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The generalized amplitude-damping channel (GADC) is one of the sources of noise in superconducting-
circuit-based quantum computing. It can be viewed as the qubit analog of the bosonic thermal channel, and it thus
can be used to model lossy processes in the presence of background noise for low-temperature systems. In this
work, we provide an information-theoretic study of the GADC. We first determine the parameter range for which
the GADC is entanglement breaking and the range for which it is antidegradable. We then establish several upper
bounds on its classical, quantum, and private capacities. These bounds are based on data-processing inequalities
and the uniform continuity of information-theoretic quantities, as well as other techniques. Our upper bounds on
the quantum capacity of the GADC are tighter than the known upper bound reported recently in Rosati et al.,
[Nat. Commun. 9, 4339 (2018)] for the entire parameter range of the GADC, thus reducing the gap between the
lower and upper bounds. We also establish upper bounds on the two-way assisted quantum and private capacities
of the GADC. These bounds are based on the squashed entanglement, and they are established by constructing
particular squashing channels. We compare these bounds with the max-Rains information bound, the mutual
information bound, and another bound based on approximate covariance. For all capacities considered, we find

that a large variety of techniques are useful in establishing bounds.
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I. INTRODUCTION

One of the main goals of quantum information theory
is to determine the optimal rate of sending information
(classical or quantum) through quantum channels [1-4].
Quantum channels model the noisy evolution that quantum
states undergo when they are transmitted via some physical
medium.

Depending on the message and the availability of re-
sources, communication protocols over quantum channels can
be divided into different categories. In particular, classical
communication, entanglement-assisted classical communica-
tion, private classical communication, and quantum commu-
nication are some of the communication protocols that have
been studied in the last few decades (see Refs. [1-4] for
reviews). The notion of the capacity of a channel defined by
Shannon [5] can be extended to the quantum domain for these
different communication protocols (see Sec. IIT A for formal
definitions).

The optimal rate (capacity) of any communication pro-
tocol depends on the properties of the quantum channel.
In general, the best characterization of the capacities of a
quantum channel is given by an optimization over regularized
information quantities over an unbounded number of copies
of the channel. Hence, it appears to be generally difficult
to calculate the quantum and private capacities of quantum
channels [6,7] except for a special class of quantum channels
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that are degradable (see definitions in Sec. III), in which case
the regularized quantities reduce to simpler formulas that are
functions of only one copy of the channel [8,9]. Recently,
however, it was shown that one can calculate quantum ca-
pacity for some channels that are not degradable [10,11].
Furthermore, recent progress in estimating and understanding
the quantum capacity of low-noise and some other channels
has been reported in Refs. [12-15].

Remarkably, even in the qubit case, very little is known
when it comes to exact, computable expressions for the com-
munication capacities of quantum channels. For example, two
of the most widely considered noise models in quantum infor-
mation and communication are the depolarizing channel and
the amplitude-damping channel. The classical capacity of the
qubit depolarizing channel is known [16,17], but its quantum
capacity (for its entire parameter range) is not. Similarly, the
quantum capacity of the amplitude-damping channel is known
[18], but its classical capacity (for its entire parameter range)
is not. These are two of the most significant open problems in
quantum Shannon theory.

In general, the difficulty in obtaining exact expressions
for the communication capacities of quantum channels has
led to a wide body of work on obtaining lower and upper
bounds on these quantities. With the recent developments
in quantum communication technologies, it is important to
study different physically motivated noisy communication
processes (quantum channels) and to establish lower and
upper bounds on their communication capacities in terms of
the channel parameters. Moreover, these communication rates
also play a critical role in the context of distributed quantum
computing between remote locations and in benchmarking
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the performance of quantum key distribution and quantum
networks.

In this work, we provide an information-theoretic study
of the generalized amplitude-damping channel (GADC). As
the name suggests, the GADC is indeed a generalization of
the amplitude-damping channel. Specifically, the GADC is
a qubit-to-qubit channel, and it models the dynamics of a
two-level system in contact with a thermal bath at nonzero
temperature. It can be used to describe the 7 relaxation
process due to the coupling of spins to a system that is in
thermal equilibrium at a temperature higher than the spin
temperature [19-21]. The GADC is also one of the sources
of noise in superconducting-circuit-based quantum computing
[22]. Tt can additionally be used to characterize losses in
linear optical systems in the presence of low-temperature
background noise [23]. In the case that the thermal bath is
at zero temperature, the GADC reduces to the amplitude-
damping channel, which arises naturally as a noise model in
spin chains [18,24].

The GADC can be thought of as the qubit analog of the
bosonic thermal channel, which is used to model loss in
quantum optical systems and is particularly relevant in the
context of communication through optical fibers or free space
[25-27]. Moreover, in the context of private communication,
tampering by an eavesdropper can be modeled as the excess
noise realized by a thermal channel [28,29]. A lower bound on
the quantum capacity of a bosonic Gaussian thermal channel
was proposed in Ref. [30]. Recently, several upper bounds
on the energy-constrained quantum and private capacities of
a thermal channel have been established in Ref. [31] (see
also Ref. [32] in the context of lower and upper bounds
on the energy-constrained quantum capacity). Moreover, the
unconstrained quantum capacity of a thermal channel has
been studied in Refs. [31-35]. However, the communication
capacities of a qubit thermal channel, i.e., the GADC, have
not been studied extensively.

Some prior works have established bounds on the various
capacities of the GADC. Since it is not a degradable chan-
nel for nearly all parameter values, determining its quantum
capacity exactly appears to be a difficult task. It is worth
noting, however, that it is degradable in the special case
that it reduces to the amplitude-damping channel, and thus
the quantum and private capacities of the amplitude-damping
channel are simply given by its coherent information [18], due
to the additivity of the coherent and private information for
degradable channels [8,9]. An upper bound on the quantum
capacity of the GADC in general was established in Ref. [34]
by using the notion of weak degradability. Furthermore, lower
and upper bounds on the classical capacity of the GADC
have been established in Ref. [36] (see also Ref. [37]). In
Ref. [38] the mutual information of the GADC was calculated,
thus establishing its entanglement-assisted classical capacity
[39—41], which is in turn an upper bound on its unassisted
classical capacity. In general, half the mutual information
of a quantum channel is an upper bound on its two-way
assisted quantum and private capacities [42-44]. Thus, one
can infer from Ref. [38] and Refs. [42—44] an upper bound
on the two-way assisted quantum and private capacities of the
GADC.

II. SUMMARY OF RESULTS

In this paper, we study the GADC in detail by first deriving
its intrinsic information-theoretic properties, such as neces-
sary and sufficient conditions for entanglement breakability
[45] and antidegradability [46]. We then consider several
upper bounds on the classical, quantum, and private capacities
of the GADC; see Table I for a summary.

We start with the classical capacity of the GADC. A first
upper bound, known as Cg, is based on the no-signalling
and PPT-preserving codes for classical communication over
a quantum channel [47]. In particular, we find an analytical
expression for Cg of the GADC that depends only on the
channel parameters. Another upper bound from Ref. [47] on
the classical capacity of any quantum channel is the quantity
C;. We prove that C; = Cy for the GADC. Two other upper
bounds on the classical capacity of the GADC are established
by using the notion of & entanglement-breakability and ¢
covariance [48]. We also compare these upper bounds with
the entanglement-assisted classical capacity upper bound for
the GADC [38].

We employ a variety of techniques to establish upper
bounds on the quantum and private capacities of the GADC.
The first four upper bounds are established, related to the
approach of Refs. [49,50] (see Refs. [31,32,34] for bosonic
channels), by decomposing any GADC into a serial con-
catenation of two amplitude-damping channels. Since the
quantum capacity of an amplitude-damping channel is known
[18], upper bounds on the quantum capacity of the GADC
follow from the data-processing property [56] of the coherent
information of a quantum channel. We call these bounds
the “data-processing bounds.” We also consider three other
upper bounds by using the notion of approximate degrad-
ability and antidegradability, recently developed in Ref. [51].
We call these bounds the “e-degradable bound,” “e-close-
degradable bound,” and “e-antidegradable bound.” We finally
employ the Rains information strong converse upper bound
from Ref. [52] and the relative entropy of entanglement
strong converse upper bound from Ref. [35] in order to
bound the quantum and private capacities of the GADC,
respectively.

We compare these upper bounds on the quantum capacity
of the GADC with the known coherent information lower
bound, and we find that for certain parameter values, the gap
between the lower bound and the upper bounds is relatively
small. Moreover, we compare these upper bounds with the
upper bound established in Ref. [34], and we find that two of
our data-processing upper bounds are tighter than the bound in
Ref. [34] for all parameter values of the channel. Furthermore,
the strong converse bounds from Refs. [35,52] can be even
tighter for certain parameter values.

We also consider four different upper bounds on the two-
way assisted (i.e., feedback-assisted) quantum and private
capacities of the GADC. The first two upper bounds are based
on the fact that the squashed entanglement of a quantum
channel is an upper bound on the two-way assisted quantum
and private capacities of any channel [42,43,57]. For the
third upper bound, we employ the max-Rains information
[58,59] and the max-relative entropy of entanglement [60],
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TABLE I. Summary of the lower and upper bounds on the classical, quantum, and two-way assisted quantum capacities of the GADC that
we consider in this work. The classical capacity upper bounds are established in Sec. VI. The quantum and private capacity upper bounds are
established in Sec. VII. The two-way assisted quantum and private capacities are established in Sec. VIII. We obtain analytic expressions for

<~,UB
max-Rains

the quantities Cg (Proposition 5), Q

(Proposition 9), and 02" in this work.

Upper bounds
Capacity Lower bounds Quantity Technique
Classical x Holevo Cp [Eq. (148)] No-signalling and PPT-preserving codes [47]
Information [Eq. (131)] CUB [Eq. (137)] Approximate covariance [48]
CPB [Eq. (136)] Approximate entanglement breakability [48]
CEP [Eq. (149)] Approximate unitality [36,37]
Cg [Eq. (152)] Entanglement-assisted classical capacity [39-41]
Quantum I. Coherent bp 1_4 [Egs. (165)—=(168)] Data processing [49,50]
Information [Eq. (177)] }fe‘z,ylfz [Egs. (169), (171)] Approximate degradability [51]
bteg [EQ. (174)] Approximate antidegradability [51]
ORE [Eq. (175)] PPT-preserving codes [52]
B [Eq. (180)] Degradability and data processing [34]
Two-Way Assisted 1. Coherent I\Z’I'UB [Eq. (189)] One-half mutual information [42-44]
Quantum Information [Eq. (177)] 051 [Egs. (190) and (192)]  Squashed entanglement [44,53]
I.. Reverse Coherent Q:afgains [Eq. (207)] PPT-preserving assisted codes [54]

Information [Eq. (204)]

03" [Eq. (208)]

Approximate covariance [55]

which are known to be upper bounds on the two-way assisted
quantum [54] and private [60] capacities, respectively, for
any quantum channel. In fact, for this third upper bound, we
have found an analytical expression that establishes that the
max-Rains information and max-relative entropy of entan-
glement are equal for the GADC. We found this analytical
expression by analytically solving the semidefinite programs
associated to max-Rains information and max-relative en-
tropy of entanglement. The fourth upper bound is based
on the notion of approximate covariance. A comparison of
these four upper bounds with the mutual information upper
bound leads to the conclusion that all four upper bounds
are significantly tighter than the mutual information upper
bound.

The rest of the paper is structured as follows. We be-
gin by summarizing relevant definitions and prior results
in Sec. III. We derive necessary and sufficient conditions
for entanglement breakability and antidegradability of the
GADC in Sec. IV and Sec. V, respectively. We then estab-
lish several upper bounds on the classical capacity and the
quantum capacity of the GADC in Sec. VI and Sec. VII,
respectively. In Sec. VIII we establish several upper bounds
on the two-way assisted quantum and private capacities of
the GADC. Finally, we summarize our results and conclude
in Sec. IX.

All codes in MATHEMATICA, MATLAB, and PYTHON used to
assist with the analytical derivations, numerical computations,
and the creation of plots are available as ancillary files with
the arXiv posting of this paper [61]. The MATHEMATICA files
contain the code used in the proofs of (107), Proposition 5,
Proposition 9, and (218). The MATLAB and PYTHON files have
been used to compute all the bounds stated in the paper,
and the plots have been generated in the included Jupyter
notebooks using PYTHON.

III. PRELIMINARIES

In this section, we review some definitions and prior re-
sults relevant for the rest of the paper. We point readers to
Refs. [1-4] for details and further background.

Let H denote a finite-dimensional Hilbert space. The ten-
sor product of two Hilbert spaces H, and Hp corresponding to
the quantum systems A and B is denoted by Hyp = Hy @ Hsp.
We let dsy denote the dimension of Hjy. Let D(H) denote
the set of density operators (positive semidefinite operators
with unit trace) acting on a Hilbert space /. An extension
of a state ps € D(H,) is some state prs € D(Hr @ Hy)
such that Trg[pra] = pa. Similarly, a purification of a state
pa € D(Hy) is some pure state |p)ra € Hr ® Hy such that
Trrllp){(Plral = pa.

The quantum entropy of a quantum state p € D(H) is
defined as H(p) = — Tr[p log, p]. The binary entropy A, (x)
is defined for x € [0, 1] as

(1)

Moreover, throughout the paper we use the bosonic entropy
g(x) forx > 0:

h(x) = —xlog,(x) — (1 — x)log,(1 — x).

