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The WKB analysis for higher order differential equations had not been developed until recent progress of
the so-called exact WKB method, so it was difficult to find WKB solutions for multistate nonadiabatic models
in general, whereas enormous efforts were made especially for the study of generalized Landau-Zener models.
Under such circumstances Aoki-Kawai-Takei provided a closed expression for the S matrix of a time-dependent
multistate nonadiabatic system, in which diabatic potential curves are given as polynomial functions of time and
they all intersect with each other. Their result is completely explicit, and the model covers much wider classes
of systems than multistate nonadiabatic models studied so far. Here we numerically show how their exact WKB
formula works as long as crossing points of diabatic potential curves are well separated. The model studied
includes the cases where diabatic potential functions are nonlinear, not like generalized Landau-Zener models.
We also discuss the situations where virtual turning points and new Stokes curves, new components in the Stokes
geometry appearing only for higher order differential equations, come into play. In particular, we examine how
the presence of new Stokes curves affects final transition probabilities using a couple of concrete examples.
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I. INTRODUCTION

Nonadiabatic transitions are ubiquitous phenomena in dy-
namics of complex quantum systems. In molecules or atoms,
dynamics of electrons are fast enough as compared with that
of nuclei, the motions are almost decoupled with each other.
As a result we may consider the dynamics of electrons at
each time with the position of nuclei begin fixed. This is a
situation referred to as the adiabatic limit, and the so-called
Born-Oppenheimer approximation could be applied.

In actual situations, however, the ratio between the mass of
electrons and nuclei is small but finite, so there happens the
transition between the adiabatic states and such a transition is
called the nonadiabatic transition [1]. It appears not only in
atomic and molecular dynamics but also in dynamics taking
place in solid and condensed matters.

A reasonable approach to describe the nonadiabatic tran-
sition, which in general expected to proceed among many
states interacting with each other, is to reduce the problem to a
two-state model. In particular, the simplest and most broadly
established model is the Landau-Zener (LZ) model [2,3]:

ih̄
d

dt
ψ = H (t )ψ, (1)

where

H (t ) =
(

α1t c12

c12 α2t

)
(2)

and ψ = t(ψ1, ψ2). Here α1, α2, and c12 are constants not
depending on time t . The probability of remaining at the initial
state was evaluated by Landau [2], Zener [3], Mayorana [4],
and Stueckelberg [5] in various ways, ranging from obtaining

the exact solution to applying approximations including the
WKB (Wentzel-Kramers-Brillouin) method [6–8]. The LZ
model is simple in that it describes nonadiabatic transitions
only between two states, and the diabatic energy levels depend
on time t linearly.

It would be natural to extend such a simple two-state
model to more general ones by increasing the number of states
and/or by modifying the time dependence of matrix elements.
The most well studied models are the cases in which the
number of states is increased to more than two, keeping the
linear dependence on time. Such multistate models are often
called the generalized multistate Landau-Zener model (MLZ).
The original LZ model can be reduced to the Weber equation,
for which a solution in an integral representation is known,
but it is hard in general to analytically solve the MLZ model.
We can easily see the difficulty of finding solutions because,
if one reduces a coupled equations for multistate models to a
single equation, the degree of the equation becomes more than
two, thereby one has to cope with higher order differential
equations, for which much less is known in finding their
solutions compared to the second order ones.

Enormous efforts have been made, nevertheless, to obtain
solutions of multistate models and numerous results have been
reported, especially for the MLZ model. The model, in which
a single tiled diabatic energy crosses a set of several parallel
energies, was first solved by applying the contour integral
method [9,10], and it was extended to a class of multiple
crossing grid models, in which rectilinear parallel diabatic
energies cross each other, including a more generalized ver-
sion [11–23]. Recent remarkable progress is a finding of the
integrability condition which enables us to seek new solvable
models [18–23].
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Another class of models extensively studied so far is the
so-called bow-tie model, in which a finite number of diabatic
levels cross simultaneously at a single point. The bow-tie
model was first solved for the system with a special symmetry
[24], and later for more general cases [25]. An analytic
solution for the model with an arbitrary number of states was
presented in Ref. [26], and further generalization was made
by introducing an additional parameter in order to investigate
a specific signature of interaction of the model [27], and its
exact solution was then given [28].

Analytical studies for multistate nonadiabatic transition
models were performed not only for the models whose di-
abatic levels depend linearly on time, but for a class of the
system in which one of the diabatic potential curves has
Coulombic time dependence, whereas the rest of the diabatic
levels are flat [15,29–31].

Solvability of MLZ models depends crucially on whether
one can apply the independent crossing approximation [32].
At each crossing point of diabatic states, the multistate
system is supposed to be reduced to the two-state sys-
tem, so one may essentially apply the LZ formula there
if one is allowed to ignore the interference between each
state, or alternatively, dynamical phases accumulated in the
course of time [18–20,22,23,26,27,33,34]. In the cases where
the independent crossing approximation can be applied, the
whole transition probability from t = −∞ to +∞ is ex-
pressed simply as a multiplication of LZ probabilities. To
incorporate the dynamical phase between transitions at each
crossing point properly, a recipe was proposed in which
matrices, whose phases are given by integrating the adi-
abatic energy, should be multiplied in between the LZ
matrices [35,36].

The analysis to ensure the validity of the independent
crossing approximation is mainly based on the semiclassical
ansatz. The path interference assumes multiple semiclassical
waves propagating with time and the relative phases asso-
ciated with each wave determines solvability of the model.
The semiclassical theory would be helpful not only to gain an
intuitive picture for what happens in the whole process, but to
find purely rigorous solutions.

In this article we will examine the WKB formula for a
multistate nonadiabatic transition model, which was derived
by Aoki-Kawai-Takei [37]. Their analysis is based on the so-
called exact WKB method, sometimes referred to as resurgent
theory, or exponential asymptotics, depending on the context.
The model studied there contains not only the MLZ model but
also much wider classes of systems including the situations
where diabatic potential terms are given as nonlinear functions
of time. They gave a closed and explicit expression of the S
matrix for the MLZ model and a concrete recipe to derive it in
more general cases.

As is well known, the WKB method has been broadly
used to obtain asymptotic solutions of ordinary (and partial)
differential equations with a small (or large) parameter. How-
ever, WKB solutions are asymptotic at most and divergent in
general, thereby ambiguities remain in its actual treatment. In
particular, controlling the exponentially small terms is usually
beyond the treatment of asymptotic expansions, so the Stokes
phenomenon, discontinuous switching of WKB solutions in a
parameter space, could have been argued only in a heuristic

manner. This also made it difficult to apply the WKB method
to higher order differential equations.

The exact WKB method has overcome such a difficulty
inevitable in the divergent expansion through the Borel resum-
mation method and provided an analytical basis for asymp-
totic expansions [38–44]. As a fruitful outcome, we are able to
treat exponentially small terms in a proper manner, allowing
us to attack the problems that would be out of reach of the
conventional WKB argument. Owing to the development of
the exact WKB analysis, we now know how the WKB method
should be applied to higher order differential equations.

The most important ingredients treating the Stokes phe-
nomenon are turning points and Stokes curves. It is easy to
show that Stokes curves for second order differential equa-
tions never cross, whereas Stokes curves for higher order
differential equations happen to cross. This was first pointed
out explicitly by Berk, Nevins, and Roberts in their analysis
of a certain third order ordinary differential equation [45].
They developed an argument, within a conventional WKB
approach, that if one applies the standard connection formula
around a crossing point of Stokes curves, the results depend on
the connection pathway one takes. To dissolve such a puzzling
situation, they proposed that new Stokes curves should be
introduced. Their argument was entirely reasonable, but it
was rather phenomenological and generalizability to other
situations was not clear enough.

The work by Aoki, Kawai, and Takei was the first attempt
to investigate Stokes phenomena in higher order differential
equations within the exact WKB framework [46,47] (see also
[48–50]). (A comprehensive review on this subject was found
in Ref. [51].) They first studied a similar class of third order
differential equations, including the one studied in Ref. [45],
and gave a theorem, under suitable conditions, guaranteeing
that the operation of local connection formulas established
in second order cases holds as well. This means that local
aspects of the exact WKB treatment are not affected even
if one considers higher order cases [46]. More importantly,
concerning the global property, they claimed that basic objects
are not new Stokes curves but virtual turning points (“new
turning points” was used in the first paper [46]), and new
Stokes curves, emanating from a virtual turning point, are
essentially the same as the Stokes curves known already.

It was, therefore, reasonable to employ such newly devel-
oped machinery for analyzing multistate nonadiabatic models,
and it was indeed done in Ref. [37]. Under these circum-
stances, the objective of our paper is first to numerically verify
how the WKB formula thus derived works in describing the
multistate nonadiabatic transition. We especially take and test
the leading order expression although they have provided a
systematic recipe to obtain higher order terms with respect to
the Planck constant because the leading order formula gives
an intuitive picture for the whole process and might also
be helpful for finding optimal control protocols for quantum
dynamics. When truncating at the leading order, as is usually
done in the WKB calculation, one might take into account
uniform approximations if turning points are nearly coalesced
with each other, so checking the validity and limitation for the
leading order formula will be important as well.

It would be of particular importance to check whether the
formula works even in nonintegrable MLZ models because
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the WKB formula derived in [37] holds for generic MLZ
models, and at the same time, it must be helpful for arguments
on solvability of MLZ models. Furthermore, as a recipe to
find an explicit S matrix was given not only for MLZ models
but also for the models in which diabatic potential terms are
given as polynomial functions of time. As mentioned above,
known solvable models with nonlinear diabatic potentials
are limited, so it would be worth examining whether even
nonlinear models could be handled within the recipe proposed
there.

Our second motivation here is to study the situations where
some of the turning points are located in the complex plane.
As shown in Ref. [37], if all the turning points are real, we may
ignore new ingredients, such as virtual turning points and new
Stokes curves, and only need to take into account standard
ingredients which appear even in the two-state model. On the
other hand, new objects may come into play when some turn-
ing points fall into the complex plane. Hence it will become a
crucial task to identify the role of virtual turning points and
new Stokes curves, in order to identify many state effects.
There are, before proceeding with the analysis, some technical
issues which should be carefully treated in the exact WKB
analysis. When complex turning points appear in the model,
they are sometimes connected by a single Stokes curve, and
it is known that such a situation is beyond the treatment of
the exact WKB treatment [44]. Thus to see the effect of new
objects we have to consider how to cope with the degeneracy
of Stokes curves.

The organization of the paper is as follows. In Sec. II we
will present the form of the WKB solution and the associated
connection formula for the Stokes phenomenon. They are
basically given in Refs. [37,51] even in a more comprehensive
and rigorous manner. We here provide a brief sketch of the
idea of the derivation in order that even the readers not
familiar with the exact WKB analysis can access and utilize
the formula. In Sec. III we numerically verify the validity of
the leading order WKB approximation for the cases where
all the diabatic solutions intersect and the resulting turning
points for Stokes phenomena are all located on the real axis
of the time plane. In this case, the S matrix can be given
explicitly not only in the case where diabatic energy levels
are linearly dependent on time, but also in the case where they
depend on time in a nonlinear way. In Sec. IV we explore
the role of virtual turning points and new Stokes curves,
especially focusing on their observability taking a couple of
models as examples in which those new objects are expected
to contribute. In the Appendices we put brief derivations for
some formulas employed in calculations. The exact WKB
analysis or resurgent theory has been developed mainly by
mathematicians, and it looks so formal that one could not
apply it to the analysis of concrete models. Our motivation
throughout the present paper is to show that this is not the
case.

II. THE WKB FORMULA AND STOKES GEOMETRY

Hereafter we consider the following three-level nonadia-
batic transition model

i
d

dt
ψ = ηH (t, η)ψ, (3)

where η = 1/h̄ is a large parameter, and ψ = t(ψ1, ψ2, ψ3)
denotes a three vector. H (t, η) takes the form as

H (t, η) = H0(t ) + η−1/2H1/2, (4)

with a diagonal matrix depending on time t ,

H0(t ) =
⎛⎝ρ1(t ) 0 0

0 ρ2(t ) 0
0 0 ρ3(t )

⎞⎠, (5)

and an off-diagonal coupling is given by

H1/2 =
⎛⎝ 0 c12 c13

c12 0 c23

c13 c23 0

⎞⎠. (6)

Here ρ j (t ) ( j = 1, 2, 3) is assumed to a real polynomial and
ci j ( j, k = 1, 2, 3) are complex constants [37]. First we note
that an extra factor η−1/2 appears in front of the off-diagonal
matrix, which is absent in ordinary nonadiabatic transition
models. This factor is inserted just as a formal requirement
which makes the Borel transform and the Borel sum of the
WKB solution be readily defined [37]. The WKB solution for
Eq. (3) will be given by assuming that η is a large parameter.
In numerical calculations performed below, we often put η =
1 or adjust the magnitude of off-diagonal terms ci j in a proper
way. The form (3) is known as the diabatic representation
of a nonadiabatic Hamiltonian. Since the off-diagonal term
multiplied by η−1/2 is regarded as a perturbation, the WKB
approximation is expected to get better with an increase in η,
that is, in the diabatic limit.

