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Field-enabled quantum interference in atomic Auger decay
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We demonstrate that an external terahertz (THz) field enables the formation of interference between two
distinct Auger pathways leading to the same final ionic state. The kinetic energy of Auger electrons ejected from
either of two spin-orbit split one-hole states of magnesium cations is recorded. In the presence of the THz field,
a clear oscillatory structure in the Auger spectrum emerges, which we find to be in very good agreement with
an analytical model based on perturbation theory. For this interference to occur, the THz field has to chirp the
energy of both Auger electrons and photoelectrons simultaneously, in order to create states with indistinguishable
quantum properties.
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I. INTRODUCTION

X-ray-induced innershell processes like photoionization
of core electrons, Auger decay, or x-ray fluorescence are
widespread tools to probe structural changes in atoms,
molecules, and solids with element specificity [1,2]. Advances
in x-ray light sources such as x-ray free-electron lasers and
table-top sources using high harmonic generation make it
possible to tackle problems at the forefront of science using
ultrafast x-ray techniques that can achieve atomic spatial
resolution and femtosecond time resolution [3]. In this con-
text, external fields have been used to modify or control
x-ray-induced innershell processes to obtain a more detailed
picture of the investigated processes and to allow for new
applications. For example, x-ray diffraction can be optically
modulated allowing for the investigation of optically induced
charges [4], innershell photoabsorption can be controlled by
nonperturbative modification of the level structure of the
bound electrons [5,6] or by laser-induced molecular alignment
[7,8], line profiles of photoabsorption can be modified [9,10],
and the streaking of ejected photoelectrons with near- or
far-infrared light or the observation of circular dichroism is
a useful tool in characterizing x-ray pulses [11–13].

A particularly interesting probe of the electronic structure
of matter is based on the Auger effect, i.e., the nonradiative
decay of a deeply bound core hole through the emission of
an Auger electron. The recorded kinetic energy of the Auger
electrons is an intrinsic property of the electronic structure
of the target and does not depend on the energy of the
incoming light. Therefore, Auger spectroscopy is an important
and widely used probe of the electronic structure of atoms,
molecules, and surfaces. The emission of Auger electrons
and photoelectrons can be further probed or controlled by
intense laser fields, e.g., in the infrared (IR) energy range. In
such laser-assisted processes, the system is irradiated by an
extreme-ultraviolet (EUV) or x-ray pulse, which creates a core
hole and a photoelectron. The core hole can decay nonradia-
tively and an Auger electron is emitted. The emitted electrons
are subsequently dressed by the applied intense laser field.

This leads, e.g., to the appearance of several side bands or to a
continuous shift of the spectrum. Laser-assisted photoelectric
effect [14–19], laser-assisted Auger decay [20,21], and laser-
enabled Auger decay [22–24] have been observed. Recent
technological advances allow for the creation of intense laser
fields in the far-IR [or terahertz (THz)] energy range, which
can be well synchronized with EUV or x-ray pulses [25,26].
This enables the study of laser-assisted Auger decay also in
the THz regime [27].

Notably, if the final state can be reached via different
quantum pathways, interference may occur. Various mecha-
nisms underlying such interference in atomic or molecular
systems have been identified. Upon scanning the energy of the
photoelectron across the fixed energy of the Auger electron,
both electrons can be made indistinguishable, thus creating in-
terference in their spectra and angular distributions [28]. Also
different resonant Auger transitions may accidentally have
significant spectral overlap, thus giving rise to interference
[29,30]. Spectral separation between Auger electrons may
be partially bridged by postcollision interaction, predicted
already in 1977 [31], but experimentally verified only in
2001 [32]. Molecular targets introduce additional channels,
e.g., via lifetime-vibrational interference [33,34], where en-
ergetic degeneracy of electronic states is reached through
nuclear motion.

All of these cases rely on a specific intrinsic electronic
structure, whereas in the present work we demonstrate how
interference is enabled through external control. Under condi-
tions found in atomic magnesium used as an example, a time-
varying light field can chirp the energy of Auger electrons and
photoelectrons emitted from a spin-orbit split state so as to
induce interference between two distinct Auger pathways that
natively form two separate spectral peaks.

II. EXPERIMENT

In the experiment, an initial 2p core hole is formed in
Mg atoms by photoionization using ultrashort EUV pulses
at 91 eV of photon energy, generated as high harmonics of
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FIG. 1. Energy level diagram of Mg and its cations. Nonresonant
excitation leads to core-excited states that relax upon emission of
LMM Auger electrons. The excess kinetic energy of emitted photo-
electrons and Auger electrons is indicated by vertical bars.

800-nm, 38-fs, 2-mJ pulses from a 1-kHz Ti:sapphire laser
system in a neon-gas target after compression of the funda-
mental pulses in a neon-filled hollow fiber [35]. Near-infrared
pulses of 1 mJ of energy from the same laser are used to gener-
ate THz radiation by optical rectification in a LiNbO3 crystal.
Phase-matching between near- and far-infrared light fields by
pulse-front tilting [36] yields 0.5-μJ single-cycle THz pulses
centered at 0.6 THz. After temporal synchronization with a
tunable optical delay line, EUV and THz pulses are focused
into an effusive beam of Mg atoms formed a few millimeters
above the orifice of a metal oven operated at up to 700 ◦C. The
ejected photoelectrons and Auger electrons are collected in an
approximately 20◦ solid angle perpendicular to the light prop-
agation and guided into a time-of-flight spectrometer. Owing
to an alignment of the spectrometer axis with the polarization
of the THz beam, the escaping electrons are energetically
streaked according to the phase of the THz vector potential
at the instant of emission [25].

