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Adiabatic elimination for ensembles of emitters in cavities with dissipative couplings
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We consider an ensemble of cavity-coupled two-level emitters interacting via full (coherent and dissipative)
dipole-dipole interactions. We detail an adiabatic elimination procedure to derive effective equations of motion
for a subsystem consisting of the cavity and a single emitter and analyze limitations of effective subsystem
parameters. We study how joint dissipative decay processes in the subsystem affect cavity-coupling properties

of the single emitter and cavity transmission spectra.
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I. INTRODUCTION

The strong-coupling regime of cavity QED is reached
when an excitation in matter can exchange energy with a
confined mode of the electromagnetic field at a rate faster
than losses [1-3]. In this case, hybrid light-matter normal
modes called polaritons with frequencies shifted from the bare
resonances are formed. Since the first pioneering experiments
with atoms [4—6], there has been a growing interest in the pos-
sibility of modifying the fundamental properties of condensed
matter systems by harnessing strong coupling to a cavity-
type structure [7-17]. However, strong coupling is generally
impeded by either weak dipole moments or large losses, and
finding strategies to overcome these issues is therefore of
fundamental importance in the field. In this context, recent
experiments have demonstrated that strong coupling of a
target oscillator playing an important role in certain chemical
reactions or in the onset of superconductivity can be achieved
by exploiting an “active” environment consisting of auxiliary
oscillators that are strongly coupled to cavity photons and
quasiresonant with the target oscillator [18,19].

In Ref. [20], we proposed a general scheme to collectively
enhance the coupling of a single quantum emitter (A) to a cav-
ity mode via the presence of a nearby ensemble of emitters (B)
that couple to both the cavity and A. In experimental systems,
reaching strong coupling for a single emitter can often be very
difficult because of the requirement of small mode volumes
of the cavity with large quality factors. A common path to
reach strong coupling has been to simultaneously couple a
large number N of emitters to the same mode, which leads
to a collective coupling strength enhancement by a factor
V/N. Unfortunately, collective coupling does not lead to an
enhanced photon-blockade effect, i.e., a nonlinear quantum
effect for the cavity mode [21-23]. The latter effect would be
desirable for photonic quantum information processing [24].
In Ref. [20] we proposed a mechanism of how a collective
effect can still lead to an enhanced photon nonlinearity, simply
by increasing the number of surrounding emitters B. There,
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we have demonstrated a viable path for a strong collective en-
hancement of the coupling strength of a single silicon-vacancy
center to a microcavity. This may lead to new possibilities
for engineering quantum information applications based on
photon nonlinearities in such systems. Reference [20] further
emphasizes the crucial role that active environments can play
in cavity-QED experiments [18,19].

In the first part of this work, we present the detailed proce-
dure for the microscopic adiabatic elimination of ensemble B
from Ref. [20], either when the latter is far detuned from A or
when the decay rates of the B emitters are the largest param-
eters of the problem. We show that the dissipative couplings
of A to B can lead to effective coherent Hamiltonian terms
within the subsystem S consisting of A and the cavity that can
help to reach strong coupling. We compare results from the
full adiabatic elimination vs the one where the emitters are
treated in a linear classical approach. While the general effect
of dissipatively engineered coherent interactions has been
well studied for quantum information applications [25-30],
here we explain how dissipative couplings can be exploited
in cavity QED. As an additional feature to Ref. [20], in the
second part we analyze the limitations of achievable effective
parameters in subsystem S and its effective collective dissi-
pative dynamics. Specifically, here we discuss the impact of
effective collective decay processes on the cavity transmission
spectrum and the onset of strong coupling.

The paper is organized as follows: In Sec. II, we introduce
our model and describe the quantum master equation for the
full system consisting of A, B, and the cavity. In Sec. III we
derive in detail the effective master equation for subsystem S.
We first use an extension of the method given in [31] for the
general situation where dissipative couplings between A and
B are also present and derive the effective master equation
parameters (Sec. III A). We then show that the same effective
parameters appear in a linear classical approach valid in the
low excitation limit (Sec. IIIB). In Sec. IV we discuss the
limitations of the effective parameters of the subsystem and
their dependence on the geometry. Therefore, we analyze the
case where B can be reduced to an effective single emitter
(Sec. IV A) and provide analytical formulas for the modi-
fication of the parameters in this case. We then focus on
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FIG. 1. (a) Sketch of the model setup: A single quantum emitter A (decay rate y4) and an ensemble of nearby emitters B (decay rates yp)
are coupled to a cavity mode (decay rate «). (b) Schematics of couplings: A and B couple to the cavity with the respective coherent Hamiltonian
terms o g4 and o gp (rounded arrows). The emitters interact among each other via dipole-dipole interactions with both Hamiltonian (rounded
arrows) and dissipative (wavy line) terms. (c) Schematics of couplings in subsystem S after adiabatic elimination of B: The presence of B

modifies y, — p "
the consequences of collective decay processes of A and the
cavity (Sec. IV B), which effectively appear after the adiabatic
elimination of B. Finally, we provide a conclusion and an
outlook in Sec. V.

II. MODEL

We consider a single two-level emitter A (level spacing
wa, decay rate y,4), an ensemble B consisting of N emitters
(each with level spacing wg, decay rate y;), and a cavity mode
(frequency w,, decay rate «) [see Fig. 1(a); i = 1 throughout
this paper]. All emitters are coupled to the cavity and interact
with each other via dipole-dipole interactions (the dipole
direction is chosen along the z axis). In a frame rotating with
w4, the full quantum master equation for the density matrix p
of the system can be written as

0,0 = —i[Hy + Hrc + Hpp, pl + Lp. (1

Here, the Hamiltonian parts include the bare system ener-
gies,
N
Hy= Aca'a+ Z ABU;FGJ-_, (2)
j=1
with A, = o, — w4 and Ag = wp — w4. The bosonic oper-
ators @ and a' annihilate and create a photon in the cavity,
while aAi and aji are the spin ladder operators for A and for
the jth emitter of ensemble B, respectively. The emitter-cavity

interaction is governed by a Tavis-Cummings Hamiltonian
[1,32],

N
Hye = al 8a0, + Zgjajf + H.c, 3)
j=1
with respective coupling strengths g4 and g;. The dipole-
dipole interaction Hamiltonian is given by [33,34]

N N
Hpp = Z Qija (U;—GA_ + 0A+Gj_) + Z szdf%_, 4)
j=1 j#t

with ;4 denoting the coupling strengths between A and the
Jjth spin of B, and €2, the coupling strengths between pairs of
emitters within B.