It should be noted that any polynomials are allowed in the
diagonal term, so the model includes not only a class of MLZ
models but also the ones with nonlinear diabatic energy levels.
As a result, this model could cover much broader situations
than MLZ models. In the paper [37] it was assumed that

[ρ1(t ) − ρ2(t )] [ρ2(t ) − ρ3(t )] [ρ3(t ) − ρ1(t )] = 0

has only real and simple zeros. (7)

This means that crossing points of diabatic energy levels are
all real valued. Hereafter the condition (7) will be referred
to as the reality condition. As argued in Sec. III, this greatly
simplifies the problem and makes it possible to write down
explicitly the S matrix [37]. In the present paper, in addition to
such simple situations, we will investigate more general cases
where the above condition is violated.

We briefly sketch a concrete recipe for calculating the S
matrix for the system (3). Let ψ ( j) ( j = 1, 2, 3) be a WKB
solution for the system (3), and ψ±,( j) := N±,( j)ψ ( j) a nor-
malized solution determined in such a way that

lim
t→±∞ |ψ±,( j)

k | = δ jk ( j, k = 1, 2, 3), (8)

where N±,( j) ( j = 1, 2, 3) denote normalization constants
introduced by taking into account the multivaluedness ap-
pearing in the WKB solution [37]. Then the S-matrix S is
expressed as

S = N (+)S̃N (−), (9)

where N (+) (N (−)) is an appropriate normalization matrix for
t → +∞ (t → −∞), and S̃ stands for the connection matrix,
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which will be a major matter of concern in the following
analysis. It is our final goal to obtain the S matrix for given
diabatic energy levels ρ j (t ) ( j = 1, 2, 3) and the off-diagonal
constants c jk ( j, k = 1, 2, 3). Before calculating the connec-
tion matrix S̃ first we have to construct the WKB solutions and
then prepare the connection formula due to Stokes phenomena
between the WKB solutions. Below we briefly explain how
each step can be achieved.

A. Construction of a WKB solution

Constructing the WKB solutions is actually made by trans-
forming the original equation (3) for ψ = t(ψ1, ψ2, ψ3) into a
decoupled equation for ϕ = t(ϕ1, ϕ2, ϕ3) [37]. Here a function
ϕ is given by

ψ = R(t, η)ϕ,

with

R(t, η) = [1 + η−1/2P1/2(t )][1 + η−1P1(t )] · · · ,

where Pn/2(t ) (n = 1, 2, . . . ) are unknown functions, which
are recursively defined in such a way that the equation for ϕ

should take the form as

i
d

dt
ϕ = η[H0(t ) + η−1H̃1(t ) + η−3/2H̃3/2(t ) + · · · ]ϕ,

where each matrix H̃n/2(t ) becomes diagonal. This diagonal
system admits a formal solution for Eq. (3),

ψ ( j) = exp
(η

i

∫
t
ρ j (t )dt

) ∞∑
m=0

ψ
( j)
m/2(t )η−(m+1/2).

A more explicit expression is given as

ψ ( j) = η−1/2 exp

[
η

i

∫ t

ρ j (t )dt

+ 1

i

∫ t( |c jk|2
ρ j − ρk

+ |c jl |2
ρ j − ρl

)
dt

](
e( j) + O(η−1/2)

)
,

(10)

where e( j) is a unit vector satisfying e(α)
β = δαβ .

B. Derivation of the connection formula

The next step is to consider the connection of WKB
solutions across a Stokes curve. As shown by Zener [3], the
two-state model can be reduced to the Weber equation, so
we expect that the same structure appears at least locally for
the multistate model unless accidental degeneracy of turning
points happens. This naive expectation frequently appears in
preceding studies for multistate models and actually has been
used as an ansatz to treat multistate models. However, as
is shown in Refs. [37,51] and actually presented below, we
need to construct proper WKB solutions with carefully chosen
normalization. This is because the issue is entirely global in
nature although one is apparently allowed to treat it locally as
far as one focuses on the vicinity of a turning point. Below we
present the connection formula for WKB solutions ψ ( j) ( j =
1, 2, 3) derived in Refs. [37,51]. Some details necessary for
actually applying the formula are provided in Appendix A, but

more explicit calculations especially for generalized Landau-
Zener model, in which the diagonal levels ρ ( j)(t ) ( j = 1, 2, 3)
are given as linear functions of t , are found in Ref. [37].

We here restrict ourselves to the situation where the reality
condition (7) holds. If the reality condition is satisfied, vir-
tual turning points, a new type of turning points, and new
Stokes curves will not actually contribute in constructing
the S matrix or the connection matrix although those new
ingredients appear even in such a situation. Therefore, at the
moment until such new objects play a role, turning points and
Stokes curves in the ordinary sense will only be considered.
Hereafter, to distinguish new components they are specifically
called ordinary turning points and ordinary Stokes curves,
respectively. Note that ordinary turning points are located on
the real t axis if the reality condition (7) holds.

More precisely, a point t = τ is said to be an ordinary
turning point of type ( j, k) if

ρ j (τ ) = ρk (τ ) (11)

for some j and k with j �= k. The associated ordinary Stokes
curves are given by the condition

Im
[1

i

∫ t

τ

(ρ j (τ ) − ρk (τ ))dt
]

= 0. (12)

We put the name of Stokes geometry in order to represent
the set of turning points, including virtual turning points in-
troduced afterwards, and Stokes curves, including new Stokes
curves. We will provide a more precise definition in Sec. IV B.
The Stokes geometry is a purely topological object and can be
identified as a graph consisting of vertices (turning points) and
edges (Stokes curves) [52].

In the case of the multistate model satisfying the reality
condition, ordinary turning points are aligned on the real t
axis. Let {t [n]

jn,kn
}n=1,...,N be ordinary turning points arranged in

an increasing order on the t axis, where t [n]
jn,kn

is of the type
( jn, kn). We further assume that

λ
[n]
jn,kn

= d

dt
(ρk (τ ) − ρ j (τ ))

∣∣
t [n]

jn ,kn

> 0 (13)

for any n.
When ψ ( j) ( j = 1, 2, 3) are analytically continued from

the left to the right across the two Stokes curves emanating
from a turning point t [n]

j,k in the upper half-plane, the connec-
tion formula for ψ ( j) ( j = 1, 2, 3) can be expressed as

ψ ( j) �−→ (
1 + α

[n],−
jk α

[n],+
jk

)
ψ ( j) − α

[n],−
jk ψ (k),

ψ (k) �−→ ψ (k) − α
[n],+
jk ψ ( j), (14)

ψ (l ) �−→ ψ (l ),

where

α
[n],±
jk = (2η)κ

[n]
jk

√
2π

λ
[n]
jk

c±
jk


(1 + κ
[n]
jk )

eiπ (1/2∓1)(κ [n]
jk ∓1/2))

×(
β

[n]
jk

)±1
(1 + O(η−1/2)), (15)

with

c+
jk = c jk, c−

jk = c jk, κ
[n]
jk = i|c jk|2

λ
[n]
j,k

. (16)
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A brief sketch of the derivation of this connection formula
(14) is given in Appendix A.

The constant κ
[n]
jk represents the so-called Landau-Zener

parameter at t = t [n]
jk , and the constant β

[n]
jk is obtained by

taking the ratio
β

[n]
jk = γ

[n]
j /γ

[n]
k , (17)

where γ
[n]
j and γ

[n]
k represent coefficients connecting WKB

solutions ψ ( j) and local WKB solutions ψ [n],( j) as

ψ
[n],( j)
0 = γ

[n]
j ψ ( j), ψ

[n],(k)
0 = γ

[n]
j ψ (k). (18)

Here local WKB solutions are introduced as

ψ
[n],( j)
0 = η−1/2 exp

{
η

i

∫ t

t [n]
jk

ρ j (t
′)dt ′

+ 1

i

∫ t

t [n]
jk

[
|c jk|2

(
1

ρ j − ρk
+ 1

λ
[n]
jk

(
t − t [n]

jk

))

+ |c jl |2
ρ j − ρl

]
dt ′

}(
λ

[n]
jk

(
t − t [n]

jk

)2

2

) κ
[n]
jk
2

× (
e( j) + O(η−1/2)

)
, (19)

ψ
[n],(k)
0 = η−1/2 exp

{
η

i

∫ t

t [n]
jk

ρ j (t
′)dt ′

+ 1

i

∫ t

t [n]
jk

[
−|c jk|2

(
1

ρ j − ρk
+ 1

λ jk
(
t − t [n]

jk

))

+ |ckl |2
ρk − ρl

]
dt ′

}⎛⎝λ
[n]
jk

(
t − t [n]

jk

)2

2

⎞⎠− κ
[n]
jk
2

× (e(k) + O(η−1/2)). (20)

In actual numerical calculations, not necessarily for the MLZ
model, but for the nonlinear model, it is important to find the
ratio β

[n]
jk , so we in Appendix B provide a concrete recipe to

obtain β
[n]
jk .

We make a couple of remarks. First, as seen in the deriva-
tion in Appendices A and B, the extension to the system with
more than three states could straightforwardly be made as
far as the reality condition (7) is satisfied. Second, we have
not assumed the degree of polynomials ρ j (t ) ( j = 1, 2, 3),
meaning that WKB solutions and the associated connection
formula can be used even in the case where some of or all
of ρ j (t ) are nonlinear functions of t . This means that the
argument is far beyond the MLZ model. Third, the WKB so-
lutions ψ ( j) ( j = 1, 2, 3), combined with connection formulas
(14), provide the solutions for the original system (3) within
the WKB solution, so they can serve as solutions for initial
value problems. One of the major goals in the nonadiabatic
transition problem would be to gain an explicit expression for
the S matrix. This is also possible in the above framework as
we already mentioned, but the formula will go beyond that.
Given an arbitrary initial population for each state, one can
calculate the final population at any time. Such calculations
are actually performed in the subsequent sections to see the
validity of the WKB formula derived in this way.

p23

q23

0

1

0

p13

q13p23

?

?p12p13

q12q13

0

1

0

p13

p13

FIG. 1. Diabatic energy levels for the three-state model
(schematic). Left: Initial population is given only for the red-colored
state. Right: Initial population is given only for the blue-colored state.

III. NUMERICAL VERIFICATION FOR CASES
SATISFYING THE REALITY CONDITION

As explained in the previous section, a closed WKB solu-
tion and the associated connection formula has been obtained
based on the exact WKB analysis. In particular, under the
reality condition (7), one finds an explicit expression for the
S matrix and even solutions for the initial value problem.
Furthermore, the formula covers not only the MLZ model in
general situations but also the cases with nonlinear diabatic
levels, and hence it is worth testing the obtained WKB formula
in various multistate models.

Below we numerically check how the formula works and in
which situations it breaks. The reason for why it could break
is that we here examine the validity of the leading order WKB
formula with respect to η−1 = h̄. Remember that the exact
WKB analysis has provided not only the leading order but
higher order terms, so we could go further if the leading order
approximation does not work. Such a task asking the validity
of higher order approximation is, however, out of the scope of
the current study.

A. Independent crossing approximation

Before going to investigating concrete models, we recall an
issue that often comes up for debates in the multistate nonadi-
abatic problem because it is recognized as a point essentially
different from two-state problems and might be related with a
necessary condition for solvability of the problem.

As was pointed out in [32], when considering multistate
nonadiabatic transitions, we are not in general allowed to treat
the transition at each crossing point (of diabatic energies)
independently, except for some specific cases. When crossing
points are well separated, it looks like one can decompose
multistate interactions into pairwise ones, which is called in-
dependent crossing approximation [32]. However, the validity
of such a treatment depends on the situation because the
relative phase gained in the course of time is significant.

A typical example in which relative phases come into play
is illustrated in Fig. 1 [32]. In the left-hand case, only the
state shown as a red line is initially populated while other
two states (blue and green) are set to be empty. Note that
nothing happens at the crossing point between blue and green
states since they both have null populations. At the crossing
between the red and blue states, some probability transfer
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occurs and we suppose that the remaining probability in the
red state is given as p13. At the crossing between the red and
green states, the green state is empty before interaction, so
we do not need to consider the relative phase between the red
and green states. Thus, the populations after interaction are
unambiguously given as p13q12 and p13 p12, respectively. An
independent crossing approximation is expected to work in
this situation, and it was actually been confirmed [32].

In the right-hand case, on the other hand, we put a nonzero
population only on the blue state. As a result, nonadiabatic
transitions occur both at crossing points between the blue
and green states, and between the blue and red solid states
as well. Then before the crossing point between the red and
green states, both states have nonzero populations, so we have
to take into account the relative phase between these two
states. However, the two-state treatment does not carry any
information on the relative phase, so independent crossing
approximation cannot apply. This argument implies that the
independent crossing approximation might result in an incor-
rect answer in generic initial population patterns.