Figure 1 depicts the relevant energy levels of atomic mag-
nesium. At 91 eV of photon energy, a 2p core electron is
promoted into the ionization continuum. The 2p53s2 level of
Mg+ is spin-orbit split by 0.28 eV and thus the decay of
the intermediate hole states creates Auger electrons at 34.87
and 35.15 eV, respectively. The corresponding Auger lifetimes
deduced from the literature vary considerably between a lower
bound of about 20 fs, resulting from spectral linewidth mea-
surements [37,38], and 500 fs predicted theoretically [31]. Re-
gardless of their actual resolution in the experiment, natively
emitted Auger electrons from Mg+ ions form distinct peaks in
the recorded kinetic energy spectrum and will thus not be able
to interfere.

Figure 2 presents the unperturbed and the THz-streaked
kinetic energy spectra of the ejected electrons. The unper-
turbed spectrum clearly shows the photoelectron peak around
32.5 eV and the Auger peak around 35 eV. Please note that
with the given spectral resolution of the utilized time-of-flight
spectrometer of >0.3 eV the fine structure of the LMM Auger
feature, i.e., the two distinct Auger pathways under consider-
ation, cannot be resolved in the unperturbed spectrum. The
width of the 2p photoline is governed by the bandwidth
of the exciting radiation, dictated by the 2-eV bandpass of
the EUV multilayer mirror used for harmonic selection. The

FIG. 2. Electron kinetic energy spectrum of atomic Mg after
excitation at 91 eV of photon energy without (dashed blue line) and
with (solid orange line) applied THz field.

application of the THz field significantly alters the Auger
spectrum when the relative timing with respect to the EUV
pulse corresponds to a steep slope of the THz vector potential
while the electron wave packet is formed in the continuum.
Rather than a plain broadening expected for regular streaking,
the spectrum displays a clear oscillatory structure reminiscent
of an interference pattern.

III. THEORY

To investigate whether and in what form the oscillatory
structure in the spectrum results from quantum interference,
we employ an analytical model based on time-dependent
perturbation theory. In the present approach, the interaction
of Mg atoms with the EUV pulse as well as the Auger decay
are treated perturbatively. The strong THz field, however,
is treated in a nonperturbative fashion. Within this model
(for details of the derivation, see Appendices A and B) the
probability of finding the Auger electron in state α is given as

Pα = lim
t→∞

∑
γ > β

�(� < α)

∣∣∣∣∣∣∣∣∣
∑

a′′

∑
j
a

∫ t

−∞
dt ′

×
∫ t ′

−∞
dt ′′uαa′′ (t, t ′)e−iIβγ (t−t ′ )

× va′′ jβγ u�a(t, t ′′) e−i(I j−i
� j
2 )(t ′−t ′′ ) εEUV(t ′′) za j

∣∣∣∣∣∣∣∣∣

2

, (1)

where the t ′′ integral corresponds to photoionization and the
t ′ integral corresponds to Auger decay, with t ′ > t ′′. The one-
body matrix element za j determines the creation of a hole at
time t ′′, in which j corresponds to the state of the hole and
a corresponds to the state of the emitted photoelectron, with
ionization energy I j = −ε j . The photoionizing EUV pulse has
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FIG. 3. Principle of field-enabled interference of Auger path-
ways of different initial Auger energies ε1 and ε2. The vector poten-
tial of the THz field (dashed curve) imprints the same gradual change
(almost linear chirp) of the instantaneous frequency onto both wave
packets, thus creating partial energetic degeneracy that may lead to
interference, if they carry a defined phase relationship.

an electric field of εEUV(t ′′). The term � j = 1/τ j corresponds
to the decay rate of the hole in state j. The emitted photoelec-
tron evolves from state a at time t ′′ to state � at time t under
the influence of the THz field, which is described by the term
u�a(t, t ′′). The two-body matrix element va′′ jβγ determines
the Auger-decay step. The initially created state with a hole
in j decays to a state with a hole in γ and a simultaneously
emitted Auger electron emitted from β into state a′′. Now,
the emitted Auger electron evolves under the influence of the
THz field from state a′′ at time t ′ to state α at final time
t , which is captured by uαa′′ (t, t ′). The different dicationic
states described by the two holes in β and γ and the state
of the photoelectron � contribute incoherently to the signal.
Please note that a full ab initio simulation of the process is not
feasible as, e.g., both the photoelectron and the Auger electron
are unbound and prohibitively large spatial grids are required
to simulate the unbound motion of two electrons ejected from
an atom.