(eff)

and k — x©"_ Effective couplings in the subsystem comprise both coherent [g4 — g\ ] and dissipative (1) couplings.

Dissipation in Eq. (1) is described by the superoperator
Lp =—kD(@",a)p — yaD(o,, 05 )p + Lepp + Lapp,

(5)
with D(x, y)p = [x,yp] + [px,y]. The dissipator given by
Lgpp = — szv =1 yjﬂ?(aj*, o, )p describes collective decay

processes within the B ensemble, and y;; = y. Additionally,

N
Lasp ==Y _yiu(D(o}, 0.)p+Dof.0;7)p) (6)
j=1

describes dissipative couplings between A and B [see Fig. 1(b)
for a sketch of the couplings].

In this work we are interested in deriving effective equa-
tions of motions for the density matrix of subsystem S con-
sisting of A and the cavity after adiabatically eliminating B
[see Fig. 1(c)]. As we show below, besides energy shifts, these
equations feature modified decay rates [y, — yfﬂ) and k —
«©7], as well as modified couplings between A and the cavity.
The latter consist of both coherent Jaynes-Cummings-type
couplings [with an effective coupling strength g4 — gffff)] as
well as collective dissipation terms with rate pu.

III. DERIVATION OF THE EFFECTIVE QUANTUM
MASTER EQUATION

In this section, we derive the effective quantum master
equation obtained when the emitter ensemble B is adiabati-
cally eliminated, which leads to modified physical parameters
for subsystem S [Fig. 1(c)]. The main results are the effective
master equation parameters provided in Sec. III A6. The
derivation of the parameters is split into two parts. In Sec. I[IT A
we utilize a full adiabatic elimination procedure similar to that
in Ref. [31]. In Sec. III B we show that the same effective
parameters also appear in a classical linear theory for low spin
excitations.

A. Full adiabatic elimination procedure

Our derivation of the effective master equation in this
section relies on elimination techniques (see, e.g., [35-38])
and is based on a projection method given in Ref. [31], which
we extend to the general case where dissipative dipole-dipole
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couplings between A and B (i.e., S and B) are also present.
This method relies on the projection of the density operator
onto the ground-state manifold of B (Sec. III A 1), suitable
decompositions of the master equation and the density op-
erator (Sec. IITA2 and Sec. III A 3), followed by second-
order perturbation theory in the interaction between S and
B (Sec. IIT A 4) and time-scale separation (Sec. IIl A5). The
main results of the adiabatic elimination are the effective
parameters for the subsystem S master equation and are
provided in Sec. III A 6.

1. Projection onto the ground-state manifold

We assume that the set {|s;)} forms a basis for subsys-
tem S, while {|b;)} is a basis for the interacting ensemble
B. The density operator p of the full system can be writ-
ten as p = Ziﬂd Piji|si)(s;] @ |bi) (b;| with matrix elements
Pijt = (si» blpls;, by) and |sj, by) = |s;) ® |b;). We are in-
terested in the time evolution of the reduced density operator
o = > j pf]ff|si) (s;] of S obtained by taking the partial trace
Trgp = Y, (bmlplby) over the B ensemble, where pfff =
> P j;mm iNvVolves a sum over all possible basis states of B.

We assume that state |g) with all spins of B in their ground
states mainly contributes to the latter sum and, therefore,
introduce the superoperator Pe = |g)(g| @ |g)(g| as a projector
onto the elements of interest of the density operator p with
Pp = pgelg) (gl and py, = (g|plg). In the following, we derive
an equation for the time evolution of v = Pp. Under the
assumption that the spins of B remain close to their ground
states, we derive the effective time evolution for the reduced
density operator p° of S with p°ff ~ Pag-

2. Decomposition of the master equation

We start by decomposing the full quantum master equation,
(1), for the total density operator p as

hp=Lp=(Ls+ Lp+J+ Lin)p. (N
The first term
Lsp = —ilHs, p]l + Lap + Lcp (®)

is associated with the dynamics in S, which includes the co-
herent evolution governed by the Hamiltonian Hy = A.a'a +
galofa+ aToA_), as well as a coupling to the environment
associated with the terms Lap = —ya(o, 0, p + po oy —
20, po;") for spin A and L.p = —k(a'ap + pa’a — 2apa’)
for the cavity mode.

The second term reads

Lpp = —iG M&_p +ipG M*G_. )

Here, we have used vector and matrix notations (a superscript
T denotes the transpose operation) with

M) = (A —iyp)dje + (1 — 8;0)(RQje — ivje) (10)

and the spin ladder operators of B (6+); = o ji. The matrix M
describes the internal dynamics of the B ensemble, namely, the
free evolution ~Apg of each spin of B, their couplings to the
environment ~yp, and their mutual interactions due to coher-
ent (~£2,) and incoherent (~y;¢) dipole-dipole interactions.

The third term in Eq. (7) reads
Jp =25Typa, (11)

and includes both individual (diagonal) and correlated (off-
diagonal) terms for the ensemble B with ()¢ = vj¢.
The last term in Eq. (7) is given by

Linp =—i[(aGT + UX‘-}T)&J,_ + @'G" + GIVT)6_],0
+ipl(aG" + o,V NG, + (a'G" + 0,V T3]
+2(0, p(7761) + (775 )p0)) (12)

and describes the coupling of B to A and to the cavity mode.
Here, we have introduced the vector notations (G) i =g
and V = Q — iy with (Q); = Qjx and (7); = yja. While
coherent spin-cavity and spin-spin couplings are encoded in
G and Q, respectively, the terms o 7 describe the dissipative
part of the spin-spin coupling between A and B. The latter
constitute a dissipative coupling between S and B.