2
3)

gx) = (1 4+ x)log,(1 +x) —xlog, x

X
14+x/)

The quantum mutual information of a bipartite state psp €
D(H, ® Hp) is defined as

I(A;B), = H(pa) + H(pp) — H(pap). “4)

Let L(H) denote the space of linear operators acting on
H. Quantum channels are completely positive and trace-
preserving maps from L(%Hy) to L(Hp) and denoted by Ny_, g.

- (l+x)h2<
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An isometric extension or Stinespring dilation U:H,; —
Hp @ Hg of a quantum channel N, . p is a linear isom-
etry such that for all p4 € L(H,), the following holds:
Trg [UpaU'] = N(pa). A complementary channel N§_ . of
Na_p is defined as N5_ ;(pa) = Trg [UpsUT]. The Choi
state of a quantum channel Nj_, g is given by

Pl = (ida ®Ny—p) (@), 5)
where QD:{A, denotes the maximally entangled state:

dy
({"|a ® 1) ({']ar- (6)

We let

F% = dAp/% (7)

denote the Choi matrix of the channel N.

According to the Choi-Kraus theorem, the action of a quan-
tum channel Ny, g on any X4 € L(H,) can be represented in
the following way:

Naop(Xa) = Y ViXaV/, ®)
i=1

where the so-called Kraus operators Vi:Hy — Hp, i€
{1,...,r}, satisfy Zle ViTVi = 14, and r need not exceed
dadg, with a minimal choice being r = rank(l"/%

A quantum channel N4_, p is entanglement breaking if the
Choi state as in (5) of the channel is separable [45].

A quantum channel Nj_,p is called degradable if there
exists a channel Dg_, ¢ such that

(Dp—e 0 Nasp)(Xa) = Ny g (Xn), 9

for all X4 € L(Hy) [8]. A channel N_,  is called antidegrad-
able if its complementary channel Ny _, ;. is degradable, i.e., if
there exists a channel Eg_, g such that

(SE—>B o NXQE)(XA) = Naop(Xa) (10)

for all X, € L(Hy) [46].
For any Hermiticity-preserving map Ma_, g, its diamond
norm || M||, is defined as [62]

IMllo = r{l{/ax IMass(Wra)ll1, (11)

where the optimization is over all pure states g4, With the
dimension of the reference system R equal to the dimension
of A, and || X ||; denotes the trace norm of the matrix X, which
is defined as the sum of the singular values of X.

A. Capacities of quantum channels

For any quantum channel N, its classical capacity C(N) is
defined to be the highest rate at which classical information
can be sent over many uses of the channel with an error
probability that converges to zero as the number of channel
uses increases. It holds that [63—-65]

N T
CN) = lim ~x(N®"), (12)

where x(N) is the Holevo information of the channel N,
which is defined as

X(N) = max I(X; B),, (13)
PXA

where wyp = Na_ p(pxa), and the maximization is with re-

spect to all classical-quantum states, i.e., states of the form

pxa =Y px(Ox)(xlx ® pj. (14)

X

For any quantum channel V, its quantum capacity Q(N) is
defined to be the highest rate at which quantum information
can be sent over many uses of the channel with a fidelity that
converges to one as the number of channel uses increases. It
has been shown [56,66-71] that

1
ON) = lim —I.(N®"), 15)

n—oo n
where the function I. is the channel coherent information,
which is defined for any quantum channel N as

IL.(N) = m[E)lXIC(,O, N), (16)
where p € D(H), and
I.(p, N) = H(N(p)) — HIN“(p)). (17)

If the channel N is antidegradable [46], then its coherent
information in (16) vanishes, which means that antidegradable
channels have zero quantum capacity.

The private capacity P(N) of a quantum channel N is
defined to be the maximum rate at which a sender can reliably
communicate classical messages to a receiver by using the
channel many times, such that the environment of the channel
obtains negligible information about the transmitted message.
The private capacity P(N) is equal to the regularized private
information of the channel N [71,72],

1
P(N) = lim —PON®"), (18)
n—-oon

where the private information of the channel is defined as

PON) = max[I(X;B), — I(X;E)y]. (19)
PXA

The maximization here is with respect to all states px4 as
in (14), and wyape = UY . pz(pxa), with U} 5. being an
isometric channel extending N.

In general, the quantum and private capacities of a channel
N are related as follows [71]:

ON) <

For degradable channels A and M, the coherent information
is known to be additive [8] in the following sense:

I.IN® M) =I.(N) + L.(M). 21

Moreover, the private information of a degradable channel
is equal to its coherent information [9]. Therefore, both the
quantum and private capacities of a degradable channel are
given by its coherent information.

Two-way assisted communication capacities are defined
as the highest achievable rate of communication for proto-
cols involving local operations by the sender and receiver

P(N). (20)
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and classical communication in both directions between the
sender and receiver [73,74] (see also Ref. [42]). We denote
the two-way assisted quantum and private capacities of a
quantum channel N by O (N) and P (N), respectively. As
in the unassisted case, we have that Q< (N) < P<(N) for all
quantum channels N.

Since any one-way, or unassisted, communication protocol
is a special case of a two-way assisted communication pro-
tocol, we immediately have the coherent information lower
bound Q< (N) = I.(N). Another known lower bound is the
reverse coherent information [75-77], which is defined as

L(N) = max Le(p, N), (22)

where
Ie(p, N) = H(p) — HIN(p)). (23)

The reverse coherent information as in (22) was defined in
Ref. [75] and shown in Refs. [75,76] to be a lower bound on
the two-way assisted quantum capacity. It was proven to be
additive in Ref. [77], and concavity in the input state p was
shown in Ref. [2, Eq. (8.48)].

B. Bounds on the capacities of quantum channels

In this section, we recall several different techniques for
placing upper bounds on the communication capacities of a
quantum channel that we use throughout the rest of the paper.

1. Data-processing upper bounds

Let N o M denote the serial concatenation of two quantum
channels A and M. Upper bounds on the quantum capacity of
the channel N o M can be established as follows [49,50]:

QN o M) < OM), (24)

ON o M) < O(N). (25)

The first inequality follows from definitions and the quan-
tum data-processing inequality. The second inequality is a
consequence of the following argument: consider an arbitrary
encoding and decoding scheme for quantum communication
over the channel N o M. Then this encoding, followed by
many uses of the channel M, can be considered as an en-
coding for the channel N. Since the quantum capacity of the
channel A involves an optimization over all such encodings,
the desired inequality follows.

By similar reasoning as above, we can conclude analogous
data-processing upper bounds for the private capacity and the
classical capacity:

P(N o M) < P(M), (26)
P(INo M) <PN), 7)
CN o M) < CM), (28)
C(N o M) < CN). (29)

2. Classical capacity upper bounds via approximate entanglement
breakability and approximate covariance

Upper bounds on the classical capacity of any quantum
channel have been obtained using the notions of approxi-
mate entanglement breakability and approximate covariance

of channels [48]. We now summarize these results. All of
these results, as well as their proofs, can be found in Ref. [48].

A quantum channel N is called ¢ entanglement breaking
if there exists an entanglement-breaking channel M such that
FIN =M, < &. We let

ees(N) = m/&ln {%IIN — M||s: M entanglement breaking}

(30)
denote the smallest ¢ such that N is ¢ entanglement breaking.
For qubit-to-qubit channels, the entanglement-breaking pa-
rameter egg(/N) can be calculated by means of a semidefinite
program [48, Lemma III.8]. We suppress the channel depen-
dence on ggp if the channel is understood from the context.

For any e-entanglement-breaking channel N, the following
upper bound on the classical capacity C(/N) holds [48, Corol-
lary IIL.7]:

CN) < x(M) +2¢log, dp + g(e), €2y

where M is the entanglement-breaking channel such that ¢ =
LIN = M.

We now define the notion of approximate covariance of
a quantum channel N4_ . Let G be a finite group with a
unitary representation {Us(g)}gec on the input system A and
a unitary representation {Vp(g)}eec on the output system B.
The so-called twirled channel N _ , is defined as

1

> Ve Nass(Ua(@)()UAR) WV (g).
geG

(32)
Note that the twirled channel N , can be realized by means
of a generalized teleportation protocol [55, Appendix B]. By
construction, this channel is covariant with respect to the
representations {Us(g)},ec and {Vp(g)}4ec, meaning that

N p(Ua(@)paUa(9)") = VBN p(oa)Va(9)"  (33)

for all states ps and all g € G. We call N e-covariant with re-
spect to the representations {Ux(g)}eeG, {(VB(€)}geq if %HN —
NG, < e. We let

eov(N) = HIN = N9, (34)

denote the smallest ¢ such that N is e-covariant. The co-
variance parameter £.,,(/\V) can be computed by means of a
semidefinite program, as observed in Ref. [48], due to the fact
that the diamond norm can be computed by a semidefinite
program [78]. We suppress the dependence of the covariance
parameter on both the group and its representations for sim-
plicity, and if it is clear from the context, we also suppress the
dependence on the channel.

Let NV be a qubit-to-qubit channel, and let G = Z;, x Z,,
with Z, the group consisting of the set {0, 1} with addition
modulo two. This group has the (projective) unitary represen-
tation consisting of the Pauli operators {1, oy, 0y, 0;}. With
this group and this representation, if N is e-covariant, then
[48, Corollary I11.5]

CN) < x(NO) + 2¢ + g(e). (35)
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3. Quantum and private capacity upper bounds via approximate
degradability and approximate antidegradability

We now recall techniques to obtain upper bounds on the
quantum and private capacities of a quantum channel using
the concepts of approximate degradability and approximate
antidegradability. These concepts were developed in Ref. [51].
All of the results stated in this subsection, as well as their
proofs, can be found in Ref. [51].

A channel N is called ¢ degradable if there exists a channel
D such that 1IN — Do N, < &. We let

£aeg(N) := min {SINC = Do N|s:Dis achannel} (36)

denote the smallest & such that N is ¢ degradable. We suppress
the dependence of this quantity on the channel if it is clear
from the context. Note that g4..(N) can be calculated via a
semidefinite program.

For an e-degradable channel N with corresponding
(approximate) degrading channel 9, it holds that [51,
Theorem 7]

ON) < Up(N) + 2¢log, dp + g(e), (37)
where the quantity Up(N) is defined as

Up(N) = mgx{H(F|E~)w:wEFE

=WRIVoVIW®1p)),  (38)

with ViHy - Hg ® Hg and W:Hp — H; ® Hr being
isometric extensions of channels N and D, respectively.
Moreover, the following bound was established on the
private capacity of an e-degradable channel N in Ref. [31,
Theorem 13]:

P(N) < Up(N) + 6¢elog, di + 3g(e). 39)

Another upper bound on the quantum capacity of a quan-
tum channel N can be established using the notion of ¢-close
degradability. A channel N is called ¢ close degradable if
there exists a degradable channel M such that % IN =M, <
e. If N is an e-close-degradable channel, then the following
bounds hold [51, Proposition A2]:

ON) < I.(M) + 2¢ log, dp + 2g(e), (40)

P(N) < I.(N) 4 4¢elog, dp + 4g(¢). 41)

A channel N is called an e-antidegradable channel if there
exists a channel & such that %HN —Eo N, < e. Welet

Eadeg(N) = mgn {%HN —&EoN:Eisa channel} (42)

denote the smallest ¢ such that N is e-antidegradable. We
suppress the dependence of this quantity on the channel if it is
clear from the context. Note that &,.4ec () can be calculated
via a semidefinite program.

For any e-antidegradable channel N, it holds that [51,
Theorem 11]

ON)<SP(N)<elog,(dg — 1) + 2elog, dp + ha(e) + g(e).
(43)

4. Rains information upper bound on quantum capacity and
relative entropy of entanglement upper bound on private capacity

The Rains information of a quantum channel is an upper
bound on its quantum capacity [52], and a channel’s relative
entropy of entanglement is an upper bound on its private
capacity [35]. Here we briefly recall these results.

The Rains relative entropy R(A; B), [79,80] and the rela-
tive entropy of entanglement Ex(A; B), [81] of a bipartite state
pap are defined as

R(A;B), = min  D(paglloas), (44)
oap€PPT (A:B)
Er(A;B), = min  D(paplloap), (45)

o4p€SEP(A:B)

where D(pag|loap) is the quantum relative entropy of psp and
oap [82]. We have D(paplloap) = Tr[p(log, p —log, o)] if
supp(pa) C supp(oag), and D(paglloap) = +00o otherwise.
Also, PPT'(A:B) denotes the set {oag:oup = 0, ||0;§||1 <1}
[80], and SEP(AB) denotes the set of separable states acting
on Hy ® Hp [83]. Note that one can efficiently calculate the
Rains relative entropy by employing convex programming
methods [84-86], due to the fact that the constraints o4 > 0
and ||U;§|| 1 < 1 are semidefinite constraints.

For any channel Ny _, g, we define its Rains relative entropy
R(N) and its relative entropy of entanglement Egx(N) as
follows:

R(N) = rgaxR(A;B)p, (46)
Er(N) = max ERr(A;B),, 47)

where pap = Na—p(¢aa’) and the optimization is with re-
spect to all pure bipartite input states ¢44', with the dimension
of A equal to the dimension of the input system A’ of the
channel N. As stated above, the information measures R(N)
and Egr(N) are useful because they bound the quantum and
private capacities, respectively, of the channel N:

ON) < R(N), (48)

P(N) < Eg(N). (49)

By following an approach similar to that given in Ref. [52,
Proposition 2], it follows that the maximizations in (46) and
(47) are concave in the reduced density operator Tra[¢aa’]:

Proposition 1. Let Ny _p be a quantum channel, py a
state, ¢, a purification of pa, and wap = Na—p(P4y).
Then the functions ps — R(A;B), and ps — Eg(A;B),, are
concave in the reduced state Try [qﬁﬁA,] = pu, regardless of
which purification ¢/, of pu is chosen.