B. Linear case

We first examine the validity of our WKB formula when
applied to the MLZ model, that is, all the diabatic levels just
linearly depend on time:

ρ1(t ) = a1t + b1,

ρ2(t ) = a2t + b2, (21)

ρ3(t ) = a3t + b3,

where ai, bi (i = 1, 2, 3) are constants and the reality con-
dition (7) is satisfied. In order words, the equation [ρ1(t ) −
ρ2(t )] [ρ2(t ) − ρ3(t )] [ρ3(t ) − ρ1(t )] = 0 has three distinct
solutions on the real t axis, that is, any pair of levels crosses
with each other. Note that there are not any further specific
requirements other than these, thus we here discuss the three-
level MLZ model in a generic form.

First we show the Stokes geometry, which is indispensable
for the WKB analysis. As mentioned in the Introduction, in
the case of higher order differential equations, it happens that
Stokes curves can cross. When studying the multistate model,
it is therefore inevitable to treat such events entirely absent in
second-order differential equations.

New objects in the WKB analysis, such as virtual turning
points and new Stokes curves for higher order differential
equations, are naturally introduced in the exact WKB theory,
combined with a general theory of microlocal analysis [53],
and will play crucial roles [46,47,51]. However, if the reality
condition (7) is fulfilled, it has been proved that we do
not have to take into account such new objects when we
are interested in calculation of the S matrix or the analytic
continuation of WKB solutions along the real axis [37].

We will later provide a precise definition for virtual turning
points and new Stokes curves, but we here present an example
of the full Stokes geometry for the linear model (21) with the
corresponding diabatic energy levels in Fig. 2. As is observed,
there actually appear virtual turning points (open green dots)
and new Stokes curves (thin dotted and thin solid curves) even
if the reality condition (7) is satisfied. When one performs an

(a) (b)

FIG. 2. (a) Diabatic energy levels (21) and (b) Stokes geometry
for the model with diabatic energies (21) with a1 = 1, a2 = 2, a3 =
3, b1 = 20, b2 = 0, and b3 = 0. In (b), filled and open green dots
are ordinary and virtual turning points. Thick and thin curves are
ordinary and new Stokes curves, respectively. Solid and dotted parts
in each curve represent active and inert portions of Stokes curves.

analytic continuation of WKB solutions along the real axis,
new Stokes curves are inert (dotted portions of thin curves
in the figure) in the vicinity of the real axis, which implies
that they do not cause any Stokes connections. This example
tells us that although virtual turning points and new Stokes
curves appear in the Stokes geometry, they do not necessarily
contribute to the final output. As will be closely studied below,
the issue is totally global, meaning that we need a whole
set of turning points (ordinary and virtual) and Stokes curves
(ordinary and virtual) to complete the connection problem in
general, but in the present situation we may pretend that only
the ordinary turning points and the ordinary Stokes curves
contribute.

Having this in mind, we examine the time evolution of the
states for the linear case (21). First note that a final expression
for the S matrix has already been presented explicitly (see
Eq. (2.42) in [37]). This was obtained as a product of three
connection matrices S̃ = M12M13M23, multiplied by normal-
ization constants N (±) [see Eq. (9)]. Here connection matrices
are respectively expressed as

M12 =
⎛⎝1 + α−

12α
+
12 −α∗

12 0
−α−

12 1 0
0 0 1

⎞⎠,

M13 =
⎛⎝1 + α−

13α
+
13 0 −α+

13
0 1 0

−α−
13 0 1

⎞⎠,

M23 =
⎛⎝1 + α−

13α
+
13 0 −α+

13
0 1 0

−α−
13 0 1

⎞⎠, (22)

with

α±
jk = c±

jk

i
√

2π


(1 ± κ jk )
[e±iπ/2(bk − b j )]

−1/2

× (2η)±κ jk e(1/2∓1)iπκ jk β±1
jk ,

κ jk = i|c jk|2
bk − b j

, c+
jk = c jk, c−

jk = c jk,
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and

β12 = eiπκ12 [2(b2 − b1)]−κ12

(b3 − b2

b2 − b1
a
)κ23−κ13

× eiηa2/[2(b2−b1 )],

β13 = eiπ (−κ12+κ23+κ13 )[2(b3 − b1)]−κ13

×
(b3 − b2

b3 − b1
a
)−κ12−κ23

,

β23 = eiπκ23 [2(b3 − b2)]−κ23 aκ12−κ13 . (23)

The precise form for M12, M13, and M23 is given based on a
recipe described in Appendix A, and also a more explicit ex-
pression especially to obtain the ratio β jk is given in Appendix
B. The connection matrix and thereby the associated S matrix
simply take a form of the product of connection matrices in
the order of analytic continuation from t = −∞ to +∞ along
the real axis. Around each turning point, shown by a green
filled dot in Fig. 2, the connection formula

(ψ (1), ψ (2), ψ (3) ) �−→ (ψ (1), ψ (2), ψ (3) )Mjk (24)

should be applied.
Note here that it looks free from the relative phase prob-

lem mentioned above, and one might be even tempted to
regard that the independent crossing approximation is valid.
However, we recall that a constant β jk is obtained by taking
the ratio between WKB solutions ψ ( j) and locally reduced
ones ψ

( j)
0 , and therefore it depends on the order of analytic

continuation. As a result of this fact, as given in (23), we
have different expressions for β jk although it is possible to
permutate other constants α jk , κ jk , and c jk . In order to see
that the relative phase is indeed crucial and at the same time
to confirm to what extent the WKB approximation can trace
exact time evolutions, we here present some numerical results.

We first demonstrate the case in which only a single state
is initially populated and then after some interactions to make
the states mixed. In Fig. 3(a) we compare the results obtained
using the WKB formula with exact results which are directly
obtained by numerical integration of Eq. (3). The initial
population pattern is exactly the same as that in Fig. 1(b).
We put a nonzero population only in a single state at an
initial time t0, i.e., [ψ1(t0), ψ2(t0), ψ3(t0)] = (0, 0, 1), and the
time evolution of the state ψ3(t ) is displayed as a blue curve
(numerical integration) and a blue square (WKB calculation),
thereby we consider the situation where the independent
crossing approximation is not expected to work. It is clearly
seen that the WKB solution can quite well trace the exact time
evolution, which implies that relative phases among states are
properly incorporated in the WKB formula. This holds true
even when all the levels are populated initially as shown in
Fig. 3(b). Although not shown here, even if we flip the sign
of any one of the components or shift the initial time t0, both
leading to totally different time evolution patterns, the WKB
formula perfectly reproduces exact numerical integrations.
Surprisingly, even for η = 1, the WKB formula has enough
capability of predicting exact results as shown in Fig. 3(c).
In the WKB theory, η−1 should be a small parameter, which
guarantees the validity of the approximation. The effective
range can therefore be said to be more than expected.

(a)

(b)

(c)

FIG. 3. Comparison between the WKB formula and exact re-
sults computed by direct numerical integration of Eq. (3). The
parameters are the same as those used in Fig. 2. (a) Initial
conditions are taken as [ψ1(t0), ψ2(t0), ψ3(t0)] = (0, 0, 1) where
t0 = −15. The inverse Planck constant and off-diagonal elements
are given as η = 10 and ci j = 0.2 (i. j = 1, 2, 3). (b) Initial con-
ditions are [ψ1(t0), ψ2(t0), ψ3(t0)] = (1/

√
3, 1/

√
3, 1/

√
3) where

t0 = −15, and η = 10 and ci j = 0.2 (1 � i. j � 3). (c) The sign
of the first component in the initial condition is flipped as
[ψ1(t0), ψ2(t0), ψ3(t0)] = (−1/

√
3, 1/

√
3, 1/

√
3) where t0 = −15,

and ci j = 0.2 (1 � i. j � 3). Note that the large parameter is set to
be η = 1.
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This does not, of course, mean that the WKB formula
works in every range of parameters. The WKB formula now
employed is, as mentioned above, given by taking only the
leading order term in the expansion with respect η−1, and so
there must exist some limitation for the validity range. As is
well known, the leading order WKB approximation breaks in
the vicinity of turning points, and this must also be true in the
present analysis. If one takes a close look at the region close to
each turning point, the WKB formula should fail to reproduce
exact results. This sort of breakdown is however not serious
and safe in the region far apart from turning points, that is, in
the asymptotic regions t → ±∞. The results shown in Fig. 3
indeed confirm this argument.

On the other hand, when several turning points come close
to each other, the situation changes. In the case where nearly
coalescing turning points appear, we need to consider the
so-called uniform approximation to overcome the breakdown
(see for example [7]). The uniform approximation requires
finding an exact solution describing the behavior around
coalescing turning points and then connecting with WKB
solutions in asymptotic regions.

In the present argument, each turning point has been treated
in an independent manner, and degenerated or nearly degen-
erated situations are out of the scope. Hence the breakdown
of the approximation would be expected, and the breakdown
brought by near coalescing turning points is indeed observed
as shown in Fig. 4. Here we make three diabatic energy levels
come close, keeping the off-diagonal matrix elements ci j con-
stant, and compare the results between the WKB formula and
numerical integrations. As clearly seen, the WKB prediction
gets worse as turning points approach each other. As will be
illustrated in Sec. IV, the breakdown due to the coalesce of
turning points comes about not only in the case where three
turning points degenerate simultaneously as examined here,
but also when only two turning points come close to each
other.

The breakdown is expected to occur as well when the
second term η−1/2H1/2 in (4) is increased. It would, however,
be more subtle in this case since the second term takes a rather
unusual form as compared to the standard MLZ model, in
which the factor η−1/2 is not present. As mentioned, this extra
factor η−1/2 was introduced as a result of a formal requirement
that the Borel transform and the associated Borel sum of
the WKB solution can be defined in a simple form. In the
standard off-diagonal form, coupling constants ci j determine
the diabaticity(or adiabaticity) of the system: the system is
close to the diabatic limit if ci j 
 1, and close to the adiabatic
limit if ci j � 1. In this respect, the results presented in Fig. 3
correspond to the former situation because relatively small
off-diagonal couplings ci j multiplied by a rather small value
of η−1/2 were chosen there.

When asking how the WKB formula works in the adiabatic
parameter regime, one must increase the product η−1/2H1/2

in this model, not the value of off-diagonal couplings ci j . We
might naively expect that the increase of the product η−1/2H1/2

will lead to the breakdown of the WKB approximation, but
this is not necessarily the case, as actually displayed in Fig. 5.
Even though the product η−1/2H1/2 takes the same value,
the result shows that the case with a large value of η better

(a)

(b)

(c)

FIG. 4. Comparison between the WKB formula and exact re-
sults computed by direct numerical integration of Eq. (3). Ex-
act results and the prediction using the WKB formula are shown
as curves and squares, respectively. The diabatic energy lev-
els (21) are given as ρ1 = t + b1, ρ2 = 2t , and ρ3 = 3t with
(a) b1 = 20, (b) b1 = 5, and (c) b1 = 0.01 (see insets). The in-
verse Planck constant and off-diagonal elements are given as
η = 1 and ci j = 0.5 (i, j = 1, 2, 3). Initial conditions are respec-
tively set as [ψ1(0), ψ2(0), ψ3(0)] = (a) (1/

√
3, 1/

√
3, 1/

√
3),

(b) (1/
√

2, 1/
√

2, 0), and (c) (0, 1/
√

2, 1/
√

2), respectively.
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(a)

(b)

FIG. 5. Comparison between the WKB formula and exact re-
sults computed by direct numerical integration of the model (3).
Exact results and the prediction using the WKB formula are
shown as curves and squares in the figure. The coefficients for
the diabatic energy levels (25) are given as a1 = 0, a2 = 0, b1 =
0, b2 = −1, b3 = 1, c1 = 5, c2 = 0, and c3 = 0. (a) Initial con-
ditions are [ψ1(t0 ), ψ2(t0), ψ3(t0)] = (−1/

√
14,−2/

√
14, −3/

√
14)

where t0 = −25. The inverse Planck constant and off-diagonal
elements are set to be η = 1 and ci j = 1.0 (1 � i. j � 3), re-
spectively. (b) Initial conditions are [ψ1(t0), ψ2(t0), ψ3(t0)] =
(1/

√
14, 2i/

√
14, −3/

√
14) where t0 = −25. The inverse Planck

constant and off-diagonal elements are set to be η = 4, ci j = 2 (1 �
i. j � 3), respectively.

reproduces the exact result compared to the small η case. This
would be a reasonable result because the WKB expansion is
a series with respect η−1/2. One should say, therefore, that the
validity of the WKB approximation in the adiabatic parameter
region depends on the value of η. It is at the same time true
that as the product η−1/2H1/2 becomes larger as a whole, the
WKB result should start to deviate from the exact one.

