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We propose a protocol to realize atomic nonadiabatic holonomic quantum computation (NHQC) with two
computational atoms and an auxiliary atom. Dynamics of the system is analyzed in the regime of Rydberg
blockade, and robust laser pulses are designed via reverse engineering, so that quantum gates can be easily
realized with hig h fidelities. In addition, we also study the evolution suffering from dissipation with a master
equation. The result indicates that decays of atoms can be heralded by measuring the state of the auxiliary atom,
and nearly perfect unitary evolution can be obtained if the auxiliary atom remains in its Rydberg state. Therefore,
the protocol may be helpful to realize NHQC in a dissipative environment.
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I. INTRODUCTION

Quantum computation, by means of coherence superposi-
tions of quantum states, has shown many advantages in solv-
ing some problems such as factoring and searching [1-4]. To
accurately execute quantum computation, high-fidelity quan-
tum gates are essential. However, in the implementations of
quantum gates with realistic physical systems, imperfections
like systematic errors, classical parameter fluctuation, and
dissipation all limit gate fidelities. Therefore, how to eliminate
or reduce influence of these imperfections is a critical problem
in the realization of practical quantum computation.

In recent years, concepts of nonadiabatic geometric quan-
tum computation (NGQC) [5-10] based on an Abelian geo-
metric phase and nonadiabatic holonomic quantum compu-
tation (NHQC) [11-16] based on a non-Abelian geometric
phase have been proposed in order to enhance robustness
against experimental imperfections. NHQC has shown ad-
vantages in various ways. First, as geometric phases are
determined by global properties of evolution paths, they
are insensitive to classical parameter fluctuation over cyclic
evolution [17-24]. Thus, NHQC can be well performed in
the presence of classical parameter fluctuation [25,26]. Sec-
ond, compared with traditional adiabatic holonomic quantum
computation (AHQC) [27-30], NHQC releases variations of
parameters from limitation of the adiabatic condition, con-
sequently reducing exposure of physical systems to dissi-
pation. Third, recent researches [31-34] have shown that
NHQC can be implemented in a flexible way, compatible with
many control and optimal methods, e.g., reverse engineering
[35-43] and the systematic-error optimal method [44-47].
Therefore, robustness of NHQC against systematic errors can
be greatly improved by combining with proper techniques. To
date, taking advantage of NHQC, many robust protocols for
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quantum computation [48-55] have been put forward. More-
over, stability of NHQC has also been demonstrated in a
number of experiments [56—61].

In the implementation of NHQC, the time required is
shortened compared with AHQC, and quantum information
can be encoded in decoherence-free subspace. However, lossy
intermediate states, such as excited states of atoms and states
of nonvacuum cavity, may still be required as auxiliaries
[62-66]. During operations, dissipation acting on these inter-
mediate states, such as energy relaxation and cavity photon
leakage, also spoils the unitary evolution. As a result, a system
initially in a pure state would finally be in a mixed state after
operations, and fidelities of NHQC decrease simultaneously.
To further improve fidelities of NHQC for constructions of
functional quantum computers, more efforts should be made
to diminish the impact of dissipation. Fortunately, researches
in the past few years have shown some interesting ways to
overcome the influence of dissipation in quantum evolutions.
Especially, one approach suggests to design physical systems
in order that decays of qubits can be reported by measuring
auxiliary qubits, which have been successfully used in proto-
cols [67-70] for generating pure entangled states, namely her-
alded entanglement generation. More interestingly, the her-
alded protocols can even be extended to the implementations
of quantum gates [71,72], where perfect unitary evolutions
can be maintained in a dissipative environment if correct
results are reported in measurements of auxiliary qubits. The
inspiring ideas of the heralded protocols prompt us to ask
whether they can be incorporated in NHQC, so that quantum
computation can be implemented with comprehensive resis-
tance to systematic errors, classical parameter fluctuation, and
dissipation.

In this paper, we present a protocol to realize heralded
NHQC with a physical system containing two computational
atoms and an auxiliary atom. With the help of Rydberg
blockade, we restrict the evolution in a twelve-dimensional
subspace. Afterwards, the evolution is further studied by
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invariant-based reverse engineering, where paths for NHQC
are naturally constructed by eigenvectors of an invariant.
Moreover, the parameters are meticulously selected by nul-
lifying systematic error sensitivity. Numerical results demon-
strate that the implementations of quantum gates are insensi-
tive to systematic errors of laser pulses. Furthermore, dissi-
pation is also taken into account. By analyzing the evolution
governed by a master equation, we show that decays of atoms
can be reported by measuring the state of the auxiliary atom
after operations, and the unitary operation can be maintained
if the auxiliary atom is still in its Rydberg state. Compared
with the previous Rydberg-atom-based NHQC protocol [64],
in which the system may become in a mixed state in the
presence of dissipation, the system in the current protocol can
remain in a pure state with correct measurement result. Last
but not least, the protocol also benefits a lot from the merits
of Rydberg atoms and Rydberg blockade. For example, the
long lifetime of Rydberg states [73—75] is helpful to produce
high success probability of the protocol. Moreover, Rydberg
blockade is also a great help to reduce mechanical effects and
ionization [76—79] which play significant roles when multiple
atoms are excited to their Rydberg states. Overall, the protocol
shares advantages of geometric phase, reverse engineering,
systematic-error-sensitivity nullified optimal control, heralded
implementation, and stability of Rydberg states. Therefore,
the protocol may provide useful perspectives in the realization
of high-fidelity quantum computation.

The article is organized as follows. In Sec. II, we review
the theories for realizing NHQC with invariant-based reverse
engineering. In Sec. III, we give the effective Hamiltonian of
an atomic system and study the evolution under the influence
of dissipation. In Sec. IV, we amply discuss implementations
of arbitrary single-qubit gates with invariant-based reverse en-
gineering, and select robust parameters by nullifying the sys-
tematic error sensitivity. In Sec. V, we describe the invariant-
based implementations of two-qubit entangling gates.
In Sec. VI, we perform numerical simulations to check the
performance of the implementations of single- and two-qubit
gates. Finally, conclusions are given in Sec. VIIL.

II. THEORETICAL PREPARATION
A. Lewis-Riesenfeld invariant theory
Let us first briefly review the Lewis-Riesenfeld invariant

theory [80]. We assume that a Hermitian operator /(¢) obeys
the equation (& = 1)

d
igl(t)—[H(t),I(t)]=0, (D

with H(¢) being the Hamiltonian of the considered physical
system. If |¢;(¢)) is a nondegenerate eigenvector of I(z), one
can derive a solution of the time-dependent Schrédinger equa-
tion iy (1)) =H®)|Y(@)) as [Yi(t)) = explioy ()]l (1)),
where o;(¢#) is the Lewis-Riesenfeld phase for |[¢;(¢))
defined as

! d
Oéz(t)=/ (<l>z(t’)|i—a - — H ()| (t))dr'. 2)
0 t

Therefore, the dynamic invariant /(¢) can help us to analyze
the evolution of the system. In practice, a very useful way to

construct a dynamic invariant is to use Lie algebra [81,82].
After constructing a dynamic invariant I(¢), by making a
proper ansatz for parameters of /(¢), one can reversely derive
Hamiltonian H(¢) via Eq. (1) [83]. We will make some in-
troductions about Lie-algebra-based construction of invariants
and reverse engineering of the Hamiltonian in Sec. II B.

B. Construction of invariants and reverse engineering of
Hamiltonian by using Lie algebra

We consider a system with Hamiltonian H (), which can
be expressed by Hermitian generators {G,,|m = 1,2, ..., m}
[satisfying the orthogonal condition with the Hilbert-Schmidt
inner product (G, G,)) = Tr(G,,G,,) =0, m # m'] of a Lie
algebra G (dynamical algebra [84]) as H(t) = ZZ: 1 hn@)G
with {h,,(¢)} being real parameters. In addition, we assume
an invariant /(¢) in the form of I(t) = > ' _, &,(t)G,, with
{&, (1)} being real parameters. Thus, both H(¢) and /() can
be deemed vectors in G with basis {G,,}. Defining a linear
transformation .%,, : G +> G related to G,, and acting on ar-
bitrary vector X € G as .%,,X = —i[G,, X], we can construct
linear transformations G — G related to the Hamiltonian H (¢)
and the invariant /() as S€(t) = Y . h(t).%, and F (1) =
ZZZ:I &,(t).%,, respectively. Thus, Eq. (1) can be rewrit-
ten by I(t) = #()I(t), which is a set of first-order linear
differential equations. According to the existence theorem
of solutions for first-order linear differential equations [85],
one can find a solution for /(¢) theoretically. Therefore, the
assumption I(t) = > ' &,(t)G,, is proper.