We give a proof of Proposition 1 in Appendix A. Proposi-
tion 1, combined with the results of Refs. [84-86], implies that
R(N) can be computed efficiently by convex programming
techniques. One can effectively use convex programming
techniques to calculate Ex(/N), but it will not be efficient to
do so in general since it is well known that optimizing over
the set of separable states is difficult [§7-89].

For qubit-qubit systems AB, it is known that R(A;B), =
Er(A;B), [90], which is related to the fact that the posi-
tive partial transposition criterion is necessary and sufficient
for separability for such low-dimensional systems [91,92].
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(However, note that the analysis in Ref. [90] goes well be-
yond this observation in order to establish the aforemen-
tioned equality.) This equality in turn implies that R(N) =
Egr(N) for qubit-to-qubit channels, which is useful for our
purposes here since our focus is the qubit-to-qubit generalized
amplitude-damping channel.

5. Upper bounds on two-way assisted quantum
and private capacities

The squashed entanglement [93] (see also Refs. [94,95]) of
a bipartite state pap is defined as

E(A;B), = 3 inf{I(A; BIE),: Trg[wape] = pas},  (50)
where
I(A;B|E)=H(A|E)+ H(B|E) — H(AB|E)
=H(AE)+ H(BE) — H(E) — H(ABE)

is the quantum conditional mutual information. Whether the
infimum in (50) can be replaced with a minimum is one of the
outstanding challenges in quantum information theory.

An alternative way of writing the squashed entanglement
is to use the fact that for any extension wspg of a state pap
there exists a channel S acting on a purification |)4gg' such
that Sg g (|¥) (¥ |ape’) = wape- This leads to the following
alternative expression for Ey(A; B),:

(5D

Ey(A;B), = %igf{l(A;Bmw . WaBE

= Se—e (V) (V]asen)}, (52)

where |V )apg is a purification of psp. The channels S over
which we optimize are called squashing channels.

The squashed entanglement of a channel N [42,43] is
defined as

Eq(N) = max E(A; B),, (53)
Pan’

where pap = N — p(¢a4') and where the optimization is over
all pure states ¢4/, with A having the same dimension as the
dimension of the input system A’ of the channel N.

For any channel N, the following bounds hold [42,43] [see
also Ref. [57] for (55)]:

Q7 (N) < Eq(N), (54)

PT(N) < Eq(N). (55)

By taking the identity-squashing channel, and using the
fact that I(A;B|E)y = 1(A;B), for any pure state Yupg,
where pap = Tre[|Y)(Y¥lape], we get that E(A;B), <
%I(A;B)p for all states psp. This implies that Eq(N) <
1 maxy,, I(A;B), = 2I(N), where pag = Ny p(dan). In
other words, the squashed entanglement of any channel is
always bounded from above by half the mutual information
of the channel. Therefore, we have

07 (N) < HI(N) (56)

for all channels N [42-44].
The max-Rains relative entropy of a bipartite state p4p is
defined as [58] (see also Ref. [52])

Rmax(A;B), = min

Dmax(paslloar), (57)
o43€PPT (A:B)

where, as stated before, the set PPT'(A: B) is defined as [80]
PPT'(A:B) = {oagious 2 0, |ojs], <1}, (58)

and the max-relative entropy Dmax (0aplloap) is defined as [96]
Dinax(palloas) = log, rntin{t :paB < toag}. (59

The max-Rains information R, (N) of a channel N is de-
fined as [59] (see also Ref. [52])

Rmax(N) = max Ry, (A; B)p, (60)

AA!

where pap = Na—p(daa ), and the optimization is over pure
states ¢4/, with the dimension of A the same as that of the
input system A’ of the channel N. It satisfies [54]

07 (N) < Rinax(N). (61)

Furthermore, it is a strong converse rate. As shown in
Ref. [59], it holds that

Rmax(N) = 10%2 A(N)v

min. | Trp[Vag + YaBlllo (62)
subjectto  Yup > 0,V4p 2> 0,
(Vap — Yap)™ = TN,

AN) =

where 1"/% is the Choi matrix of the channel N, and || X o
denotes the spectral norm of the matrix X, which is defined
as the largest singular value of X. In particular, the quantity
A(N) is given by an SDP.

For the two-way assisted private capacity, we consider the
following general strong converse upper bound [60]:

PT(N) < Emax(N), (63)

which holds for any channel N. The quantity Ep,(N) is the
max-relative entropy of entanglement of AV, which is defined
as [60]

Enx(N) = max Epay (4: B),. (64)
AA!

where pap = Na—p(¢aa ), and the optimization is over pure

states ¢4/, with the dimension of A equal to the dimension

of the input system A’ of the channel N. The max-relative

entropy of entanglement Ey,,x(A; B),, of any bipartite state p4p

is defined as [96]

Enmax(A;B), = min

D, .65
o043 €SEP(A:B) max (0aB|l0AB) (65)

where SEP(A:B) is the set of separable states acting on the
space Hy ® Hp. It has been shown in Ref. [54] that, for qubit-
to-qubit channels, the quantity E.x(/N) can be written as the
solution to an SDP as follows:

Emax(N) = 10g2 E(N)v

min. | Trp[Yap]lloo (66)
T(N) = {subjectto T}y < Yup,
Y5> 0.

Using the fact that PPT C PPT', we obtain Ry (A;B), <
Enax(A; B), for all states p4p, which implies that

Rinax(N) < Emax(N) (67)

for any quantum channel N.
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In Ref. [55] the following bounds on the two-way as-
sisted capacities were established for a channel N that is
e-approximately covariant (see Sec. IIIB2 for the definition):

07 (N) <

PT(N) <

R(A;B), + 2¢log, dg + g(¢), (68)

Er(A;B), + 2¢log, dg + g(e), (69)

where pap = N$_ ,(®F,) and the twirled channel N§_ , is
defined in (32).

C. The generalized amplitude damping channel

The generalized amplitude-damping channel (GADC)
A, v is a qubit-to-qubit channel with the following four Kraus
operators (in the standard basis) [19]:

= V1 =N(0)(0] + 1 = y[1){D, (70)
Ay =y (1 =N)I0)(1], (71)

= VNG/T—y10)(0] + [1){1)), (72)
Ag = JyNI1)(O]. (73)

It is completely positive and trace preserving for all y, N €
[0, 1]. If we set N = 0, then the GADC reduces to the ordinary
amplitude-damping channel A, with two Kraus operators.
The GADC also has only two Kraus operators for N = 1, in
which case the channel behaves as an amplification process,
driving the signal toward the state |1)(1].

Let p denote a single-qubit density operator:

10 = %(]1+rxo—x+ry0y+rzo—z)» (74)

where r = (ry, 1y, 1) € RR3 is the Bloch vector, which satisfies
r2+ r + r2 < 1. The action of the GADC A,, y on p is given
by the actlon of A, y on the Pauli operators oy, oy, 0,. We
have that

A, n(0) =1 = yay, (75)
Ay n(oy) =/1—yoy, (76)
Ay n(o) =1 —y)o,, (77)

A, (1) =1+ y(1l =2N)o; (78)

forall y, N € [0, 1]. This implies that the vector 7 of the initial
state p gets transformed as

Fio e/ T= v, /Ty, (L —y) +y(1 —2N)) =R,

where R = (Rx, Ry, R;). In particular, for any state p, we get

( R, )2 ( R, )2 R.—y(1—=2N)7?
vi—=vy * Vi=y +[ l—y }

=r+rn+r<l, (79)

which implies that the initial Bloch sphere gets transformed
to an ellipsoid centered at (0, 0, y(1 — 2N)) with x, y, and z
axes /1 —y, /1 —y,and 1 — y, respectively. Note that all
pure initial states, which satisfy r)% + ry2 + rz2 = 1, get mapped
to the surface of the ellipsoid.

The relations (75)—(78) also imply that the GADC is co-
variant with respect to the Pauli-z operator,

ﬂy,N (p)O’z ’ (80)

for all states p and all y, N € [0, 1]. More gene;rglly, the
GADC is covariant with respect to the operator ¢'“", where

Ay n(o00;) = o,

1) (1] (81)

7

is the number operator,
ﬂy,N(eiaﬁpe—iuﬁ) — €iaﬁﬂy,1\/(p)€_iaﬁ, (82)

for all states p, alla € R, and all y, N € [0, 1].
‘We also have that

ﬂy,N(p) = Uxﬂy,lfN(O‘xpoix)O‘x (83)

for all states p and all y, N € [0, 1]. In other words, the
GADC A, y is related to the GADC A, ;_y via a simple
pre- and postprocessing by the unitary o,. The information-
theoretic aspects of the GADC are thus invariant under the
interchange N <> 1 — N, which means that we can, without
loss of generality, restrict the parameter N to the interval
[0, 1/2].

We now recall the following well-known decomposition
theorems for an arbitrary generalized amplitude-damping
channel A, y:

(1) Let y € [0,1] and N € [0, 1]. Then any generalized
amplitude-damping channel A, y can be decomposed as a
convex combination of A, o and A, ;:

A,nN=0—-N)A,0+NA, ;. (84)

(2) Let y1, 2 € [0, 1] and Ny, N, € [0, 1]. Then any gen-
eralized amplitude-damping channel A, y can be decom-
posed as the concatenation of two generalized amplitude-
damping channels A,, y, and A,, y, [97]:

Ay n = Ay, Ny, 0 Ay Ny (85)

where y = y1 +y2 —y1iy2 and N = M"W

A consequence of (85) is that, for all y, N € [0, 1],

Ay Nn=Ayn10 ﬂﬂ‘l—;ﬁ’,),o’ (86)
Ay =Ry o 0 A . (87)

We define
A poa) = Teg [V oa (V)] (88)

y.N
to be a Fhannel f:omplementary to Ay N, where V", is an
isometric extension of A, y, which we take to be

VN =AI®10E+AQ N +As® 12k +As® |3)k.
(89)

D. The qubit thermal channel

The GADC is presented in a different form in Ref. [34] and
is called the “qubit thermal attenuator channel.” In this section
we show explicitly that the qubit thermal attenuator channel is
equal to the GADC up to a reparameterization.
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PA

FIG. 1. The qubit thermal channel is defined by analogy with the
bosonic thermal channel as the interaction of a system A in the state
pa with an environment in the state 9% (see (91)) at a “beamsplitter”
of transmissivity 7, which is a unitary channel defined by the unitary
U™ in (90). The state of the environment is then discarded to obtain
the output L, x(04).

A qubit thermal attenuator channel, which we refer to here
as a “qubit thermal channel,” is defined by analogy with the
bosonic thermal channel [98] as the interaction of two qubit
systems A and E via a unitary channel, given by the unitary
U7, followed by discarding the system E [18]. See Fig. 1 for
an illustration. The unitary U" is defined as

1 0 0 0
0 JI=7 0

U = Vi 7 (90)
0 —J1—n S 0
0 0 0 1

This unitary is analogous to the unitary transformation in-
duced by an optical beamsplitter with transmissivity n €
[0, 1]. Such an optical beamsplitter is defined such that if
one of the input arms contains no light, then the fraction
n of the light is transmitted unaltered, while the remaining
fraction is reflected into the other output arm. The unitary
transformation for the optical beamsplitter can be written as
eHss | where Hgs = i(a'h — b'a) and 6 = arccos (/1) (see,
e.g., Ref. [99]). Here a and b are the bosonic annihilation oper-
ators corresponding to the two input arms of the beamsplitter.
The unitary U” for the qubit thermal channel can be written
in the same form ¢“#s by replacing the bosonic annihilation
operator & in Hgs with o_ ® 1 and the operator hwith 1 ® o_,
where o_ = |0)(1| can be thought of as the qubit analog of the
annihilation operator.

Let ps denote the state of the input system A, and let the
initial state of the system E be

0 = (1= N)I0)(0lz + N[1)(1|. oD
Then, the qubit thermal channel £, y is defined as
Lyn(pa) = Tre [Ufp_ g (04 ® 6F) (UAHB—>AE)T] 92)
= Tree [(Uls— 5z ® 16)(pa ® 107)(0N [££)
X (Ufp—pe ® ]lE/)T]’ ©3)
where

10V eg = V1= N|0,0) g + VN1, D (94)

o e 1%

PA Lyna) = Pa Q Q L,n(pa)
n b(lqrzw D - =mN

oY e 0%

Pa L,n(pa) PA Q Q Lyn(pa)
n m n+(1-mN

FIG. 2. Serial decompositions of the qubit thermal channel, as
given in (99) and (100).

When N = 0, we call the qubit thermal channel £, o the qubit
pure-loss channel.