C. Nonlinear case

We now proceed to the case where diabatic energy levels
depend on time not linearly but nonlinearly. This is well

FIG. 6. (a) Diabatic energy levels and (b) the corresponding
Stokes geometry. Filled and open green dots are ordinary and virtual
turning points. Thick and thin curves are ordinary and new Stokes
curves, respectively. Solid and dotted parts in each curve represent
active and inert portions of Stokes curves. The coefficients for the
diabatic energy levels (25) are given as a1 = 0.1, a2 = 0.2, b1 = 0.0,
b2 = 0.0, b3 = 0.1, c1 = 72.5, c2 = 10, and c3 = 80.

beyond most of the studies so far available, but, in view of
the WKB analysis developed in [37], it adds nothing essential
to the treatment. We here examine the case in which two of
diabatic energies change quadratically in time and the rest
linearly:

ρ1(t ) = a1t2 + b1t + c1,

ρ2(t ) = a2t2 + b2t + c2,

ρ3(t ) = b3t + c3. (25)

We stress again that the reality condition (7) is satisfied
below, leading to six ordinary turning points in total in the
corresponding Stokes geometry.

Following the recipe for locating turning points and draw-
ing the associated Stokes curves emanating from each turning
point, together with virtual turning points and new Stokes
curves, the latter being closely explained in the next section,
we show in Fig. 6 the Stokes geometry for the nonlinear model
with diabatic levels (25). Note that explicit and concrete
procedures are given in [37] in the case with two linear and
one quadratic energies.

The Stokes geometry becomes slightly intricate compared
to the linear case, but because of the reality condition, we
have only to apply successively the connection formula intro-
duced in Sec. II B, without any consideration of new objects,
enabling us to write down the corresponding S matrix if we
wish. To obtain explicit expressions for connection matrices
M12, M13, and M23, we again use a recipe given in Appendix
A, together with a concrete formula presented in Appendix B.

As shown in Fig. 7, the WKB formula again provides
extremely good predictions for exact time evolutions. As is
the linear case, it works even for η = 1 as given in Fig. 7(b).
The range of validity and aspects of breakdown of the ap-
proximation is essentially the same as the linear case. That
is, as turning points come close together, the WKB prediction
becomes less accurate compared to situations where they are
well separated. A treatment based on the uniform approxima-
tion is required there again, but this is beyond the scope of the
present paper.
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(a)

(b)

FIG. 7. Comparison between the WKB formula and exact results
computed by direct numerical integration of the model (3). Exact
results and the prediction using the WKB formula are shown as
curves and squares in the figure. The coefficients for the diabatic
energy levels (25) are the same as in Fig. 6. (a) Initial conditions are
[ψ1(t0), ψ2(t0), ψ3(t0)] = (1/

√
14, 2i/

√
14, −3/

√
14) where t0 =

−40. The inverse Planck constant and off-diagonal elements are
set to be η = 1 and ci j = 0.2 (1 � i. j � 3), respectively. (b) Ini-
tial conditions are [ψ1(t0), ψ2(t0), ψ3(t0)] = (1/

√
3, 1/

√
3, 1/

√
3)

where t0 = −40. The inverse Planck constant and off-diagonal el-
ements are set to be η = 1 and ci j = 0.2 (1 � i. j � 3), respectively.

IV. ROLE OF VIRTUAL TURNING POINTS AND NEW
STOKES CURVES

A. Definition for virtual turning points and new Stokes curves

As stated in Sec. III B, if the reality condition (7) holds, we
only need turning points and Stokes curves in the ordinary
sense, which are introduced in the traditional asymptotic
analysis. Although, as seen in Fig. 2, some of Stokes curves
actually cross with each other and a nontrivial situation al-
ready comes about in the Stokes geometry, it is not necessary
to take into account new objects provided that the reality
condition (7) is satisfied. We will provide a more explicit
statement given in [37] after introducing new objects in the
Stokes geometry.

(k<l) (j<k)(j<l)

γ+

γ-

(k=l)(j=k)

(k<l) (j<k)(j<l)

(k=l)(j=k) (j=l)

(a) (b)

FIG. 8. Crossing of Stokes curves emanating from ordinary turn-
ing points (green filled circles). (a) A new Stokes curve emanates
from the crossing point, whereas (b) a new Stokes curve emanates
from a virtual turning point (green open circle) and passes through
the crossing point. Solid and dotted lines represent portions of active
and inert Stokes curves, respectively.

Below we give a reasoning to introduce virtual turning
points and new Stokes curves in a rather intuitive way. A
mathematical background and their rigorous foundation are
comprehensively explained in [51]. First we will explain why
a new Stokes curve has to be introduced. As seen in Fig. 2,
it happens that ordinary Stokes curves cross when they are
drawn by following the definition (12). Note that crossing
of Stokes curves only occurs in the case of higher order
differential equations, not in the second order case. If one
performs the connection around a crossing point only by
considering Stokes curves drawn under the ordinary rule, the
results depend on the path one takes.

To be more concrete, let α jk and αkl be the Stokes coeffi-
cients associated with the Stokes curves denoted by C jk and
Ckl , respectively, and assume the dominance relation for each
Stokes curve, which is put in Fig. 8(a). Under this setting,
starting with a solution ψl , which is assumed to be the most
dominant solution around the crossing point, and following
the path denoted by γ+, one first finds the connection

ψl �→ ψl + αklψk

across the Stokes curve Ckl , and then the connection

ψk �→ ψk + α jkψ j

follows when passing across the Stokes curve C jk , resulting in

ψl �→ ψl + αkl (ψk + α jkψ j ).

On the other hand, the connection along the lower path γ−
yields

ψl �→ ψl + αklψk .

However, since there exist no singularities around the crossing
point, this is a contradiction if α jkαkl �= 0 holds. Alternatively
stated, the single valuedness around the crossing point is
violated as it stands.

In order to resolve this paradoxical situation around a
crossing point, Berk, Nevins, and Roberts have proposed in
Ref. [45] to introduce a new Stokes curve C jl of type ( j <

l ) emanating from the crossing point under consideration
[see Fig. 8(a)]. If the coefficient −α jkαkl is attached to such
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a newly inserted Stokes curve, the violation of the single
valuedness turns out to be avoided.

It might be reasonable to consider a Stokes curve with type
( j, k), not only types ( j, l ) and (k, l ) because we have three
WKB solutions, and they should be treated on equal footing.
However, the origin of a new Stokes curve introduced in such
an ad-hoc manner is not clear enough, and it is not obvious
whether we may apply it generally. The conventional WKB
analysis got stuck there and could not go a step further since
there have not been any principle for the Stokes phenomenon
for higher order differential equations. Until the exact WKB
analysis was developed, no one knew even a rigorous defini-
tion of the Stokes phenomenon even in the second order differ-
ential equations, so the situation for higher order differential
equations is even worse. This has been hampering the WKB
analysis for the multistate nonadiabatic transition problem.
The analysis based on the Borel summation combined with
microlocal analysis made it possible to develop the WKB
theory for higher order differential equations and provide a
justification for the proposal made in Ref. [45].

In the exact WKB analysis, the Borel transformation of a
WKB solution is considered so that singularities on the Borel
plane play essential roles and control the Stokes phenomenon.
It is therefore natural to consider the Borel transform of a
differential operator, say P, which gives rise, in general, to a
partial differential operator PB. Since the Stokes phenomenon
is controlled by the singularities on the Borel plane, the
observation on the carrier of the singularities for PB becomes
crucial. On the basis of a general theory established in the
microlocal analysis [53], one can claim that the so-called
bicharacteristic strip is the most elementary carrier of the
singularities of solutions of the equation PBu = 0. Here the
bicharacteristic strip is a curve generated by the Hamiltonian-
Jacobi equation associated with the operator PB.

In this setting, a turning point in the ordinary sense can
be defined as a point at which two cognate singularities on
the bicharacteristic curve appear as a confluent point [see
Fig. 9(a1)]. Here a bicharacteristic curve is defined as the
projection of a bicharacteristic strip onto the coordinate plane
(base plane) of the Hamiltonian-Jacobi equation. It is impor-
tant to note that the behavior of a bicharacteristic curve be-
comes singular not only at such confluent points in the curves
but also self-intersection points [see Fig. 9(b1)]. As a result of
this fact, one might expect that a self-intersection point of the
bicharacteristic curve bears significant meaning in the exact
WKB analysis as a confluent point does so. In fact, a new
Stokes curve proposed in Ref. [45] is a Stokes curve emanat-
ing from such a point. For this reason a self-intersection point
of a bicharacteristic curve should play a similar role as a turn-
ing point in the ordinary sense. Ordinary turning points are the
points at which the sign of the momentum flips so a particle
actually turns, while at a self-intersection point of a bichar-
acteristic curve nothing turns. The name of a virtual turning
point has been put to such a characteristic point [46,47,51]. A
new Stokes curve found in Ref. [45] is naturally introduced as
a Stokes curve emanating from a virtual turning point.

From a local analysis, it is easy to see that only two Stokes
curves emanate from each virtual turning point, whereas three
Stokes curves always appear in the vicinity of an ordinary
turning point as illustrated in Figs. 9(a2) and 9(b2). As

)1b()1a(

(a2) (b2)

FIG. 9. Illustration of a bicharacteristic curve and associated
with (a1) an ordinary turning (green filled circle) point and (b1) a
virtual turning point (green open circle). An ordinary turning point
appears as a cuspidal point on the bicharacteristic curve, whereas a
virtual turning point as a self-intersection point. The corresponding
Stokes geometry near (a2) an ordinary turning point and (b2) a virtual
turning point. Solid and dotted lines represent an active and inert
Stokes curve, respectively.

presented in Ref. [51], it is also possible to prove that no
Stokes phenomena are observed when one passes across a
new Stokes curve in the vicinity of a virtual turning point
[see Fig. 9(b2)]. This fact could be also deduced from the
single-valuedness requirement for the WKB solutions around
a virtual turning point. If new Stokes curves were active, either
of them or both, in the vicinity of a virtual turning point, the
WKB solutions could not be single valued. The origin for the
name “virtual” comes from the fact that Stokes phenomena do
not happen even though a virtual turning point play the role of
the point of origin for Stokes curves.

Here we present a more explicit definition for virtual turn-
ing points in our multistate nonadadiabatic transition model
(3). If a Stokes curve C jk of type ( j, k) that emanates from
a turning point t jk crosses with another Stokes curve Ckl

emanating from a turning point tkl , and satisfies the relation∫ t∗

t jk

ρ j (t )dt =
∫ tkl

t jk

ρk (t )dt +
∫ t∗

tkl

ρl (t )dt (26)

for a mutually distinct ( j, k, l ), then t∗ becomes a virtual turn-
ing point for the system (3) and Stokes curves C jl emanating
from the virtual turning point t∗ with type ( j, l ) passes through
the crossing point of the Stokes curves C jk and Ckl .

The procedure to find virtual turning points does not stop
because it happens that the new Stokes curve obtained in
this way may cross with another Stokes curve. For example,
suppose that a new Stokes curve C jl thus obtained intersects
with a Stokes curve, say C ′

jk , emanating from a turning point
t ′

jk �= t jk , then we can associate a virtual turning point t∗∗ with
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(k>l) (j>k)(j>l) (j>l) (j>k)(k>l)

(a) (b)

-cjk
ckl cjl

cjk
c’jl

-ckl

ckl

-ckl

-cjk

cjk

cjl

c’jl

FIG. 10. Two types of relative location achieved at an ordered
crossing point. The direction of the connection is attached by the
arrow. Each curve can be either an ordinary or a new Stokes curve.

the crossing point of the Stokes curves C jl and C ′
jk through the

relation∫ t∗∗

t ′
jk

ρk (t )dt =
∫ t jk

t ′
jk

ρ j (t )dt +
∫ tkl

t jk

ρk (t )dt +
∫ t∗∗

tkl

ρl (t )dt .

(27)

The relation (26) and also (27) is used to compute virtual
turning points numerically.

B. A recipe for finding the Stokes geometry

As explained in the previous subsection, virtual turning
points and new Stokes curves are indispensable elements
for the WKB analysis of higher order differential equations
because crossing of Stokes curves is a generic phenomenon
and such new ingredients are necessary to resolve the vio-
lation of the single valuedness of the WKB solutions. A set
of turning points, ordinary and virtual, together with Stokes
curves emanating from either of them, and information on
the status of Stokes curves, active or inert is referred to
as the Stokes geometry associated with a given differential
equation. A concrete recipe to construct the Stokes geometry
is summarized as follows:

(i) Draw Stokes curves emanating from an ordinary turning
point. They are all active in the vicinity of the associated
ordinary turning point.

(ii) Draw new Stokes curves emanating from a virtual
turning points. They are inert in the vicinity of the associated
virtual turning point.

