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A PT-symmetry-breaking-enhanced cavity optomechanical magnetometer is proposed, which is achieved
by monitoring the change in intensity of a nonlinear four-wave mixing (FWM) process in a gain-cavity-
assisted cavity optomechanical system (COMS). Compared with the traditional single loss COMS, the FWM
intensity can be enhanced by two orders of magnitude when the gain-cavity-assisted COMS operates on the
PT-symmetry-breaking phase. Meanwhile, the sensitivity of magnetic-field sensing can be increased from
107° T to 10~!!" T. This originally comes from the fact that the effective detuning and decay of the loss cavity
can be effectively modified in the P7T -symmetry-breaking phase. Our work shows that an ultrahigh-sensitivity
magnetometer can be achieved in the P 7T -symmetry-breaking COMS, which will have wide applications in the

field of quantum sensing.
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I. INTRODUCTION

Ultrahigh-sensitivity magnetometers with small size play
an important role in medicine, geology, biology, defense, and
so on [1-4], which attracts great interest from researchers.
Although the sensitivity of magnetometers based on atom
and magnetostrictive material can achieve a magnitude of
aT Hz™'/? and fT Hz /2, the size scale of these systems
are generally limited to millimeters or centimeters [5,6].
Besides, magnetometers based on superconducting quantum
interference devices and nitrogen vacancy centers are ham-
pered by operating temperature, fabrication issues, and read-
out schemes, respectively [2,7-9]. To improve the sensitivity
and reduce the size of the magnetometer is still the focus of
designing systems.

Cavity optomechanics is a hot research field exploring the
nonlinear interaction between electromagnetic radiation and
nano- and micromechanical systems [10], which provides a
promising platform for much theoretical and experimental
research, such as quantum ground-state cooling of mechanical
oscillators [11-13], optomechanically induced transparency
[14-16], normal-mode splitting [17-20], and so on. With
this nonlinear optomechanical interaction, a micron-scale
cavity optomechanical magnetometer with room-temperature
operation has realized a peak magnetic-field sensitivity of
400 nT Hz~'/? via the magnetic-field-induced deformations
of a magnetostrictive material in experiment [21]. Besides,
it has been shown that thanks to this nonlinear interaction,
the lower and upper motional sidebands can be generated in
the transmission spectra of cavity optomechanical systems
(COMSs) [13,22]. Based on these motional sidebands, the
weak magnetic field can also be precisely measured by find-
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ing out the correlations between the structure of transmis-
sion spectra and the measured magnetic field. For example,
through monitoring the deformation of an optomechanically
induced transparency window (corresponding to the upper
first-order sideband) [23], or the change of intensity of the
upper second-order sideband [24], cavity optomechanical
magnetometers can achieve a sensitivity of nT through elec-
tromagnetic interactions in theories. Furthermore, utilizing
these motional sidebands, COMS can also be used to sense
other physical quantities, such as electrical charges [25,26],
environmental temperature [27], mass [28-30], and so on. For
the COMS as an all-optical sensor, these motional sidebands
are undoubtedly a powerful tool.

On the other hand, since the concept of parity-time (P7T)
symmetry was put forward, it has been widely studied in theo-
ries and experiments [31], such as for P77 -symmetric phonon
lasers [32], PT -symmetry-breaking chaos [33], loss-induced
transparency [34], low-power optical diodes [35], and single-
mode lasers [36,37]. With the singular characteristics of PT -
symmetric systems operating at the phase transition from un-
broken to broken P77 symmetry, P77 -symmetric systems can
be used as sensors for acoustics [38] and mechanical motion
[39]. In addition, the concept of P77 symmetry was introduced
into quantum noise theory to calculate the signal-to-noise per-
formance [40]. Recently, the generation of motional sidebands
has been shown to be enhanced in P7 -symmetric COMSs
[41]. Thus, a natural question is whether a P7 -symmetric
COMS combined with motional sidebands can significantly
enhance the sensitivity of magnetic-field sensing, which will
be a significant improvement for a magnetometer based on
COMSs.