To observe interference between the two Auger pathways
discussed above, the whole system has to evolve into the
same indistinguishable final states, i.e., the combined quan-
tum states of the Auger electron, the photoelectron, and the
dication have to be indistinguishable. For the dication, this
is fulfilled here as both Auger pathways lead to the same
final state. Therefore, to observe interference, the applied THz
field has to modify both the photoelectron and the Auger
electron. Since the large bandwidth of the EUV radiation
blurs any substructure in the 2p photoelectron peaks, we focus
the detailed discussion of the streaking process on the Auger
electrons. First, the THz pulse has to streak the energy of
the emitted Auger electron from the j1 = 3/2 and j2 = 1/2
photoionization channels to overlap their energies. This can be
understood by describing the emitted Auger electron in terms
of partial waves with energies ε1 and ε2, but with the same
temporal profile, i.e., an exponentially decaying transition
probability (see Fig. 3). The exposure of these electron partial
waves to a time-varying THz field, which has a period greater
than the Auger lifetime, results in time-dependent momentum
transfer from the THz field to the Auger electron.

In the experimental setup used in this work, the detection
of the emitted electrons is restricted to a small subset of
emission angles. This detection scheme does not allow for
the detection of the different angular momentum states of
the emitted electrons. If, however, a similar experiment were
performed with a detection of electrons at all emission angles,
one would have to take into account the distinct angular
momenta of the Auger electrons. The spin-orbit split one-hole
states under consideration have a total angular momentum
of j = 1/2 and j = 3/2, respectively. As the final state of
Mg2+, which is the same for both pathways, has an angular
momentum of j = 0, and the total angular momentum has
to be conserved, the emitted Auger electrons have an angular
momentum of j = 1/2 and j = 3/2, respectively. Therefore,
to observe interference in such a case, the emitted Auger
electrons should be indistinguishable in terms of all quantum
numbers, and therefore, the perturbing THz field has to chirp
the energy of the Auger electrons as well as modify their
angular momentum.

Making a short-pulse approximation, i.e., assuming the
EUV pulse to be a δ pulse, and taking the effect of the THz
field into account through a linear frequency chirp, i.e., a
quadratic temporal phase e−ibt ′2

, we can define the transition
amplitudes (for details, see Appendix B)

�αβγ�(t ′; tEUV)

=
{∑

j A jαβγ�e−i(I j−i
� j
2 −Iβγ )t ′

e−ib(t ′ + tEUV )2
, t ′ � 0,

0, t ′ < 0,

(2)

and rewrite the spectrum given in Eq. (1) as a Fourier trans-
form of these transition amplitudes:

Pα =
∑
γ > β

�(� < α)

∣∣∣∣
∫ ∞

−∞
dt ′�αβγ�(t ′; tEUV)eiεαt ′

∣∣∣∣2

. (3)

The parameter tEUV represents the time at which the EUV
pulse is centered, relative to the temporal evolution of the
THz field.

IV. ANALYSIS

In order to fit the experimental Auger spectral shape, we
exploit that there is only a single Auger channel in the present
problem and that the complex expansion coefficients Ajαβγ�

cannot change much over the narrow range of photoelectron
(�) and Auger-electron (α) states considered. Hence, we
write the Auger spectrum in the simplified form

Pα = const.

∣∣∣∣∣∣
∑

j

A je
−iφ j

∫ ∞

0
dt ′e−i(Ej−i

� j
2 −εα )t ′

e−ib(t ′+tEUV )2

∣∣∣∣∣∣
2

,

(4)

where E3/2 = ε1 = 57.55 eV and E1/2 = ε2 = 57.81 eV (cf.
Fig. 1). In what follows, the phase difference 
 = φ3/2 −
φ1/2, the electronic chirp parameter b, and the Auger lifetime
τ , which is assumed to be the same for both pathways (τ =
τ3/2 = τ1/2), serve as fit parameters. The branching ratio, i.e.,
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FIG. 4. (a) Experimental spectrum of streaked Mg LMM Auger
lines (solid orange line) and simulation with the analytical model
(dashed black line) with optimized parameters and with different
values for the phase (gray, long dashed and short dashed lines).
(b) The simulated spectrum is plotted for a δ-pulse excitation
(thin black), together with the two isolated Auger fine-structure
components assuming no interference (long-dashed blue line and
short-dashed green line). The interference term is shown as a thick
red line.

(A3/2/A1/2)2, is set to 2, as given by the relative weight of the
magnetic substates [37].

To obtain a meaningful comparison with experimental
data, the spectrum obtained from Eq. (4) is convolved with
a Gaussian shape capturing the broadening effects of a finite
spectrometer resolution of 0.3 eV and a finite duration of the
EUV pulse. The resulting function is then fit to the experi-
mental spectrum. Due to a residual detuning of the EUV-THz
delay relative to the zero crossing of the THz vector potential,
a small energy shift is added to the simulated spectrum.

The resulting best t , displayed in Fig. 4(a), is achieved for
a phase difference 
 of −0.8 ± 0.6 rad, an Auger lifetime
of τ = 9.0 (+5.2/−3.8) fs, and an electronic chirp of b =
119 meV/fs, with the indicated errors resulting from a dou-
bling of the residual between measured and simulated values.
The combined spectral broadening of 0.6 eV is compatible
with an EUV pulse duration below 5 fs. The mutual relation-
ship of the fitting parameters reveals a pronounced sensitivity
of the observed spectral profile to the phase 
 between the

electronic pathways of the two fine-structure components.
This is exemplified in Fig. 4(a) by simulated spectra with
the same set of parameters except phase differences set to

 = 0 rad and 
 = −1.6 rad, respectively. The analytical
model reproduces the experimental spectrum very well, which
suggests that it captures the key features of the process.