(iii) If the Stokes curves intersect with each other to form
an ordered crossing point, the following rule for the Stokes
coefficient on each Stokes curves should be applied. There
are two possible relative locations of Stokes curves, as shown
in Fig. 10, and in either case, due to the single-valuedness
requirement, the Stokes coefficients should satisfy the relation

α jkαkl + α jl = α′
jl , (28)

where α jk , αkl , α jl , and α′
jl are Stokes coefficients associated

with the corresponding Stokes curves (see Fig. 10). Here an
ordered crossing point is referred to as a crossing point of the
Stokes curve of type ( j, k) and (k, l ), satisfying the dominance
relation j > k > l or j < k < l . If the dominance relation
does not meet this condition, we call it nonordered crossing
point. We also say a crossing point is a nonordered crossing

point at which two mutually distinct Stokes curves of type
( j, k) and (k′, l ) with k �= k′ intersect.

When a new Stokes curve emanating from a certain virtual
turning point encounters an ordered crossing point and the
new Stokes curve is of type ( j < l ), the associated Stokes
coefficient might change from inert to active according to the
rule (28). For example, if the other Stokes curves are both
ordinary ones with α jkαkl �= 0, then the new Stokes curve
of type ( j < l ) turns to be active after passing through the
crossing point [see Fig. 8(b)]. However, if α jkαkl = 0 holds at
the crossing point, then the new Stokes curve is kept intact,
i.e., α jl = α′

jl = 0, even though it passes through the crossing
point. Interestingly enough, it can happen that the Stokes
coefficient for an ordinary Stokes curve changes when passing
through a crossing point, as actually found in [54,55].

We here make an important remark for our subsequent
argument. So far all the Stokes coefficients have been assumed
to be well determined and actually used in our numerical cal-
culations in Sec. III. However, this assumption is not always
satisfied. Stokes coefficients, which appear in the formulas
(A6) and (A7), originate from the connection formula for the
Weber equation with a double turning point. In this situation,
there exists a single double turning point and four Stokes
curves emanating from the turning point tend to infinity. On
the other hand, in the Stokes geometry for more general
situations, not necessarily in higher order differential equation
cases, a Stokes curve emanating from a certain turning point
happens to hit another turning point. The exact WKB analysis
does not provide a recipe to compute Stokes coefficients in
such a degenerated situation because the Borel summability is
not guaranteed when turning points are connected by a Stokes
curve [51]. In the case where all the ordinary turning points
are located on the real axis, which is indeed ensured by the
reality condition (7), the degeneracy of Stokes curves in this
sense does not happen and so we do not need to cope with
anything. However, it is not necessarily the case because the
parameters in the model are changed to create the bifurcation
of the Stokes geometry, and the reality condition does not hold
any more. This is exactly the case where new elements of
the Stokes geometry, such as virtual turning points and new
Stokes curves, might come into play.

C. Resolving degeneracy of Stokes curves
and the corresponding connection matrix

We note that virtual turning points appear even in the
second order differential equation [46]. However, new Stokes
curves emanating from virtual turning points in the second
order differential equation cannot be active because ordinary
Stokes curves do not cross with each other there. All the
virtual turning points and new Stokes curves are redundant
and do not play any role in the second order differential
equation [51]. In this sense one may say that these new
objects could be relevant only in higher order differential
equations. Since our main concern throughout this paper is
the study of the multistate nonadiabatic transition problem,
it becomes of particular significance to examine the role of
such new elements in the Stokes geometry. As already stated,
if the reality condition (7) is fulfilled, we do not apparently
need to consider virtual turning points and new Stokes curves
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FIG. 11. (a) and (c) Diabatic energy levels (21). (b) and (d) The
corresponding Stokes geometry. Filled and open green dots are or-
dinary and virtual turning points. Thick and thin curves are ordinary
and new Stokes curves, respectively. Solid and dotted parts in each
curve represent active and inert portions of Stokes curves. Diabatic
energy levels are respectively chosen as (a) and (b) a1 = 0.1, a2 =
0.2, a3 = 0, b1 = 0, b2 = 0, b3 = 0.1, c1 = 72.5, c2 = 10, and c3 =
80. (c) and (d) a1 = 0.1, a2 = 0.2, a3 = 0, b1 = 0, b2 = 0, b3 = 0.1,
c1 = 72.5, c2 = 10, and c3 = 71.

even though active new Stokes curves appear in the Stokes
geometry as seen in Fig. 2. As performed in Sec. III it is
enough to proceed along the real axis on which which new
Stokes curves are proved to be inert.

As seen in Fig. 11, with the change of a parameter, two of
ordinary turning points located on the real axis come close to
each other and degenerate at a certain parameter value, and
after that they form a complex conjugate pair. The bifurcation
of the Stokes geometry thus happens [50,56], and the Stokes
geometry is topologically rearranged. Note that the reality
condition does not hold any more after the bifurcation.

Since two turning points in the complex plane are con-
nected by a single Stokes curve, we inevitably encounter the
degenerated Stokes curve when the WKB solutions are analyt-
ically continued along the real axis. Even if a path avoiding the
degenerated Stokes curve is found, the connection is affected
by the degeneracy because Stokes coefficients around such a
turning point are determined by requiring single valuedness of
the WKB solution.

As mentioned in the end of the previous section, the exact
WKB method cannot handle such a degenerate situation, so
we need to build a scheme to overcome it. Here, to apply
the connection formula already derived, we resolve the de-
generacy of a Stokes curve by adding a small imaginary
perturbation iε to the diabatic energy levels. As displayed in
Fig. 12, depending on the sign of the imaginary perturbation,
a degenerated Stokes curve is resolved in two ways.

FIG. 12. Magnification of a degenerated Stokes curve shown in
Fig. 11. We add a small perturbation iε to ρ3(t ) with (a) ε = 0,
(b) ε = −0.05, and (c) ε = +0.05.

We now examine how the connection matrices M+ and
M− behave in the limit of the perturbation parameter ε →
0. Here, as put in Fig. 12, the matrix M+ (M−) represents
a connection matrix obtained by adding a positive (resp.
negative) perturbation ε > 0 (resp. ε < 0). As is derived in
Appendix C, we can show that the Stokes coefficients for the
right Stokes curve emanating from the turning point in the
lower half-plane and that for the left Stokes curve from the
turning point also in the lower half-plane coincide with each
other in the limit ε → +0 and ε → −0, respectively. In a
similar way, the Stokes coefficients for the left Stokes curve
emanating from the turning point in the upper half-plane and
that for the right Stokes curve also from the turning point
in the upper half-plane coincide with each other in the limit
ε → +0 and ε → −0, respectively.

Let α1 and α2 be the limiting values in each case as
illustrated in Fig. 12, and examine the connection matrices
M+ and M−. The formulas for Stokes coefficients derived in
Appendix C lead to

lim
ε→+0

M+ =
(

1 −α1

α2 1 − α1α2

)
, (29)

lim
ε→−0

M− =
(

1 − α1α2 −α1

α2 1

)
. (30)

Since α1α2 �= 0, limε→+0 M+ and limε→−0 M− do not coin-
cide, meaning that the result of connection depends on which
direction the degenerated Stokes curve is resolved. It is easy
to see that the difference in the S matrix comes from the
difference between limε→+0 M+ and limε→−0 M− because of
the relations (C6), (C8), and (C10), resulting in the identical
connection matrices near irrelevant real turning points and
also to the identical WKB solutions in the limit of ε → ±0.

In the resurgent theory a proper way of averaging over two
limits has been discussed [43], but here we just observe how
much the difference affects the result. For the limit ε → −0
we have

α1α2 = η−2κ jk,− exp

(
−aη

6
|t jk,+ − t jk,−|3

)
× 2π |c jk|2


(1 − κ jk,−)2
|t jk,+ − t jk,−|2κ jk,−−1a−2κ jk,−−1

×
q∏

m=1

(t jk,− − t jl,m)2κ jl,m

s∏
m=1

(t jk,− − tkl,m)−2κkl,m . (31)

Here t jk,+ and t jk,− stand for the location of the turning points
in the complex plane, respectively (see Fig. 21). t jl,m (m =
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(a)

(b)

FIG. 13. Comparison between the WKB formula and the results
computed by direct numerical integration of the model (3). Diabatic
energy levels are shown in Fig. 11. Exact results and the prediction
using the WKB formula are shown as curves and squares in the fig-
ure. The populations |ψ (t )|2 (i = 1, 2, 3) are plotted in logarithmic
scale. The inverse Planck constant and off-diagonal elements are
chosen as η = 1 and ci j = 0.2 (1 � i. j � 3), and diabatic energy
levels are respectively chosen as a1 = 0.2, a2 = 0.1, a3 = 0, b1 =
0, b2 = 0, b3 = 0, c1 = 72.5, d2 = 10, and d3 = 71 with a small
perturbation (a) ε = 10−10 and (b) ε = −10−10. Initial conditions is
set as [ψ1(t0), ψ2(t0), ψ3(t0)] = (1, 0, 0) where t0 = −40.

1, . . . , q) and tkl,m (m = 1, . . . , s) are introduced in (C2) and
(C3), representing the position of other turning points located
on the real axis and not relevant in the present analysis. Other
parameters a, κ jk,−, κ jl,m (m = 1, . . . , r), and κkl,m (m =
1, . . . , s) are also introduced in Appendix C. We obtain a
similar expression for α1α2 for ε → +0 as well.

Since η is supposed to be a large parameter, the magnitude
of the product α1α2 is exponentially small even though the

factor η−2κ jk,− is present. Also note that with increase of the
distance |t jk,+ − t jk,−| between complex conjugated turning
points, α1α2 gets smaller. From this observation we would
expect that the difference coming from the product α1α2

is negligible and will not affect the result so much if η is
large enough. We can confirm this prediction in Fig. 13. The
turning points in question are located in the complex domain,
resulting in exponentially small Stokes coefficients for the
associated Stokes curves, so the magnitude of the transition
itself becomes also exponentially small. For a sufficiently
small choice of ε, the discrepancy between the cases with ε >

0 and ε < 0 is negligibly small, and both WKB calculations
well predict exact time evolutions.

D. Role of new Stokes curves

As discussed in the previous subsection, some of ordinary
turning points fall into the complex plane after the bifurcation,
and the reality condition (7) is no longer valid. However, this
does not necessarily mean that virtual turning points and new
Stokes curve immediately start to play a substantial role and
affect the final output. As seen in Fig. 11(d), even after the
bifurcation new Stokes curves are still inert near the real axis.
When the analytic continuation is made along the real axis,
we do not encounter any active new Stokes curves in such a
situation. The connection is affected only by ordinary Stokes
curves passing across the real axis as analyzed above, but
the rest of connections follows the same as those before the
bifurcation. In order to see the effect of new Stokes curves, it
would be necessary to further change the parameters to realize
situations where active new Stokes curves pass cross the real
axis. We here present two qualitatively different examples in
which new Stokes curves become active when they pass across
the real axis.

The first example is the case where an active new Stokes
curve forms a complete barrier and no loopholes cannot be
found in the course of the analytic continuation. Such an
example was found in [57] for the system whose diabatic
energy levels are given as

ρ1(t ) = t3,

ρ2(t ) = −t,

ρ3(t ) = −t + c + c3, (32)

where c is a parameter, which is chosen in a way to realize a
desired Stokes geometry. The diabatic energy curves and the
corresponding Stokes geometry are displayed in Figs. 14(a)
and 14(b), respectively. The red curve in the Stokes geometry
represents a new Stokes curve forming a complete barrier.
Without passing across it the analytic continuation from t =
−∞ to t = +∞ could not be achieved.

In this model, the connection matrix S̃, a major ingredient
for the S matrix (9), is shown to take the form as [57]

S̃ =
⎛⎝ 1 α1(1 + α̃1α̃2) + α3α̃1 α3 + α1α̃2

α2 (1 + α1α2)(1 + α̃1α̃2) (1 + α1α2 )̃α2

α4 α1α4(1 + α̃1α̃2) + (1 + α3α4 )̃α1 1 + α3α4 + α1α4α̃2

⎞⎠, (33)

where αi (1 � i � 4) denote the Stokes coefficients for ordinary Stokes curves and α̃i (i = 1, 2) those for new Stokes curves.
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FIG. 14. (a) Diabatic energy curves and (b) the corresponding
Stokes geometry for the model (32) with c = 0.4 + 0.01i. In (b) the
red curve represents the new Stokes curve forming a complete barrier
of the analytical continuation. (c) Diabatic energy curves and (d) the
corresponding Stokes geometry for the model (34) with ε1 = +0.02
and ε2 = +0.1. In (b) the purple curve with arrow stands for a
path of the analytical continuation. In (d) the purple curve shows a
path avoiding active portions of new Stokes curves. The analytical
continuation to calculate the time evolution is actually made by
taking a path along the real axis, as is done for the case (b).