3. Decomposition of the density operator

With the convenient form of Eq. (7), we can now decom-
pose the total density operator as

p=CF+0Q)p=v+uw, (13)

with w = Qp = (1 — P)p, and derive an equation of motion
for the projection v = pg|g)(g| of the density operator onto
the ground-state manifold of B. The projectors P and Q fulfill
the relations P>p = Pp, Q*p = Qp, and PQp = QPp = 0.
Using Eq. (7), the time evolution of the operators v and
w is given by d,v = P(3;p) = PLPp + PL£Qp and o,w =
0@0,p) = QLPp + QLOp. One can show that among all
possibilities stemming from the different contributions to £,
the only nonvanishing terms are

PEP = PLsP, P£Q = PJQ + PLinQ.
QSP = QLinP, QL0 = O(Ls + L +J + Li)Q. (14)

Henceforth, we assume that

w=0p =Y (glple)lghe;l + D lejlolg)le;) gl
J J

+ Y lejlolenle;) el (15)

Jil

i.e., we restrict the following calculations to the single-
excitation subspace where the B ensemble contains at most
one excitation, consistently with the assumption that the spins
of B remain close to their ground states. Here, |e;) denotes the
state where the jth spin of B is in its excited state, while the
others are in their ground states. This approximation allows
us to discard the term QJQ ~ 0 in Eq. (14). In total, the
equations of motion of the projected density operators then
read

v =PLsv + P + Lin)w, (16)

dw = Q(Lp + Ls)w + QLinv + QLinw. a7
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Introducing the operator £y = Lgs + Lp that describes the
free evolution of the system, the formal solution of Eq. (17) is

w(t) = eQﬁo(l—to)w(to)

+ / dte@“ D[ L0v(0) + QLmw (D], (18)

fo

which we now insert into Eq. (16). This yields

t
8v =PLsv+ P + Lin) / dte2 00 L0(T)
fo
t
FPU L) [ eS0T,
1o

T
x [ e OSIQL() + QL@ (19)
to
assuming that the B ensemble is initially in its ground state
[w() = O].

Equation (19) is the desired equation of motion for the
projection v of the density operator onto the ground-state
manifold of B. In the following sections, we evaluate the
different contributions entering this equation using the defi-
nitions in Sec. IIT A 2, as well as a perturbative expansion in
Lin which describes the couplings of B to A and to the cavity
mode.

4. Perturbation to second order in L,

We now consider all possible processes up to second order
in L. This procedure consists of a perturbative treatment
of the interaction between A and the cavity mode with the
quasimodes of the interacting B ensemble. It is justified when
the coupling strengths of these quasimodes to subsystem S
is sufficiently small compared to their (far-detuned) eigenfre-
quencies or dissipation rates (see, e.g., the Appendix), which
ensures that the spins of B remain weakly excited. Up to
second order in Ly, Eq. (19) provides

1—1q

0
8v = PLgV + PLin dte2PTQLinu(r — T)

0

=1ty
+PJ f dteC% T QLo
0

1—1h—T
X / dt' T QLnv(t — T — 7). (20)
0

Note that we have neglected the term QL w(z’) in
Eq. (19) since its contribution is at least of order 0(£i3rlt
[see Eq. (18)]. Furthermore, our truncation is also consistent
with neglecting the term QJQ in Eq. (14) as we did before
since the latter would provide contributions of higher order in
Line- In order to calculate the different contributions entering
Eq. (20), it is convenient to use a spectral decomposition of
the N x N non-Hermitian, complex symmetric matrix M in
Eq. (10). Assuming that the latter can be diagonalized [39],
we write B = —iMand B = )", A;X;X], where 1 and %, (j =
1, ..., N) denote the complex eigenvalues and eigenvectors of
B, respectively. The eigenvectors satisfy the completeness re-
lation ) X j)?]T = 1 and form an orthogonal basis with respect

. ST
to the inner product XX = 8.

5. Integration using time-scale separation

We can now proceed with the integration of the different
terms entering Eq. (20) and first calculate quantities of the
type Line?“"QLiyv(t — 7). Using the definitions Eq. (12)
and v(t) = pge(t)|g) (gl, as well as the completeness relation,
we obtain

Linv(t — 1) =—i Y V] pg(t — T)lx;) (gl + He.,  (21)
J

where VJT = (aGT +o, VT))?j describes the action on sub-
system & when an excitation |x;) = ()?JT6+)|g) for the jth
eigenmode of B is created.

Under the assumption that the dynamics of subsystem
S is slow compared to the internal dynamics of B, one
can use pPg(t — T) X pg(t) in the integrand of Eq. (20),
together with a Taylor expansion to zeroth order in Lg7 of
the operator exp[QLs7]Q, such that exp[Q(Lp + L5)T]0 ~
exp[QLpT]Q. Using the relation Lp|x;)(g| = A;lx;)(gl, we
obtain

2LTOL vt — T) A —i Z eAjTVijgg(t)lxj><g| +H.c.
J

(22)

Now applying Ly to the previous expression (while restrict-
ing ourselves to the single-excitation subspace) leads to

LinQ| =i Y V] pee(0)]x;) (gl + Hee.
J

=—@'G"+0,VG_ > V] pg(t)lx;) (gl + Hee.
J

—2i(576_) Z V] pge(t)1x;) (gloy + Hee.
J

+ ZexiTVijgg(tﬂxj)(g|(aJrGT + o7 (V)G +H.ec.
J
(23)

Integration of the previous expression according to Eq. (20)
provides terms proportional to 1 — %/~ ~ 1. This is justi-
fied when the expression is averaged on a coarse-grained time
scale At [40,41] that fulfills [A;|™" < Ar < 75, with 7! the
typical rate for the dynamics of subsystem S. Note that, e.g.,
Re[A;] = —yp < O for a single B.

We now use the completeness relation once again, as well
as the relations

PGT6_)(%16:)18) (¢l = 8elg) (gl and Y, %37 /3, = B,
in such a way that the second term in the first line of Eq. (20)
becomes

t—to
PLin dte?“TQLinv(t — 7)
0

~ i((G"™™™'Gla'a + [G"™™'V1d o
+ VM 'Glo a4+ [VIM™'W]o o, )u(t) + He.