In this paper, we propose a P7T-symmetry-breaking-
enhanced cavity optomechanical magnetometer by monitor-
ing the change of intensity of the lower first-order sideband
in a gain-cavity-assisted cavity optomechanical system, which
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FIG. 1. (a) Schematic diagram of a P7T-symmetric COMS, in
which a loss COMS [with decay rate «, (y,,) of cavity (mechanical)
mode] is coupled to a gain cavity (with optical gain rate g, of cavity
mode) by photon hopping with strength J. Besides, the loss COMS
is driven by a strong driving field of frequency w, with amplitude ¢,
and probed by a weak probe field of frequency w, with amplitude €,,.
Meanwhile, the movable end (as an electromechanical oscillator) is
passed through a surface current with intensity / and the measured
magnetic field with strength B is applied to the loss COMS. aiy (@ou)
is the input (output) of the loss cavity. (b), (c) Real and imaginary
parts of the eigenfrequencies w, and w_ of the two supermodes
as a function of the coupling parameter J. The gain-cavity-assisted
COMS with balanced gain g, and loss k, can show a phase transition
from broken to unbroken P7 symmetry by controlling the coupling
parameter J.
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corresponds to a nonlinear four-wave mixing (FWM) process
[42]. Compared with the traditional single-loss COMS, we
show that the FWM intensity in the P7 -symmetric COMS
can be enhanced by two orders of magnitude. What is more,
the measurement precision of a weak magnetic-field based on
the change of FWM intensity can be increased from 10~° T to
10~!! T. Physically, when the P7T -symmetry-breaking phase
occurs, the effective decay of the loss cavity can be completely
balanced by the optical gain of the gain cavity, meanwhile,
the effective detuning of the loss cavity can also be effectively
modified by the electromagnetic interaction. These ultimately
lead to the result that the sensitivity of the P7T-symmetric
COMSs can be higher than the traditional single-loss COMSs.
This unconventional optomechanical magnetometer combines
PT symmetry and motional sidebands, which will have wide
applications in the field of precision measurement.

This paper is organized as follows: In Sec. II, we introduce
the theoretical model of the P77 -symmetric COMS and derive
its dynamical equations. In Secs. III and IV, we discuss
in detail the performance of magnetic-field sensing in this
system through monitoring the change of intensity of the
FWM process and compare it with the case of the traditional
single-loss COMSs. In Sec. V, we analyze the improvement of
magnetic-field sensing based on the P7 -symmetric COMS.
Finally, we summarize our conclusions in Sec. VI.

II. THEORETICAL MODEL

The proposed P 7T -symmetric COMS is shown in Fig. 1(a),
in which the measured weak magnetic field is applied to our
system through the electromagnetic interaction. The Hamilto-

nian of system can be written as

2
1

H=-— hAa(a}Lal + a;az) + L + —ma),%lx
2m 2

+ ﬁJ(aiaz + a;al) + FlGajalx + ¢Bx
+ il Mekal(eqal + €epale ™) — Heell, (1)

2

in which a, (aI) and a, (a;) are the annihilation (creation)
operators of the loss cavity and the gain cavity, respectively.
Ay = wg — wg and Q = w, — wy are the frequency detunings
with the cavity resonance frequency w,. p (x) is the mo-
mentum (position) operator of the oscillator (with resonance
frequency w,, and mass m). J represents the coupling strength
between the loss and gain cavities, which can be controlled
by changing the distance between the two cavities. The term
hGaialx characterizes the optomechanical interaction be-
tween the loss cavity and the oscillator with coupling strength
G. The parameter ¢ represents the strength of electromagnetic
interaction, which is proportional to the current intensity /
and the effective range of action. The last term describes the
interactions between the input fields and the loss cavity with
a critical coupling parameter n. = 1/2. €5, = \/Pa p/lwa p
is the amplitude of the input fields with power P, , and
frequency wy, ), and «, is the total decay rate of the loss cavity.

With the semiclassical Langevin equations [i.e., setting
o(t) = (o(t)), o= ay, az, x, p], the dynamics evolution of
system can be described by the following equations:

dCl] (A G Ku) iJ
— =(1A, —1Gx — — a1 — WJa
di ) 1 2
+ Ncka(€q + €pe™™ ), (2)
d a
% = (iAa + %)az —iJay, (3)
d2x dx 2 1 T
W = — VmE — C!)mx — ;(FlGala] + é‘B)’ (4)

in which g, is the gain rate of the gain cavity. In our sys-
tem, the coupling between loss and gain cavities leads to
two supermodes, and their eigenfrequencies wy and w_ can
be obtained by diagonalizing the corresponding coefficient
matrix of Egs. (2) and (3) under the weak-coupling regime
[43,44]. For the PT-symmetric COMS with balanced gain
and loss, the eigenfrequencies of the two supermodes in the
frame of the cavity frequency w, can be derived as wy =
we + (J? — Kaz/4)1/2. As shown in Figs. 1(b) and 1(c), when
the coupling parameter J = 0.5«,, the gain-cavity-assisted
COMS with balanced gain and loss can show a P77 -symmetry
phase transition, in which the two eigenfrequencies coalesce
[31], ie., w4y = w_ = w,. One can find in the following
sections that the system can show a better sensitivity for the
change of weak magnetic field at this P77 -symmetry-breaking
point.