As closely studied in [57], a Stokes coefficient associated
with a new Stokes curve emanating from a virtual turning
point gains an exponentially small factor, which is related to
the imaginary part of the virtual turning point. The reason
for having an exponential small factor is similar to the case
where the ordinary Stokes curves run across the real axis
studied above. In the (1,2) element for example, the Stokes
coefficients α̃1 and α̃2, both associated with new Stokes
curves, appear in the connection matrix, but the terms α1α̃1α̃2

and α3α̃1 are exponentially small compared to the term α1,
which is the Stokes coefficient for an ordinary Stokes curve
emanating from an turning point located in the real axis. As a
result, the effect of new Stokes curves is hidden by that of an
ordinary curve and so would not be detectable. On the other
hand, this is not the case for the (2,3)-element (1 + α1α2 )̃α2,
so we might have a chance to make a direct observation of the
effect of a new Stokes curve.

The new Stokes curve (in red) forming a complete barrier
is a composition of type (2 < 3), type (1 < 3), and type
(2 < 1) new Stokes curve, and the connection between the
states ψ2 and ψ3 occurs when crossing this new Stokes curve.
In addition, we notice from the form of the connection matrix
(33) that this is exactly a new Stokes curve on which the
contribution from the new Stokes curves may be visible.

Hence, we examine the visibility of the new Stokes curve by
giving the initial condition (ψ1, ψ2, ψ3) = (0, 0, 1).

Figure 15(a) displays the exact time evolution and the
result using the WKB formula for the case η = 1. We first
notice that, even though they are plotted in logarithmic scale,
there is no visible signature of the transition between state 3
(blue) and state 2 (green) in the exact time evolution. They
only exhibit oscillatory patterns but there is no significant
difference in average before and after the transition. This is
because the diabatic curves ρ2(t ) and ρ3(t ) are running in
parallel, which gives rise the observed behavior of the exact
time evolution.

Such a specific signature of diabatic levels makes the
WKB treatment difficult. Indeed, when applying the WKB
calculation for this situation, as seen in Fig. 15(a), we find
that the leading order WKB formula does not predict the
exact result, for the reason indicated above. Even after passing
across a new Stokes curve, which is expected to occur around
t = 0, the WKB prediction keeps constant while the exact
time evolution periodically oscillates. As shown in Fig. 15(b),
the situation is almost the same in case of η = 10. The states
2 and 3 stay constant with periodic oscillation in exact time
evolutions, whereas the WKB calculation does not work as in
the case of η = 1.

The second example is the case where active new Stokes
curves run across the real axis, but active portions do not
form a complete barrier but limited only close to the real axis.
In this case it is possible to find an analytical continuation
path avoiding active portions of the new Stokes curves and to
follow a path passing only through ordinary Stokes curves.
The diabatic energies of such a situation found in [58] are
given as

ρ1(t ) = t2 + 1 + iε1,

ρ2(t ) = 0, (34)

ρ3(t ) = t2 + 4 + iε2,

where the constants ε1 and ε2 are properly chosen to realize
a desired situation. The diabatic potential curves and the
corresponding Stokes geometry are displayed in Figs. 14(c)
and 14(d), respectively. As inserted in Fig. 14(d), we can
find a path avoiding active portions of new Stokes curves,
which is displayed by a purple curve with arrows. In this
case, new Stokes curves are apparently irrelevant and do not
play a role. It should be noted, however, that we do need
the information on where new Stokes curves are running and
in which portions they are active. In other words, to find
such a loophole in the path of the analytic continuation, we
need complete information for virtual turning points and new
Stokes curves. If the analytical continuation is simply made
along the real axis without such information, we inevitably
encounter active new Stokes curves. In this sense we should
say that active new Stokes curves definitely play a role even
though they do not form complete barriers.

In this model, the connection matrix S̃ is shown to take the
form as [58]

S̃ =
⎛⎝ 1 + α̃1α̃2 α2 + α1α̃2 α̃2

α3 + α4α̃1 1 + α2α3 + α1α4 α4

α̃1 α1 1

⎞⎠, (35)
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(c)
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FIG. 15. Comparison between the WKB formula and exact results computed by direct numerical integration. (a) and (b) The results for the
model (32) with c = 0.4 + 0.000001i. (c) and (d) The results for the model (34) with ε1 = +0.0002, ε2 = +0.001. The inverse Planck constant
is respectively set to be (a) η = 1, (b) η = 10, (c) η = 1, and (d) η = 10, and ci j = 0.2 (1 � i, j � 3) is taken for off-diagonal elements. Exact
results and the prediction based on the WKB formula, including new Stokes curves, are shown as curves and squares, respectively, in the
figure. The results not including the contribution from new Stokes curves are shown by crosses. The Stokes coefficient for the active new
Stokes curve is (a) 5.73 × 10−2 + 2.12 × 10−4i, (b) 5.95 × 10−4 + 5.95 × 10−4i, (c) 7.98 × 10−5 + 8.72 × 10−4i, and (d) 5.48 × 10−23 +
4.86 × 10−22i. The red, green, and blue colored curves, respectively, display the time evolution for |ψ1|2, |ψ2|2, and |ψ3|2|. Initial conditions
is set as [ψ1(t0), ψ2(t0), ψ3(t0)] = (0, 0, 1) where t0 = −10.

where αi (1 � i � 4) again denote the Stokes coefficients for
ordinary Stokes curves and α̃i (i = 1, 2) those for new Stokes
curves.

In this case, as was found in [58], the magnitude of α̃2, (1,3)
element in the connection matrix is much larger than α4, (2,3)
element in the connection matrix, implying that the effect of
the new Stokes curve associated with α̃2 might be detectable.

This is also a chance to directly observe the contribu-
tion from new Stokes curves. However, as demonstrated in
Figs. 15(c) and 15(d), there is no visible signature of the
transition between state 3 (blue) to state 1 (red) in the exact
time evolution. They only exhibit oscillatory patterns and no
significant difference in average before and after the transi-
tion. This is again because the diabatic curves ρ1(t ) and ρ3(t )
are running in parallel as in the previous example.

These are all known examples so far leading to the possi-
bility to observe explicitly the effect of new Stokes curves.
As shown below, there is another example in which any
pair of diabatic energy curves do not run in parallel, yet
some portions of active new Stokes curves cross the real
axis. The diabatic energy levels for such an example are

given as

ρ1(t ) = c1,

ρ2(t ) = t + c2,

ρ3(t ) = t2 + c3. (36)

where c1, c2, and c3 are constants. The diabatic energy curves
and the corresponding Stokes geometry to realize our desired
situation are illustrated in Fig. 16. As in the case of the
model (34), we can find a path avoiding the crossing with
active portions of the two new Stokes curves, as displayed in
Fig. 16(b).

This looks providing an example with visible new Stokes
curves. As illustrated in Fig. 17, however, the WKB cal-
culation does not reproduce the exact integration well. The
breakdown of the WKB approximation happens, as demon-
strated in Fig. 4, when turning points are close to each
other. The disagreement seen in Fig. 17 has the same origin.
When performing analytical continuation along a real axis,
we encounter the two ordinary and two new Stokes curves,
all running vertically as seen in Fig. 16(b). However, since
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)b()a(

FIG. 16. (a) and (b) Stokes geometry for the model (36) with
c1 = 1, c2 = 1.1, and c3 = 2 + 0.01i. (b) A magnification of (a).
The purple curve with an arrow shows a path of the analytical
continuation avoiding active portions of new Stokes curves.

the ordinary turning points and virtual turning points as well
associated with those Stokes curves are relatively close to the
real axis. This situation leads to the breakdown of the WKB
approximation.

In order to avoid such a situation, we need separate pairs of
turning points. However, when turning points, either ordinary
or virtual, are located far from the real axis, the amplitude
of Stokes coefficients becomes exponentially small, thereby
the contribution of new Stokes curves is not expected to be
detectable.

This scenario would be generally true: In order to have
a relatively large Stokes coefficient, the associated virtual
turning point has to be close to the real axis because, as stated
above, Stokes coefficients for Stokes curves passing across
the real axis are exponentially small in general with respect
to both η and the imaginary part of associated virtual points.
Our experience tells us that virtual turning points and ordinary
turning points move in a correlated way with the change of
parameters. This means that ordinary turning points should
also have to be close to the real axis. However, if a pair
of ordinary Stokes turning points is close to each other, this
makes the WKB approximation invalid.

In any case, we have not so far succeeded in finding a
model with a proper parameter set, which provides an example
with visible new Stokes curves. We should perform a more
systematic analysis in order to know how generic or natural
visible new Stokes curves happen to appear in physically
relevant multistate nonadiabatic transition models.

V. SUMMARY AND CONCLUSION

In this paper we have numerically verified the validity of
the leading order WKB formula derived based on the exact
WKB analysis for three-level nonadiabatic transition model.
Since the exact WKB analysis is developed based on the Borel
resummation of the WKB expansion, it allows us to get rid of
the ambiguity inherent in the divergent series, and as a result
of this the Stokes phenomenon, a discontinuous change of
the form of WKB solutions, can be reformulated on a firm
mathematical footing. In particular, the WKB analysis for
higher order differential equations had not been possible until
the exact WKB analysis was established. The paper [37] is
full of mathematical flavor, and indeed was written to provide

(a)

(b)

FIG. 17. Comparison between the WKB formula and exact re-
sults computed by direct numerical integration of the model (3). Ex-
act results and the prediction based on the WKB formula, including
new Stokes curves, are shown as curves and squares, respectively,
in the figure. The results not including the contribution from new
Stokes curves are shown by crosses. The coefficients for the diabatic
energy levels (36) are taken as c1 = 1.0, c2 = 1.1, and c3 = 2.0 ×
10−10. Initial conditions are [ψ1(t0), ψ2(t0), ψ3(t0)] = (0, 1, 0) for
(a) and (1/

√
2, 0, 1/

√
2) for (b), where t0 = −20. The inverse Planck

constant and off-diagonal elements are set to be η = 10 and ci j =
0.2 (1 � i. j � 3), respectively.

a mathematical foundation for the multistate nonadiabatic
transition problem. On the other hand, what we intended
to perform throughout the paper is to demonstrate that the
proposed formula actually works well, which implies that the
multistate nonadiabatic transition problem, not necessarily in
specific settings but even in generic situations, is now within
reach of the WKB approach.

We have mainly examined the three typical typical situa-
tions:

(i) Diabatic energy levels depend on linearly on time and
all the levels intersect with each other.

(ii) Diabatic energy levels depend on nonlinearly on time
and all the levels intersect with each other.
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(iii) Diabatic energy levels depend on nonlinearly on time
but some of levels do not intersect.

For the first two cases (i) and (ii), the reality condition (7)
is satisfied, whereas it does not hold in case (iii).

If the reality condition holds, it has been shown that the
WKB formula well predicts the results obtained by direct
numerical integration unless turning points nearly coalesce
with each other. It should be emphasized that the linearity
(nonlinearity) does not matter at all as to whether the formula
works or not. Even for the case where all the states are initially
populated, the result of the WKB formula is in an excellent
agreement with exact time evolutions.

As remarked in Sec. III, however, the success of WKB
calculation does not mean that the so-called independent
crossing approximation is valid in any situation. It appears that
the S matrix is obtained by multiplying connection matrices,
which might lead us to speculate that the transition happens
independently at each crossing point. However, this is not the
case, and the relative phase gained in-between crossing points
in fact plays a crucial role. Without taking it into account in
an appropriate manner we fail to reproduce correct time evolu-
tions. The WKB formula used here properly incorporates the
relative phase and this is the very reason why it works well in
arbitrarily chosen conditions.

In the case where the reality condition does not hold,
entirely new objects, which appear only in the WKB analysis
for higher order differential equations, should be seriously
considered. Virtual turning points and new Stokes curves
are, as explained in Sec. IV, not only naturally predicted
from a general theory of microlocal analysis, but also should
inevitably be introduced so that the single valuedness of WKB
solutions around a crossing point of Stokes curves is achieved.

We first studied the case where the reality condition is
slightly violated and new Stokes curves are still inert in the
vicinity of the real axis. Through the bifurcation, it was shown
that the topology of the Stokes geometry changes, which gives
rise to the situation where two ordinary turning points are
connected by a single Stokes curve. The degeneracy of such a
kind is known to be beyond the treatment of the exact WKB
analysis, so we tried to cope with it by adding a small imagi-
nary perturbation. This results in resolving the degeneracy but
as a price we have to pay the connection matrix and the S
matrix as well turns out to depend on the sign of the pertur-
bation. We have examined how serious is such a difference in
actual numerical predictions and found that the WKB formula
still works well as far as the magnitude of the perturbation
is small enough. This is due to the fact that the difference
arising from perturbation with opposite signs only causes an
exponentially small effect with respect to our large parameter
η and the distance between complex paired turning points.

As deforming the Stokes geometry further, we encounter
the situation where active new Stokes curves pass across the
real axis. If we perform the analytic continuation along the
real axis, the connection across the active new Stokes curves
becomes unavoidable.