Although one can always find an invariant in the dynamical
algebra with given Hamiltonian parameters {4,,(¢)} in theory,
the process of obtaining analytical solution of /(¢) with I t) =
JC(t)I(t) is usually very complex. Thus, instead of solving
the invariant /(t) with known {#,,(¢)}, reverse engineering
suggests to reversely derive the Hamiltonian of the system
by using parameters {§,(z)}. For this purpose, we rewrite
Eq. (1) as I[(t) = Z(t)H(t). Since S ()I(1) =0, F(t) is a
singular matrix, consequently .#~!(¢) does not exist. Thus,
H(t) cannot be solved by H(t) = .# ' (t)I(¢). In practice, one
can apply Gauss elimination or pseudoinverse matrices [82]
to solve H (t). Here, we take Gauss elimination as an example
to illustrate the process of reverse engineering. Noticing that
some of controls in {G,,} may be unavailable in some specific
systems, we first partition . (¢) and H (¢) as

)= [7N. ()

) _ [Hu @)
L 2,0l Ho= gm0l
with 772; and 7/, being numbers of available and unavailable
controls, respectively. In this case, we obtain equation as
fﬁ(llx)m] (t)Hy, (t) = 1. We assume that the rank of f;(llx)ﬁ“ () is
m3 (M3 < iy is always satisfied due to the property of rank).

Thus, one can transform jn(zlx)m, (t) to
7 (1)
7(1) _ (M _ | T i, @)
T = FO T, (1) = [Onaixm. (1) ] @

by a set of elementary row transformations as Z(t) with
my = m — 3. Then, we can partition It) = %’(l)i({) as
I(t) = U, (1) I, )], and derive ) ;. (0)H, (1) = Iy (1)

and I, (t) = 0. I;,(t) = 0 is a set of constraint equations for
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parameters {&,(¢)}. Thus, the number of independent pa-
rameters in {§,(f)} is /3. In addition, because of 713 <
i1y, solutions of equation jﬁ(‘il(ﬁz](t)Hfhl(t) = I:h3 (t) always
exist. When iy = i3, Hp, (t) have a unique solution
[j,f;)xml ()17 "I, (¢). When 7y > 7iz3, one can obtain multiple
solutions of Hy, (), and the number of linearly independent

solutions is (7, — #3).

C. Nonadiabatic holonomic quantum computation with
eigenvectors of dynamic invariant

To realize nonadiabatic holonomic quantum computation
(NHQC) in a computational subspace S, an alternative way is
to select a set of time-dependent vectors {|v;(t))} spanning S
and meeting the cyclic evolution condition [;(0)) = |v/;(T))
(T is the total operation time). According to Ref. [31], if
the operator E;(t) = |;(t))(¥,(t)| obeys the von Neumann
equation

d - -
77 510 = —ilH @), &i(1)], ®)

the evolution in subspace S can be described as

U(T,0) =) MO+OMIg ), (6)
z
with
Biie) = — /0 G OHE ) )
and
&i(t) = /0 G nar ®)

being the dynamic phase and the geometric phase acquired
by [ (1)) during the time interval [0, T]. Therefore, the
evolution becomes purely geometric when ¢,(7T") = 0 for all
vectors in {|1;(¢))}. In practice, eigenvectors of a dynamic
invariant constitute an alternative candidate to construct vec-
tors {|v;())}. According to Ref. [33], for a nondegenerate
eigenvector |¢,;(¢)) of a dynamic invariant, the von Neumann
equation

d
E:l(t) = —i[H (1), E/(1)], €))

with E;(t) = |¢;(¢))(¢;(t)| being naturally satisfied. There-
fore, if a set of nondegenerate eigenvectors {|¢;(t))} of a
dynamic invariant span the computational subspace S, the
condition to realize NHQC is to eliminate the dynamic part
of the Lewis-Riesenfeld phase acquired in [0, T'] as

T
0i(T) = —f (pr(OIH )|y (1))dt = 0. (10)
0
Accordingly, the remaining part of Lewis-Riesenfeld phase,

! 0
Ou(T) =/ (¢z(t)|i8—|¢>z(t)>dt, (11)
0 t

is purely geometric.

III. DYNAMICS OF THE ATOMIC SYSTEM IN THE
RYDBERG BLOCKADE REGIME

A. Physical model and Hamiltonian

We consider a system containing three atoms 0, 1, and 2
whose level configurations are shown in Fig. 1. The atom 0
has a ground level |0)¢ and a Rydberg state |r)o, and is used
as an auxiliary qubit. The transition |0)¢ <> |r)¢ is driven by
two pairs of laser pulses. One pair possesses Rabi frequencies
Qo1 (t) and , (r) with different detunings £ A, respectively
[positive (negative) corresponding to blue (red) detuning]
[86]. The other pair possesses Rabi frequencies g, (¢) and
Q(, (t) with different detunings £A,, respectively. Besides,
the atom k (k = 1, 2) is employed as a computational atom,
possessing two ground levels |0); and |1); as computational
basis and a Rydberg state |r); as an auxiliary level. The
transition |j — 1)y <> |r)r (j = 1,2) is driven by two pairs
of laser pulses, one pair with Rabi frequencies €2;(t) and
Q; ; (1) and different detunings +Ay, the other pair with Rabi
frequencies Q;3(¢) and €2, i (t) and different detunings +Aj.
We assume that, between each two atoms, there exists a
Rydberg interaction with strength V [87].

To parametrize the Rabi frequencies for the implementa-
tion of the NHQC, we set

Qo = Qi (1) cos(6x/2),
Qi = Qi(t) sin(6;/2)e™,
Qo3 = Su3(r) cos(0i/2),
Qi3 = Qua(t) sin(6/2)e',

Q9 = Q1) cos(6:/2),
Qpy = Q1) sin(6;/2)e',
Qs = 23(1) cos(Bi/2),
Q13 = Qs (t) sin(B;/2)e',
(12)

with 6; and ¢; being two time-independent parameters.
In addition, we assume

Qu(t) = MO0 (1), Q) = MO (1),
Qor(t) = Q1) = —Qoi (1), Qi3(t) = D Q5(1),
Q)5(1) = " OQu(1), Qaa(t) = Qy3(1) = —Qs(t),  (13)

with {Q(t), Qoi(t), Qi3(¢)} being real functions. In the
regime of Rydberg blockade, the effective Hamiltonian of the
system can be derived as (detailed derivations are shown in
Appendix A)

H,(t) = He,(t) + He, () + He, (1) + H,, (1),
Heo(1) = Q1(1)e™ Or + +)o12(0r+|

+ )™ Ol + +)012(0 4+ r| + Hec.
H,, (t) = ,(t)e"™ V|r + —)o12(0r—| + Hec.,
He, (1) = Q)" )r — +)012(0 — r| + Hee.,

H,,(t) = Q3(t)e")0r+)012(0 + r| + H.c., (14)
with

Q) = ZQk(lA)iZOk(l)’ Q1) = 2913(;):_2230)7

[+ )k = cos(0/2)|0)x + sin(6/2)e™ | 1),

| =)k = sin(6k/2)|0)x — cos(6y/2)e™* | 1)y. (15)
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10)o

FIG. 1. (a) Level configuration of the auxiliary atom 0. (b) Level configuration of the computational atom k (k = 1, 2).

According to Eq. (14), when the auxiliary atom is initially
prepared in Rydberg state |r)o, and the computational atoms
are in arbitrary states in superposition of computational ba-
sis |£), the evolution is restricted in an eight-dimensional
subspace B = span{|r & %)¢12, |0rL)o12, |0 & r)o12}, which
is shown by the levels with blue-dotted lines in Fig. 2.

B. Evolution of the system in a dissipative environment

We now take dissipation into account, and analyze the
evolution of the system under the influence of dissipation.
For computational atom k, there exist two dissipative paths
as |r)y — |0)x and |r); — |1)x. Considering the same decay
rate y /2 for each path, the dissipation of atom k can be
described by two Lindblad operators as Ly = /v /2|(1 £
1)/2)(r|. For the auxiliary atom 0, there exists a dissipative
path |r)o — |0)o. Assuming the decay rate of |r)g — |0)¢ is
y, dissipation of the atom can be described by the Lindblad
operator Ly = ,/¥|0)o(r|. The evolution of the total system
under the influence of dissipation is governed by the master
equation

. . 2 L1,
p(t) = —ilH(t), p(t)] + ) [Lm(r)L: - SLILp@)
1==2

1 T
— 5P, LL}, (16)

with p(¢) being the density operator of the system. When
dissipation is taken into account, the evolution of the system
no longer remains in the eight-dimensional subspace 5, but
is confined to a twelve-dimensional subspace B = span{|r £+
:E)o]z, |0}":|:)012, |O + r>()|2, |0 + :|:>0]2}, which is shown by

Qs(t)

v/2 qz 7/23 \7/2

levels with both blue-dotted and red-solid lines in Fig. 2.
The nonzero matrix elements of p(¢) is shown in Appendix
B, where the results indicate that the density operator can be
written as

p(t) = e U)oU) ® p'(t), (17)

with U, () being the evolution operator given by the equation
iU, (t) = H,(t)U,(t), and p'(¢) being part of the density opera-
tor shown in Appendix B. We assume that the target operation
is Ueidea](T) = |ro(r| ® Ujp + |0)0{(0] ® 11, (1, denotes the
identity operation for atoms 1 and 2). Then, U.(T )p(0)U, :(T)
in the ideal case should be |r)o(r| ® Ulzplg(O)Usz, as the
auxiliary atom is initially prepared in the Rydberg state. On
the other hand, we can also see in Appendix B that all
nonzero elements of p’(¢) do not contain the |r)o component.
Therefore, if one measures the state of the auxiliary atom at
t = T and obtains the result |r)o, we confirm that decays of
atoms have not happened, and the unitary operation U, on
computational atoms 1 and 2 is successfully implemented.
According to Eq. (17), the success probability is P, = e~ 7T If
we consider the decay rate as y = 1 kHz [88,89], the success
probability is higher than 99% when T' < 10.1 us, and is still
higher than 90% when T < 105.4 us, theoretically.