The qubit thermal channel as defined in (92) has exactly the
same form as the bosonic thermal channel, the latter having
the unitary U" defined in (90) replaced by ¢'#s  In particular,
the initial state 6 of the system E can be thought of as the
qubit analog of the bosonic thermal state e %4 /Tr [¢—F4'4
[98], and the parameter N € [0, 1] can be thought of as the
mean number of photons. Indeed, if we replace & with o_ in
the definition of the bosonic thermal state, observe using the
definition of the number operator 7 in (81) that olo_ = i1, and
let B =1n (%), then we obtain

e—polo- 1 e P
. =T1e7 |0><0|+m|1><1| 95)
= (1 = N)|0){0] + N[1)(1] (96)
=6V, 97)

There is a simple connection between the qubit thermal
channel and the generalized amplitude-damping channel that
is straightforward to prove: for all y € [0, 1] and N € [0, 1],

A, n=Liyn. (98)

Using this, along with (86) and (87), we obtain the following
serial decompositions of the qubit thermal channel:

Lovn=Li—g-pni10L 0s (99)

]
[

Lyn=Lyra-nnooL - (100)

]
n+(—nN

These decompositions are depicted in Fig. 2.
We take a channel complementary to the qubit thermal
channel to be

Ly (pa) = Trp [(Uls gr ® 16)(0a @ 16V) (0" |££)
X (Upg—pe ® ILE’)T]’ (10D
and we define a weakly complementary channel [46] to be

Ly (pa) = Tig [Ulp pp(pa ® 0" (Ufp_ )] (102)
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IV. ENTANGLEMENT BREAKABILITY OF THE GADC

Having defined the GADC, we now proceed to examine its
properties. We start by determining when the channel is en-
tanglement breaking. Necessary and sufficient conditions for
entanglement-breakability of the GADC have been previously
determined in Refs. [97,100]. For completeness, we provide
the derivation here, following the same approach given in
Refs. [97,100].

For any two-qubit quantum state psp, the condition

det (p4) > 0

is necessary and sufficient for the separability of p4p [101].
Since a channel is entanglement breaking if and only if its

Choi state is separable [45], to determine when the GADC

A, n is entanglement breaking, we can apply the condition

in (103) to its Choi state p/’;l'gN = pfg"v as defined by (5). We
have

iy = 311 = yN)|0,0)(0, 0045 + /1= [0, 0)(1, 1|45
+ ¥ N0, 1){0, I|ag + v (1 — N)I1, 0)(1, Olap

+v1—=vI1, 1)(0,0Olas

(103)

+ (1 =y =N)IL, 1)(1, 1]ap] (104)
1—-yN 0 0 VIi—y
1 0 yN 0 0
2 0 0 y(1-=N) 0
JI=y 0 0 1—y(—=N)
(105)
Then
s —1+2y —y2+y*(1 - N)’N?
det [ (o)) = =" - (106)

so that det[(pj;éN]TB) > 0 leads to the following necessary
and sufficient condition for the GADC to be entanglement
breaking (see also Refs. [97,100]):

202-1)<y <1,

1 [y2+4y —4 1 yi+4y —4

107)
Note that 2¢/2 — 1) &2 0.8284. See Fig. 3 for a plot of this
region of parameters. It is worth remarking that while the
GADC has many parallels with the bosonic thermal channel,
as outlined in Sec. III D, the entanglement-breakability condi-
tion obtained here is starkly different from the corresponding
condition in the bosonic case. In particular, entanglement
breakability of the bosonic thermal channel is given by the

relatively simple condition < NL-H [102].

V. DEGRADABILITY AND ANTIDEGRADABILITY
OF THE GADC

A. Degradability of the GADC

It is known that the GADC is degradable for all y €
[0,1/2] when N =0or N =1[18]. For N € (0,1) and y €

0.0
0.00 0.25 0.50 0.75 1.00
Y

FIG. 3. Region of parameters, indicated in blue as per (107), for
which the GADC is entanglement breaking. See also Refs. [97,100].

(0, 1], it follows from Ref. [103, Theorem 4] that the GADC
is not degradable.

In the case N = 0, it can be shown that [18]
ﬂ;’o =Ai—y 0. (108)

Then, using (85), it follows from the condition D, g 0 A, o =
A, o = Ai—y,0 that a degrading channel D, o is simply
Dyo= ﬂ%,o- (109)
In other words,
A2y ()Oﬂyn:ﬂ;o (110)
-y * ’

for all y € [0, 1/2). In terms of the qubit thermal channel, we
use the correspondence in (98) to write the condition (110) as

LiygoLyo=Ly. (111)

forall n € (1/2, 1].
Although the qubit thermal channel is not degradable for
N > 0, iL is weakly degradable, meaning that there exists a

channel O, y such that
Dy o Ly =Ly (112)

In particular, one possible weakly degrading channel f)n, N 18
[34]

Dy =Pi-ov 0 Lizn s (113)

where P, denotes the phase-damping channel, which is de-
fined via its Kraus operators

G ) = G =)

B. Antidegradability of the GADC

(114)

To determine the antidegradability of the GADC, we use
the fact that a channel is antidegradable if and only if its Choi
state is two-extendable [104].
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Proposition 2 (Antidegradability of the GADC). For  all
N € [0, 1], the condition

1
Y 23 (115)

is necessary and sufficient for the antidegradability of the
GADC A, y.

Proof. Since the GADC is a qubit-to-qubit channel, its
Choi state pXI;N is a two-qubit state. For any two-qubit state
0aB, the inequality

Tr 03] — Tr [p5] < 4v/det(pan)

is necessary and sufficient for psp to be two-extendable
[105,106]. For the Choi state pXéN, we find that

(116)

Tr [(IOXE;N)Z] — 2N — 2N + %yz Y41, (17
T [(pp") ] =2’ =2 N+ 42+ 5 (18

4nr2 2
N y*N-(1 —N)
det (o) = —— ¢

Substituting these quantities into the inequality in (116) and
simplifying leads to y > % as the necessary and sufficient
condition for two-extendability of the Choi state of the
GADC, and hence for antidegradability of the GADC. [ ]

It is interesting to note that the condition for antidegrad-
ability of the GADC has no dependence on N, even though,
intuitively, the noise of the channel increases with N. This
is another way in which the GADC is in contrast with the
bosonic thermal channel, since for the bosonic thermal chan-
nel the antidegradability condition depends on N and is given
by n < ML (107, Eq. (4.6)].

When the GADC is antidegradable, there exists a simple
antidegrading channel & satisfying (10), the form of which
follows immediately from the following lemma.

Lemma 1. Define the channel &, by the Kraus operators

(119)

Ey =10)(0lz + [Da(1le, (120)

Ey =10)3{3|g + [1)(2|E,

which acts on the four-dimensional output space of the com-
plementary channel A},  defined in (88). Then

(121)

* c _
Ey o Ay = A1y

forall N € [0, 1] and all y € [0, 1].

Proof. See Appendix B. [ ]

It follows that the channel &, defined in Lemma 1 is an
antidegrading channel at the boundary y = % for all N €
[0, 1]. To find an antidegrading channel for y >
(85) to obtain the following.

Proposition 3. Forall N € [0, 1] and all y > %, the chan-
nel

(122)

%, we use

Eyn =Azn 08y (123)

is an antidegrading channel for the GADC, meaning that
8),,1\/ 9 ﬂ;N = .7{},,]\].
Proof. The decomposition in (85) implies that

Azt 0 Aioyn = Ay v (124)

Combining this with (122), we find that

ﬂZ;/}/;quOS;/Oﬂ;'NZﬂV’N (125)

forall N € [0, I[Tand all y > % The result then follows. =

VI. BOUNDS ON THE CLASSICAL
CAPACITY OF THE GADC

We now consider the communication capacities of the
GADC, starting with the classical capacity. In general, the
Holevo information recalled in (13) is a lower bound on the
classical capacity of any channel. Then, as implied by the for-
mula in (12), determining the classical capacity of a quantum
channel essentially reduces to determining the additivity of
the Holevo information, as the capacity of additive channels
can be calculated without any regularization. Remarkably,
even in the case N = 0, in which case the GADC reduces to
the amplitude-damping channel, determining the additivity of
the Holevo information remains an important open problem.
In the case N = %, however, we observe from (78) that the
GADC is unital, i.e., ﬂyﬁ%(]l) =1 for all y € [0, 1]. The
Holevo information is additive for unital qubit channels [16],
ie.,

XN M) = x(N)+ x(M) (126)

for any unital qubit channel N and for any channel M.
This implies that the classical capacity of any unital qubit
channel is equal to its Holevo information. In particular, for
the GADC, we obtain

C(A, ) = x(A, ). (127)
Furthermore, the Holevo information for unital qubit channels
is directly related to its minimum output entropy [108—110]
(see also Ref. [1, Example 8.10]), such that for the GADC

with N = % we obtain

(128)

1—-41-
x(ﬂy,;)zl—m(—vz V).

The Holevo information is also known to be additive for
entanglement breaking channels [111]. Therefore, using the
result in (107), we obtain

C(ﬂy.N) = X(ﬂ)/,N)v

for all y and N satisfying

(129)

2WV2-1D <y <1,

1 244y —4 1 214y —4
L P b e/ i § [ VL SR bt s e |
2 y? 2 y2

(130)

Using the techniques from Refs. [109,112], it has been

shown in Ref. [113] that the Holevo information of the GADC
for its entire parameter range is given by

X (A, n) = LG —logy (1 — ¢*) — qf (@), (131)
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where

f(x) = (1 4+x)log,(1 +x)+ (1 —x)log,(1 —x), (132)

d 1
F) = 1) = 1og2< “),
X X

—y(1 —2N)]?
F*E\/l_y_[q yl(_ F oo

and q is determined as the solution to the equation
[yg — y*(1 =2N) —y(1 — y)(1 = 2N)If' ()
=—r"(1 =)f'(@.

Let us now compare the Holevo information lower bound
with two upper bounds based on the concepts of ¢ entangle-
ment breakability and ¢ covariance.

Proposition 4 (Classical capacity upper bounds via &
entanglement breakability and & covariance). For all
y, N € (0, 1) it holds that

(133)

(134)

(135)

C(A,N) < XMy n) + 261 + g(e1) = G (v, N), - (136)
C(A,N) < (A, 1)+ 262+ g(e2) = Cou (v, N), - (137)
where & = epp(Ayn) = 3I1A, n — My nllo and & =

Scov(ﬂy,N) =yIN — %|

Proof. To obtain (136), we use (31) and the fact that dg =
2 for the GADC. Furthermore, we note here again that since
the GADC is a qubit-to-qubit channel, the entanglement-
breaking parameter egg(A, y) defined in (30) can be calcu-
lated via an SDP [48, Lemma III.8] due to the fact that, for
two-qubit states, the set of separable states is equal to the set
of states with positive partial transpose [91,92].

For the bound in (137), we make use of (35). Let us first
show that the channel ﬂf, y obtained by twirling with the
Pauli operators {1, oy, 0y, 0;} is equal to A, 1. We start by
recalling the convex decomposition of the GADC as stated in
(84):

A, n=0-=N)A,0+NA, ;. (138)

Thus by linearity of the twirling channel, we have that

ATy =1 =N)AG ; + NAS . Next, we recall (80) and
(83), respectively:

Ay o(-) = 0. Ay o(0:(-)o; )0z, (139)

ﬂy,l(') = Uxﬂy,O(Gx(')ax)ax~ (140)

Using these relations, and the fact that oy, = io,0., we obtain

ﬂf,o =3A, 0+ A, =A (141)

1
V.3’

A =1A, 0+ 1A, = A (142)

y.l = y.3°

where to obtain the last equality in both equations we used
(138). Therefore,

AG = A, (143)
for all y,N €[0,1]. The final step is to show that
teor(AyN) = 3 1Ay N — AT yllo = 31 Ay N = A, 1llo = ¥
IN — %|, which we do in Appendix D. [ ]

We now compare the upper bounds obtained above with
two strong converse upper bounds on the classical capacity
that hold for any quantum channel N [47]. The first upper
bound is

CIN) < Gg(N) = log, B(N), (144)
where
min. Tr[Sg]
B(N) = {subjectto —Rsp < ('} ) < Rug,
—14a®Sp <R} <14 Q Sp.
(145)

Note that the optimization is with respect to the operators Sp
and Rsp. We also observe that the optimization problem is a
semidefinite program (SDP).

The second upper bound from Ref. [47], which is also
given by an SDP, is the following:

CIN) < C.(N) =log, ¢ (N), (146)
where
min. Tr[Sg]
C(N) = {subjectto Vup > Qg,
—14®8p < < 14 ® S.
(147)

By considering the dual of the SDPs in (145) and (147), we
obtain analytic expressions for Cg(A, ) and C; (A, y) for all
values of y and N, and we find that C; (A, y) = Cg(A, y) for
all values of y and N.

Proposition 5. For all y, N € [0, 1],

Cp(Ay ) = Co(Ay ) = log,(1+/1—y).

Proof. See Appendix C. [ |

Let us now compare the Holevo information lower bound
and the upper bounds in Proposition 4, (144), and (146) to
the upper bound obtained in Ref. [36]. This bound is obtained
using a technique developed in Ref. [37], which is based
on a decomposition of the channel of interest in terms of a
unital channel (for which we know the classical capacity, as
mentioned above). When applied to the GADC, the technique
leads to the following upper bound [36, Eq. (35)]:

C(A, ) < CRP(y,N)
1 J1 =
51—h2[§<1 . )}Jrlong(y N)

(148)

+ %log2 T— N’ (149)
where
fr.N)=yyN(1—=N)+/N+A-N)(1-y)
x/1=N+N{—y). (150)

Finally, we consider the entanglement-assisted classical
capacity as another upper bound on the classical capacity of
the GADC. The entanglement-assisted classical capacity of
a quantum channel N, denoted by Cg(N), is defined as the
maximum rate at which classical information can be sent over
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the channel in the asymptotic limit, with the assistance of
entanglement between the sender and the receiver. It is known
[39-41] that Cg(N) is given simply by the mutual information
I(N) of the channel,

Ce(N)=IN)= IgaxI(A;B)p,

AA!