— 2([™ ' Glav(t)o +H[P ™™ Vo, v(t)o, ) + Hee.
24)
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The third term in Eq. (20) is calculated similarly, first us-
Ing Pgo(t — T — T') & pg(t — 1) together with exp [QLyT'] =
exp [QLpT'] and then pg,(t — T) & pg(t) with exp [QLyT] &
exp [QLpT]. Moreover, we use

Lplxp) | = O+ A0 (x5 (25)
with (x;| = (g|(x;"3-) and exploit the relations 2% yX; =
O+ 2DE]E and XTMTIVE = XMV 4 2iX™™M !y
with X = G, V. Averaging over a coarse-grained time scale
At, we finally obtain

1=ty —th—7
PJ / dte?" T QLin / dt'e2“T QLinv(t — T — ')
0 0

~ —i([(ﬁ}TM_l(ﬂ;]av(t)aT + [GTM_IV]GU(I)O':
+ VM 'Glo; v(t)a" + [VIM™'Vio, v(t)o) ) + He.
+2([G"™™M ™' Plav(t)o +IVM ' Plo vt )o ) +H.c.
(26)

Now that the second and third terms on the right-hand side
of Eq. (20) have been calculated [Eqgs. (24) and (26), respec-
tively], we can gather these contributions to write Eq. (20) in
the usual master equation form with new effective parameters.

6. Effective master equation parameters
Using the property X™M~'Y = Y™ 'X (X,Y =G, V)
for the symmetric matrix M, the effective master equation
reads

v = &My = —i[H" + Hi v] + £, (27)

with the effective Hamiltonians

H' = Al oy + AMa'a, (28)
HY =g (d'oy + o, a) (29)

and the effective dissipator
LMy = — k"D, ayw — yS"D(o,, o v
— (D@, o7 v+ Doy, a). (30)
Here, the effective parameters are

AT = A, —Re[G"™™M™'G], AST = —Re[VTM'V],

&M= gy —Re[G™™ V], & =k + Im[G™™M '],

v =y + ImV'M V], pw=Im[G™™M'V].  (31)
Here, dissipative couplings between A and B (and thus S and
B) are encoded in y = —Im[V].

Note that since the emitters of the eliminated ensemble B
are supposed to remain close to their ground states (low spin
excitations), the same derivation can be carried out when B
consists of bosonic degrees of freedom instead of spins.

The effective master equation parameters in Eq. (31) are
the main result of the adiabatic elimination procedure. In
Sec. IV below, we analyze those parameters for various sit-
uations.

B. Elimination in the classical limit

We now show that the parameters from Eq. (31) are iden-
tical to parameters that appear in a linear classical model for
the limit of low excitation numbers. The equations of motion
for the expectation values of the photon annihilation operator
a and the spin-lowering operators o,” and o~ are derived from
Eq. (1) as [42]

d(a) = —i(A. — i)la) — igaloy) —i Y _gjlo), (32)
Jj
dfoy) = —yaloy) —igala) = D _(vja +iQa)(o; ), (33)
J

d (o) = —i(Ap —iyp)o; ) —igjla)

— (Yia +iQja)(05) = Y _(vje +iQ50) (0] ),
LEj
(34)

under the assumption of low-spin excitations [0, , 0, ] ~ 1
and [0, , oj] ~ 1 [43]. Note that since these equations of
motion describe coupled harmonic oscillators, this method
can alternatively be used when considering another cavity or a
mechanical oscillator for B and/or A (see, for instance, Refs.
[44] and [45]).

It is convenient to introduce the notations a = (a), s =
(0, ), and B = (0_), which allows us to write the previous set
of equations in the compact form

do = —i[A. — ikl — igaBa — iG B, (35)
dPa = —il—iyalPa — igac — iV B, (36)
B = —iMB — iGa — iV Ba, (37)

where G and V are defined in Sec. IILA 2. Equation (37)
admits the steady-state solution

B=-M"'Ga — M VB,. (38)

Now using the solution Eq. (38) in Eqgs. (35) and (36) one
obtains

da = —i[ A" — ik Mo — i[g" — in]Ba,
B = —i[ A = ivi"]Ba —ilg —inJe,  (39)

with the same effective parameters as in Eq. (31). Equation
(39) describes the effective dynamics for the expectation
values of the photon and spin operators a and o, respectively,
after adiabatic elimination of the degrees of freedom of B. In
the Appendix we show that this procedure is generally valid
for a situation where the full adiabatic elimination discussed
in Sec. III A is valid, i.e., when the eigenvalues of matrix M
(or, equivalently, B) associated with the internal dynamics of
B are the largest parameters of the problem. We have thus
shown that the time evolution of subsystem S in the classical
limit [Eq. (39)] corresponds to that of the classical fields « and
Ba with oscillation frequencies AT and AST and decay rates
T and y$™, respectively, as well as a coupling oc g%t — ip
between them.
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f(7)

0=0

0=m

FIG. 2. (a) Two dipoles A and B aligned in the z direction and separated by the vector 7 = (7, 0) interact via dipole-dipole couplings
and with a cavity mode. The first two modes of the cavity are shown as red and green lines. (b) The coherent [g(¥)] and dissipative [f(7)]
dipole-dipole couplings are plotted for polar coordinates (r, &). The outer circles correspond to r/A = 1 (A: cavity mode wavelength). Since
the function g(¥) diverges for r — 0, it is plotted for g(¥) € [—2, 2]. The thin dashed lines in the g(¥) profile correspond to the magic angles

6* = arccos(1/+/3) and 7w — 6* (see text).

Note that the same classical equations, (39), also follow
from the quantum master equation, (27), in the limit of low
excitations in S. The fact that the change in the correspond-
ing effective system parameters is identical, in both the full
classical and the quantum approach, is interesting. On a
qualitative level, the modification of the effective parameters
in subsystem S depends on the dynamics of the B ensemble
that it is coupled to. We operate in a regime where the B
emitters can be adiabatically eliminated and remain in the
low-excitation limit at all times. In this limit the linear classi-
cal model for the B ensemble becomes essentially exact. It is
thus plausible that the change in the corresponding effective
subsystem parameters is the same, independent of whether
subsystem S is treated quantum mechanically or classically.
In contrast to the full effective quantum master equation, (27),
the classical equations, (39), cannot of course feature quantum
correlations between the cavity mode and A since they enforce
the factorization (o, a) = (0, ){(a). They also cannot lead to
nonlinear effects for the photon mode, such as the photon
antibunching observed in [20], since the mode is described by
a complex number and not an operator. We point out that also
in the fully classical derivation of (39) a “correlated” decay at
rate i emerges. We analyze this collective dissipative process
in detail in Sec. IV B below.