IV. ARBITRARY SINGLE-QUBIT GATES

A. Construction of the evolution path with invariant-based
reverse engineering

In this section, let us first consider the implementation
of arbitrary single-qubit gates by using the computational
atom 1 and the auxiliary atom O with invariant-based reverse
engineering. In this case, laser pulses Q2,(t), 25(t), Q02(2),

FIG. 2. The subspaces of unitary evolution (levels with blue-dotted lines) and dissipative evolution (levels with blue dotted and

red solid lines).
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Q, (1), Q3(1), and Q;5(¢) are switched off. According to the
effective Hamiltonian in Eq. (14), the Hamiltonian for the
implementation of singlet-qubit gates read

Hy(t) = Q(t)e™|r+)1 (Or| + H.c.
Q1 (1) cosl a1 (N)]oy + 1) sin[p1 (1)]oy + 0 x o,
(13)

with
oy = |0r)o1(r+|+H.c., oy, = —il0r)oi1{r+| +H.c., o;
= 10r)01(0r| — |r+)o1 (r+l, (19)

which can be considered as generators of su(2) Lie algebra
satisfying commutation relations

[oy, 0y] = 2io;, oy, 0] = 2iox, [0, 0] = 2io,. (20)

To find a dynamic invariant with Lie algebra, we consider a
dynamic invariant in a superposition of all generators of su(2)
algebra as [82]

I(t) = A(t)oy + A«)'(t)ay + )‘z(l)az' 2n

By substituting Eq. (21) into Eq. (1), we obtain the
equations as

A(t) = 2Q(OR(1),  Ay(t) = —2Q ()R (1),
A1) = 2Q:()hy (1) — 22, (1), (22)
with Q,(1) = €, (t) cos[; (1)] and (1) = €, (r) sin[y, (1)].

From Eq. (22), we can derive a constraint equation for co-
efficients of the dynamic invariant [,(r) as A7(t) + A (1) +
)\ﬁ(t) = C? with C being a real constant. Accordingly, for
C =1, A(t), Ay(t), and A.(t) can be parametrized as

Ax(t) = sin By sin B, A, (t) = sin B cos B,

Az (t) = cos B, (23)

with two time-dependent parameters (; and f,. Using
Egs. (22)-(23), we can reversely solve Q,(z) and 2,(¢) as

Q(t) = (Basin By tan By — fy cos Br)/2,
Q,(1) = (Bx cos By tan By + B sin B2)/2.

In addition, eigenvectors of the dynamic invariant /;(¢) can
also be obtained as

(24)

165.0)) = cos %mnm + i~ sin %|r+>m,
25)
|9 (1)) = ie'* sin %|Or)01 + cos %V‘Hm,

whose eigenvalues are 1 and —1, respectively. By applying
the results in Eqgs. (10) and (11), the time derivatives of
dynamic phases and geometric phases acquired by |¢’ (¢)) can
be respectively calculated by

Bz sin? B
2cos By

In the implementation of the single-qubit gate, the com-
putational subspace is spanned by |r%)¢;. The vector |r—)¢;

» Bi

du(t) =F OL(t) = £, sin 5 (26)

is dynamically decoupled to the Hamiltonian H,(t). There-
fore, the evolution with initial state |r+)o; is mainly stud-
ied here. We consider the boundary condition as 8;(0) =
Bi1(T) = 0 for cyclic evolution of eigenvectors as |¢ (0)) =
|¢3(T)). In this case, the boundary condition of Ba(t) is
irrelevant to the cyclic evolution condition according to
Eq. (25). In addition, the evolution with initial state |r+)g;
is along the eigenvector |¢° (¢)). In order to eliminate the
dynamic phase ¥_(T) and obtain a pure geometric phase
O_(T) = O, we design parameters B;(¢) and S,(¢) by divid-
ing the time interval [0, T'] into three parts: [0, 7], [71, T2],
and [1p, T]. When ¢ € [0, 71], B1(¢) increases from O to 7,
and B,(t) remains an undetermined parameter. When ¢ €
[t1, T2], we keep B1(¢t) = 7, and let B,(t) = Ba(11) — O4(t —
11)/(12 — 11). When t € [1p, T], we set Bi(t) = il (T —
/(T — )], Bo(t) = —O; + Bolti(T —1)/(T — 1)), which
meet the boundary conditions f1(12) = Bi1(11) ==, B1(T) =
B1(0) =0, B2(12) = —O; + Ba(11), and Bo(T) = —O,. With
the above assumptions of B;(¢) and B,(¢), the dynamic (geo-
metric) phase acquired in the time interval [0, 7;] is nullified
by that acquired in time interval [t, 7] (see Appendix C for
details). Moreover, in the time interval [7}, 12], as B (¢) is kept
at i, the dynamic phase acquired is zero according to Eq. (26).
On the other hand, the geometric phase acquired is

O (1) —O-(m) = _/’2 Ba(t) sin’ [@}h‘
= fa(t1) — Ba(2) = O (27)

Consequently, the total dynamic phase and the geometric
phase acquired in [0, 7] are ¥_(T) =0 and ®_(T) = O;.
Therefore, the evolution operator can be described as

Uy(T, 0) = ¢ |r+)o1 (r+| + [r=)or (r—]|
= Oy (r| @ M2, (28)

with iy = [sin 6 cos ¢y, sin 6, sin ¢y, cos ;], g1 =
[ox1, 031, 0211, 031 = [0)1(1] + H.c., oy,1 = —i]|0):(1] + H.c,,
and o, =10);(0] —|1);{(1]. Up to a global phase ©,/2,
Eq. (28) represents a rotation operator around the axis # with
rotation angle ®,/2, which can generate arbitrary single-qubit
gates [90,91]. Specially, when (®s, 01, ¢1) =m(1,1/2,1),
we get a NOT gate for atom 1 as Uy = oy; when 8, = w, we
obtain a ®; phase gate for atom 1 as U, = diag[1, exp(i®;)];
when (O, 01,¢1) =n(l,—1/4,0), a Hadamard gate
Uy = (01 + 01)/+/2 for atom 1 is realized.

The design of parameters B;(t) and B,(¢) can be further
simplified. In fact, in time interval [ty, 72], Bi(t) = 7, we
have Q,(t) = ©,(t) = 0 according to Eq. (24). As aresult, the
system does not evolve in time interval [t, 75] as Hy(t) = 0.
Therefore, the time interval [7|, 12] can be reduced by letting
7, — 11. In this case, we also have the change of geometric
phase as

. . 2 Odt
AO_ = lim [O_(15) — O_(1))] = lim / = 0,.
T

=T =T T — T
(29)
Therefore, in the limit of 7, = 7y = 7, we only need to

increase B;(¢) from 0 to m in time interval [0, 7] and

set B1(1) = pilt(T —0)/(T — 1)), Bo(t) = =0, + Bo[t(T —
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t)/(T —t)] in time interval [t,T]. Besides, as Q.(7) =
Q,(t) =0, the expressions of €2,(t) and £2,(¢) can be still
continuous functions if we make the value of 8, increase by
—0©, at the moment of t = 7.