(151)

where pap = Ny p(daa) and the dimension of A is equal
to the dimension of the input system A’ of the channel N.
For the GADC, by using its Pauli-z covariance, as well as
the concavity of the function ps +— I(A; B),, Wwhere waq =
Na—p(@h,) and ¢}, is any purification of p,, it has been
shown [38] that

I(A, y) = max F(y,N,z) (152)
ze[—1,1]
forall y, N € (0, 1), where
2 2
F(y.N.2)=—) Alog, i — Y A log, ]
i=1 i=1
4
+ Y Alog, A} (153)
i=1
and
A= 3(1+72), (154)
A= 3(1—2), (155)
M= H141eN - Dy — (1 =y, (156)
A= HI-[eN - Dy — (1 -y}, (157)
M =10 -Nyd -2z, (158)
Ay =Ny +2), (159)

A =1{2—-[1+@N - Dazly

+v/4 —4[1 +z2N — D]y + 2N — 1 +2)>y2},
(160)

A=12—[1+@N-1lxly

—V4—4[1+ 22N — D]y + (1 - 2N +2)>y2}.
(161)

In Fig. 4 we plot the Holevo information lower bound as
well as the Cg upper bound, the upper bound Cg based on
approximate entanglement breakability, the upper bound CUB
based on approximate covariance, the bound CiP defined in
(149), and the entanglement-assisted classical capacity Cg.
We find that the Cg upper bound is close to the Holevo in-
formation lower bound for low values of y and N. For higher
values of y, the entanglement-assisted classical capacity pro-
vides a tighter upper bound than Cg. For values of N close
to %, as one might expect, the approximate covariance upper
bound CYB is tighter than both Cs and Cp, at least for low to
intermediate values of y. In this same regime for N, the bound
CIE{F is the tightest for small intervals of y close to y = 0.6.
For N = %, we know from (127) that the classical capacity of
the GADC is given by the Holevo information. Accordingly,

the Holevo information and the upper bounds CY8 and CEP

N=02 N=04
1.0 . T T 1 1.0 ! ™~ T e T
5\\ . .\E?\ \\- .
08F- \,,\\\.__. ..... 08F- \\'N\\.\., .....
3 5 N . 5 N N
A N L SO N
06F - N\ci-- S E 06F - N\ P TT TS RIN
: \ 5 » : 5 : )Y
: : : N : ; AN
0.4 e NG ;;..\;_ 0.4 AR NG N
0.2 _. ...... ..... _\‘ 0.2 _. ...... ..... :\‘
] ] ] ] ! ! ! !

0.0 0.0
00 02 04 06 08 1.0 00 02 04 06 08 1.0

Y Y
N=0.5
1.0 ~ 1 T+ T
S : : :
i P o .
08F \\\.‘-, .....
S sl
NG
0.6 F - \iee-- P
"
l:\\
04 e T -_\_
W\
02 F i NG [NV |
0.0 ool——1 1|
00 02 04 06 08 1.0 00 02 04 06 08 1.0
Y Y
UB
¥'B —_—— Cg)% -—= Cy
UB UB
——— ch e w o Cpp Cy

FIG. 4. Bounds on the classical capacity of the GADC. Shown is
the Holevo information lower bound given by (131), as well as the Cy
upper bound given by (148). We also plot the upper bound in (136)
based on approximate entanglement breakability, the upper bound in
(137) based on approximate covariance, the upper bound in (149)
from Ref. [36], and the entanglement-assisted classical capacity Cg
given by (152). The classical capacity lies within the shaded region.
For N = %, the classical capacity is equal to the Holevo information,
and this coincides with the approximate covariance upper bound and
the upper bound from Ref. [36].

coincide. Also, as expected, the approximate entanglement-
breaking bound CZP is tight, matching the lower bound,
whenever the GADC is entanglement breaking. For values of
y and N close to the entanglement-breaking region, this upper
bound is also the tightest among all of the other upper bounds.

VII. BOUNDS ON THE QUANTUM AND PRIVATE
CAPACITIES OF THE GADC

We now consider the quantum and private capacities of the
GADC and provide upper bounds using the data-processing
bounds, the approximate degradability and approximate an-
tidegradability bounds, and the Rains information and relative
entropy of entanglement bounds defined in Sec. III B.

We start with the decompositions of the GADC in (86) and
(87):

ﬂy,N = ﬂyN,l [e] ﬂy}(i—%)’o, (162)

(163)

Ay v =Aya-moo A _mw .

T—y(I-N)*
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These decompositions of the GADC involve the amplitude-
damping channels A,u-n , and A, _n)0. Moreover, these
T—yN °

decompositions are similar in spirit to the ones used in
Refs. [31,32,34,107,114] in the context of bosonic Gaussian
thermal channels.

Unlike the classical capacity, the quantum capacity of the
amplitude-damping channel has a known closed-form expres-
sion and is given by [18]

O(Ay ) = p?[%)ﬁ[hz«l —y)p) — ha(yp)l. (164)
for y €10,1/2), and Q(A, o) =0 for y €[1/2,1]. The
quantum capacity can be determined easily in this case since
the amplitude-damping channel is degradable for all y €
[0, 1/2], which implies that the coherent information of the
channel is additive. The relation between A, o and A, ; given
by (83) implies that the quantum capacity of the channel A,
is equal to the quantum capacity of the amplitude-damping
channel, ie., Q(A, 1) = Q(A, o). Furthermore, since the
private and quantum capacities are equal to each other for
degradable channels, we have that P(A,, o) = O(A, o).

Proposition 6 (Data-processing upper bounds). For  all
y,N € (0, 1), it holds that

QA N) < P(A,N) < Q(Arav ) = Opp1 (¥, N),
(165)
O(A, x) < P(A, n) < O(Ay1-8)0) = Oppa (v, N),
(166)
O(A, ) < P(A, N) < O(Ayn1) = Q58 5(v. N), (167)
(A, N) < P(A,N) S QA v 1) = Oppa(y, N).
(168)

Proof. All of these inequalities follow from the relation
between the quantum and private capacities in (20), the
decompositions of the GADC in (162) and (163), and the
general data-processing upper bounds given in (24) and (25)
for the quantum capacity and (26) and (27) for the private
capacity. In particular, for the bounds on the private capacity,
we make use of the fact that the amplitude-damping channel
is degradable, which means that its private capacity is equal to
its quantum capacity, as given in (164). [ |

We obtain more upper bounds using the concepts of &
degradability, ¢ close degradability, and ¢ antidegradability.

Proposition 7 (Approximate degradability and anti-
degradability upper bounds). For all y € (0,1/2) and
all N € (0,1), we have the following e-degradable upper
bounds:

O Ay v) < Qg1 (¥ N) = Up(A, n) + 461 + g(e1),
(169)
P(Ay n) < Up(Ayn) + 1261 + 3g(e1), (170)

where g1 = £4eg (A, n). The e-close-degradable upper bounds
are

Q(ﬂy,N
PA, N

O(Ay o) + 262 + 2g(e2), (171)

< Quaa (v, N) =
<0 (172)

)
) (A, 0) + 4er + 4g(e2),

1
where &, = 7| A, v
upper bounds are

— A, ollo. Finally, the e-antidegradable

Q(ﬂy,N) P(ﬂy N)

08 (V. N) = 263 + hy(e3) + g(e3),

(173)

<
< (174)
where €3 = €4.geg (A, v)-

Proof. We start with the bounds in (37) and (39). For the
GADC, we have dr = 4, since the channel has four Kraus
operators (assuming N # 0 and N # 1). Therefore, by deter-
mining the approximate-degradability parameter £gee(A, n),
we immediately obtain the bounds in (169) and (170).

Similarly, we obtain the bounds in (171) and (172) using
(40) and (41), respectively, as follows. Since the channel A, o
is degradable for all y € [0, 1/2], we can take that to be our
g-close-degradable channel to A, y. Then, since I.(A, o) is
simply the quantum capacity of A, o [as given by (164)], we
obtain (171).

Finally, we use the bounds in (43) arising from ¢ an-
tidegradability. Since dg = 2, after calculating the antidegrad-
ability parameter &,_deg (A, n ), We obtain (174). [ ]

We obtain another upper bound on the private and quantum
capacities of the GADC by employing the Rains information
of the GADC, as given in (46), (48), and (49):

O A, n) < P(A, N) <

R(A, N) = Oragns (v, N, (175)
which follows from the fact that, as stated previously, the
Rains information R(A, y) is equal to the channel’s relative
entropy of entanglement Er(A, y) for qubit-to-qubit chan-
nels, due to Ref. [90]. To compute the latter, we can perform
the minimization over PPT states, due to Refs. [91,92]. Fur-
thermore, due to the o, covariance of the GADC, we can make
several simplifications to the task of computing the Rains
information R(A, y), which speed it up significantly. First,
due to the o, covariance and concavity of Rains information
in the input state, as presented in Proposition 1, it suffices to
perform the maximization over input states with respect to the
one-parameter family of states [67)sa = /1 — p|0, 0)aa +
/P11, 1) aar (see Appendix E for details on how to show this).
Second, the minimization in the Rains relative entropy in the
definition in (46) can be performed over PPT states having the
following form:

a 0 0 &6¢
1 0 B 0 0 (176)
0, - A ’
P21 0 0 oy 0
geT® 0 0 )
where «,8,y,§20, a+pBf+y+5=2, 0<LE&L

min{v/ad, /By}, ¢ €[0,27). This latter simplification
follows from the same argument given in Ref. [115,
Appendix B].

See Fig. 5 for a plot of the upper bounds Qpp | to QRalns
get a sense for how good these upper bounds are, it is Worth
comparing them to a lower bound. The coherent information
I.(A, n) provides a lower bound on the quantum capacity of

012401-14



INFORMATION-THEORETIC ASPECTS OF THE ...

PHYSICAL REVIEW A 102, 012401 (2020)

Y Y Y
LB UB UB Q Q UB UB
_— CI _ DP,2 - DP4 deg,1 deg,2 - a—deg -_- Rains
UB UB
- DP,1 = DP,3

FIG. 5. Bounds on the quantum capacity of the GADC. Shown is the coherent information lower bound QL given in (177), the data-

processmg upper bounds O | to OpF , from Proposition 6, the upper bounds Qd% " Qd% ,»and QU8
defined in (175). The quantum capacity lies within the shaded region.

Rams

the GADC. It can be shown that [116]
f’w) = 0cr (7. N).

I(ﬂ )— max ] 1
C y N [0.1] C 0 ’

By plotting in Fig. 5 the coherent information lower bound
alongside the upper bounds QIDJEV | to ngms, we find that
the gap between the upper bounds and the lower bound is
smallest when both y and N are small. We also find that,
as expected, the upper bound Qgel;] based on ¢-degradability
is a tighter bound for y close to zero, since y =0 is the
point at which the GADC is close to an identity channel.
We note here that the generic behavior of the e-degradable
bound being tangent to the lower bound for low noise quantum
channels was studied in detail in Ref. [13]. On the other
hand, the upper bound Qde ., based on ¢ close degradability
is relatively poor for large Values of N. Similarly, we observe
that the upper bound Qa deg based on s-antidegradability is

relatively poor except for values of y close to y =

as expected, the bound is tighter, since y = 5 is the point
beyond which the GADC is antidegradable. From Fig. 5, it
is also evident that the upper bound QP | is tighter than all
other data-processing upper bounds for all values of y and
for N < 0.5. Moreover, for N = 0.5, the upper bounds QpF |

and QDP , coincide with the upper bounds QDP’ 4 and QDP!3,

Where

r-deg from Proposition 7, and the upper bound

respectively. Furthermore, the upper bound ggeg is tighter
than all other upper bounds for both y and N close to % While
the Rains information upper bound QRalm is worse than two
of the data-processing upper bounds for all values of y when
N is close to zero, it is tighter than all four data-processing
upper bounds for all values of ¥ when N is close to % In
this region of N close to %, it is also tighter than the bounds

5 , and Qa deg for values of y roughly between 0.15 and

Comparison with prior work

Let us now compare the bounds obtained here with those
from prior work.

In Ref. [34], in order to obtain an upper bound on the
quantum capacity of the qubit thermal channel, the authors
consider the “extended” channel

Lyn (o) = Trg (Ul pr ® 1e) (04 ® 167)(0" )
< (Ui ® ]lE’)T]' (178)

Note that

Loy =Trg oL, N, (179)
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which implies, via (24), that

O(Lyx) < QL) = Ok (1. N).