IV. DISCUSSION OF EFFECTIVE PARAMETERS

In this section we analyze how the physical parameters of
subsystem S [Eq. (31)] are modified and what their limits
are, depending on the system parameters and the geometry.
Therefore, we consider the case where B is reduced to a
single emitter and provide analytical formulas for the effective
parameters in this case (Sec. IV A). We find that the presence
of B results in a modification of the cavity-coupling strength
of A (Sec. IV A 1) and a change in the linewidths (Sec. IV A 2)
and leads to joint dissipative processes (Sec. IVA3). In
the second part of this section (Sec. IVB) we analyze the
consequences of the joint dissipative processes for the system
dynamics. We discuss modifications of cavity transmission
spectra (Sec. IV B 1) and modification of the onset of strong
cavity coupling of A (Sec. IV B 2).

A. Effective parameters for B being a single emitter

We first consider the situation where B can be considered
a single emitter (e.g., a collective mode [20]) at position 7g =
(xg, yB, zp) separated from A by 7 = (x,y, z7) = g — 74 with
74 = (xa, Y4, 24) [see Fig. 2(a)]. The coupling strength be-
tween the A [B] and the cavity mode reads g4 = gf?) cos (kya)
[gp = gg)) cos (kyg)]. Here, we choose gff), gg)) > 0,and k =
2w /A = w./c denotes the cavity-photon wave vector (along
the y direction), with X the cavity-mode wavelength and c the
speed of light in vacuum. We also assume that k & ka & kg,
with k4 = wa/c and kg = wp/c, which is usually a good
approximation at optical frequencies.

The dipole-dipole interaction strength between A and B is
[33,34]

Vap = —

3 .
JYAVB (sinz(e)eXp(lg)
2 §
ex;;(;é}) B iex;;(;f;‘) ]>’ (40)
with &€ =kr (r=|F|]) and 0 = arccos (z/r). Using V=
Vag = Qap — iyas, one can compute the quantities G™1G,
G™ 'V, and VTM~'V entering Eq. (31), and the effective
parameters for the evolution according to Egs. (27) and (30)
become

+ [3cos?(0) — 1][

QapAp + YaBYs
fif ABAB + Vag
8 =8A—8— 55> (41)
. A+ 72
2 2
off vB(24p — Vip) — 2A8Q24BVAB
vt = ya + .42
§ AL+ 77
RS + 51297/3 , (43)
A+ vp
vBS2AB — ApYaB
=8 (44)
A+ vp
and
off (5 — Vap)Ap + 2QapYaBVs
Ay =— 2 2 , (45)
A+ vp
A
T (46)
A+ vp
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The two parameters Ap and yp are limited by the condition
of the validity of the adiabatic elimination, i.e., the effective
model. For instance, they have to fulfill

max(|2ag|, |vapl) < |Ap — iyal. 47)

In the following discussion, we use the two dimensionless
functions g(#) and f(¥), corresponding to the coherent and
dissipative parts of the dipole-dipole interaction,

Qap = /vavsg(¥), (48)
Yap = /vaysf(F), (49)

respectively. Their geometry dependence is plotted in
Fig. 2(b).

1. Effective coupling strength

We first focus on the modification of the coupling strength
between A and the cavity mode. Using Eq. (41), the modifica-

tion of the coupling strength, Ags = g5 — ga, is

QB Ap
|Ap — iysl |Ap — iyp]

+ YAB VB )
|Ap —iyg| 1A — iyl )’

Therefore, from Eq. (50) and from Eq. (47) it follows that
|Agal < | gg))|, which means that Ag, generally cannot over-
come the cavity-coupling strength of B, as long as the adia-
batic elimination condition remains valid.

Using the position dependence of the cavity couplings, the

functions g(¥) and f(¥), and the fact that gx)) /gg)) = /va/VB
we can rewrite Eq. (50) as

Agy = _gB<

(50)

Aga/g = — cos(kymﬁ (Aggm + ny(m). 51)

Evidently, the change in the cavity coupling of A can be
induced either by coherent [oc Apg(¥)] or by dissipative [
ypf(7)] dipole-dipole interactions in Eq. (51). Let us now
analyze those two limits in more detail.

The dissipative limit |ypf(7)| > |Apg(¥)| is difficult to
achieve in the near-field, purely by the geometry. This is due
to the divergence |g(7)| o< 1/r3, while |f(F)| — 1 for r < A.
An exception is “magic angle” dipole configurations with
3cos?(A) = 1, for which near-field terms vanish in Eq. (40),
then only implying |g(¥)| o< 1/r for r — 0 [see Fig. 2(b)]. In
general, however, the dissipative limit is achieved for Ap ~ 0,
i.e., if Bis close to resonance with A and the cavity. In this case
the validity of the adiabatic elimination in Eq. (47) must be
ensured by large 3, i.e., by y5 > yag*(F) and yp > yaf2(F).
The modification of the cavity coupling becomes

Aga/gy = — cos(kyg)f (7). (52)

Since |f(7)| < 1, it follows that |Ags/g"’| < 1 and the modi-
fication of the coupling strength is therefore generally limited
by gg’) . Still, coherent coupling of A to the cavity can be
effectively induced, for instance, when A is at a node of the
cavity mode (g4 = 0) and B in the near-field of A with r < A

and cos(kyg) # 0 [20].

The coherent limit |Agg(¥)| > |ypf(¥)| is generally
achieved for most configurations in the near-field where
lg(®)| > |f(7)|, as long as | Ag| = yp. The modification of the
coupling,

A
Aga/s) = —costhyp)sP) 7oy, (5)

BT VB
is then generally limited by the magnitude of g(¥). In a regime
where the adiabatic elimination condition, (47), is valid, if
|Ag| ~ ys, it is required that |Q245| < yp and thus |g(7)] K
VB/v4. On the other hand, condition (47) can be easily
fulfilled for large detuning, |Ag| > y3, in this case

Vi N
Aga/gy = — cos(km)g(r)A—Z Llg®l. (G4

While the change in coupling strength is still limited by |g(7)|,
generally large enhancements of g4 are possible in this regime
[20].