Due to the fact that the probe field is much weaker than the
driving field, the above dynamic equations can be solved by
the perturbation method. Using o = o, 4 §o with o, and §o be-
ing the steady-state values and the corresponding perturbation
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terms, respectively, one can get the following steady-state
values:

A/ NeKa€a iJals
Als =~ g Q2= T e 4)
lAeff -5 lAa + 5
hGN; + B
Xy = —‘—25 (6)
mwy,

with the effective detuning A.s and decay rate kg of the loss
cavity due to the three interactions in our system, i.e., optome-
chanical, electromagnetic, and double-cavity interactions,

Acit = Ag — [Gxs + T2 A0/ (AL + g2/4)], (7
Kett = Ka — J°8a/ (D] + 82/4), ®)
and the average photon number of the loss cavity, Ny = |ay; 2.

One can find that the effective detuning A and the effective
decay rate k. are related to the driving detuning A, and the
coupling parameter J.

Besides, the corresponding evolution of the perturbation
terms can be derived as

d56l1 . Kq .
— (ZA — —)5611 —iJéar
dt 2
— iG(a156x + 8a;6x) + 4/17L-Ku€p€_iQt, )
dday ('A + g“)s ) (10)
=(1A, —_— ar — 1 ay,
dt 2 2 !
d*8x dsx
== Yp—— — w,8x
dr? v dt "

hG * * *
— —(a1s8a] + aj,8a; + dajday), (11)
m

in which A = A, — Gx;. To solve the above nonlinear equa-
tions, we make the following ansatz:

Say = Ale ™ Al (12)
Say = Alie ™™ + AL (13)
8x = Xje ¥ X e, (14)

in which A (A}) represents the coefficient of the lower (upper)
first-order sideband of the loss COMS. We should note that
our scheme focuses on the combined effects of the PT
symmetry and the lower first-order sideband on the weak
magnetic-field sensing, which corresponds to a nonlinear
four-wave mixing (FWM) process [13,22,42]. By substituting
the ansatz into Eqs. (9)—(11), we can get the solution for A},

iazve G*h/Mcka
All = LPDT’ (15)
with

D(RQ) = 2|ay|*G*hD () + mD,(2)D3(Q)D4(R2),  (16)

A 2
DI(Q)zA—a—JZ, a7
8- (%5 +9)
Ka J?
Dy =[A+ (13 -2)]- Er

Ka J?
D4(Q) = 02, — Q* + iy Q. (20)

Then, based on the input-output relation of the cavity, i.e.,
dout = Ain — /Mckaa1, the output field of our system can be
obtained as [14,45]

aout(t) = (€4 — /Nckaars)e " + (€, — \/MekaA})e "

Probe field

— ek gAL e iGwa=ep)t, 1)

FWM field

Driving field

which clearly shows that, in addition to the driving and probe
fields, the FWM field with frequency 2w, — w, and intensity
|\/MAIl |> can be generated in our system.

In addition, according to the expression of All, i.e., Eq.
(15), one can find that it is useful to normalize the intensity of
FWM to that of the input probe field, |€,|?. Thus, the intensity
of FWM in terms of the input probe field can be defined as
[14,19]

12
—Vncf"Al , (22)

p

Ipwm = ‘

which is a dimensionless quantity. The optical response in
optomechanics can be detected in experiments, such as the
homodyne detection scheme in Ref. [14].