B. Selections of parameters for robust control

In Sec. IV, we have determined boundary conditions for
parameters B;(¢) and B,(t). However, specific expressions
for Bi(¢) and B,(t) are still not given. In a real imple-
mentation of atomic quantum gates by using laser pulses,
systematic errors of laser pulses due to imperfections of
devices may be troublesome factors to obtain high gate fi-
delities. In order to realize robust control, let us now dis-
cuss selections of parameters f;(¢) and B,(r) with the help
of an optimal method [44] by nullifying systematic error
sensitivity. In presence of the systematic error with error
coefficient €, the Rabi frequencies of laser pulses become
Qo) = (1 + 6)5201(t) Q) = (1 4+ €)2;(¢). According
to Eq. (15), we have Q,(t) — [2(1 + €)*’Q(t)Q01(1)]/ A =
(1426)Q:(t) + O(€?), with 0(62) being the terms with
orders equal to or higher than €2. Thus, in the effective
Hamiltonian, the effective error coefﬁment is € = 2¢, and
the erroneous effective Hamiltonian is H;(t) = (1 + &)H,(t).
With the help of time-dependent perturbation theory, one can
derive [44,45]

T
W) = (T — i / dt Uy(T, DH, (O (1)) + 0@),
0

(30)

where [,(1)) (J¥&(1))) is the state of the system without
(with) systematic errors. As the state |[r—)g; is dynamically
decoupled to the Hamiltonian H(t), and the evolution with
initial state |r+)o; is described by [/(t)) = € ©|p_(t)), we
estimate the fidelity as
2

+0(@),

€2V

T
F=1-2 / PO () Hy(D)lp— (1))t

0

with oy (¢) = —a_(¢) being considered. Therefore, the sys-
tematic error sensitivity Q; can be calculated as

) (32)

Qs = 2862 ‘/ lX(t)ﬁl sin ﬂldl

with x(t) = Bo(¢) + 20—_(¢). To nullify Qy, we consider
X (@) = xo{2p:1(t) — 2Zsin[28, ()]} (r € [0, 7)) [44,46], with
Xo being a time-independent parameter. Noticing that, at
t =1, x(t) have a shift as Ay = AB, + 2A0_ = B, one
can derive x (1) = O; + xo{281(t) — sin[2B81 ()]} (¢ € [r, T])
and Q; = sin*(xo7) sin*(®,/2)/ xZ [see Fig. 3(a)]. Therefore,
Qs can be nullified when o is a nonzero integer [Qs —
72 sin%(0;/2), (xo — 0)]. Considering the fact that a larger
value of x leads to a longer operation time when the maximal
pulse intensity is fixed, we set xo = 1. In this case, we have
Ba(t) = 4sin’[B1(1)]/3 with t € [0, 7) and Ba(t) = —O, +
4sin’[B;(1)]/3 witht € [, T]. To make the pulses continuous
and vanish at the boundary, we consider B;(¢t) as Bi(t) =
7 sin®(zwt/T) with T = T /2 being set.
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FIG. 3. (a) Q, versus O;/m and xo. (b) Q,(¢) and ,(¢) versus
t. (c) Average fidelities Fy(t), parameters B,(t), B»(¢), and phases
¥_(t), ®_(¢) in the implementation of the NOT gate versus ¢ with the
effective Hamiltonian. (d) The final average fidelities Fy(T) versus
€ with the effective Hamiltonian and parameters xo, = 1 (red dotted
line), xo = 0.5 (blue dashed line), and xy = O (green solid line).

With the parameters designed above, we plot €2,(r) and
€2,(¢) versus ¢ in Fig. 3(b), from which we can further obtain
Q:nax = max,e[o,r][Ql(t)] = 20.35/T. Moreover, we plot the
average fidelity (see Appendix D for details) of the implemen-
tation of the NOT gate versus ¢ in Fig. 3(c) as an example to
show the validity of the reverse engineering and the parameter
selections discussed above. The average fidelity is defined as
[92,93]

Fy(t) = —————(Te[MOM" ()] + |Te[M@)11*},  (33)

NN +1) (N )
with M(t) = P.OJU,(t)Pe, Uy = |0r)o1(Or] + [r)o(r| ® Uy,
P. = |r0)o1(r0] + |rl)p;{(r1| being the projection operator
onto the computational subspace, and A =2 for the two-
dimensional computational subspace. As shown in Fig. 3(c),
in accordance with the expectation, the average fidelity be-
comes unity at = 7. In addition, we also plot the variations
of parameters B;(¢), B(t) and acquired dynamic phase _(t)
and geometric phase ®_(¢) in Fig. 3(c), where we can find that
the dynamic phase ©_(¢) finally vanishes at t = T, while the
geometric phase reaches the preset value ©®_(T) = O, = 7.
This means we get a pure geometric phase in the process.
Therefore, the reverse engineering and the parameter selec-
tions are effectively applied to the effective Hamiltonian H(t)
for the implementation of single qubit gates.

On the other hand, we plot the average fidelities Fy(T') at
the final time T versus € with o =1, xo = 0.5 and xo =0
in Fig. 3(d) to show the robustness against systematic errors.
According to the red dotted line in Fig. 3(d), Fy(T) stays
higher than 0.9864 when € € [—0.2, 0.2] with xo = 1. This
result shows that the implementation of the NOT gate with the
optimal parameter yo = 1 is quite insensitive to systematic
errors. We also see from the green solid line in Fig. 3(d)
that the average fidelity falls to 0.8212 when € = £0.2 with
xo = 0. Noticing that when o = 0 the implementation of the
single qubit gate becomes the same as that in the conven-
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tional NHQC with only o, control, the protocol can improve
the robustness against systematic errors. Moreover, we see
from the blue dashed line in Fig. 3(d) that the robustness
against systematic errors with o = 0.5 is between xo = 0 and
Xo = 1. As the total operation time increases with xo when
the maximal intensity of laser pulses is fixed, and the success
probability of the protocol deceases with the increase of total
operation time as shown in Sec. III B, one may adjust the
value of yo between 0 and 1 to make a tradeoff between the
robustness against systematic errors and dissipation.

V. TWO-QUBIT ENTANGLING GATES

In this section, let us further study the implementations of
two-qubit entangling gates. Based on the effective Hamilto-
nian H,(¢) in Eq. (14), we consider the conditions [€2,3(¢)| >

{IQc ()], 1R}, u3() =0, and Q3(t) = 0. H,, can be
diagonalized as

H,y = Q3(|®4) (@] — [D-_)(D_]), (34)

with |®.) = (|Or+)12 £ 10 + r)012)/\/§. By performing a
rotation transform with exp(—iH,,t), the effective Hamilto-

J

o = |0r=)o1(r + —| + H.e.,
oD = 10r=)o1(0r| — |r +
0P = —i|0 — r)o1 (r — +| + H.c.,
which satisfy
[0, 0] = 2i0 ),

[0,

N — 950D
GZ]]—ZIO'XJ,

_>01 <r + _|3
o =10~ r)or(0r] —

[0, 0

nian can be transformed into

H,(t) = H,,(t) + H,, (1) + H,, (1),
He (1) = jl/g)lr++ Jora (D |e ™™ + (D] ™)
4 Sa®)

2 o (B e — (| ) £ Hec.

7
H, (1) = Q,(O)|r+=)o12
H,, (1) = Qe,(1)Ir=+)012(0

(Or—| + H.c.,
—rl+H.c. (35)

After omitting terms with high oscillation frequencies 423,
the effective Hamiltonian can be simplified as

Hé(t) = Hel (t) + HEZ (t)s
H,,(t) = Q. ()|r+=)o12(0r—| + Hec., (36)
H,,(t) = Q.,()Ir—+)o12(0 — | + Hec.
According to Eq. (36), evolutions in the subspaces S; =
span{|r + —)o12, [0r—)o12} and &> = span{|r — +)o12, [0 —
r)or2} are independent, and the states |r + +)o;2 and |r —
—)o12 are dynamically decoupled to the effective Hamiltonian

He’(t). Similarly to Eq. (19), we can make the following
definitions:

oV = —il0r—)o1(r + —| + H.c.,

0P =10 —r)or{r — +| + Hec,,
[r —+)or{r — +I, (37

=20, [oV.0]=0(g.4 =x..2). (38)

Therefore, we can separately investigate evolutions in the subspaces S; and S, with su(2) algebra. Similarly to the process in

Sec. IV A, we can derive an invariant () as

Ly=Y" > Aol (39)

j=12q=xy.2

with
A9 (t) = sin BV sin By,

and eigenvectors of the dynamic invariant /,(¢) are given by
1 ) o B
[647(1)) = cos == 10r=)or +ie”"" sin =—|r + —)or,

@) o . BY
6 (1)) = cos ITIO — ror +ie”"" sin ITV — ot

(1 (1)

16(0)) = i’ sin ﬁlT|0r—)m +cos =Ir+ o,
. pR @
162 (1)) = ie® sin T|0 — r)o1 + cos Tlr = +or-

(41)

In addition, the time derivatives of dynamic phases and
geometric phases acquired by |¢(ij )(t)) can be respectively

A () = sin ' cos B, A (t) = cos B}, (40)
(
calculated by
(J) () )
L n ﬂ R
9(])0) — , (])(f) ﬂ(]) Sin2 ; (42)
* 200 B 2 2