2. Effective linewidths

We now focus on the linewidth modifications of the cavity
and A. From Eq. (43), it is evident that the cavity mode
linewidth « can only be broadened by the interaction with B
since

- % >0. (55)
Ap+ v
The change in effective linewidth of A, Ay, = ySff

using Eq. (42), can be written in the form

[veg(F) — Apf(F)]?
A+ v

— VYA,

Aya/ya = [ - f2<?>]. (56)

The first term in Eq. (56),

[ysg(F) — Apf(F)I?

=0, (57)
AR +vs

always leads to a broadening of y,4, while the second term,
f2(7) > 0, always contributes to a linewidth reduction.

Importantly, strong linewidth narrowing is possible for spe-
cial points for which the broadening from Eq. (57) vanishes,
i.e., when

v88(F) = Apf(F) (58)

is fulfilled. Then one can achieve large linewidth reductions
Aya/ya — —1 in the near-field, where f(¥) — 1. Further-
more, we note that a reduction can also be achieved in the
dissipative limit with Ap = 0, discussed above. Then

Aya/ya = [&F) — 7 P)]. (59)
eff

and y{" < y4 occurs for any geometry with | f(¥)| > [g(7)],

e.g., close to the magic angle 6* = arccos(1/+/3) in the near-
field [see Fig. 2(b)].

3. Joint dissipative couplings

We now focus on the effective parameter u that enters as a
collective dissipative term in Eq. (30). Defining the (positive)
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broadening of A as

[y8g(F) — Apf(F)I?
Sya =, , (60)

the modulus of 1 [Eq. (44)] can be written in the very simple
form

lul =/ Akdya. (61)

off and Ak < «°, this implies that |u| <

Since dys < y;

ey < max(c°ff, ™), which sets a fundamental limi-

tation on |u|. Note that at special points of ideal linewidth
narrowing [condition (58)], §y4 = 0 and then also u = 0.

B. Consequences of joint dissipative coupling

Importantly, the new dissipative terms in Eq. (30) are not
in Lindblad form, i.e., they do not consist only of terms
D(LY, L), with L a Lindblad operator. In addition to the
“diagonal” decay of the cavity [D(a’, a)] and A [D(o,", o )],
there are also off-diagonal decay processes involving both the
cavity and A [D(a’, o, )and D(aj’ , @)], which are not present
in the bare system decay in Eq. (5). To bring Eq. (30) back into
a Lindblad form, we define new collective operators

Ly = cos(e/2)a + sin(e/2)o, , (62)
L_ = —sin(a/2)a + cos(a/2)o, . (63)

Then Eq. (30) can be written as
LM = —y, DAL, Ly —y DAL Loyv. (64)

The Lindblad operators are linear combinations of the
photon annihilation operator a and the spin-lowering operator
o, , with tan(a) = 2#/(/(eff — yj’ff) and 0 < o < 27. The
decay rates associated with the Lindblad operators are

Keff + ]/:ff N \/(Keff _ y:ff)Z

Y = +u? (65)

2 4

and correspond to the eigenvalues of the matrix

eff
<KH ylgff) . (66)

The two Lindblad jump operators describe mutual decay
processes between the cavity and A, which are mediated by the
presence of B. This is analogous to sub- and superradiant de-
cay of atoms due to collective incoherent processes, induced
by the coupling to a joint cavity mode [36,46]. Similarly,
also the parameters y;4 introduced in Sec. II correspond to
such off-diagonal decay mechanisms, which are in this case
mediated by the surrounding electromagnetic field [33].

In the following, we now investigate the consequences of
the mutual decay mechanisms between the cavity mode and
A in the effective model that is mediated by the presence of
ensemble B. We analyze the modification of the cavity trans-
mission spectum in Sec. IVB 1 and study the modification
of the onset of strong coupling between the cavity and A in
Sec. IVB2.

1. Cavity transmission spectrum

To compute a cavity transmission spectrum, we consider a
weak laser probe driving the cavity, described by the (addi-
tional) time-dependent Hamiltonian

H; = n(ae™' 4 ae~rt) (67)

with frequency wy, and strength 7.

Similarly as in Sec. III B, we derive the equations of motion
in the classical linear limit valid for low excitation numbers
(initial state without excitations and weak drive  — 0). Then,
using the classical variables o = (a), B4 = (0, ), and B =
(o_), in the frame rotating with the laser frequency wy, the
equations of motion are

da = —i[A, — ixla — igafs — iGTB —in,  (68)

8B = —i[ Ay — iyalBa —iga — VTR, (69)

3B = —iMB — iGa — iV Ba, (70)

where ZC = W, — WL, ZA = wy — g, and (M)ﬂ = (ZB —

i]/B)Sj( + (1 - (Sjg)(Qj[ - i]/je) with AB = wp — Wr. The
steady-state solution is

st ngf e L1 -1 n
= — ~ ., D
zt ?:“ff _ iﬁ Af‘ff _ l-)zi:ff 0

with the definitions
K= K, —Re[G"M'GL, AT = R4 — Re[VTM 'V,
B = g4 —ReG'M'V], R =« + ImG"M'G,

7=y +Im[VTM V], A =Im[GTM V1. (72)

The cavity transmission spectrum is proportional to the mean
photon number in the steady state o< |a™|?, which can be
obtained from Eq. (71).

We consider a situation where the eigenvalues of the matrix
in the laser frame, M = M + 1(ws — wy) (1 is the identity
matrix), are well approximated by the eigenvalues of M. This
is true when the shift w4 — wy| is small compared to the
real part of the eigenvalues of M, which are related to the
eigenfrequencies of the interacting B ensemble. Note that this
condition can be ensured in the dispersive limit (where the
eigenfrequencies of B are far detuned, i.e., spectrally well
separated from &) and that this is consistent with the require-
ment for the validity of the adiabatic elimination (see the Ap-
pendix), also in the presence of the laser drive. The probe laser
is then scanned only over a frequency range that is relevant for
the dynamics of the subsystem &. In this situation ¥°f ~ x°ff,
yeit o et Gl ~ oo T &~ 1, and the laser frequency only
enters through the detunings A" = 0 — @, and AST =
o — wp with off ~ @, — Re[GTM'G] and oS ~ wy —
Re[VTM’IV]. Then we define the normalized steady-state
cavity transmission spectrum by Tc(wr) = (k2 /n%)|et|? with

o n(A4" - iys")
( eff i,u)2 _ (Ziff _ inff) (ngf _ i,(eff)’

For a finite mutual decay rate p # 0, we find that this
transmission spectrum features two asymmetric peaks sepa-

(73)

013714-8



ADIABATIC ELIMINATION FOR ENSEMBLES OF ...