There are two possible situations there. The first situation is
the case where a complete active new Stokes curve is formed
in the Stokes geometry. In this case we cannot avoid taking
into account the connection across such a new Stokes curve
any more, and such a model has been indeed discovered in

Ref. [57]. What is remarkable is not only to show the existence
of a new Stokes curve forming a complete barrier, but also to
reveal the detectability in the sense of the magnitude. This
was done by comparing Stokes coefficients for the associated
active new Stokes curve with that for other ordinary Stokes
curves, and it was found that in certain situations the former
is larger than the latter [58].

Another possibility is that a portion of an active Stokes
curve passes across the real axis. but does not necessarily form
a complete barrier, meaning that a properly chosen analytic
continuation path can be found without passing through active
portions of new Stokes curves [57,59]. As a result new Stokes
curves apparently do not play any role. However, even in such
a situation, we need to prepare information on new Stokes
curves with the status, either active or inert, because without
such data we could not find a path avoiding active new Stokes
curves. For this reason we may say that new objects are crucial
to construct the S matrix of the system.

In the present paper we took these two cases in order
to see the visibility of new ingredients in the nonadiabatic
transition problem. However, as was presented and pointed
out in Sec. IV D, due to a specificity of the models proposed
in Refs. [57,58], it was not possible to find a clear signature of
the contribution from new Stokes curves. In both models, the
expected transition across new Stokes curves occurs between
two parallel diabatic levels, which could invoke a subtle
treatment of the WKB analysis. Nevertheless, we think that
our present result must be taken as a tentative conclusion
concerning the visibility of new Stokes curves because our
analysis has been made in a rather heuristic manner, and
therefore should be pursued as a future investigation.

Finally, we would like to make some remarks on a mul-
tistate nonadiabatic transition problem in view of the WKB
analysis. Our main concern throughout this paper was to
explore how essentially different is the multistate nonadiabatic
transition model from the two-state model. In this regard,
there are two new aspects to be especially emphasized. Virtual
turning points and new Stokes curves are obviously new
building blocks, which are absent in the WKB analysis in
the two-state models, and are predicted in a highly nontrivial
manner. We may say for this reason that these are definitely
specific in multistate models and their roles should be studied
more systematically and closely.

One more aspect we should not overlook is that the form
of the WKB solution derived in the course of the analysis
properly incorporate the phase gained in the time evolution.
As a consequence, it became possible to have an explicit
expression for the connection matrix and the S matrix when
the reality condition is satisfied. This in turn might lead us
to explore under which conditions the independent crossing
approximation works, which has been often asked in the
studies of the multistate nonadiabatic transition problem.
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APPENDIX A: REDUCTION TO THE LANDAU-ZENER
MODEL AND THE CONNECTION FORMULA FOR THE

WKB SOLUTION

In this Appendix we show the derivation of the connec-
tion formula (14) for the WKB solution (10). The following
derivation is fully based on that presented in [37,51], but some
more details, especially on a proper choice of local WKB
solutions, which is in fact crucial to proceed with the analysis,
will not be given below. We also do not touch on the Borel
sum and the associated summability, although there has been
substantial progress around this issue.

As is expected, the connection around each turning point
at t = t [n]

jk can be reduced locally to that in the case with a
double turning point, that is, the Landau-Zener model for the
two states:

i
d

dz

(
ϕ1

ϕ2

)
= η

[(−z 0
0 z

)
+ η−1/2

(
0 μ

ν 0

)](
ϕ1

ϕ2

)
, (A1)

with some two constants μ and ν.
The reduction of the original model (3) to the Landau-

Zener model (A1) is achieved by taking the following steps.
Let t = τ be a turning point of (3) with type ( j, k), that is,
ρ j (τ ) = ρk (τ ) �= ρl (τ ) holds for a permutation of { j, k, l} of
{1, 2, 3}. We first transform Eq. (3) to a coupled equations
with a block-diagonal form

i
d

dt
ϕ = ηK (t, η)ϕ, (A2)

where

K (t, η) =
⎛⎝ρ j (t ) 0 0

0 ρk (t ) 0
0 0 ρl (t )

⎞⎠

+ η−1/2

⎛⎜⎝ 0
K ( j,k)(t, η) 0

0 0 K (l )(t, η)

⎞⎟⎠ (A3)

via a formal transformation

ψ = S(t, η)ϕ = [Id + η−1/3S1/2(t ) + η−1S(t ) + · · · ]ϕ.

Here K ( j,k)(t, η) is a formal power series of η−1/2 with 2 × 2
matrix coefficients and K (l )(t, η) is a scalar formal power
series. As a result of this block diagonalization, the connection
problem near an ordinary turning point of type ( j, k) is
reduced to that for a 2 × 2 system

i
d

dt
� = η

[(
ρ j (t ) 0

0 ρk (t )

)
+ η−1/2K ( j,k)(t, η)

]
�. (A4)

This system is further transformed to the Landau-Zener
model (A1) with μ = μ0 + η−1/2μ1/2 + · · · and ν = ν0 +
η−1/2ν1/2 + · · · by a formal transformation

ψ = exp
( η

2i

∫ t

(ρ j (t ) + ρk (t ))dt
)

T (t, η)ϕ,

with

T (t, η) =
∞∑

n=0

η−n/2Tn/2(t ),

and a change of variables

z =
(∫ t

τ

[ρk (t ) − ρ j (t )]dt
)1/2

.

Here Tn/2(t ) (n = 0, 1, 2 . . . ) is a 2 × 2 matrix with holomor-
phic matrix entries at t = τ with det T0(τ ) �= 0. The constants
(μn/2, νn/2) are uniquely determined by the original system
(3).

It is easy to see that (A1) is equivalent to the Weber equa-
tion, and a fundamental system of solutions can be expressed
as

ϕ(+) = η−1/2

{(
1

−η−1/2ν

2z

)
+ O(η−1/2)

}
eiηz2/2eiμν/2

× [1 + O(η−1/2)],

ϕ(−) = η−1/2

{(
η−1/2μ

2z
1

)
+ O(η−1/2)

}
eiηz2/2eiμν/2

× [1 + O(η−1/2)]. (A5)

The Stokes phenomenon for the Weber equation was studied
for example in a literature [60], and a more comprehensive
analysis based on the exact WKB analysis was made in Ref.
[61] by introducing a properly normalized WKB solution.
This provides connection formulas around a double turning
point from which four Stokes curves emanate. When applying
the connection formulas thus obtained to form the solutions
(A5), we can establish the analytic continuation of the WKB
solution (precisely the Borel summed WKB solution) across
a Stokes curve {z ∈ C | arg z = π/4} in the anticlockwise
direction as

ϕ(+) �−→ ϕ(+),

ϕ(−) �−→ ϕ(−) + (2η)iμν/2 μ
√

π


(iμν/2 + 1)
eπ (1+μν)/4ϕ(+),

(A6)

and when crossing a Stokes curve {z ∈ C | arg z = 3π/4}
anticlockwise, we have

ϕ(+) �−→ ϕ(+) + (2η)−iμν/2 ν
√

π


(−iμν/2 + 1)
e3π (i−μν)/4ϕ(−),

ϕ(−) �−→ ϕ(−). (A7)

Combined with these, the following connection formulas hold
when we cross the two Stokes curves {z ∈ C | arg z = π/4}

 t

FIG. 18. Analytic continuation of (ϕ (+), ϕ (−) ) across the Stokes
curves {z ∈ C | arg z = π/4} and {z ∈ C | arg z = 3π/4}.
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and {z ∈ C | arg z = 3π/4} from the left to the right (i.e., clockwise) in the upper half z plane (see Fig. 18):

ϕ(+) �−→ e−πμνϕ(+) − (2η)−iμν/2 ν
√

π


(−iμν/2 + 1)
e3π (i−μν)/4ϕ(−), (A8)

ϕ(−) �−→ ϕ(−) − (2η)iμν/2 μ
√

π


(iμν/2 + 1)
eπ (1+μν)/4ϕ(+). (A9)

We now plug such a connection formula for a fundamental system of solutions (A5) of the Landau-Zener model into the
original model (3). For that purpose we introduce local WKB solutions of the form, which are equivalent to (19) and (20) in the
main text,

ψ
( j)
0 = η− 1

2 exp

{
η

i

∫ t

t jk

ρ j (t
′)dt ′ + 1

i

∫ t

t jk

[
|c jk|2

(
1

ρ j − ρk
+ 1

λ jk (t − t jk )

)
+ |c jl |2

ρ j − ρl

]
dt ′

}

×
(

λ jk (t − t jk )2

2

) κ jk
2 (

e( j) + O(η−1/2)
)
, (A10)

ψ
(k)
0 = η−1/2 exp

{
η

i

∫ t

t jk

ρ j (t
′)dt ′ + 1

i

∫ t

t jk

[
−|c jk|2

(
1

ρ j − ρk
+ 1

λ jk (t − t jk )

)
+ |ckl |2

ρk − ρl

]
dt ′

}

×
(

λ jk (t − t jk )2

2

)− κ jk
2 (

e(k) + O(η−1/2)
)
. (A11)

It can be verified by a straightforward computation that
the following relations hold between the above local WKB
solutions ψ

( j)
0 and ψ

(k)
0 and a fundamental system of solutions

ϕ(+) and ϕ(−):

ψ
( j)
0 = S(t, η) exp

( η

2i

∫ t

[ρ j (t ) + ρk (t )]dt
)

×
(

T (z, η)ϕ(+)

0

)∣∣∣∣
z=z(t )

[1 + O(η−1)],

ψ
(k)
0 = S(t, η) exp

( η

2i

∫ t

[ρ j (t ) + ρk (t )]dt
)

=
(

T (z, η)ϕ(−)

0

)∣∣∣∣
z=z(t )

[1 + O(η−1)].

Thus the connection formulas (A10) and (A11) for ϕ(+) and
ϕ(−) lead to those for ψ

( j)
0 and ψ

(k)
0 :

ψ
( j)
0 �−→ e2iπκ jk [1 + O(η−1/2)]ψ ( j)

0

− (2η)−κ jk

√
2π

λ jk

c jk


(1 − κ jk )
e3iπ (1+2κ jk )/4

× [1 + O(η−1/2)]ψ (k)
0 , (A12)

ψ
(k)
0 �−→ [1 + O(η−1/2)]ψ (k)

0

− (2η)−κ jk

√
2π

λ jk

c jk


(1 + κ jk )
eiπ (1−2κ jk )/4

× [1 + O(η−1/2)]ψ ( j)
0 . (A13)

Combining the above connection formulas with the relations
(18), we finally obtain the connection formulas (14) for WKB
solutions ψ ( j) ( j = 1, 2, 3).

APPENDIX B: RATIO BETWEEN GLOBAL AND LOCAL
WKB SOLUTIONS

In this Appendix we provide an explicit form of the ratio
β jk given by (17) (we here drop a superscript [n] in (17) for
notational simplicity). We here consider the ratio at a turning
point t = t jk,m, which is a turning point of type ( j, k) and the
index m has to be introduced because the number of turning
points with a fixed type ( j, k) is more than one when diabatic
energy functions ρ1(t ), ρ2(t ), and ρ3(t ) are nonlinear. We
assume

ρ j (t ) − ρk (t ) = a
p∏

m=1

(t − t jk,m), (B1)

where p(t ) denotes the highest degree of the polynomial
ρ j (t ) − ρk (t ) and a the corresponding coefficient. In a sim-
ilar way, let q and r be the highest degrees of the poly-
nomials ρk (t ) − ρl (t ) and ρl (t ) − ρ j (t ), respectively. Since
the equation [ρ1(t ) − ρ2(t )] [ρ2(t ) − ρ3(t )] [ρ3(t ) − ρ1(t )] =
0 has simple zeros [see the reality assumption (7)], a straight-
forward calculation with the help of the residue theorem leads
to

1

ρ j − ρk
= −

p∑
m=1

1

λ jk,m(t − t jk,m)
, (B2)

where

λ jk,m = d

dt
(ρ j − ρk )

∣∣∣
t=t jk,m

. (B3)

A global WKB solution (10) is then rewritten as

ψ j (t ) = η−1/2 exp

(
η

i

∫ t

t0

ρ j (t
′)dt ′

) p∏
m=1

(t − t jk,m)κ jk,m

×
q∏

m′=1

(t − t jl,m′ )κ jl,m′ (e( j) + O(η−1/2)
)
, (B4)
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where

κ jk,m = i|c ji|2
λ jk,m

, (B5)

and the base point t0 is taken to be arbitrary.
In a similar vein we can rewrite local WKB solutions

around a turning point at t = t jk,1 as

ψ
( j)
0 = η−1/2 exp

{
η

i

∫ t

t jk

ρ j (t
′)dt ′

+ 1

i

∫ t

t jk,1

[
−|c jk|2

(
p∑

m=2

1

λ jk,m(t − t jk,m)

)

+ |c jl |2
ρ j − ρl

]
dt ′

}(
λ jk,1(t − t jk,1)2

2

) κ jk,1
2

× (
e( j) + O(η−1/2)