As explained in Ref. [34], to compute the upper bound
O(L, n), we observe that by defining a channel complemen-

tary to L, v as

(180)

ZE v (o) = Trpe (Ul g ® 1) (04 ® 16716V )
< (Ufspe ® 1e) ], (181)
we get
Ly =L (182)

for all n,N € [0, 1], where -Zn,zv is the channel weakly
complementary to £, y defined in (102). This implies that
whenever the qubit thermal channel is weakly degradable,
the extended channel is degradable. Indeed, for all N > 0
and all n € [0, 1], the channel Z),YN =P oyoLin 1y © Trg

satisfies

o~

DynoLyny=Pioyo Loy yoTrp oL,n (183)
ZPI—ZNOLI*T”,NOLTI,N (184)
=Ly (185)
=Ly (186)

where to obtain the second equality we used (179) and to
obtain the third equality we used (113). The quantum capacity
of the extended channel is therefore given by its coherent
information. In other words,

O(Ly.v) = max {HIL, x(p)) ~ H[ L, y(0)]}

—ma i ((' 77 °).Z
_Ig}gﬁlc 0 p’ n.N

forall N > Q and n € [0, 1], where the}gst equality holds due
to the fact £, y(0,040;) = (0; ® 1)Ly n(p)(0; ® 1g') and
the fact that the coherent information is concave in the input
state of the channel whenever the channel is degradable [117].
See Fig. 6 for a comparison of the upper bounds obtained
in this paper and the upper bound obtained in Ref. [34]
for N =0.01 and N =0.1. We find that the upper bound
¢® based on approximate degradability is tighter than ORy;q
beyond roughly n = 0.56 for both N = 0.01 and N = 0.1,
while the data-processing upper bounds Qg | and Q¢ , are
tighter than QRMG for all values of 5. In fact, as shown in
Fig. 7, these data-processing bounds are tighter for all values
of N. The data-processing upper bounds are thus tighter than
the bound in Ref. [34] for the entire parameter range of the
qubit thermal channel/GADC. For values of N close to 5 3
the Rains information upper bound QRB s tighter than both
data-processing upper bounds for all values of 7.

(187)

(188)

VIII. BOUNDS ON THE TWO-WAY-ASSISTED QUANTUM
AND PRIVATE CAPACITIES

In this section we consider the two-way assisted quantum
and private capacities Q< (A, y) and P (A, n), respec-
tively, of the GADC.

N =0.01
10° T T T T
-
E;”
P
s
/. N N
_ 4 . . N
101_ "’ ............ ICJI; a
F. : -—- 05
[ UB
" _—— DP,2
{ . . .
¥ : : : — G
102 i i i I
0.5 0.6 0.7 0.8 0.9 1.0
n

0.5 0.6 0.7 0.8 0.9 1.0
n

FIG. 6. Comparison between the data-processing upper bounds
U5, and OpE, defined in (165) and (166), respectively, the &-
degradable upper bound Q. UB | defined in (169), and the upper bound
ORE ., obtained in Ref. [34] and defined in (180). Also shown is
the coherent information lower bound Q defined in (177). The
quantum capacity lies within the shaded region.

A. Squashed entanglement upper bounds

Recalling from (56) that one-half of the mutual information
of a channel is an upper bound on its two-way assisted
quantum capacity, and using the expression for the mutual
information of the GADC in (152), we get

0" (Ayw) < 3 _max Fy.N.2) =0y (v, ) (189)

for all y, N € (0, 1).

A potentially better upper bound on the two-way quantum
capacity of the GADC than the one in (189) can be obtained
by a different choice of squashing channel. In particular, we
make use of the decompositions in (86) and (87) to obtain the
following result. Our approach is related to the constructions
in Refs. [44,53].

Proposition 8 (Squashed entanglement upper bounds).

For all y, N € (0, 1), it holds that

Qe(ﬂy,N) < Pe(ﬂy,N)

<! max I(A;BIE | Ey)er = Q2B (v, N,
pel0,1]

2 sq, 1 (190)
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FIG. 7. Comparison between the data-processing upper bounds
b, and QP , defined in (165) and (166), respectively, the Rains
information upper bound QR in (175), and the upper bound QR¥;
obtained in Ref. [34]. Also shown is the coherent information lower
bound QFP defined in (177). The quantum capacity lies within the

shaded region.

where the state 7”7 on which we evaluate the conditional
mutual information is

Thpe i, = (idap ® Aip® ﬂ%,o)(|1ﬁp)(1/fp|A3El’Ez’), (191)

y(1=N)

. —,0
with 1Y aseie; = Vope Ve i 107)an and  167)a0 =
VT=710.0)ur + /BI1, D
Also,
07 (Ay N) <P (A, N)
<3 max [A; BIEE)w = Q03" (v, N), - (192)

where the state 7”7 on which we evaluate the conditional
mutual information is

Tsep, = (idas ® AL ® ﬂ%,o)(|¢p><lﬁp|ABEl’Ez’)s (193)

yN
. - (1-N),0¢, =5 a-m-!
Wltth)ABE;EZ/:V;_)BEZr VA‘,;‘,;/;,’ |67)anr

Proof. We use the fact that Q< (A, y) < Eq(A, ),

where

Eq(A, n) = %Igax inf I(A;B|E),,

an Sprog

(194)

where wape = Sprp(|¥) (Y |ager) and [¥) e is a purifica-
tion of the state (ids @ A, n)(|P) (Plaa).

To obtain the first upper bound in (190), we use the fact that
A, v can be decomposed as A, v = Ayn,1 0 Ara-m . This
TI—yN °

means that, for any pure state |¢)44', a purification of the state

]

10} Dk,

1

[$)anr

1y 1-yN

0y r, 0)r,

=

FIG. 8. Strategy for the first part of the proof of Proposition 8,

in which we decompose the GADC as A, y = A,n,1 0 Aya-n 0
I-yN
as per (86). Using (98), we can write this decomposition using the
qubit thermal channel as A, y = L1 yn10L1-y ,. To place an
T—yN°

upper bound on the squashed entanglement of the GADC, we use
a squashing channel consisting of a 50/50 “qubit beamsplitter” (i.e.,
the unitary transformation U" defined in (90) with = %) acting on
the environment of each of the two qubit thermal channels in the
decomposition of the GADC.

pap = (idy @ Ay, n)(|@){(P|aar) can be written as

(IN)O
N,1
_‘z)/,

B'—BE, VAr';yng{ [@) aar (195)

1Y) aBE|E;

As the squashing channels, which act on E| and E;, we
take the channels A,, n, and A,, y,, respectively. The state
waBE, E, on which the quantum conditional mutual information
in (194) is evaluated is then

wABE,E,(V1, N1, 2, N2)
= (idap ® Ay, ® Ay, ) (1V) (¥ laserE;)- (196)

We can optimize over the open parameters y;, N, y», N, €
[0, 1] such that the squashed entanglement of psp can be
bounded from above as

Eq(A;B), <1 min

I1(A; B|E\E>)y,
i (A; BIE(E3),

197)

where the state wagg, g, 1S given in (196). This means that

Eq(A,y) < $max  min I(A; B|E|Ey),. (198)

Ganr V1.72.N1.N2
Now, numerical evidence suggests that y; = % =y and N| =
0 =N, is optimal. The corresponding squashing channel
can be viewed as qubit pure-loss channels with beamsplit-
ters of transmissivity %, analogous to the construction in
Refs. [44,53]; see Fig. 8. So we have

Eyq(Ay n) < %IEaXI(A;BlElEZ)r: (199)
AA!

where Tappp, = wABE]&(%, 0, %, 0). Finally, due to the co-

variance of the GADC with respect to the Pauli-z opera-

tor, it suffices to optimize over pure states |p)sa = |67)aa
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FIG. 9. Bounds on the two-way assisted quantum capacity of the GADC. Shown is the reverse coherent information Q]‘:C'ILB lower bound,
given by the expression in (204). We also plot the mutual information upper bound Q;,[’I‘UB defined in (189) and obtained by employing the

identity squashing channel in the definition of the squashed entanglement, along with the squashed entanglement upper bounds Q

«~,UB

N and

QU8 defined in (190) and (192), respectively. The bounds Q"B and Q78 are obtained by employing the squashing channel as shown in

5q,2 sq,1
<, UB
max-Rains

(191). The max-Rains upper bound Q

5q,2

is given by the SDP in (62). [See also the analytic expression in (206).] The upper bound Q3;U®

is given in (208) and is based on the notion of approximate covariance. The two-way assisted quantum capacity lies within the shaded region.

= /1 - pl0,0)aa + /PI1, 1)aa’, where p € [0, 1]. In other
words, the following equality holds:

1 . _ 1 .
§ max I(A; BIE\E). = § max I(A:BIE\Ex)e.

AA!

(200)

where t} BE, E, 18 defined in (191). See Appendix E for a proof.
We thus obtain the bound in (190).

We obtain the second upper bound in (192) using the de-
composition A, y = A, 1-n)0 0 A_» . In this case, we

-
take a purification of the state pap = (ids @ Ay N )(|P) (Plaa)
to be

yN
— yrU=N).0y, 5w
|¢>ABEI’E2’=V;_>BEZ Vi lwe 1®aa

Then, letting

(201)

WABE,E, (Y1, N1, v2, N2)
= (idas ® Ay, ® Ay 1) (19)(F lasEyE;) (202)

and performing the optimization min,, ,, y, n, 1(A; B|[E|E2)g
analogous to the one in (197), we find numerically that y; =
% =y, and N; = 0 = N, gives the optimal value. Therefore,
we get

Eq(Ayn) < 5 max IABIEE)w,  (203)

as required. As with the first upper bound, it suffices to
optimize over pure states |60”)44 due to the covariance of the
GADC with respect to the Pauli-z operator, and the proof is
analogous to the one presented in Appendix E for the first
upper bound. [ |

See Fig. 9 for a plot of the squashed entanglement upper
bounds in (190) and (192) along with the mutual information
upper bound Eg (A, v) < $1(A, y), with I(A, y) given in
(152). We also plot the reverse coherent information I;. (A, n)
lower bound. Due to Pauli-z covariance and concavity of the
reverse coherent information, I.(A, y) can be obtained by
optimizing over diagonal input states:

Le(A, x) = (7P %) .a
rc(Uly N _Plgllgﬁl rc 0 » » Sy N

w7, N).

(204)

We note that the coherent information lower bound is not
plotted in Fig. 9 because it is smaller than the RCI lower
bound for all values of y and N.
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B. Max-Rains and max-relative entropy
of entanglement upper bounds

For the amplitude-damping channel A, o, it has been
shown in Ref. [115, Proposition 2] that

Emax(ﬂy,o) = 10g2(2 - )/)-

We now generalize this formula to all values of y, N for the
GADC. We also prove that the inequality opposite to the one
in (67) holds for the GADC. As stated, this result generalizes
the equality in (205), and the proof that we give is arguably
simpler than that given for Ref. [115, Proposition 2].

Proposition 9. For all y, N such that the GADC A,  is
not entanglement breaking, it holds that

Emax (ﬂy,N) = Riax (ﬂV,N)

(205)

1
= log, [1 - % + 5\/[)/(21\’— D2 +401 — )/)}

(206)

If the GADC is entanglement breaking, as given by (107), then
Emax(ﬂy,N) = Rmax(ﬂy,N) =0. u
Proof. See Appendix F.
By (61), and using Proposition 9, we have that

Qe(ﬂy,N)v Pe(ﬂ%N) < Qn(?ziggains

1
= log, [1 - % +5VIy @GN = DF +4(1 - y):|.
207)

forall y, N € [0, 1]. In Fig. 9 we compare this max-Rains up-
per bound with the squashed entanglement upper bounds from
the previous subsection. We observe that the max-Rains upper
bound is tight when the channel is entanglement breaking.
This is due to the fact that the state psp for which Rpax(A; B),
is evaluated in (60) is separable whenever the channel is
entanglement breaking, and the fact that any separable state
is in the set PPT'.

C. Approximate covariance upper bounds
Applying the bounds in Eq. (68) and Eq. (69) to the GADC,
recalling from (143) that A \, = A, 1, and using the fact that
the quantity R(A; B), coincides with Ex(A; B), for qubit-qubit
states pap [90, Sec. III], these bounds reduce to the following:
07 (A, ), P7 (A, ) < 05 (v, N)
= ER(A;B)p + 2€cov + g(Ecov),

(208)
where Ecov = Ecov(ﬂy,N) = ]/|N - %l and
Pls = Ay () (209
1-£ 0 0 JI—y
_ifo %2 0 0 (210)
) 0 0 % 0
Vi-y 0 0 1-%

Note that, due to (107), p}, is entangled only when 0 <
y < Z(ﬁ — 1). In this case, it is a Bell-diagonal state of the

form:
1
Pap = Z ri j1Di i) (P jlas, (211)
i,j=0

with |®; )ap = (14 ® o) )|®*) a5 and
ro=32+2/T—y-y) 212)
roa=32-2/1—y—y), 213)
ro=ri=". (214)

4

The closest separable state for such a Bell-diagonal state
with rp 2> 1 is well known to have the form [118] (see also

2
Ref. [90])

1
Oa = §|(D0,0)(¢0,0|AB

1
S D WD 215
+2(1_m).z ri P ) (P jlas (215)
i,j#(0,0)
%—x 0 0 x
1o x o0 0 216)
1 o o0 «x o | (
x 0 O %—x
where
x= 4 217)
20 -2JT—y+y)
‘We then find that
Er(A;B),

1
Y 4
= rijlog,rii+1—=1lo
]X::o 1o 2 g2<2—2~/1—y+y)
—242JT—y 4—y—4/T=
LY +4 y10g2< y8+v 7/)’ 218)
14

which completes the analytic form of the bound in (208).
Note that this formula for Er(A;B), holds only for y €
[0, 2(\/5— 1)); otherwise, pXB is separable, which means
that Er(A;B), = 0. We also note that for N = %, which
is when the GADC is covariant with respect to the Pauli
group and thus &, =0, the bound in (208) reduces to
07 (A, N), P7 (A, ny) < Er(A; B),, which is precisely the
bound determined in Ref. [33, Theorem 5] and in Ref. [35,
Theorem 12] for the class of teleportation-simulable channels.
(Any channel that is covariant with respect to the Pauli group
is teleportation-simulable; see, e.g., Ref. [35, Appendix A].)