III. MAGNETIC-FIELD SENSING WITH A SINGLE-LOSS
CAVITY OPTOMECHANICAL SYSTEM

At first, we study the performance of magnetic-field sens-
ing based on the change of FWM intensity with a single-loss
COMS. The parameters used in our numerical simulations
are analogous to the related theoretical and experimental
works [23,24,46]. As shown in Figs. 2(a) and 2(b), the FWM
intensity spectrum is plotted as a function of the detuning 2.
In our scheme, the loss COMS is driven resonantly, which
can significantly enhance the intensity of FWM compared
with the red- and blue-detuning, as shown in Fig. 2(a). With
the resonantly driven single-loss COMS, one can find that
the intensity of FWM decreases with the increase of the
measured weak magnetic field [see Fig. 2(b)]. Meanwhile,
the sensitivity of this system can distinguish the magnetic
field with only about 10~ T. Physically, for the resonantly
driven single loss COMS, the effective detuning A.¢ of the
loss cavity is simplified as —Gx;. Due to the presence of the
optomechanical interaction, the value of the effective detuning
is not zero [see the inset of Fig. 2(c)], but with the increase
of the measured magnetic field, it quickly decreases to zero
at first, then its absolute value increases gradually, which
shows that the driving of the single loss COMS deviates from
the resonance condition gradually even if there is a small
region close to resonance. Besides, from Fig. 2(d), one can
find that, due to the small region close to resonance of the
effective detuning, the average photon number of the loss cav-
ity slightly increases at first, but it also gradually decreases,
which is consistent with the change trend of the effective
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FIG. 2. (a), (b) FWM intensity spectrum as a function of de-
tuning 2. (a) The solid blue and dashed red curves represent the
loss cavity driven by blue detuning (i.e., A, = w,,) and red detuning
(i.e., A, = —w,), respectively, and the coupling parameter J = 0.
The dotted green and dot-dashed black curves represent the coupling
parameter J = 0 and J = 0.5«,, respectively, and the loss cavity is
driven resonantly, i.e., A, = 0. (b) The loss-cavity is driven reso-
nantly, and the coupling parameter J = 0. The parameters are By =
1T, w, =2r x 0.1 MHz, m = 100 pg, G = —27 x 11 MHz/nm,
Y =27 x 0.1 kHz, «, = 0.1, 84 = Koy ¢ =2 x 107> Am for
the current intensity / = 1 mA, P; = 1 pW, and the wavelength of
the driving field A; = 27¢/w, = 532 nm (c represents the speed of
light in vacuum). (c) Effective detuning Ay and (d) average photon
number N; of the loss cavity as a function of strength B of the
measured weak magnetic field with J = 0 and A, = 0.

detuning. This ultimately leads to the result that the FWM
intensity generated in the single loss COMS decreases with
the increase of the measured magnetic field, which also limits
the performance of system for the magnetic-field sensing.

IV. MAGNETIC-FIELD SENSING WITH PT-SYMMETRIC
CAVITY OPTOMECHANICAL SYSTEM

Now we study the weak magnetic-field sensing based on a
PT-symmetric COMS. As shown in Fig. 2(a), one can find
that the FWM intensity generated with the P7T-symmetric

COMS (see dot-dashed black curve) can be enhanced by two
orders of magnitude compared with the resonantly driven
single loss COMS (see dotted green curve), which will be
easier to observe in experiments. Besides, as shown in Fig.
3(a), the FWM intensity spectrum is plotted as a function of
the detuning for different magnetic-field strengths. From the
curves, we can see that the FWM intensity increases with the
increase of the magnetic field, which is opposite to the change
trend of the resonantly driven single loss COMS. As expected,
the PT -symmetric COMS shows a higher sensitivity to the
change of the weak magnetic field compared with Fig. 2(b). To
better show the dependence of the FWM intensity on the mea-
sured magnetic field, we plot the maximum value I ,x of the
FWM intensity spectrum as a function of the magnetic-field
strength, as shown in Fig. 3(b). From the inset of Fig. 3(b), one
can see that the P77 -symmetric COMS can even distinguish
the magnetic field with strength 10~'! T based on the change
in the FWM intensity, which is increased by two orders of
magnitude compared with the single loss COMS. Similarly,
this enhanced sensitivity can be understood as follows: for the
PT -symmetry-breaking COMS, one can find that the effec-
tive decay rate of the loss cavity can be completely balanced
by the optical gain of the gain cavity, i.e., k. = O [see Eq.
(8)]. Meanwhile, as shown in Fig. 3(c), the effective detuning
of the loss cavity can be close to the resonant condition with
the increase of the measured magnetic field, so that its average
photon number also increases significantly. This is in sharp
contrast with the inset of Fig. 2(d), where the average photon
number is almost unchanged for the magnetic field change of
1071 T. That is to say, at the P77 -symmetry-breaking point,
the effect of the measured magnetic field on the system is
enhanced significantly. Thus, at the P7T -symmetry-breaking
point, the sensitivity of system for the change of the magnetic
field is highly enhanced.