In Fig. 4(b), the Gaussian convolution has been removed
from the fitted spectrum Pα in order to further analyze the
interference pattern. The full spectrum is decomposed into the
two fine-structure components and the corresponding interfer-
ence term. The sum over j in Eq. (4) has two terms and we can
thus expand it as

Pα = {|z1|2 + |z2|2 + 2R(z1 z∗
2 )}. (5)

The first two terms describe the two fine-structure components
[blue and green lines in Fig. 4(b)], while the last term corre-
sponds to the interference between the two Auger pathways
[red line in Fig. 4(b)]. The total spectrum shows a clear, slowly
oscillating interference pattern rather than two distinct Auger
peaks. The superposition of the two electronic pathways re-
sults in a temporal beating at a time period T = 2π/(ε2 − ε1).
Due to the streaking, this period is mapped to a difference in
kinetic energy of δEkin = bh̄T . For the best-fit parameters this
results in a kinetic energy difference of about 1.7 eV, which
roughly matches the peak separation in Fig. 4. Moreover, the
simulated spectrum now shows a noticeable, high-frequency
oscillation pattern in the fine-structure components as well as
in the interference term, which can be interpreted as fringes
in the spectral domain resulting from the short-pulse approxi-
mation for the photoionization step. The rapid oscillations are
suppressed if the spectrum is convolved as in Fig. 4(a).

V. CONCLUSION

In this paper, we have demonstrated that it is possible to
create interference between two distinct Auger pathways by
applying an intense THz field. Specifically, photoionization
of Mg by an EUV pulse creates a hole in the 2p shell. Thus,
Mg+ is prepared in either of two spin-orbit split one-hole
states, which both decay to the same Mg2+ state by ejecting
an Auger electron. When applying a THz field, we observed
in the Auger spectrum interference between the associated
electronic pathways. For this effect to manifest, not only
the Auger-electron final states must be indistinguishable but
also the same indistinguishability requirement applies to the
photoelectron final states.

We interpreted the experimental spectrum by fitting an an-
alytical model based on a perturbative expansion. By separat-
ing the model spectrum into its components, the importance of
interference in explaining the experimentally observed spec-
tral oscillations was clearly revealed. The analytical model
agreed with the experimental data only if a significant nonva-
nishing phase difference between the interfering Auger path-
ways was taken into account. With the shape of the spectral
peak being found to sensitively depend on the exact phase
value, our method provides phase information from innershell
processes that is difficult to obtain otherwise. We note, how-
ever, that this phase may contain contributions from the inter-
action of the outgoing electrons with the external THz field.
Future work will focus on the isolation of intrinsic phases.
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Owing to the pronounced interference profile, the Mg+

Auger-decay lifetime could be extracted and was found to
be at the lower bound of available predictions. In contrast to
the examples of control given in the Introduction, the present
approach shows how THz streaking may be employed to
induce quantum interference in the electronic-decay pathways
following multichannel innershell ionization.
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APPENDIX A: THEORY AND DERIVATION

The EUV photoionization and the Auger-decay process
are treated within the framework of perturbation theory to
arrive at a condition for interference of two Auger pathways
in magnesium. The far-infrared (FIR) or terahertz (THz) field
cannot be treated perturbatively because it interacts strongly
with the Auger electrons and photoelectrons. In such a case
the total Hamiltonian of the system is given by

Ĥ (t ) = Ĥ0(t ) + λV̂ (t ), (A1)

where Ĥ0(t ) = Ĥ0A − E0 + V̂FIR(t ) is the atomic Hamiltonian
including the FIR field, with Ĥ0A being the unperturbed
atomic Hamiltonian, E0 the ground-state energy of the Mg
atom, and V̂FIR(t ) the FIR field. V̂ (t ) = V̂EUV(t ) + V̂A is the
perturbation which has contributions from EUV photoioniza-
tion V̂EUV(t ) and Auger decay V̂A. Please note that we have
assumed atomic units throughout the derivation, i.e., h̄ = 1.

The time evolution of the system is given by the time-
dependent Schrödinger equation in atomic units:

i∂t |Ψ, t〉 = Ĥ (t ) |Ψ, t〉 . (A2)

We assume that we have solved the FIR-only problem using
the initial condition for the time evolution operator:

ÛFIR(t,−∞) → exp[−i(Ĥ0A − E0)t] as t → −∞. (A3)

Therefore in the absence of the perturbation, i.e., λ = 0, the
solution of Eq. (A2) is

|ΨFIR, t〉 ≡ ÛFIR(t,−∞) |Ψ0〉 , (A4)

where |Ψ0〉 is the ground state of the Mg atom. Now we make
the ansatz

|Ψ, t〉 = |Ψ, t〉(0) + λ |Ψ, t〉(1) + λ2 |Ψ, t〉(2) + · · · , (A5)

where |Ψ, t〉(0) = |ΨFIR, t〉, |Ψ, t〉(1), and |Ψ, t〉(2) are the zero-
, first- and second-order corrected wave functions. The correc-
tion terms are calculated by substituting Eqs. (A5) and (A1)
in Eq. (A2), which gives

i∂t [|ΨFIR, t〉 + λ |Ψ, t〉(1) + λ2 |Ψ, t〉(2)]