In Fig. 9 we plot the bound Q;"® in (208). While the
bound is relatively poor for small values of N, for values of
N close to % we find that it is tighter than the other upper
bounds for some values of y. Notably, at N = %, this upper
bound is the tightest among the other upper bounds, and by a
significant margin as well.

IX. CONCLUSION

In this work, we provided an information-theoretic study of
the generalized amplitude-damping channel (GADC), which
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is a generalized form of the well-known amplitude-damping
channel and can be thought of as the qubit analog of the
bosonic thermal channel. We first determined the range of
parameters for which the channel is entanglement breaking, as
well as the range of parameters for which it is antidegradable.

We then established several upper bounds on the classical
capacity of the GADC. We used the concepts of approximate
covariance and approximate entanglement breakability [48] to
obtain upper bounds. We compared these upper bounds with
known SDP-based upper bounds [47], for which we proved
an analytical formula for the GADC, as well as the known
entanglement-assisted classical capacity upper bound [38].

We also provided several upper bounds on the quantum and
private capacities of the GADC. We exploited the two decom-
positions of the GADC in (86) and (87) in terms of amplitude-
damping channels in order to obtain data-processing upper
bounds, and we used the concepts of approximate degradabil-
ity and approximate antidegradability [51] to obtain further
upper bounds. We found that one of the data-processing upper
bounds is tighter than the recently obtained upper bound from
Ref. [34] for all parameter values of the GADC, and that the
Rains information upper bound is tighter than the upper bound
from Ref. [34] for certain parameter regimes.

We also considered the two-way assisted quantum and pri-
vate capacities of the GADC. We determined upper bounds on
these capacities using the squashed entanglement [42,43], the
max-Rains information [54], and the max-relative entropy of
entanglement [60]. The squashed entanglement upper bounds
exploited the decompositions of the GADC in (86) and (87),
as well as a particular choice of squashing channel. This
allowed us to obtain upper bounds that are better than the
mutual information bound that can be obtained via the identity
squashing channel. We also obtained upper bounds using the
concept of approximate covariance. Along the way, we also
determined an analytic form for both the max-Rains informa-
tion Rp,x and the max-relative entropy of entanglement E,«
of the GADC, and we found that for the GADC both quantities
are equal to each other. In light of the latter result, it is worth
exploring whether the equality Ry.x(N) = Enax(N) holds for
all qubit-to-qubit channels N.

Obtaining the communication capacities of the GADC for
its entire parameter range remains a challenging open prob-
lem. This work has applied many state-of-the-art techniques to
obtain upper bounds, and it is clear that obtaining tighter upper
bounds, or even to obtain an exact expression for the capacity,
will require new techniques. To this end, some directions for
future work include: employing a different squashing channel
than the one used here to obtain a better upper bound on
the two-way assisted quantum and private capacities of the
GADC. Another method to reduce the gap between lower and
upper bounds for any communication scenario is to look at
improving current lower bounds rather than upper bounds, via
potential superadditivity effects.
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APPENDIX A: PROOF OF PROPOSITION 1

The proof is similar in spirit to Ref. [52, Proposition 2] and
in fact implies it for the relative entropy. Let ¥, and ¥1,, be
pure states and define

V=1 =YY + A, (A1)
for A € [0, 1]. A purification of v/}, is given by
1Y) s = V1T — 200p¥ ) an + VA RIW Yan.  (A2)

This purification is related to another purification ¢},
by an isometric channel Uy pa:¥pyy = Usspaldly).
Let o4y € PPT'(A:B) be the operator such that
R(Nw—5(#4)) = R(A; B) o = DINy—5(d)4)ll0o4p), Where
pap = Nap(phy), and define &5, = Ua_, pa(045). Observe
that &, € PPT'(PA:B). Let

Ap(Ehag) = 910)(01p @ 105 + (1 — I (11p @ Thp, (A3)

where Ap is a completely dephasing channel, defined as

Ap(-) = 10)(01p()10)(0lp + 1) {1[p()I1)(1]p,  (A4)
g =Tr[(10)(0lp ® 1as)&7s], (AS)
0 1 A
mh = Tre [(10)(0lp ® 148)hss], (A6)
P—— (A1) (1lp © 1ap)Epss] (A7)
AB—l_q P P ABJSPAB |+

Note that the states 7, and ., are in the set PPT'(A:B) since
& is in PPT'(PA:B). Then we have that

R(Na—5(4a))

= D(Na—5(¢ia) |o4s) (A8)
= D(Nw—s(Vhun) | 50a5) (A9)
z D(ZP [NA’%B (WII:\’AA’)] ”ZP (él)’LAB)) (A10)
= D(Nuw— [ Ap(Vhun) 1 26 (5545)) (A1)
= (1 = MD(Na—s(Van) | 225)

+AD(Na—5(Van) | 74s)

+D({1 — 2 Mg, 1 — ) (A12)
> (1 = MD(Na—s(Van) | 745)

+AAD(Na—(Van) | 45) (A13)
> (1= MR(Nw—p(Vin)) + R(Na—p(Van))-

(Al4)

The second equality follows from the isometric invariance of
the relative entropy. The first inequality follows from the data-
processing property of relative entropy. The fourth equality
follows from the identity [3, Exercise 11.8.8]

D(pxslloxs) = Y _ p()D(p3lloz) + D(plir),  (Al5)
holding for classical-quantum states

pxp =y pO)IxX)(xlx ® pj, (A16)

oxp =) ) xlx ® o3 (A17)

X
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Note that D(p||r) denotes the classical relative entropy of
the probability distributions p and r. For binary probability
distributions such that p(0) =1—X, p(1) =A, r(0) =1 —
g, r(1) = g, we let D({1 — A, A}|{1 — ¢, ¢}) = D(pl|Ir). The
second inequality follows from the non-negativity of the rela-
tive entropy. The final inequality follows because the Rains
relative entropy involves a minimization over all states in
PPT'(A:B).

A proof for the concavity statement for the relative en-
tropy of entanglement Ex(A; B),, is identical, except replacing
PPT'(A:B) with SEP(A:B).

APPENDIX B: PROOF OF LEMMA 1

Let &%, Ey, and E| be as defined in the statement of Lemma
1. Let V"N, be the isometric extension of the GADC defined
in (89), and define the pure state

W)Z;\é = (]lA ® VAy’iVBE)|CD+)AA’ (B1)

1
= E[Vl —NI0,0,0)ape + /N1 — )]0, 0, 2)ape
+VNyl0,1,3)ape + /(1 = y)A = N)|1, 1, 0) s
+V/ NI 1, 24z + /71— N)I1,0, Dage]l  (B2)

Then, p;' = Trg [|¥) (¥ |51 is the Choi state of the GADC

A, n, while pli = Trg [|)(¥|1;5] is the Choi state of the
complementary channel A y as defined in (83). In order

to prove that & o A;, y = A, v, it suffices to show that

(EDpo w0l = pig”N . In other words, it suffices to show

that the Choi state of the complementary channel A, \ is
mapped to the Choi state of the channel A;_, y.
We have
phi = 5= yN)I0, 0)(0, Olap + v/T =10, 0)(1, T]ap
+V/T—=yI11,1)(0, 014 + yNI0, 1)(0, 115
+y (1 = N)I1, 0)(1, O]ap

+ [1 =y =MIIL, 1)(1, 1]as}. (B3)

Let an isometric extension of the channel &, be

Ey

Wt g =E0®10)p + E1 @ |1)p. (B4)

Then,

y,N _ &} y,N
|¢>ABB/E’ = WEiB’E’|I/f>ABE

1
= E[V 1 —NJ0,0,0,0)appE

+ VNI =000, 1, Dagpe
+VNy10,1,0, apge

+/(1 = )1 =N)I1,1,0,0)ap5r
+V/NIL 1,1 D agper

+ V¥ —=N)I1,0, 1, 0)appe].

(B5)

Then

Trap [|6) (01 5pp ]
= (EN)E-B (PX&N)
= ${[1 = (1 = ¥)N1|0, 0)(0, Ol + /710, 0)(1, 1|4
+ V711, 1)(0, 0lag + N(1 — )]0, 1)(0, 1|4z
+(1 = y)(1 = N)[1,0)(1, Ol

+I[N +y(A —=MIIL, 1)(1, Hap}
="
(B6)
as required.

APPENDIX C: PROOF OF PROPOSITION 5

We start by recalling the convex decomposition of the
GADC as stated in (84):

A,n=0-N)A,o+NA, (C1)
for all y, N € [0, 1]. We also recall from (83) that
ﬂy,l (/0) = Uxﬂy,O(pro—x)Ux (C2)

for all y € [0, 1]. Next, note that it follows from (145) that
the quantity B(N) in the definition of Cg(N) is convex in
the channel N: for any two channels N; and N, and any
A € [0, 1],

BIANT + (1 = NI < ABN1) + (1 = M)B(N2).  (C3)

Furthermore, S(/N) is invariant under pre- and postprocessing
of the channel N by unitaries. Therefore,

Cp(A, n) = Cp[(1 = N)A, 0+ NA, 1] (C4)
< (1 = N)Cs(A, o) + NCs(A, 1) (C5)
= Cg(Ay.0), (C6)

where to obtain the last line we used (C2) and the invariance
of Cg under pre- and postprocessing of the given channel by
unitaries to find that Cg(A, 1) = Cg(A, o).

Given the facts above, our proof strategy is as fol-
lows. First, we provide an upper bound of 1+ /1 —y
for the SDP in (145) in the case N =0, i.e. for
the amplitude-damping channel, which establishes that
Cg(A, n) < log, (1 4+ /1 —y). Next, we consider the SDP
dual to the one in (145) and prove that 1 + /1 — y is a lower
bound on it. By strong duality, it follows that Cg(A, y) =
log, (1 4+ /1 —y)forall y,N € [0, 1].

We first recall from (145) that

min.
subject to

Tr[Sp]

—Rap < (F/%)TB < Ry,

—12® Sp <R < 14 @ S,
(C7)

where the optimization is with respect to the Hermitian

operators Sp and R4p. Note that it follows from the above

constraints that Sz, Ryg > 0.

BN) =
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As a matrix in the standard basis, the Choi matrix for the
amplitude-damping channel is [see (104)]

1 0 0
0 0 0
.0 ,0
=2 =] o o, . (C8)
J1—=y 0 0
so that the partial transpose is given by
1 0 0 0
0 0 V1 - 0
()" = : . (©)
0 I—y y 0
0 0 0 1—y
Let us choose the operators R4p and Sg to be
1 0 0 0
0 1l—y+a a 0
Rap = , C10
= 1o a l+a 0 (€10
0 0 0 1—y
I+a 0
Sp = , Cl11
i ( 0 l1-y+ a) (1

where a = %[«/1 — ¢ — (1 — y)]. We first check that the con-

. T . . .
straint —Rp < (FXI‘;O ? < Ryp is satisfied. Consider that

0 0 0 O
Y 0 b —b 0
Ro—(a)" =y o b of €2
0 0 0 O
where
b=1T—y+1 -yl (C13)

Due to the inequality b > O for all y € [0, 1] and the fact that
!, ) >0, it follows that Rys — (T5)™ > 0. We also
have that

Ras + (Tiy)”
2 0 0 0
0 b JT—y+a 0
o JI=y+a l+y-+a 0
0 0 0 2(1—y)

(C14)

To determine whether Ryp + (F};&O)TB >0, it is clear that
we can focus on the inner 2 x 2 matrix. For the cases y =
0 or y =1, one can directly confirm the condition Rap +
(F};l’go ">0.A general 2 x 2 matrix is positive definite if and
only its trace and determinant are strictly positive. The trace
of the inner 2 x 2 matrix in (C14) is

JI=y+1+4y>0 (C15)

for all y € (0, 1), and its determinant is
C-PVI=y=U0=y]>0 (C16)
for all y € (0, 1). It thus follows that Rap + (F};&O RS 0 for

all y € (0, 1).

We now check the conditions —14 ® Sp < R;‘; <Ix®
Sp. Consider that

14+a 0 0 0
0 Il—-y+a O 0
I]_ =
4 ®Ss 0 0 1+a 0 ’
0 0 0 I—y+a
(C17)
1 0 0 a
0 l—y+a 0
R} = 1
AB 0 0 14+a 0 (C18)
a 0 0 11—y
Then
a 0 0 -—a
1z ® Sy — R, = 0 000 (C19)
RESETTa= 10 0 0 0
—a 0 0 a

Due to the fact that a > 0 for all y € [0, 1], it follows that
1. ® S — RI‘% > 0. We also need to consider

1z ® Sg + R},

a+2 0 0 a
0 2a+20—y) 0 0

1 o 0 2a+2 0
a 0 0 a+2-y)

(C20)

We have that 2a +2(1 —y) > 0and 2a+2 > 0 forall y €
[0, 1]. Thus, to determine whether 1, ® Sz + R/T;}g >0, it is
clear that we can focus on the “corners” 2 x 2 submatrix:

a+?2 a
( a a+2(1—7/)>.