V. IMPROVEMENT OF SENSITIVITY OF
MAGNETIC-FIELD SENSING

Before improving the sensitivity of the measured weak
magnetic field, we should define a sensitivity coefficient n
to evaluate the sensing performance of our system. To dis-
tinguish each 10! T of the magnetic-field strength, it is
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FIG. 3. (a) FWM intensity spectrum as a function of detuning for different measured magnetic fields. (b) Maximum value /,,,x of the FWM
intensity as a function of magnetic-field strength. (c) Effective detuning A and average photon number N; of the loss cavity as a function of
magnetic-field strength. Parameters are J = 0.5«,, A, = 0, and other parameters are the same as in Fig. 2.
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FIG. 4. Maximum value of the FWM intensity as a function of magnetic-field strength for (a) different current intensities 7, (b) different
driving powers P,, and (c) different coupling parameters J. Parameters are (a) P, = 1 pW, [ =1 mA, 2 mA, and 3 mA; (b) I =3 mA,
P; =1pW,0.5pW,and 0.1 pW; (c) I =3 mA, P; = 0.1 pW. Other parameters are the same as in Fig. 3.

convenient to define the sensitivity coefficient as
_ |Imax -1 |

max

x 100%,
Tmax + Iinax

(23)
in which I, and I, represent two adjacent maximum
values of the FWM intensity when the magnetic-field strength
changes in units of 107! T. The larger the value of 7,
the easier it is for us to distinguish the two different FWM
intensities.

In our P T -symmetric COMS, the oscillator is subjected to
optomechanical and electromagnetic interactions. To improve
the sensitivity of the magnetic-field sensing, we can first
increase the interaction between oscillator and magnetic field
by increasing the current intensity. As shown in Fig. 4(a),
with the increase of the current intensity, each FWM inten-
sity corresponding to the same magnetic-field strength can
be enhanced dramatically. On the other hand, we can also
decrease the driving power of the loss cavity, which can
prevent the electromagnetic interaction from being drowned
in the optomechanical interaction. Meanwhile, when the PT -
symmetry-breaking phase occurs, the effective decay rate of
the loss cavity is just zero, which can avoid the effects of
decay rate on the system under the weak driving condition.
As shown in Fig. 4(b), with the decrease of the driving power,
although the FWM intensity decreases, its contrast for the
change of the magnetic field increases dramatically. Specifi-
cally, based on the definition of the sensitivity coefficient 7 in
Eq. (23), the average sensitivity coefficient can be calculated
as 6.45%, 7.85%, and 12.24% for the driving power with 1,
0.5, and 0.1 pW. Hence, decreasing the driving power can
contribute to enhancing the effect of the P77 -symmetry break-
ing on the magnetic-field sensing of the system. This is also
reflected in Ref. [33], where PT -symmetry-breaking chaos in

optomechanics was realized with an ultralow driving thresh-
old (P; = 0.02 pW). Moreover, we also analyze the effect of
coupling between the gain and loss cavities on the magnetic-
field sensing, as shown in Fig. 4(c). One can find that, in the
‘P T -symmetry-breaking phase (i.e., J = 0.5«,), the contrast
for the change in magnetic field is larger than other parameter
regions, which also shows that the P7T -symmetry breaking
can enhance the performance of the magnetic-field sensing.

VI. CONCLUSIONS

In summary, we have investigated the performance of
the P77 -symmetry-breaking enhanced cavity optomechanical
magnetometer based on the nonlinear FWM process and
analyzed the improvement of sensitivity for the magnetic-field
sensing. We showed that, when the P7T-symmetry-breaking
phase occurs, the FWM intensity can be enhanced by two
orders of magnitude compared with the conventional single
loss COMS, meanwhile, the measurement precision can also
be increased from 10™° T to 10~'" T. Our work uses the
combined effects between P77 symmetry and motional side-
bands to enhance the performance of cavity optomechanical
magnetometers, which is a significant improvement for the
magnetometer based on COMSs and will have wide applica-
tions in quantum sensing.
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