By applying the parameter design of B;(¢f) and B»(¢)
in Sec. IV to parameters ,Bf’ ) and ,3(’ ), evolutions with initial
states |r + )012 and |r —+)o12 will move, cycling along
|¢m(t)) and |¢ (t)) with geometric phases ®; and ®,
acquired while the dynamic phases are eliminated. Then, the
operation on computational atoms 1 and 2 reads

)i+ |+ €@ [+ =) (4|

+e =) =+ + =)~ — |
— e—t(~)1/2|+)l<+| ® e—t(—)lnz-az/z + el(")z/2|_>1(_|

®ei®zﬁz-ﬁz/2’ (43)

U (T, 0) =
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with 7i, = [sin 6, cos ¢, sin 6, sin ¢,, cos 6], Oy =
(012, 0y2, 022], 0x2 = 0)2(1] + H.c., 0y = —i[0)2(1| + H.c.,
and o, = |0)2(0] — |1)2(1]. Equation (43) can be considered
as a controlled arbitrary-angle-rotation gate for atom
2 with atom 1 being the control qubit. For example,
when (@1,@2,91,(p1,92,§02)=ﬂ(0, 1,0,0, 1/2, 1), the
operation on atoms 1 and 2 is a controlled-NOT (C-NOT)
gate Ucy =10)1(0] @ 1o + [1)1 (1| ® oxp, with 1, being
the identity operation for atom 2; when (®y, 6}, ¢|,0;) =
7(0,0,0, 1), the controlled-@z-phase gate of atoms 1 and 2
as Ucg, = 10)1(0] ® 1 + [1)1 (1| ® diag[1, 2], is realized.

VI. NUMERICAL ANALYSIS AND DISCUSSIONS

A. Numerical analysis of single-qubit gate

Let us now analyze the evolution based on the full Hamil-
tonian H(¢) in Eq. (A1l). First, we check the performance of
the single-qubit gate by taking the NOT gate as an example.
To make the Rydberg blockade and effective Hamiltonian
valid, we choose V = 7200/T and A; = 360/T . Considering
a reported Rydberg interaction strength V = 2w x 50 MHz
[94-96], where the center-to-center distance between Rydberg
atoms is about d = 3.755 um with van der Waals coefficient
Ci(r,r) = 8.8 x 10! /un6/s [97,98], the total interaction
time is 7 = 22.9 us, which gives the success probability as
P; =99.74% for probing state |r)o of the auxiliary atom.
Furthermore, although the Stark shift —2V(Q%|r+)01 (r+| +
Q%1|Or)01 or)/(vV? — A%) due to the second-order perturba-
tion can be neglected when V >> A, we can still eliminate the
Stark shift by using auxiliary pulses or levels [88,95] to loosen
the requirement on the ratio between V and A;. We plot
the average fidelity Fy () versus ¢ with the full Hamiltonian
in Fig. 4(a). From Fig. 4(a), up to small oscillations, the
curve matches well with that plotted in Fig. 3(c) with the
effective Hamiltonian. The final average fidelity Fy(T) is
0.9943. Thus, the considered Rydberg interaction strength
V and the detuning A; are proper for the construction of
the effective Hamiltonian. In general, one may increase the
ratios Q5 /A, and A;/V to further improve the fidelity.
However, the total interaction time would also increase, and
the successful probability P; would reduce due to decays of
atoms from Rydberg states.

As the approximation made for the effective Hamiltonian
also causes some errors in the operation, we here investigate
the robustness against systematic errors of the implementation
of the NOT gate with the full Hamiltonian. The final average
fidelities Fy(T) versus € with xo =1, xo = 0.5, and xo =0
are plotted in Fig. 4(b) based on the evolution governed by
the full Hamiltonian. We can see from the red dotted line in
Fig. 4(b) that, when € € [—0.1, 0.1] (corresponding to € €
[—0.2,0.2]), the average fidelity with xo = 1 stays higher
than 0.988. Therefore, the robustness against systematic errors
is inherited when the full dynamics is considered. Moreover,
as seen from the green solid line and the blue dashed line
in Fig. 4(b), the average fidelities with xo = 0 and xo = 0.5
are much more sensitive to systematic errors. For example,
for xo = 0, the average fidelity is only Fy(7) = 0.8089 when
€ =0.1.

(a) (b) 4
i H
E o8 £ 095
$ 3
E 06 E 09 X0 = 1
g’ g ---Xo = 0.5
— X0 —=0

g 0.4 g 0.85 Xo
> > \
< L o8

05 %81 005 2 0.05 0.1

05
t (units of T)

Without decay -------- Theoretical decay (d)

1 - - - - Full Master equation 1

Full Master equation|
- - - Theoretical decay

05 2 3
t (units of T) Y (kHz)

FIG. 4. (a) Average fidelities Fy(t) of the implementation of the
NOT gate versus ¢ with the full Hamiltonian. (b) The final average
fidelities Fy(T) versus € with the full Hamiltonian and parameters
Xo = 1 (red-dotted line), xo = 0.5 (blue-dashed line) and xo =0
(green-solid line). (c) Fidelities Fy(¢) of the implementation of the
NOT gate versus ¢ calculated by the master equation with initial
state |r0)o;. Red-solid line: y = 0, green-dotted line: y = 1 kHz with
theoretical result in Eq. (17), blue-dashed line: y = 1 kHz with the
full master equation. (d) Final fidelities Fy (T ) of the implementation
of the NOT gate versus decay rate y with initial state |r0)¢; by using
theoretical result in Eq. (17) (blue-dashed line) and the full master
equation (red-solid line).

In the end of this section, let us study the influence of
dissipation with the full Hamiltonian. As the evolution is not
unitary when dissipation taken into account, we consider the
evolution with the initial state |r0)y; as example to show evo-
lution governed by the master equation. We plot the fidelity of
the evolution before measuring the state of the auxiliary atom
as Fy(t) = Tr[UN,o(O)U;Gp(t)] versus ¢ in Fig. 4(c). As shown
by the red solid line in Fig. 4(c), the final fidelity without the
decay is Fy(T)|,=o = 0.9933. In addition, the green dotted
line points out that the final fidelity calculated by Eq. (17)
with y =1 kHz is Fy(T)ly=1xn: = exp(—=yT)|y=1knz X
Fy(T)|,=0 = 0.9708. Moreover, the blue dashed line indi-
cates the final fidelity given by the full master equation
[replacing the effective Hamiltonian H,(¢) in Eq. (16) by the
full Hamiltonian H(¢)] with y =1 kHz is Fy(T)|,=1xu, =
0.9704, which is in accordance with the theoretical result
FN(T)lyzl kHz- Moreover, by comparing the green dotted line
and the blue dashed line, we can also find that the dy-
namics governed by the full master equation matches well
with that discussed in Sec. III B in the twelve-dimensional
subspace. The result also proves that the theoretical analysis
of the effective Hamiltonian and the subspace is valid. In
Fig. 4(d), we consider the fidelity with a broader range of
decay rate y, where the fidelity obtained from full master
equation is a little higher than that estimated from Eq. (17)
when dissipation is relatively strong. This is because dissi-
pation also restrains the population of |rr)y; alongside the
Rydberg blockade. When y reaches 4 kHz, the obtained
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TABLE I. Success probability P, fidelity Fy,, and purity o; with
different decay rates.

y (kHz)
0 1 2 3 4
P, 0.9988 0.9770 0.9557 0.9348 0.9144
Fy 0.9933 0.9932 0.9931 0.9930 0.9929
01 1.0000 0.9998 0.9996 0.9993 0.9991

fidelity is 0.9079, still higher than 0.9. Therefore, the pro-
tocol holds robustness against dissipation. We also examine
the probability successfully measuring the Rydberg state of
the auxiliary atom as P; = Tr[P,p(T)] with the projection
operator P, = |r)o(r| ® 1; (1; is the identity operator for
computational atom 1), and the result is shown in Table I.
Furthermore, the fidelity after successful measurement of
the auxiliary atom and the purity of the density operator of
computational atom 1 as Fy, = Tr[P,,o(T)P,U]\;,O(O)U,\T,]/PY
and o1 = Tr[P,p(T)P,p(T)]/P? are also investigated, re-
spectively. According to the data in Table I, although the suc-
cessprobability decreases when the decay rate increases, after
successful measurement of the auxiliary atom, the fidelity of
the NOT gate and the purity of the density operator of atom 1
are changed very slightly. Even when y = 4 kHz, the fidelity
F is only reduced about 0.0004, and the purity o, is still
0.9991. Therefore, by using the protocol, we can still obtain
nearly perfect unitary evolution in the presence of dissipation
if the measurement result of the state of the auxiliary atom is
|r)o, which accords with the theoretical analysis in Sec. III B.