PHYSICAL REVIEW A 102, 013714 (2020)

(a)1 (b)12

RN o

0.8 FY ! i
06 0.8
. T. 06
’ 0.4
0 0

6 4 2 0 2 4 6 6 -4 2 0 2 4 6
wr, — welt wr, — wst

FIG. 3. Normalized steady-state cavity transmission spectra 7.
(a) u = 0: Dotted, dashed, and solid lines correspond to g5 = 0.3,
1, and 2, respectively. (b) g;ff = 2: Solid, dashed, and dotted lines
correspond to i = 0, 0.2, and 0.5, respectively. All parameters are in
units of g{’ = 1. Here, " = 1, k" = 2, and n = 0.1.

rated by an energy splitting o 2|g| for large enough g°ff.

It is instructive to associate the peaks with “polaritons” by
diagonalizing the matrix entering Eq. (71). Considering A in
resonance with the cavity mode, i.e., o§f = o = g, and
by defining At = wgff or, Eq. (71) can be decomposed as
(assuming the dispersive limit)

ast zeff 0 -1 n
=1{-iT- N G2,
f‘l 0 Aeff 0
where
_ Keff —i g.i“
T= (75)
—i geff —y Xff

is a non-Hermitian, complex symmetric matrix, which we

. . _ - T .
diagonalize as T=}_ _. Epupup. Here, the two eigenvec-
tors are deﬁned as iy = (u1 , ) and i = (u] , u; ), with
Zp " upu = 1. The elgenvalues are

N 2
yeff + Keff Keff _ yeﬁ 2
= 5 ) — (et —in)" (76)

We introduce the polariton linewidths and frequencies as-
sociated with the real and imaginary parts of &,, namely,

b=

't = —Re[é+] and w1 = a) — Im[&.]. This leads to
2
Z Z_
Telw) = k* - . (7T
(@) =k a)L—a)++iF++wL—a)_+iI‘_ 7
where Zy = ufuy [(ufuy —uyud) and Z_ =

uyuy /(uyuy —ujuy) are related to the cavity and spin
admixtures of the polaritons eigenmodes.

Cavity transmission spectra from Eq. (77) are plotted
for 4 =0 and different effective coupling strengths g5t in
Fig. 3(a) and for g§T =2 and different mutual decay rates
w in Fig. 3(b). For u = 0, the spectrum is symmetric with
respect to a)eﬂ, and increasing geff allows it to enter the
strong-coupling regime characterized by the emergence of
two well-resolved polariton peaks. We find that increasing
@ > 0 leads to an asymmetric spectrum with two peaks of
different heights and linewidths ', > I"_, which is a common
feature discussed for cavity-coupled molecules [47-49]. In

particular, we find that here the joint dissipative processes

(a) 2.5
eff 2
Iy o1s

ff
fyz 1 amsmamsmmsETEEEEEREL

0.5

FIG. 4. Polariton linewidths 'y (a) and frequencies wy (b) as
a function of g5 > 0 for different ; > 0. The upper (here &) and
lower (here £_) polaritons are depicted as blue and red lines, while
the solid, dashed, and dotted lines correspond to 1 = 0, 0.2, and 0.5,
respectively. All parameters are in units of g}’ = 1. Here, ¥ = 1
and k°f = 2.

between A and the cavity lead to a lower or upper polariton
with a subradiant or superradiant linewidth, respectively.

2. Onset of strong coupling

Finally, we focus on how a finite © # 0 modifies the
conditions for reaching strong coupling between A and the
cavity. The polariton linewidths 'y and frequencies w. are
plotted in Figs. 4(a) and 4(b), respectively, as a function of
& > 0 for different u > 0.

We first focus on the case w =0 (solid lines). For
& < |k — £ /2, the two polariton modes are unde-
fined, and the eigenmodes of the system have frequencies
oy = o and linewidths 'y with min(y§T, «°) < T_ <
I, < max(y$t, k¢, In this weak-coupling regime, the cav-
ity transmission spectrum features two strongly overlapping
peaks [see Fig. 3(a)], and the time evolution of the system
exhibits overdamped Rabi oscillations.

For u = 0, the strong coupling is reached when gt >
|ic®t — y£tt| /2 or, alternatively, when g5 > max(yt, ). In
this case, two polariton modes w1th different frequencies,
w4, and identical linewidths, («°f + yjff)/Z, emerge. The
transmission spectrum features two weakly overlapping peaks
[see Fig. 3(a)], and the dynamics of S exhibits well-defined
Rabi oscillations. The two eigenvalues &1 coalesce for the
“exceptional point” g&T = (k°ff — ) /2 [50,51].

Finite pu # 0 affects the onset of strong coupling. In this
case, the degeneracy of the two eigenvalues &1 is removed
and the exceptional point for the onset of strong coupling
disappears. The polariton linewidths and frequencies are dif-
ferent for all g5f. By calculating the first derivative of the
linewidth T', w1th respect to g4 > 0, e find that T'y is a
monotonically decreasing function of gff. Therefore, the most
restrictive condition for strong couphng in the case u # 0 is

<t >y, , where

)/:ff + Keff

Keff_yeff 2
> +\/< 7 A ) + u?.

(78)

v =TT =0)=

We note that for the discussion of Fig. 3 and Fig. 4 above,
n >0 and gfff > 0 have been assumed. The fact that the
lower and upper polaritons display subradiant and superra-
diant properties, respectively, is a consequence of this. The
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features presented in Figs. 3 and 4 hold for arbitrary p and
gi , whereas for ,ugeff < 0 the asymmetry is reversed, i.e.,
the lower (upper) polariton exhibits superradiant (subradiant)

behavior.