= [Ĥ0(t ) + λV̂ (t )][|ΨFIR, t〉
+ λ |Ψ, t〉(1) + λ2 |Ψ, t〉(2)]. (A6)

Now comparing the coefficients of the λ terms from both
the right-hand side (RHS) and the left-hand side (LHS) in

Eq. (A6), we obtain the time evolution of the first-order
correction term:

i∂t |Ψ, t〉(1) = Ĥ0(t ) |Ψ, t〉(1) + V̂ (t ) |ΨFIR, t〉 , (A7)

which can be solved as a first-order differential equation with
variable coefficients. The solution is

|Ψ, t〉(1) = −iÛFIR(t,−∞)
∫ t

−∞
dt ′Û †

FIR(t ′,−∞)V̂ (t ′)|ΨFIR, t ′〉,
(A8)

|Ψ, t〉(1) = −i
∫ t

−∞
dt ′ÛFIR(t, t ′)V̂ (t ′) |ΨFIR, t ′〉 , (A9)

where ÛFIR(t, t ′) = UFIR(t,−∞)Û †
FIR(t ′,−∞). Comparing

the coefficients of λ2 terms from both the RHS and the LHS
in Eq. (A6), we obtain the time evolution of the second-order
correction term:

i∂t |Ψ, t〉(2) = Ĥ0(t ) |Ψ, t〉(2) + V̂ (t ) |Ψ, t〉(1) . (A10)

It can be solved similarily as the first-order correction term,
which gives

|Ψ, t〉(2) = −i
∫ t

−∞
dt ′ÛFIR(t, t ′)V̂ (t ′) |Ψ, t ′〉(1)

. (A11)

Substituting Eq. (A9) into Eq. (A11), we get

|Ψ, t〉(2) = −
∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ÛFIR(t, t ′)V̂ (t ′)ÛFIR

× (t ′, t ′′)V̂ (t ′′) |ΨFIR, t ′′〉 . (A12)

Using V̂ (t ) = V̂EUV(t ) + V̂A and Eq. (A4), we obtain

|Ψ, t〉(2) = −
∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ÛFIR(t, t ′)[V̂EUV(t ′)

+ V̂A]ÛFIR(t ′, t ′′)

× [V̂EUV(t ′′) + V̂A]ÛFIR(t ′′,−∞) |Ψ0〉 . (A13)

Out of four terms in the above equation, we are interested in
the term in which there is first EUV photoionization and then
Auger decay. The second-order corrected wave function for
the corresponding process is

|Ψ, t〉(2) = −
∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ÛFIR(t, t ′)V̂AÛFIR(t ′, t ′′)

× V̂EUV(t ′′)ÛFIR(t ′′,−∞) |Ψ0〉 . (A14)

We choose the polarization direction of the EUV pulse along
the z axis to obtain V̂EUV(t ′′) = εEUV(t ′′)Ẑ , where εEUV de-
scribes the time evolution of the EUV pulse. We further
assume that the FIR field is too weak to perturb the ground
state. Hence, ÛFIR(t ′′,−∞) |Ψ0〉 = e−i(Ĥ0A−E0 )t ′′ |Ψ0〉 = |Ψ0〉.
Substituting both relations into Eq. (A14) gives

|Ψ, t〉(2) = −
∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ÛFIR(t, t ′)V̂AÛFIR

× (t ′, t ′′)εEUV(t ′′)Ẑ |Ψ0〉 . (A15)

We now define the one-hole–one-particle wave functions,
|Ψ b

k 〉 and |Ψ a
j 〉, and the two-hole–two-particle wave func-

tions, |Ψ b′b′′
k′k′′ 〉 and |Ψ a′a′′

j′ j′′ 〉, in which the subscript indices,
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e.g., k and j, represent the holes and the superscript in-
dices, e.g., a and b, represent the particles. These one-
hole–one-particle and two-hole–two-particle wave functions
are defined relative to |Ψ0〉, which we assume to be
a single Slater determinant, and are eigenstates of the

unperturbed atomic Hamiltonian Ĥ0A, which we assume to
be a mean-field Hamiltonian. We insert four completeness re-
lations

∑
j
a

|Ψ a
j 〉 〈Ψ a

j |, ∑
k
b

|Ψ b
k 〉 〈Ψ b

k |, ∑
j′′ > j′
a′′ > a′

|Ψ a′a′′
j′ j′′ 〉 〈Ψ a′a′′

j′ j′′ |,

and
∑

k′′ > k′
b′′ > b′

|Ψ b′b′′
k′k′′ 〉 〈Ψ b′b′′

k′k′′ | into Eq. (A15) and obtain

|Ψ, t〉(2) = −
∑

k′′ > k′
b′′ > b′

∑
j′′ > j′
a′′ > a′

∑
k
b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ ∣∣Ψ b′b′′

k′k′′
〉 〈

Ψ b′b′′
k′k′′

∣∣ ÛFIR(t, t ′)
∣∣Ψ a′a′′

j′ j′′
〉

× 〈
Ψ a′a′′

j′ j′′
∣∣ V̂A

∣∣Ψ b
k

〉 〈
Ψ b

k

∣∣ ÛFIR(t ′, t ′′)
∣∣Ψ a

j

〉
εEUV(t ′′)