B. Numerical analysis of a two-qubit entangling gate

We now make a numerical analysis of a two-qubit entan-
gling gate. As an example to show the implementation of a
two-qubit entangling gate, we amply analyze the realization of
the C-NOT gate in the following discussions. In this case, we
switch off laser pulses €2(z), (1), Q01(t), 20, (t), Q23(1),
and €25,(t) for Q,, (t) = 0 and 6; = 0. Besides, the waveform
of Q.,(t) is considered as discussed in Sec. IV with invariant-
based reverse engineering and the systematic-error-sensitivity
nullification method. To meet the condition Q3 >> |Q2.2(7)),
we consider Q3 = 100/T. Moreover, the Rydberg interaction
strength and detunings are setas V = 27000/T, A, = 360/T,
and Az = 1500/T to build up the effective Hamiltonian. In
this case, the total operation time is 85.94 us with V =
2w x 50 MHz, and the success probability is P, = 91.76%
with ¥ = 1 kHz. In addition, we eliminate the Stark shifts as

2V
V2= A2
+ Q5,(10r£)012(0r ] 4 10 £ r)o12(0 & 7)),
o,
72 A% [913(|V + E)orz(r + £ + [0+ r)012(0 4+ 1)

+ Q% (r £ +Hon(r £+ + 0r+)on(0r + D], (44)

[Q3(17 £ +H)oia(r £ +] + 10r+)012(0r + |)

(a) 1 (b) ]
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3 0.8 %
® 06 5 099
o) o
S o4 O 0.985
g 0
>
< 03 05 1 <% 005 0 005 o
t (units of T) €
(c) d
Without decay -------- Theoretical decay
- - - - Full Master equation
1 1
T 8
@ 08 =095
o 0.95 £
=
% 0.6 % 0.9
2 0. QAT
ir 04 0.85 Full Master equation
- - - Theoretical decay
0.8
0% 05 1"%s 0 2

. 095 1 05 1 15
t (units of T) t (units of T) Y (kHz)

FIG. 5. (a) Average fidelity Fey () of the implementation of the
C-NOT gate versus ¢ with the full Hamiltonian. (b) The final average
fidelities Fen (T') versus €. (c) Fidelities Fey (¢) of the implementation
of the C-NOT gate versus ¢ calculated by the master equation with
initial state (|r00)¢, + |r10)012)/ﬁ. Red solid line: y = 0; green
dotted line: y =1 kHz with theoretical result in Eq. (17); blue-
dashed line: y =1 kHz with the full master equation. (d) Final
fidelities Fey(T) of the implementation of the C-NOT gate versus
decay rate y with initial state (|r00)g; + |r10)012)/ﬁ by using the
theoretical result in Eq. (17) (blue dashed line) and the full master
equation (red solid line).

by using auxiliary pulses [88,95]. The average fidelity of the
implementation of the C-NOT gate is defined as [92,93]

Fen(t) = {Tr[M'(OM'" (t)] + | Te[M (£)]11%}, (45)

1
N'WN"+1)
with M'(t) = |r)o{r] ® Ucy +10)9(0] ® 112 and N = 4 be-
ing the dimension of the computational subspace. We plot
Fon(t) versus ¢ in Fig. 5(a) and obtain the average fidelity of
the implementation of the C-NOT gate as Fey(T) = 0.9904 at
t = T. Therefore, the C-NOT gate can be successfully realized
with the protocol.

We also check the robustness of the implementation of
the C-NOT gate against systematic errors of laser pulses. The
final average fidelity Fry(T) of the implementation of the
C-NOT gate versus error coefficient € is plotted in Fig. 5(b).
Seen from Fig. 5(b), Fey(T) is always higher than 0.9823
when € € [-0.1, 0.1]. Therefore, the implementation of the
C-NOT gate is also insensitive to systematic errors. Moreover,
we can also see from Fig. 5(b) that errors with € > 0 may
decrease the average fidelity Fry(T) in a range. However,
in contrast, the errors with € < 0 may increase the average
fidelity Fen(T) in a range. This is because the satisfaction
of the condition Q3 > Qez () becomes worse when € > 0.
Although the deviations of €2,,(¢) and €2,,(¢) are both about
2¢ compared to the original ones according to Eq. (15),
according to the second-order perturbation theory, the coeffi-
cients of error terms caused by the terms with high-frequency
oscillations is approximately increased from sz(t)/f‘zg. to

(14 262Q2 (1)/[(1 4 2€)S23] = (1 + 2€)Q2(1)/<2. There-
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TABLE II. Success probability P;, fidelity F/,, and purity 0>
with different decay rates.

y (kHz)
0 1 2
P, 0.9911 0.9130 0.8411
Fly 0.9992 0.9987 0.9981
012 0.9995 0.9983 0.9971

fore, when € < 0, the parts of error caused by the approxima-
tion 23 > ., (t) are compensated by systematic errors. The
maxima of Fey(T) = 0.9988 appears at € = —0.07, which
may be considered as a correction in the design of pulses for
higher fidelity.

Finally, we check the performance of the protocol under
the influence of dissipation by considering the initial state
(1r00)o12 + |r10)012)/+/2 in the evolution governed by the
master equation. We plot the fidelity of the evolution be-
fore measuring the state of the auxiliary atom as Fey(t) =
Tr[UCNp(O)Ung(t)] versus ¢ in Fig. 5(c). As seen from the
red solid line in Fig. 5(c), the fidelity of the implementation of
the C-NOT gate is Fen(T )|, —0 = 0.9904 at t = T'. Moreover,
the green dotted line in Fig. 4(c) is the fidelity calculated
by Eq. (17) with y = 1 kHz, which gives FCN(T)|y:1kHZ =
exp(—yT)ly=1xuz X Fn(T)|y=0 = 0.9089. In addition, the
blue-dashed line indicates that the final fidelity obtained by
the full master equation is Fen (T)|, =11, = 0.9115. We also
plot the final fidelity Fen(T) of the implementation of the C-
NOT gate with the initial state (|700)g;2 + |r10)012)/«/§ versus
decay rate y in Fig. 5(d), where one can also find that the
final fidelity Fey(T) plotted by the full master equation is
higher than the theoretical result obtained by Eq. (17) when
the dissipation is relatively strong. This is because populations
of states with multiple atoms in Rydberg states are restrained
by dissipation. In the implementation of the two-qubit gate,
the fidelity decreases more significantly compared with the
result in the implementation of the single-qubit gate when
dissipation is taken into account due to the increase of the
total operation time. However, by measuring the state of the
auxiliary atom, the influence of dissipation can be removed
if the result is |r). Here, we define the success probability of
getting the result |r)g as P, = Tr[P,p(T)] with P] = |r)o(r| x
1,,. Furthermore, the fidelity of the C-NOT gate and the purity
of the density operator of the computational atoms 1 and
2 after successful measurement of the auxiliary atom are
defined as F/y = Tr[P.p(T )P Ucy p(0)USy1/Ps and o1r =
Tr[P.p(T)P.p(T )]/ P2, respectively. We calculate P!, F/y,
and g, with some samples shown in Table II. According
to the data in Table II, although the success probability P,
decreases with the increase of the decay rate y, the fidelity
F/xy and the purity g» in the case of successful measure-
ment are almost unchanged. For example, when y = 1 kHz,
the decreases of F/, and gj, are only 0.0005 and 0.0012,
respectively. In addition, the measurement of state |r)y can
also help to reduce the effect of systematic errors and errors
caused by the approximation, because these errors would
also make the final state of the auxiliary atom deviate from
|r)o. For example, when y = 0, compared with the fidelity
Fen(T)|y=0 = 0.9904 obtained without the measurement of

the auxiliary atom, the fidelity after successful measurement
is improved to F/y = 0.9992. From the results above, the
protocol is helpful to maintain a nearly perfect two-qubit
unitary operation in the dissipative environment.

