, Y —)Gs, (x, y)dx dy. (AS)
In terms of the Wigner function, the density matrix is
N oA 1 g -
P X, V) = — / Wou (X, Y)e/P X0 =gy dudX dy
T
1 e s
= _ / Win(X —x, Y — y)Gs, (x, Ve P EOTE gy dudX dY dx dy. (A6)
T

Now let us shift X and Y in e/?&—X)+u=Y) ¢ x
a—o. Witha = (x + jy)/2 we have

—xand Y — y by using the operator D(«) = exp(aa’ — «

*a): D(a)aD' (o) =

Pout(X,¥) = /Wm(X X, Y — )Gy, (x, y)D( J;W) JULR (X =01+ julf —(¥ —y)]

xf)*(x —;y])dv dudX dY dxdy. (A7)

Making a change of variables X — x,Y —y — X, Y in the integral with respect to X, Y, we have

o
poul®. ) = — f Win(X = x, Y — )Go, (5, y)

xb<x—zy J )ef”[’? ~X—0bjulf (-] fyt (x—zy J )dv dud(X — x)d(Y — y)dxdy

= _/Gm(xa)’)D(x zy])mn(x,Y)ef')("*X)ﬂ““*”dvdudxdYDT( 7;”>d dy
b/

[ Gann(*5

which is just Eq. (27).

)pm(x "D ( +2y J )dxdy, (A8)
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For the scheme with a parametric amplifier for the Bell measurement, we have, from Eq. (32),
Y
Wou X, ¥) = [ Wi (X = x. 7 = 3) G (1)Ga, ) (A9)

where k = g/G. Defining W, = Wi, o G5, Gs,,, we have

out -
1 :
Wour (X, Y) = Wy, (kX k) > / du(kX + u| pl, |kX — u)e /Y70, (A10)
Making a change of U = u/k in Eq. (A10), we have

k .
Wou(X,Y) = > / AU(kX + kU | ply kX — kU )e VY

= %/dwx +UI8(e)pl, ST(€)X — U)e VY, (Al1)
where € = —In(k) = In(G/g). From Egs. (A8) and (A10) we have
o= [ D(52) b (520G )G, 1y (A12)
Therefore, we obtain Eq. (33),
pou = [ 3@D(“5 ) (“T)8 €6, 006, 0 (A13)

3. Fidelity for coherent states with finite s and G

The PA scheme requires extra resources and large G to work. We also need to have a large s for the EPR entangled source for
both BS and PA schemes. What is the relationship between G and s?

To answer this, we calculate the fidelity F for the coherent state input with no approximation applied to G and s. We start
from Eq. (23), but make the required displacement operation to obtain the final output state as

Wou(x,y) = C f dx'dy e” (12D (o V)G, (8 = X )G (7 = ), (A14)

: " .8 n_ .G 2 _ 1 & 2 _ 1=
withx” = x Gtanh2s, Y=y tanh2s, oy, = p 02 + oo and Oy = T —g i for the PA case. Here C is a normalization

constant. The BS case can be derived in a similar procedure leading to Eqs. (20) and (23) but without an s > 1 approximation

and has the same form as Eq. (A14) but with x” = x tanh2s, y” = y tanh2s, and 022x and 022}, both replaced by o7 = 21;—2'72 + m

Thus, the PA and BS schemes are equivalent as long as G = g or G > 1. This condition is independent of the value of s. Of
course, the PA scheme has the advantage of reducing the effect of losses by a factor of 2G?.
We next evaluate F' from Eq. (25) for a coherent state input. The results are

2 o+l 24 12 2, of+2 2(a?+b%)
FBS — Z(tanh 25 + colsh25) exp (—2((1 +b )[(1 — tanh 25) + colsh2s]> exp < cosh 2s
2 > ol+1 2 2 o+l 2 ol+1
tanh”2s + o7 + 1 + > tanh”2s + o7 + 1 + > tanh” 2s + _L—-
N fors> 1, Al5
1+62/2 (A13)
with o] =
2
g2 tanh® 25 o} +1 GZLhZZs o3, +1
Fpp =2 G + c;sh 2s I'a + cosh 2s
- g tanh 2s G? tanh? 2s
G? + (UZX 1)(1 + coshZS) & + (GZY + 1)(1 + COShZY)
5 2[(1 _ gtanh2s\2 | oi+42 _912[(1 _ Gtanh2s\2 |, 5+2
« exp 2a [(1 G ) + cosh(25)] exp 2b [(1 < ) + cosh(2s)]
¢? tanh? 2s 2 1 G2 tanh? 2
G2 + (GZX + 1)(1 + cosh2s) & + (02) + 1)(1 + COShZé)
202 20
cosh 2s cosh 2s
X exp g% tanh? 2s ‘722{'"1 + G2 tanh? 2s ‘722y+1 ) (A16)
G? cosh 2s rg + cosh 2s
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If s > 1 sothat tanh 25 & 1 and 1/ cosh 2s <« 1 (independent of the value of G), the expression (A16) becomes Eq. (36). On the

2
other hand, if G > 1 so that G &~ g and 022x N 0y, N (722 = 1;;_0172

~ cosh 2s
Fpy =

+ —L_ we have

cosh 2s

cosh 2s

0224— 1
cosh 2s

tanh?2s + 07 + 1 +

N ——— fors> 1,
T1o22 0>

2(tanh? 25 + Z) ~2(a® + B[ (1 — tanh 25)% + 2]
exp exp
tanh®2s + 07 + 1 +

2>+
cosh 2s

2
2 o5 +1
tanh” 2s + cosh 2s

022 +1
cosh 2s

(A17)

with 6, = 1}?—52 Note that the difference between Eqs. (A15) and (A17) is in 01 (&) and 0,(&,) with o, improved upon o; by the

reduction of the loss effect term by a factor of 2G>.

Comparing the corresponding terms in Eqs. (A16) and (A17), we find that their differences are all smaller than 1/G?, which
is independent of s. Thus the limit of G > 1 is also independent of s.
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