〈
Ψ a

j

∣∣ Ẑ |Ψ0〉 . (A16)

As Ẑ is a one-body operator we can use the Slater-Condon rules to evaluate 〈Ψ a
j | Ẑ |Ψ0〉, which gives 〈ϕa| Ẑ |ϕ j〉, where ϕa and ϕ j

are atomic spin orbitals. We assume that the FIR field does not induce particle-hole excitations. We further assume that the FIR
field does not have any effect on the holes but only on the particles. Therefore, 〈Ψ b

k | ÛFIR(t ′, t ′′) |Ψ a
j 〉 reduces to δ jkuba, where

uba is the transition amplitude of the photoelectron from a to b due to the FIR field. Thus we obtain

|Ψ, t〉(2) = −
∑

k′′ > k′
b′′ > b′

∑
j′′ > j′
a′′ > a′

∑
k
b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ ∣∣Ψ b′b′′

k′k′′
〉 〈

Ψ b′b′′
k′k′′

∣∣ ÛFIR(t, t ′)
∣∣Ψ a′a′′

j′ j′′
〉

× 〈
Ψ a′a′′

j′ j′′
∣∣ V̂A

∣∣Ψ b
k

〉
δ jkuba(t ′, t ′′)e−iI j (t ′−t ′′ )εEUV(t ′′) 〈ϕa| Ẑ |ϕ j〉 , (A17)

where I j = −ε j is the ionization energy to remove a particle from orbital j. Utilizing the Kronecker δ we can remove the
summation over k and obtain

|Ψ, t〉(2) = −
∑

k′′ > k′
b′′ > b′

∑
j′′ > j′
a′′ > a′

∑
b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ ∣∣Ψ b′b′′

k′k′′
〉 〈

Ψ b′b′′
k′k′′

∣∣ ÛFIR(t, t ′)
∣∣Ψ a′a′′

j′ j′′
〉

× 〈
Ψ a′a′′

j′ j′′
∣∣ V̂A

∣∣Ψ b
j

〉
uba(t ′, t ′′)e−iI j (t ′−t ′′ )εEUV(t ′′)za j . (A18)

The two-body operator V̂A does not affect the ejected photoelectron which gives a condition on the index a′, i.e., a′ = b and the
summation of a′ can be removed to obtain

|Ψ, t〉(2) = −
∑

k′′ > k′
b′′ > b′

∑
j′′ > j′
a′′ > b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ ∣∣Ψ b′b′′

k′k′′
〉 〈

Ψ b′b′′
k′k′′

∣∣ ÛFIR(t, t ′)
∣∣Ψ ba′′

j′ j′′
〉

× 〈
Ψ ba′′

j′ j′′
∣∣ V̂A

∣∣Ψ b
j

〉
uba(t ′, t ′′)e−iI j (t ′−t ′′ )εEUV(t ′′)za j . (A19)

The term consisting of the two-body operator V̂A can also be evaluated using Slater-Condon rules, by assuming that the
photoelectron, labeled as b in this case, is merely a spectator in the Auger process. Therefore,

|Ψ, t〉(2) = −
∑

k′′ > k′
b′′ > b′

∑
j′′ > j′
a′′ > b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ ∣∣Ψ b′b′′

k′k′′
〉 〈

Ψ b′b′′
k′k′′

∣∣ ÛFIR(t, t ′)
∣∣Ψ ba′′

j′ j′′
〉

× va′′ j j′ j′′uba(t ′, t ′′)e−iI j (t ′−t ′′ )εEUV(t ′′)za j . (A20)

Here, va′′ j j′ j′′ = 〈ϕa′′ϕ j | V̂A |ϕ j′ϕ j′′ 〉 − 〈ϕa′′ϕ j | V̂A |ϕ j′′ϕ j′ 〉, where ϕa′′ , ϕ j , ϕ j′ and ϕ j′′ are again the atomic spin orbitals.
As before, we assume that the FIR field does not affect the holes, but only the particles, which reduces 〈Ψ b′b′′

k′k′′ | ÛFIR(t, t ′) |Ψ ba′′
j′ j′′ 〉

to δ j′k′δ j′′k′′ub′b(t, t ′)ub′′a′′ (t, t ′), where ub′b(t, t ′) and ub′′a′′ (t, t ′) are the transition amplitudes of the photoelectron from b to b′ and
of the Auger electron from a′′ to b′′, respectively:

|Ψ, t〉(2) = −
∑

k′′ > k′
b′′ > b′

∑
j′′ > j′
a′′ > b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ ∣∣Ψ b′b′′

k′k′′
〉
δ j′k′δ j′′k′′ub′b(t, t ′)ub′′a′′ (t, t ′)