VII. CONCLUSION

In conclusion, we have proposed a protocol to real-
ize atomic nonadiabatic holonomic quantum computation
(NHQC) in the regime of Rydberg blockade. Assisted by
the strong interaction between Rydberg atoms, the effective
Hamiltonian was built up by the second-order perturbation
theory with proper detunings. Based on the derived effective
Hamiltonian, we further designed the laser pulses with the
help of invariant-based reverse engineering. The advantages
of invariant-based reverse engineering in NHQC have been
shown in the protocol. On one hand, eigenvectors of the
dynamic invariant provide natural evolution paths for NHQC.
On the other hand, invariant-based reverse engineering is also
compatible with the systematic-error-sensitivity nullification
method, which makes the evolution insensitive to systematic
errors of laser pulses. Generally, there are many different
choices for the parameters in the nullification of systematic
error sensitivity Q. In the implementation of a single- or two-
qubit gate, by nullifying the systematic error sensitivity Qx,
we can derive optimal solutions for Rabi frequencies of laser
pulses that can make the implementation insensitive to the
systematic errors of pulses. Therefore, in the implementation
of a general quantum circuit composed of a sequence of
single- and two-qubit gates, we need to individually derive the
Rabi frequencies of pulses with Q; being nullified for each
gate in the sequence. As a result, we can obtain a sequence
of Rabi frequencies of pulses for each step of operations. In
this way, we make the total systematic error sensitivity O
nullified in the whole process, so that the implementation of
the quantum circuit maintains a high level when there exist
systematic errors. Moreover, in the design of pulses, by setting
proper boundary conditions for the time derivatives of control
parameters, we can make each pulse in the sequence vanish
at the final time of each step. Pulses in each two adjacent
steps can be connected as a composite pulse described by
a continuous function. Therefore, the composite pulse does
not involve sudden changes in the whole process. In a real
implementation, we just need to apply the composite pulse
to the system. In addition, we analyzed the evolution in a
dissipative environment based on the master equation. Both
the theoretical and numerical results showed that the protocol
can realize nearly perfect unitary operations if the auxiliary
atom in the Rydberg state is successfully measured. Consider-
ing a typical decay rate y = 1 kHz of a Rydberg state, the
protocol produces acceptable success probabilities of mea-
surements as 0.9770 and 0.9130 for single- and two-qubit
gates, respectively. Compared with the previous Rydberg-
atom-based NHQC protocol [64], the protocol has several
advantages. First, with the invariant-based reverse engineering
in the protocol, we obtain an invariant of the system whose
eigenvectors can be used as paths for NHQC by only elimi-
nating the acquired dynamic phases. This makes the parameter
selections more convenient compared with that in the protocol
of Ref. [64], where both the parallel transport conditions and
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the unavailable couplings should be considered. Second, as a
result of the convenience of parameter selections, the protocol
can incorporate the systematic-error-sensitivity nullification
method. This makes the protocol maintain high fidelities when
systematic errors appear. Third, the system in the protocol of
[64] will be in a mixed state when dissipation exists, while
in the current protocol, as the heralded implementation is
considered, the state of the system nearly maintains a pure
state with successful measurement on the auxiliary atom.
As the protocol is fully compatible with the advantages of
geometric phases, reverse engineering, the systematic-error-
sensitivity nullification method, heralded implementation, and
Rydberg interaction, we hope the protocol can be helpful for
precise quantum computation in a dissipative environment.
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APPENDIX A: DERIVATIONS OF THE EFFECTIVE
HAMILTONIAN

For the atomic system shown in Sec. III A, the Hamiltonian
of the whole system under the rotating-wave approximation
reads

H(t) = Hy(t) + Hy(t) + Hy(t) + H,,
2 . .
Hi() = ) [Qu(0e™ + @ (e ™ ]]j — 1)i(r + Hee.,
Jik=1
2

Hy(t) =) [Qoi(t)e™ + Qp, (1)e™™1|0)o(r| + Hoc.,
k=1

H@t)=H (1) + H@1) + H3(1),

2

Hy(t) =) [Quj3(0)e' ™ + @ ;5(1e ™| — 1)(r| + Hee.,
Jik=1

Hy =V ([rr)oi(rr| + |rr)oa(rr| + [rr)i2(rr]). (A1)

With the assumptions in Eq. (12), the Hamiltonian in Eq. (A1)
can be rewritten as

H(t) = H\(t) + Hy(1) + H3(t) + H,,

2
Hi(t) = ) [Q(0)e'™ + Q4 (t)e " 1|+)(r| + H.c.,
k=1
2 . .
Hy (1) = ) [Qoe(t)e™ + Qo ()e ™ 1]0)o(r| + H.c.,
k=1
2 . .
H(t) = ) [Qua()e™" + Qs (0)e " 1| 4){r| + Hee.,
k=1

Hy =V (|rr)oi{rr| + [rr)oa(rr| 4 [rr)ia(rr). (A2)

In Eq. (A2), |[+) reads [|+)x = cos(6/2)[0)x +
sin(6;/2)e'%*|1)x, and it has an orthogonal partner as
=) = sin(0/2)|0)x — cos(B;/2)e*|1),. We assume that
the system works at the Rydberg blockade regime with V >
{Ak, Az, 1S, 12LO], Q206 @] 120, O, 1301, 1251}
The Hamiltonian in the rotating frame of Uy(t) = exp(—iHyt)
can be derived as

Hi(t) = [Q1(1)e™" + Q) ()e (10 + +)o12(0r+| + [0 + —)o12(0r — |)
+ [Q()e™ + Qy(1)e (10 + +)012(0 + 7] + 10 — +)o12(0 — r|) + Hoc.,

2

Bty =>" > [Qu)e™ + Q)™ 11071 Yora(ry '] + Hee.,

k=1 j,j/==%x

Ay () = [Qu3(1)e™" + Q51”110 + +)o12(0r+] + [0 + —)o12(0r — 1)

+ [Q23 ()™ + Qb3(t)e "2 1(10 + +)012(0 + 7] + [0 — +)012(0 — 7]) + H.c.,

by omitting the terms with oscillation frequen-
cies in the scale of V. To further simplify the
dynamics of the system, we consider the condi-

tion {Ak, Az, (A = Al [A — Azl [Ar — Az} >
{1261, 12 (O] 120 ()], €20, DI, [Qu3 (@)1, 12501} With
the help of the second-order perturbation theory [99], the
effective Hamiltonian is derived as

He(t) :Heo(t)+He|(t)+Hez(t)+He3(t)9
Heo(t) = Qel(t)|r+ +>012<Or + |
+ Q, (1) + +)012(0 + r| + Hec.

(A3)
[
Hel ) = Qel ®)lr + —)o12(0r — | +H.c.,
Hez(t) = Qez(t)|r - +>012(0 - rl + H.c,,
H,,(t) = Q,()|0r+)012(0 + r| + H.c. (A4)
with
Q.. (1) = Q ()25, (1) — (1), (1)
e AL )
(AS)
Q1) = Q3()Q5(1) — Q13(t)255(¢)
e3 A3 .
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TABLE III. Basis vector of subspace 53'.

[D1) [D,) |Ds3) [Dy4)
[r 4+ +)oiz [r 4+ =)oz [r — +)oiz [r — =)oz
|Ds) [Ds) | D7) |Ds)
[0r+)o12 [0r—=)o12 [0+ 7)o12 [0 — oz
[ Do) [DP10) [D11) |P12)
[0+ +)o12 [0+ —)or2 [0 — +)or2 [0 — —)or2

With the assumptions in Eq. (13), €2, (¢) can be simplified as

Q, (1) = 22 (OS0(1) sin | 24 M elittm/2
. Ay 2

2Q13(1)203(¢ — w5\
Qe (1) = 130 )2 (F) sin (M 5 M3>e’(“3+’“+”)/2. (A6)

Ay
|

Considering px —p =n and w3 —p; =m, we have
Q, (1) = ()™, Q,, (1) = Q3(1)e™ @ with

28 (1)SQ0k (1) ~ _ 2Q13(1) Q03 (1)

23(2)

A7
A, A, (A7)

APPENDIX B: MATRIX ELEMENTS OF THE TIME
DERIVATIVE OF THE DENSITY OPERATOR

For simplicity, we number the basis vectors of subspace 5’
in Table III.
According to Eq. (16), the time derivatives of nonzero

matrix elements of p(r) can be calculated as

P11 = =i, ps1 + 182 P15 — Q71 + 12,017 — V1.1,

Pl2=—VP12, P1,3=—VPL3
P15 = i, (01,1 — P5,5) — VP15,
P17 =i, (p1,1 — 07,7) — VP17,

P14 = =¥ P14,
P16 = —V P16
P18 = =V P18,

P21 =—Yp21, P22 = —iQ, P2+ 182 P26 = V2.2,

023 =—VP23, 024 =—VP24
02,6 = 182, (022 — P6.,6) — ¥ 02,65
P31 =—VP31, P32=—VP32,

P34 =—VP34, P35=—VP35

037 =—V037, P38 =182,(033 — P3,8) — VP33,

Pa1 = —VP41, P42 = —YP4s2,
P45 = —V P45, a6 = —Y P46
ps.1 = —iS% (1.1 — Ps5) — VP51,