V. CONCLUSION AND OUTLOOK

In conclusion, we have carried out a detailed study of the
impact of a dipolar environment on the dynamics of a single
dipole A coupled to a cavity mode. We performed a detailed
adiabatic elimination of the dipoles in the environment and
computed effective parameters for the subsystem consisting of
A and the cavity. Since the dipoles in the environment couple
to both A (with full coherent and dissipative dipole-dipole
interactions) and the cavity, they modify the properties of the
subsystem significantly. We analyzed effective modifications
and limitations of subsystem linewidths, coherent cavity-
coupling strengths, and emerging collective dissipative pro-
cesses between A and the cavity. In particular, the latter joint
dissipative decay processes can lead to peculiar signatures in
the strong-coupling regime.

Our work highlights the impact of “active” environments
on cavity-QED systems, which are relevant in the field of
molecular polaritonics [11,17,52-55] where environments
such as solvents can play a crucial role [18,19]. There, other
interesting perspectives of this work include extensions to
disordered ensembles in the context of the emergent field of
polaritonic chemistry.
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APPENDIX: VALIDITY OF THE ADIABATIC
APPROXIMATION

In this Appendix, we discuss in more detail the condi-
tions required for the validity of the adiabatic elimination of
B, using the derivation of the model in the classical limit
(Sec. III B). We derive the general condition, under which
the steady-state solution for the B ensemble [Eq. (38)] can be
inserted into Egs. (35) and (36) to obtain the set of equations
in (39).

We first erte Eq. (37) as afB BB(t) + §(t) with
B = —iM and S(r) = —i[Ga(t) +VﬂA(t)] The formal so-
lution of this differential equation reads /3(t) = BB BO0) +
f dt'eé®”'S(t — 1'). The eigenvalues of matrix B are given by
A;j (as in Sec. III A 4). These eigenvalues determine the fast
dynamics of the interacting B ensemble. For simplicity, we
assume the limit of large # (with Re{};} < 0) and set the upper
limit of integration to infinity,

B(t) = /oo dt'®S@ — 7). (A1)
0

The first term e® B(O) vanishes when assuming the initial
condition B (0) = 0 similarly as in Sec. IIT A. If the ensemble
emitters are initially (here ¢+ = 0) sufficiently close to the
ground state, the first term ¢® B(0) becomes negligible when
one averages over a time interval Az 3> |A;|!, where Af is
a coarse-grained time scale assumed to be large compared to
the typical time scale associated with the dynamics of the B
ensemble but small compared to the time scale of the effective
dynamics of subsystem S. In other words, this requires a
time-scale separation between the B ensemble and subsystem
S.

Using the definition B =) 1;%;%] from Sec. IIIA4,
Eq. (A1) provides B(t) = > % I dr/e)\/f/)'c’]TS(t —1/). Af-
ter integration by parts, the previous equation can be written

as B(t) = Baa(t) + Brer(t) with

Put) = = 3 251300 = 13 S Ga) + Va0,
i j

(A2)

- oo
) == i—’ / dt'e T 9,38t — ). (A3)
j e

Using the relation B~ = iM~' = )~ %;%] /;, one can
write the adiabatic solution Bad(t) in Eq. (A2) in the form of
Eq. (38), namely, Bu(t) = —M'Ga(t) — M~V B4 (¢). Fur-
thermore, since a(¢) and B4 (¢) are, respectively, of order /7
(with 71 the mean photon number) and unity, the condition
| B (t)> < 1 of low population for spins B requires |)?JT\7| <
|A;| and |)?Té|f < |Ajl. In the limit of small /i (vacuum-
Rabi couplings), the latter requirement reads IxTG| <L A

The previous conditions are consistent with assuming a suffi-
ciently weak coupling between the B ensemble and subsystem
S, which justifies a perturbative treatment of the interaction
(as in Sec. III).

The solution 3ret(t) [Eq. (A3)] is associated with retarda-
tion effects and was neglected in Eq. (38) provided Bret(t) <
Bad (t). In order to justify this approximation, we now estimate
the contribution Bret(t) in a self-consistent manner, which al-
lows us to obtain the leading-order correction to the adiabatic
solution. We start from Eq. (A3) with the definition of S(t)and
calculate the time derivatives d,.a(t — t’) and 9, B4t — ')
using Egs. (35) and (36). This leads to
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Brat) == i—’/o dt'e {x’}é[mc — i)t = )+ gapalt — 7))+ G"Bt — )]
j J

+E]V[=imabatt — ) + gact — T + VB r’)]}. (A4)
Now replacing B(l — 1) with its adiabatic solution B(f — 7') & Baa(f — '), the term Bre(¢) is estimated as

pur~ =32 [ dr/ekff’{*f»é[mc — ik)a(t) + gaPa(0) + G (— M Gat) - MV B0 |
j J

+ V] = ivaBa) + gaa () + VT (= M Gar) - M‘lvﬂm)]}. (A3)
Here, we have also replaced a(t — t’) with «(¢) and B4(t — t’) with B4(¢) in the integrand, similarly to the approximations
Pee(t — T) & pg,(t) and exp[(Lp + Lg)T] ~ exp[LpT] in Sec. III A, which hold when the time scales associated with the
dynamics of B and subsystem S are well separated. Using the definitions of the effective parameters in Eq. (31), the retarded

solution reads

>

G P! {f}é[(Asﬁ' — ik )or(t) + (g5 — i) Ba )] + XTV[(AST — i) a(t) + (857 — in)e(r)] }

2
j )‘j

By comparing Egs. (A2) and (A6), we find that |AST —
i < (21 [AFT = iys < Il and Vilgd — il < Il
are necessary conditions to neglect retardation effects (Bret <
Baa)- These conditions correspond to a separation of the dif-
ferent time scales, namely, that the dynamics of subsystem S
is slow compared to that of B, consistent with the substitutions

at — )~ at)and ot — /) = Bs(2).

(A6)

In conclusion, the global condition for adiabatic elimina-
tion of B is that A; are the largest parameters of the problem,
in agreement with the arguments in Sec. III used in the deriva-
tion of the effective master equation. Note that when B is
reduced to a single spin, this condition becomes |Ag — iyp| >
{1Qup—ivasl, |25V, | AL —iicT |, | AST iy |, /7| g5 —ipu] ).
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