)
= η−1/2 exp

(
η

i

∫ t

t jk,1

ρ j (t
′)dt ′

) p∏
m=1

(t − t jk,m)κ jk,m

×
p∏

m=2

(t jk,1 − t jk,m)−κ jk,m

q∏
m=1

(t − t jl,m)κ jl,m

×
q∏

m=1

(t jk,1 − t jl,m)−κ jl,m

(
λ jk,1

2

) κ jk,1
2

× (
e( j) + O(η−1/2)

)
, (B6)

ψ
(k)
0 = η−1/2 exp

{
η

i

∫ t

t jk

ρ j (t
′)dt ′

+ 1

i

∫ t

t jk,1

[
|c jk|2

( p∑
m=2

1

λ jk,m(t − t jk,m)

)

+ |ckl |2
ρk − ρl

]
dt ′

}(
λ jk,1(t − t jk,1)2

2

) κ jk,1
2

× (
e( j) + O(η−1/2)

)
,

= η−1/2 exp

(
η

i

∫ t

t jk,1

ρ j (t
′)dt ′

) p∏
m=1

(t − t jk,m)−κ jk,m

×
p∏

m=2

(t jk,1 − t jk,m)κ jk,m

r∏
m=1

(t − tkl,m)κkl,m

×
r∏

m=1

(t jk,1 − tkl,m)−κkl,m

(
λ jk,1

2

)− κ jk,1
2

× (
e(k) + O(η−1/2)

)
. (B7)

Recalling the relations

ψ
( j)
0 = γ jψ

( j), ψ
(k)
0 = γkψ

(k), (B8)

and

β jk = γ j/γk, (B9)

j>k k>j

j>kk>j

j>kk>j

j>k k>j

Re ttjk,- tjk,+

FIG. 19. The dominance relation on Stokes curves when the
turning points t = ti j,− and t = ti j,+ are both located on the real axis.

we obtain an explicit expression

β jk = exp

(
η

i

∫ t0

t jk,1

[ρ j (t
′) − ρk (t ′)]dt ′

)

×
p∏

m=2

(t jk,1 − t jk,m)−2κ jk,m

q∏
m=1

(t jk,1 − t jl,m)−κ jl,m

×
q∏

m=1

(t jk,1 − tkl,r )κkl,m

(
λ jk,1

2

)κ jk,1

.

APPENDIX C: STOKES COEFFICIENTS ON RESOLVED
STOKES CURVES

In this Appendix we show how Stokes coefficients behave
when we resolve a degenerated Stokes curve connecting a
complex conjugate pair of turning points.

As illustrated in Fig. 12, a degenerated Stokes curve is re-
solved by adding a small imaginary perturbation to a diabatic
energy state. In order to see the behavior of the corresponding
Stokes coefficients, suppose that diabatic energy levels form-
ing a pair of complex conjugate turning points take the form
as

ρ j (t ) − ρk (t ) = at2 + bt + c + iε

= a(t − t jk,+)(t − t jk,−), (C1)

ρk (t ) − ρl (t ) =
q∏

m=1

(t − tkl,m), (C2)

ρl (t ) − ρ j (t ) =
r∏

m=1

(t − tl j,m), (C3)

where a > 0, b and c are real constants. The parameter ε will
be used to resolve the degeneracy. We may multiply the right-
hand side by a certain polynomial to yield a more general form
as far as the local topology of the Stokes geometry is kept. We
may also set the top order coefficients for ρk (t ) − ρl (t ) and
ρl (t ) − ρ j (t ) to be unity without loss of generality.

When the turning points t = ti j,± are both real, one can
easily check that the dominance relation on each Stokes curve
is given as Fig. 19. This can be confirmed, for example, in
the case of a Stokes curve emanating from a turning point
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Re t Re t
Im

 t

Im
 t

(a) (b)

FIG. 20. The behavior of turning points on the complex t plane as
the parameter c is changed from −1 to +1, keeping other parameters
a = 1, b = 0 being fixed. The magnitude of perturbation is respec-
tively given as (a) ε = +0.001 and (b) ε = −0.001. The blue and red
dots, respectively, denote the position of turning points t = ti j,− and
t = ti j,+.

t = ti j,− and heading in the 3π/4 direction, by calculating

Re

[
1

i

∫ t

t jk,−
Q(t ′)dt ′

]
=

√
b2 − 4ac

2
|t − ti j,−|2 > 0 (C4)

for |t − ti j,−| 
 1. Here Q(t ) := ρ j (t ) − ρk (t ). The domi-
nance relation on other Stokes curves is similarly determined.

With increase in c, the two real turning points t = ti j,±
come close to each other and form a complex conjugate pair.
Before the degeneracy, Stokes curves emanating from each
turning point t = ti j,± always tend to infinity, meaning that
only a single turning point exists on each Stokes curve. On
the other hand, after the collision of the two turning points
t = ti j,±, giving rise to the degeneracy, a complex conjugate
turning points t = ti j,± are connected by a single Stokes curve
as depicted in Fig. 12. As demonstrated in Fig. 20, the degen-
eracy is resolved by adding a small imaginary perturbation to
ρ j (t ) − ρk (t ), and a degenerated Stokes curve connecting the
two turning points is split into two separated Stokes curves as
illustrated in Fig. 21. The resulting configuration of turning
points and the associated Stokes curves depend on the sign of
ε. Note that in Fig. 21 a turning point t = ti j,− designates the
one which was originally located on the left side, and a turning
point t = ti j,+ the one coming from the right-hand side (see

j>k

k>j

Re t

tjk,-

tjk,+

j>k

k>j

Re t

tjk,-

tjk,+

(a) (b)

FIG. 21. Two resolved patterns of the local Stokes geometry after
the degeneracy. Configuration (a) is realized for ε > 0, while the
pattern (b) appears for ε < 0. The dominance relation on Stokes
curves is inserted in the figures. The turning points t = ti j,± nearly
form a complex conjugate pair as far as |ε| 
 1 holds.

Fig. 19). Note that the direction of Stokes curves is given by
the formula

arg(t − τ ) =
[
−3π

4
,−π

4
,
π

4
,

3π

4

]
− 1

2
arg Q′(τ ), (C5)

where τ denotes a turning point.
We now calculate Stokes coefficients α jk,± and αk j,±. First,

it is easy to show that

lim
ε→+0

t jk,∓ = lim
ε→−0

t jk,± (C6)

holds. To calculate the ratio β jk,± (or βk j,±), which connects
global and local WKB solutions, we prepare some relations.
For arbitrary ε we can show that

λ jk,− := d

dt
(ρk − ρ j )

∣∣∣∣
t=t jk,−

= a(t jk,+ − t jk,−),

λk j,+ := d

dt
(ρ j − ρk )

∣∣∣∣
t=t jk,+

= a(t jk,+ − t jk,−),

and

λ jk,− = λk j,+ (C7)

hold, and also it is easy to check

lim
ε→−0

λ jk,− = − lim
ε→+0

λ jk,−. (C8)

These relations immediately lead to

κ jk,− = κk j,+, (C9)

lim
ε→−0

κ jk,− = − lim
ε→+0

κ jk,−, (C10)

where

κ ji,± := i|c jk|2
λ jk,±

. (C11)

Next we examine the direction of Stokes curves emanating
from each turning point located in the complex plane. For ε <

0, recalling that Im(t jk,+) > Im(t jk,−) we have

arg

{
d

dt
(ρk − ρ j )

∣∣∣∣
t=t jk,−

}
= arg

{
d

dt
(ρ j − ρk )

∣∣∣∣
t=t jk,+

}
= arg{a(t jk,+ − t jk,−)} = π

2
.

Hence the direction of Stokes curves is respectively given as

arg(t − t jk,±) =
[
−π,−π

2
, 0,

π

2

]
(ε → −0). (C12)

Similarly, for ε > 0, since Im(t jk,−) > Im(t jk,+) holds, we get
the direction of Stokes curves as

arg(t − t jk,±) =
[
−π

2
, 0,

π

2
, π

]
(ε → +0). (C13)

Then we can specify the direction of Stokes curves which
are revolved by adding a perturbation. As actually shown in
Fig. 21, for ε → +0, resolved Stokes curves are the ones
satisfying arg(t − t jk,+) = π/2 and arg(t − t jk,−) = −π/2,
whereas in the case of ε → −0 we have arg(t − t jk,+) =
−π/2 and arg(t − t jk,−) = π/2 as resolved Stokes curves.
From the relations (C5), (C12), and (C13) we notice that
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each Stokes curve respectively originates from Stokes curves
with arg(t − t jk,+) = −π/4, arg(t − t jk,−) = 3π/4, arg(t −
t jk,+) = π/4, and arg(t − t jk,−) = −3π/4, when turning
points t jk,± are located on the real axis.

On the basis of these these observations, we can calculate
the ratio β jk,± (or βk j,±) by applying the recipe presented in
Appendix B. First we consider the case where the dominance
relation j > k holds. This is concerned with the right Stokes
curve in Fig. 21(a) and the left Stokes curve in Fig. 21(b).

For the Stokes curve satisfying arg(t − t jk,+) = π/2 in the
limit of ε → +0, we obtain

αk j,+ = (2η)κk j,+

√
2π

λk j,+

ck j


(1 + κk j,+)

×e− 1
2 iπκk j,++ 1

4 iπ (βk j,+),

βk j,+ = exp

[
η

i

∫ t0

t jk,+
(ρk − ρ j )dt

]

×(t jk,+ − t jk,−)−2κk j,−
r∏

m=1

(t jk,+ − tkl,m)−κkl,m

×
q∏

m=1

(t jk,+ − t jl,m)κ jl,m

(
λk j,+

2

)κk j,+
.

Similarly, for the Stokes curve satisfying arg(t − t jk,−) =
π/2 in the limit of ε → −0, we obtain

α jk,− = (2η)−κ jk,−

√
2π

λ jk,−

c jk


(1 − κ jk,−)

×e
3
2 iπκ jk,−+ 3

4 iπ (β jk,−)−1,

β jk,− = exp

[
η

i

∫ t0

t jk,−
(ρ j − ρk )dt

]

×(t jk,− − t jk,+)−2κ jk,+
q∏

m=1

(t jk,− − t jl,m)−κ jl,m

×
r∏

m=1

(t jk,− − tkl,m)κkl,m

(
λ jk,−

2

)κ jk,−
.

From the relations (C6), (C8), and (C10) we find

lim
ε→+0

βk j,+eiπκk j,+ = lim
ε→−0

(β jk,−)−1, (C14)

which leads to

lim
ε→+0

αk j,+ = lim
ε→−0

α jk,−. (C15)

The final relation tells us that the Stokes coefficients with the
same dominance relation j > k coincide with each other as
ε → ±0.

In the same way, for the Stokes curves on which the dom-
inance relation k > j holds, we have the following explicit
formulas for the Stokes coefficient. For the Stokes curve

)b()a(

FIG. 22. (a) The real and (b) imaginary part of the Stokes co-
efficient for the Stokes curve with the dominance relation 1 > 3 is
plotted. Blue and red curves represent the Stokes coefficients for
ε < 0 and ε > 0, respectively. The set of parameters are the same
as in that used for Figs. 11(c) and 11(d).

satisfying arg(t − t jk,−) = −π/2 in the limit of ε → +0, we
have

α jk,− = (2η)κ jk,−

√
2π

λ jk,−

c jk


(1 + κ jk,−)

×e
3
2 iπκ jk,−− 3

4 iπ (β jk,−),

β jk,− = exp

[
η

i

∫ t0

t jk,−
(ρ j − ρk )dt

]

× (t jk,− − t jk,+)−2κ jk,+
q∏

m=1

(t jk,− − t jl,m)−κ jl,m

×
r∏

m=1

(t jk,− − tkl,m)κkl,m

(
λ jk,−

2

)κ jk,−
,

and for the Stokes curve given by arg(t − t jk,+) = −π/2 in
the limit of ε → −0 we obtain

αk j,+ = (2η)−κk j,+

√
2π

λk j,+

ck j


(1 − κk j,+)

× e− 1
2 iπκk j,+− 1

4 iπ (βk j,+)−1,

βk j,+ = exp

[
η

i

∫ t0

t jk,+
(ρk − ρ j )dt

]

× (t jk,+ − t jk,−)−2κk j,−
r∏

m=1

(t jk,+ − tkl,m)−κkl,m

×
q∏

m=1

(t jk,+ − t jl,m)κ jl,m

(
λk j,+

2

)κk j,+
.

Again from the relations (C6), (C8), and (C10), we can show

lim
ε→+0

β jk,−eiπκ jk,− = lim
ε→−0

(βk j,+)−1, (C16)

which leads to

lim
ε→+0

α jk,− = lim
ε→−0

αk j,+. (C17)

In this way, irrespective of the sign of the perturbation ε,
the Stokes coefficients on the Stokes curves with the same
dominance relation tend to the same limiting value as ε →
±0. We plot in Fig. 22 the Stokes coefficient for a Stokes curve
with the dominance relation 1 > 3 (see Fig. 12).
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