× e−iI j′ j′′ (t−t ′ )va′′ j j′ j′′uba(t ′, t ′′)e−iI j (t ′−t ′′ )εEUV(t ′′)za j . (A21)
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Here, I j′ j′′ is the eigenenergy of the double-hole state with holes in the orbitals j and j′. Resolving the Kronecker δ’s further
removes the summation over k′ and k′′:

|Ψ, t〉(2) = −
∑

b′′ > b′

∑
j′′ > j′
a′′ > b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ ∣∣Ψ b′b′′

j′ j′′
〉
ub′b(t, t ′)ub′′a′′ (t, t ′)

× e−iI j′ j′′ (t−t ′ )va′′ j j′ j′′uba(t ′, t ′′)e−iI j (t ′−t ′′ )εEUV(t ′′)za j . (A22)

The observable connected to the Auger-electron spectrum is defined as a sum over projectors onto the Auger-electron state α:

P̂α =
∑
γ > β

�(� < α)

∣∣Ψ �α
βγ

〉 〈
Ψ �α

βγ

∣∣ , (A23)

where |Ψ �α
βγ 〉 is a two-hole–two-particle eigenstate of the unperturbed atomic Hamiltonian Ĥ0A. Now we take the expectation

value with the second-order corrected state vector:

Pα =
∑
γ > β

�(� < α)

∣∣ 〈Ψ �α
βγ

∣∣Ψ, t (2)
〉 ∣∣2 =

∑
γ > β

�(� < α)

∣∣∣∣∣∣∣∣∣
∑

b′′ > b′

∑
j′′ > j′
a′′ > b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′ 〈Ψ �α

βγ

∣∣Ψ b′b′′
j′ j′′

〉

× ub′b(t, t ′)ub′′a′′ (t, t ′)e−iI j′ j′′ (t−t ′ )va′′ j j′ j′′uba(t ′, t ′′)e−iI j (t ′−t ′′ )εEUV(t ′′)za j

∣∣∣∣∣∣∣∣∣

2

. (A24)

Since, by assumption, both |Ψ �α
βγ 〉 and |Ψ b′b′′

j′ j′′ 〉 are eigenstates of the unperturbed atomic Hamiltonian Ĥ0A, we obtain

Pα =
∑
γ > β

�(� < α)

∣∣∣∣∣∣∣∣∣
∑

b′′ > b′

∑
j′′ > j′
a′′ > b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′δβ j′δγ j′′δ�b′δαb′′ub′b(t, t ′)ub′′a′′ (t, t ′)

× e−iI j′ j′′ (t−t ′ ) va′′ j j′ j′′uba(t ′, t ′′)e−iI j (t ′−t ′′ )εEUV(t ′′)za j

∣∣∣∣∣∣∣∣∣

2

. (A25)

Thus,

Pα =
∑
γ > β

�(� < α)

∣∣∣∣∣∣∣∣∣
∑

a′′ > b

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′u�b(t, t ′)uαa′′ (t, t ′)e−iIβγ (t−t ′ )va′′ jβγ uba(t ′, t ′′)e−iI j (t ′−t ′′ )εEUV(t ′′)za j

∣∣∣∣∣∣∣∣∣

2

. (A26)

We use
∑

b u�b(t, t ′)uba(t ′, t ′′) = u�a(t, t ′′) in the above
equation, which gives

Pα =
∑
γ > β

�(� < α)

∣∣∣∣∣∣∣∣∣
∑

a′′

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′uαa′′ (t, t ′)e−iIβγ (t−t ′ )

× va′′ jβγ u�a(t, t ′′)e−iI j (t ′−t ′′ ) εEUV(t ′′) za j

∣∣∣∣∣∣∣∣∣

2

. (A27)

To account for the exponential decay of the hole j, we rewrite
I j as I j − i � j

2 , where � j is the decay rate. Hence,

Pα =
∑
γ > β

�(� < α)

∣∣∣∣∣∣∣∣∣
∑

a′′

∑
j
a

∫ t

−∞
dt ′

∫ t ′

−∞
dt ′′uαa′′ (t, t ′)e−iIβγ (t−t ′ )

× va′′ jβγ u�a(t, t ′′)e−i(I j−i
� j
2 )(t ′−t ′′ )εEUV(t ′′)za j

∣∣∣∣∣∣∣∣∣

2

. (A28)
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In Eq. (A28), the terms u�a(t, t ′′) and uαa′′ (t, t ′) represent
the FIR dressed photoelectron (�) and the Auger electron
(α) after EUV photoionization and Auger decay, respectively.
Here we emphasize the assumption that the holes are not
affected by the FIR field. This is a generalized expression for
the signal one gets within our model. The one-body term za j

and the two-body term va′′ jβγ represent the photoinonization
and the Auger decay, respectively. The FIR field dressings of
photoelectrons and Auger electrons are given by the matrix
elements u�a(t, t ′′) and uαa′′ (t, t ′), respectively.