02,5 = =¥ P25,
02,7 = —V P27,

02,8 = —Y P28,

033 = —iS2%, 083 + IS, 038 — V033

3.6 = =V 03,6,

043 = =¥ P43,
P47 = =Y P47,

P44 = =V P44,
P48 = —V P48,

P52 =—VY0P52, P53=—VP53

P54 =—YPs54, P55 =i, ps5.1 =2 p15 — Q075 + i, 057 — VP55,

P56 = —V P56, P57 =182¢,(055— 07,7) — V05,7,

P58 = =V 05,8,

P61 ==V P61, P62 = —i (022 — P6.6) = VP62,

P63 = —VP63, Po4=—YP64

P6.6 = 12, P62 — 182, 02.6 — ¥ P6.6

P11 = =i (1.1 — p1.7) — VP71,

06,5 = =V 065

P67 =—V067, P68 = —VP63

P12 =—VYP12, P1,3=—VP73

P14 =—YP14, P15 =—iQ (P55 = P17) — VP15, P16 = —VP7.65

017 = 120,071 — Q2 P17 + iR, 075 — i, p57 — VP17, P18 = —V P18

P81 = —YPs1, P82=—VP82,
P34 =—VP84, [85=—VPs5

08,3
03,6

—iS2 (P33 — P8.8) — V083,

P37 =—VpPs7, Pss=iQ,083 =i, 038 = VPsss

. Y . Y
P99 =vp11+ =(ps5+p77),  Proi0=yp22+ 5(106,6 + 07,7,

2
. Y . 14
P =yp3s+ 5(,05,5 +088)s  P12,12 = VP44t 5(,06,6 + 08,8). (B1)
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Assuming py ¢ = P exp(—yt) (£, ¢ =1,2,...,8), wecan
find that the operator p(t) = Zie,:, Pe.o | @) (D) satisfies
the von Neumann equation

p(1) = —ilH.(t), p(0)]. (B2)
Consequently, p(¢) can be calculated by
p(t) = U()p(O)U] (1), (B3)

with Ue(r) being the evolution operator given by the
equation iU,(t) = H,(t)U.(t). Besides, we define p'(t) =
222:9 D¢ @) (D]. The matrix elements of p’(¢) are given by

t
po.o(1) = %/ [201,1(t") + ps,5(t") + p77(t)]dt,
0

t
p1o,10(t) = % / [2022(t") + pes(t’) + p7.7(t)H1dt’,
0

="~ f 203.5(") + ps.5(t) + pys(E)dr'
0

p12,12(1) = % / [204.4(t") + po.c(t") + pss()]dt’.  (B4)
0

Combining the results of Egs. (B3) and (B4), the density
operator p(t) can be obtained as Eq. (17).

APPENDIX C: DYNAMIC PHASE AND GEOMETRIC
PHASE ACQUIRED IN THE IMPLEMENTATION OF A
SINGLE-QUBIT GATE

We now prove that the dynamic (geometric) phase acquired
in the time interval [0, 7] is nullified by that acquired in time
interval [, T']. First, we calculate the time derivative of B,(t)
in time interval [1,, T'] as

dfd ~ T1
——[-0 1) =—
dtdt[ s+ Ba(D)] T

oty = ). (€
Eﬂz(f)— Xﬁ.ﬂz(f), (CD

with 7 = 71(T — t)/(T — 13). According to Eq. (26), we have

T ; in2
ﬁ,(T)—ﬂ,(fz)=/ %ﬂfﬁl)(]t)]dl

0 3 (7)<in2l B, (7
oSOl
o 2cos[Bi(D)]

T
—/ Ba(t) sin’ [@]d;

0 -~
—/ pa(7) sin’ [@]d?: —O_(1)).
| (C2)

0_(T) - 0_(r2)

APPENDIX D: AVERAGE FIDELITY

We now make a brief introduction about the approach
to calculate the average fidelity proposed in Ref. [93]. The

theorem in Ref. [93] shows that, for any linear operator M on
an n-dimensional complex Hilbert space, the uniform average
of |(y|M|v)|? over state vectors |i/) on the unit sphere $>'~!
in C" can be calculated by

f (W IMIy)|PdV = [Tr(MM™) + |Te(M))*],
52“—1

nn+1)
(D1)

with dV being the normalized measure on the sphere. First, if
M is a Hermitian operator, it can be diagonalized as a diagonal
operator A by A =UMU~1 via a unitary operator /. We
denote the left-hand side and right-hand side of Eq. (D1)
as L(M) and R(M), respectively. By a change of variables
v — Uy, we obtain L(A) = LUMU™1) = L(M). On the
other hand, considering the fact that Tr(A;A;) = Tr(A,A,) for
two arbitrary linear operators A; and A,, we obtain R(A) =
R(M). Since L(A) is a homogeneous polynomial of degree
2 in the real variables A, Ay, ..., A,, and unitary invariance
implies that it is invariant under the exchange of any two A,
and A, (7, J =1,2,...,n), consequently the only possible
form of L(A) is

LIM) = L(A) = a1 Tr(A?) + ap Tr2(A)

= a;Tr(MM") + ay|Tr (M), (D2)

with a; and a, being constants related to n. By consid-
ering My = |1)(2] + 2)(1|, My = —i|1) (2| +i|2)(1|, M. =
[1)(1] —12)(2], and My = |1){1] + |2)(2|, we respectively
derive

LM, =2a, =4 / Re(cic3)*dV,

§2n—1

LM,y) =2a; =4 / Im(cic3)*dV,

§2n—1
(D3)

LOML) = 2a; = / (it + leaf* = 211 PlealPav.,

§2n—1

L(Mo) = 2y + 4ay = / (erl* + leal* + 2ler PleaP)av.,

§2n-1
with |) = Z;l:l ¢,|7). From Eq. (D3), we obtain L(M,) +
LM,) + LM;) = L(My), which gives a; = a>. Further-
more, by picking the identity operator 1 in £(A), one can
derive ayn + apn* = L£(1) = 1. Combining the results above,
we can derive a; = ap = 1/n(n + 1). Therefore, for a Hermi-
tian operator M, we have L(M) = L(A) = R(A) = R(M).

In fact, the result can also apply to an anti-Hermitian
operator A (A" = —A) since L(A) = L(iA) = R(iA) = R(A).
In addition, for a general operator M, it can be decom-
posed into a Hermitian operator S = (M + MT)/2 and an
anti-Hermitian operator A = (M — M")/2 with M = S + A.
Accordingly, one can derive

LS +A)=L(S)+ LA) +/ (WIS (WIA +ADy)

§2n—1

= L(S) + L(A),
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FIG. 6. (a) Diagrammatic sketch of a possible structure for re-
alizing large-scale quantum computation with a single auxiliary
atom. (b) Diagrammatic sketch of a possible structure for realizing
large-scale quantum computation with multiple auxiliary atoms in an
atom array.

1
RS +A) = m{Tr[(S +A)S —A)]
+ [Tr(S) + Tr(A)I[Tr(S) — Tr(A)]}
=R(S) +R(A). (D4)

Using the results of £(S) = R(S) and L(A) = R(A), we have
that the result of Eq. (D1) is satisfied for arbitrary linear
operator M. Specially, for quantum gates in a considered
N -dimensional computational subspace S. (with projection
operator P,), assuming the target operation and real evolution
are described by unitary operators U and U (t), the average
fidelity over all possible initial states |y) in the subspace S,
should be

F() = fs . WIPOUOPI) PV, (DS)

with S2V=! being the unit sphere of the computational sub-
space S.. By substituting M = P.U TU(t)P,, we obtain the
formula to calculate the average fidelity used in Egs. (33) and
(45).

APPENDIX E: POSSIBLE EXTENSIONS OF
THE PROTOCOL

We now discuss the possible extensions of the protocol
to large-scale quantum computation. First, we consider a
structure shown in Fig. 6(a), where the red dot in the middle
represents an auxiliary atom, and the orange dots around the
red dot are the computational atoms. Theoretically, we can
realize single-qubit gates for any computational atom with a
single auxiliary atom if every atom in this system has strong
enough Rydberg interaction strength with the auxiliary atom.
In addition, if two adjacent computational atoms have strong
enough Rydberg interaction, we can realize two-qubit gates
of them with a single auxiliary atom. In the ideal case, the
computational atoms remain in their ground states at the
beginning and the end of a gate implementation. Therefore,
the computational atoms without laser driving would not influ-
ence the computational atom being manipulated. Moreover, if
the heralded implementation is successful, the auxiliary atom
will return to its Rydberg state |r). In this case, the auxiliary
atom can continued to be used in the next step of operations.
If the measurement result shows that the auxiliary atom is
in its ground state |0), the implementation of the quantum
gate has failed, and we need to initialize the auxiliary atom
to the Rydberg state |r) again. With the structure in Fig. 6(a),
it is possible to realize single-qubit gates of all computational
atoms and realize two-qubit gates of arbitrary pairs of adjacent
atoms. In principle, we may add many computational atoms
around the auxiliary atom, but trapping, distant control, and
addressing of atoms may become difficult if the number of
computational atoms is very large. Therefore, to realize large-
scale quantum computation, the atom array shown in Fig. 6(b)
may be an alternative candidate. As shown in Fig. 6(b), the
atom array is composed of many repeated blocks of atoms
shown in Fig. 6(a). The atom in the middle of each block can
be used as an auxiliary atom to implement heralded quantum
gates. To date, the manipulation of Rydberg atom arrays has
been studied in several previous works [100,101], and many
interesting results are shown. Therefore, the Rydberg atom
array may be a promising platform for large-scale quantum
computation.
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