APPENDIX B: APPROXIMATIONS

To simplify Eq. (A28) and allow for a comparison with the
experimental spectrum we first assume the EUV pulse to be a
δ pulse in the form εEUV(t ) = ε0 δ(t − tEUV), where ε0 is the
strength of the pulse. By using this δ-pulse approximation in
Eq. (A28), we get the following for t > tEUV:

Pα =
∑
γ > β

�(� < α)

∣∣∣∣∣∣∣∣∣
∑

a′′

∑
j
a

∫ t

tEUV

dt ′uαa′′ (t, t ′)e−iIβγ (t−t ′ )

×va′′ jβγ u�a(t, tEUV)e−i(I j−i
� j
2 )(t ′−tEUV )ε0za j

∣∣∣∣∣∣∣∣∣

2

. (B1)

Second, we look at the form of the equation in the absence of
the FIR field. The transition amplitudes are then

uαa′′ (t, t ′) = e−iεα (t−t ′ )δαa′′ , (B2)

u�a(t, tEUV) = e−iε�(t−tEUV )δ�a. (B3)

Using these, we get the following for t > tEUV:

Pα =
∑
γ > β

�(� < α)

∣∣∣∣∣∣
∑

j

∫ t

tEUV

dt ′e−iεα (t−t ′ )e−iIβγ (t−t ′ )

×vα jβγ e−iε�(t−tEUV )e−i(I j−i
� j
2 )(t ′−tEUV ) ε0 z� j

∣∣∣∣∣∣
2

(B4)

=
∑
γ > β

�(� < α)

∣∣∣∣∣∣
∑

j

∫ t

tEUV

dt ′eiεαt ′
eiIβγ t ′

×vα jβγ eiε�tEUV e−i(I j−i
� j
2 )(t ′−tEUV )ε0z� j

∣∣∣∣∣∣
2

, (B5)

where we exploited that |e−i(Iβγ +εα+ε� )t |2 = 1. By carrying
out the integral and expanding the modulus, the resulting
expression for the Auger-electron spectrum, in the limit
t → ∞, will be in the form of Lorentzians, peaked at the
energies I j − Iβγ .

To approximately take the FIR field into account, we em-
ploy Eq. (B1) and make the following ansatz for the transition

amplitudes:

uαa′′ (t, t ′) = e−iεα (t−t ′ )e−ibt ′2
gαa′′ , (B6)

u�a(t, tEUV) = e−iε�(t−tEUV )g�a. (B7)

This ansatz is motivated by the following two observations.
First, we are interested in the limit of large t , i.e., much
larger than the duration of the FIR pulse. At large times
t , both the photoelectron and the Auger electron propagate
freely. Second, t ′ is constrained by the exponential decay to
an interval that is short in comparison to the FIR cycle and,
thus, also in comparison to the FIR pulse duration.

In this way, we take into consideration a leading-order
FIR-induced electronic chirp on the timescale governed by the
Auger decay. Moreover, by replacing the previous Kronecker
δ’s in Eqs. (B2) and (B3), with gαa′′ and g�a, we take into
consideration that the FIR field can change the state of both
the photoelectron and the Auger electron.

We insert the expressions for the electronic transition am-
plitudes given in Eqs. (B6) and (B7) into Eq. (B1):

Pα =
∑
γ > β

�(� < α)

∣∣∣∣∣∣∣∣∣∣
∑

j

∫ t

tEUV

dt ′e−iIβγ (t−t ′ )e−iεα (t−t ′ )e−ibt ′2

× e−i(I j−i
� j
2 )(t ′−tEUV )e−iε�(t−tEUV )

×
∑
a a′′

va′′ jβγ gαa′′g�aε0za j︸ ︷︷ ︸
Ajαβγ�

∣∣∣∣∣∣∣∣∣∣

2

. (B8)

By adding and removing suitable complex phase factors of
modulus one, performing the substitution t ′ − tEUV → t ′, and
taking the limit t → ∞, Eq. (B8) goes over into

Pα =
∑
γ > β

�(� < α)

∣∣∣∣∣∣
∑

j

A jαβγ�

∫ ∞

0
dt ′e−i(I j−i� j/2−Iβγ −εα )t ′

× e−ib(t ′+tEUV )2

∣∣∣∣∣∣
2

=
∑
γ > β

�(� < α)

∣∣∣∣
∫ ∞

−∞
dt ′�αβγ�(t ′; tEUV)eiεαt ′

∣∣∣∣2

, (B9)

where we have rewritten the Auger spectrum in the presence
of the FIR field in terms of the Fourier transform of transition
amplitudes:

�αβγ�(t ′; tEUV)

=
{∑

j A jαβγ�e−i(I j−i� j/2−Iβγ )t ′
e−ib(t ′+tEUV )2

, t ′ � 0,

0, t ′ < 0.

(B10)
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The coefficients Ajαβγ�, defined in Eq. (B8), are complex
numbers carrying phase information from photoionization
(argument of za j) and Auger decay (argument of va′′ jβγ ), and
from the FIR dressing of the photoelectron (argument of g�a)
and the Auger electron (argument of gαa′′ ).

Equation (B9) is consistent with the expectation that, if
b = 0, the time tEUV at which the pump δ pulse is assumed

to be centered has no consequence for the Auger spectrum.
Only if b 
= 0 (i.e., in the presence of the FIR field) does the
transition amplitude in Eq. (B10) and, therefore, the Auger
spectrum depend explicitly on tEUV. This, in turn, implies that
the Auger spectrum must depend on the distribution of tEUV

values, as defined by the envelope of the actual (non-δ) EUV
field.
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