For y = 0 or y = 1, one can directly confirm that this corners
submatrix is positive semidefinite. For y € (0, 1), the trace of
the corners submatrix is

(c21)

3—y+y1I—-y >0, (C22)
and its determinant is given by
-2+ +Q2-y)yl-y>0 (C23)

for all y € (0, 1). It thus follows that 14, ® Sz + R;% > 0 for
all y € (0, 1). Thus, the proposed operators R4p and Sp satisfy
the given constraints in (C7), and we conclude that

B(A, 0) < Tr[Sp] (C24)
=l+a+1—-y+a (C25)
=242a—vy (C26)
=2+2i[/I—y—(U—p)]-y (C27)
=14+/1—-y. (C28)

By the arguments presented at the beginning of the proof, we
thus conclude that

Cp(Ay n) < logy(1+ /1 —y)
forall y, N € [0, 1].

(C29)
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The SDP dual to the one in (C7) is given by

max. Tr [T4s(Kag — Map)™ ]
/@(N) _ Jsubjectto  Kap + Map < (Eap — Fip)'®,
N Ep + Fp < 13,

Kap, Map, Esp, Fap > 0.
(C30)
From (104) we have that the Choi matrix for the GADC is

I1—-yN O 0 J1T—y
N 0 0
= g
0 0 y(-=N) 0
JI—=y 0 0 1—y(1—=N)
(C31)
|
JI—y =Ny +1
0 Ny
N
Tis Eas =3 0
VI=y+yWN-1+1
so that

Te [0} Eap] = 1+V/1—y.

(C36)

This implies that Cy(A, n) = log, B(A, n) >

log, (1441 —y). By strong duality, it holds that
Cs(A, N) = CB(‘ﬂ%N)' Therefore,
Cp(Ay ) 2 logy(1+ /1 —y), (C37)

for all y, N € [0, 1]. Putting together (C29) and (C37), we
obtain Cg(A, y) = log, (1 + /1 — y), as required.

Let us now show that C; (A, n) = log, (1 + /1 — y) for
all y, N € [0, 1]. Recall from (147) that

min. Tr[Sg]
{(N) = {subjectto  Vyp > I"AB,
—14®Sp < V5 < 14 ® Sp.
(C38)

The inequality C;(A, o) < log, (1 + /1 —y) has been
proven in Ref. [47, Theorem 14]. By inspecting the SDP in
(C38), it is clear that the quantity ¢(N) is convex in the
channel N. Furthermore, it is invariant under unitary pre- and
postprocessing. Thus, proceeding in a way similar to the proof
of the upper bound Cg(A, ) < log, (1 4+ /1 — y) above,

Let us now make the following choice for the operators
Kap, Map, Eap, Fap:

1 0 0 O
K _l 0O 1 1 O Mar— 0
=210 11 o TP
0O 0 0 1
(C32)
1 0 0 1
0O 1 0 O
=510 o0 1 ol s 0 (C33)
1 0 0 1

We find that K45 = E/Ig and Eg = 1, so that the constraints
in (C30) are satisfied and

Tr [T (Kag — Map)™] = Tr [T}V K35 = Tr T4, Eas)-

(C34)
We find that
0 J1—y—Ny+1
0 0 C35
—y(N—=1) 0 ’ ( )
0 JI=y+yWN-1)+1
[
we find that
C(A,N) =1 =N)A, 0+ NA, 1) (C39)
<A =N A 0)+N(A, 1) (C40)
=1 =N)(A,0) +N; (A, 0) (C41)
= ¢{(Ay0) (C42)
<1+ -y, (C43)
from which we conclude that
Ce (A, n) < logy(1+/1=y) (C44)

for all y, N € [0, 1].
To arrive at the opposite inequality, consider that the SDP
dual to the one in (C38) is given by

max. Tr [KasT'45]

Tra [Eap + Fagl < 1p,
Kap < (Eap — Fap)™,
Kag, Eap, Fap 2 0,

subject to
(C45)
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where the optimization is with respect to the operators
Kap, Eap, Fap. Now, for the GADC, let us make the following
choice for Kxp, Eap, Fap:

1 0 0 1
K Lo oo (C406)
Y7210 0o 1 of
1 0 0 1
|
JT1—yv =Ny +1 0
1 0 Ny
KapThy = =
ABTAB T 5 0 0
JI—y =Ny +1 0
so that taking the trace yields
Tr [KasThy | = 14+ V1 —v. (C50)
‘We thus conclude that
C; (Ay ) = 10g, £ (Ay ) (C51)
2> log,(1 ++/1 —y). (C52)

By strong duality, it holds that C; (A, n) = C;(A, n) for
all y,N €[0,1]. Therefore, we have that C,(A,y) >
log,(1 + /1 — y), and combining this with (C44) means that

C; (A, n) =log,(1 + /1 — y), as required.

APPENDIX D: COVARIANCE PARAMETER
FOR THE GADC

Using the definition of the diamond norm in (11), we can
write the quantity g.oy (A, ) as
Y(Wra)llr-

1
8c0v(ﬂy,N) = E %ax ||(sﬂyN - ﬂy (Dl)

3
We first show that the maximum is achieved by tak-
ing |Y)gra to be the maximally entangled state, i.e., tak-
ing |Y)ga = | P )ra = \/LZUO’ O)ga + 11, 1)gra). We do this
by making use of Ref. [48, Lemma II.3]. Let |{)g4 be an
arbitrary pure state, and let p4 := Trg[¥ga]. We take the group
G = Z, x Z, and the Pauli operators {1, oy, 0y, 0.} and note
that
1
4
Due to this fact, one purification of p is the maximally entan-
gled state |®T)g4. Therefore, by applying Ref. [48, Lemma
I1.3] (with the generalized divergence therein taken to be the
trace distance), we obtain

17, 5 (PFy) = A, 1 (@I

1
Pa = (04 + 0:pa0: + 0,00, +02pa0) = . (D2)

1 1
> | 3 2_19lp @Ay (Wra) =7 D12 (EP®AL | (Yra)

geG geG 1

(D3)

1 0 0 O

Eap = ! oo , (C47)
2o 1 1 o0
0 0 0 1

Fip =0. (C48)

Then, we find that the conditions Try[Eap + Fag] < 1p and
Kup < (Eqp — Fpp)™ are satisfied with equality. Now,

0 VTI=7 —y(1=N)+1
0 0

y(1—N) 0 ’
0 VI—y—y(=N)+1

(C49)

(

where AS \ i= S0 A, n oS, with S(-) = S,(-)S, and
S € {1, oy, 0y, 0;}. Then, recalling that

0. A, 1(0:()0)oy = A, 1 (), (D4)
Gzﬂy,% (0:(-)oz)o; = ﬂy,%(‘), (D5)
= 0, A, 1 (0y()oy)oy = A, 1 (), (D6)
we get that ﬂf/ 1= ﬂy‘% for all g € G. Therefore,
Ay N (DA — ﬂy,%@;}])lh (D7)
1
> H 72 19elp ® (A y = A, H(Wra)| (DY)
geG 1
1
= 2 DA = A, Dl (DY)

geG

where to obtain the last line we used the fact that all of the
operators in the sum in (D8) are supported on orthogonal
spaces. Then, using (80) and (83), which together imply that
oy Ay N (0y()oy)oy = Ay 1-n (), we get

1Ay N (Ppp) = A, 1 (@)1 (D10)
> 31 Ay v = A, DWra)ll (D11)
+ 31 Ay = A, DWra)li- (D12)

Next, we use the fact that A, y = (1 = N)A, o+ NA, ;| to
get that

1Ay v — A, Wkl (D13)
1
= IlG =M A0 = N = )R] Wra], (D14
= [N = 1I1(A, 0 — A, DR (D15)
and
1Ay 1 = A, D Wra)l (D16)

1 1
B H [(N B 5)3‘%0 - (5 —N>ﬂy,1]<wm)ﬂ (D17)
1
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= ’N - %'”(ﬂy,o — Ay DWra)lh (D18)
= (A, n = A, DWra)ll1- (D19)
Therefore,
17y 3 (Pra) — A, 1 (Pl (D20)
Z (A n = A, )(Wra)ll (D21)
for all pure states ¥g4, which implies that
max (A, N — ﬂy,%)(lﬁm)lh
< 1Ay N (@gy) = A, 1 (Pl (D22)
Combined with the inequality
max (A = A, DWrOI > 1Ay = Ay H@E
(D23)

which holds simply by restricting the maximization to the
state ®,, we obtain

Scov(ﬂy,N) = %”(ﬂyN -

forall y, N € [0, 1].
Finally, to calculate the right-hand side of (D24), we ob-
serve using (D15) that

A, (@)l (D24)

1Ay = A, DI
=[N =3I A0 = A, D@EDII (D25)
= [N = 3[I(Ay 1 + A, 0 = 28, 0)(PEOI1 - (D26)
= 2N — 1|||(§ﬂy 1+ ‘:’7[1/ 0= ﬂy 0)(¢ )”1 (D27)
= 2N = 1[Il(A,,1 — Ay 0@kl (D28)
=2|2N — 1l|gcoy(Ay 0)- (D29)

Now, it has been shown in Ref. [48, Appendix C] that
gcov(Ay 0) = §. Therefore,

8cov(ﬂy,N) = %V 12N

(D30)

as required.
APPENDIX E: PROOF OF EQ. (200)

By restricting the optimization on the right-hand side of

(200) to pure states [07)aar = 4/1 — pl0, 0)aa + /PI1, 1)an',
we obtain

2 Igaxl(A iBIE\Ey), >

AA!

maxI(A B|IE\E»):»  (El)

1
=1 I(A;B|E\E>).». (E2
2 max, (A;BIE1Ez)er.  (E2)
The remainder of the proof is dedicated to proving the reverse
inequality.
Let ¢ 44 be an arbitrary pure state, and let pa := Tra[¢aa]-
The state T on which we evaluate the conditional mutual

information on the left-hand side of (E2) is given by
TABEE, = (idap ® Ao ® ﬂ%,o)(|w)(w|ABE;E2’)a (E3)

where
pae! N)
V) areie; = Vi pe Vi ,;, ) an (E4)

Note that the GADC has only two Kraus operators when the
second parameter is either zero or one. Consequently, for any
y’ € [0, 1], we can take the isometric extensions in (E4) to be
of the following form:

V'O = A, @100+ A @ (1), (ES)
VI = A3 ®10) + Ay @ |1). (E6)

By using an isometric extension of the same form for the
channel A, , we can write T4pg, g, explicitly as
3

TaBE\E, = IR R [9)(@laBE B, R R

|§0>ABE1E2F1F7 (E7)
N,1 r=2.0
2 2 YN, T—yN 0
(VE’—>E|F| ® VE’—>E¢FZ)VB’—>BE’ VA’—>B 'E{ |¢)

Now, the Pauli-z covariance of the GADC is equivalent
to the relations Ajo, = 0,A1, Ayo, = —0,A;, Azo, = 0,A3,
and A0, = —0,A4. Therefore, writing V70 as V70 = A, ®
0,;|0) — A, ® o,|1), for any state |{), we obtain

V' 00 ly) = Ajoi|) ® 0:10) — Ayor|¥r) @ o:|1)  (ES)
= 0:A|Y) ® 0:|0) + oA [Y) ® o:|1)  (E9)

= (0: ® 0)(A1]¥) ® |0) + A2|¥) @ [1))

(E10)
= (0, Q o,)V"". (E11)

Similarly, we have
Vo) = (0, @ o)V ) (E12)

for all states |i/).

Next, we observe that by using the definition of the condi-
tional mutual information in (51), along with the definition of
the conditional entropy, we can write I(A; B|E|E,); as

I(A; B|E\Ey), = H(B|E\Ey), — H(B|E\E2A),

= H(B|E\Ey), + H(B|F\F2),, (E13)

where to obtain the last line we used the fact that the state
|©)aBE,E,F, P, In (E7) is pure; in particular,

H(B|E\E>A), = H(ABE\E>), — H(E1E»A),  (E14)
= H(F1F,), — H(BF1F), (E15)
= —H(B|F\F),. (E16)

Now, since the right-hand side of (E13) does not contain the
A system, the quantity is a function solely of the state p4 . For
convenience, let us define a function F' by

F(pa) = I(A; B|E\E2), = H(B|E|Ey), + H(B|F1 F2),,
(E17)
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where

©BE|\E;FiF, = YBEE;F\F, (par)

1 1
- (VZ'O ov2’

E|—>EF E}—>EF

y(I=N) i + 1 1 T
=7 YN, 2:0 2.0
x (VA'»B'E,’> (VB’»BEZ’) (VE{»E,F, ®VE2’»E2F2

(E18)

yN,1 ya=N)
s 1-yN
)VB’%BEZ’VA’HB’E{ s

Using the relations in (E11) and (E12), we get

O8E EaFi s (0:000,) = 02 0 £ i (P4 )0, (E19)

which implies that F(o,04°0,) = F (pa'). Furthermore, since
the conditional entropy is concave, so is the function F. We
thus obtain

F(3pa + 50:px0;) = 5F (o) + 3F (0cpaoz)  (E20)

= F(pa).

Now, observe that the state % pa + %aZpAraZ is diagonal in
the standard basis, meaning that it has a purification of
the form [07)aa = /T — pl0, 0)aar + /PI1, 1)aar for some
p € [0, 1], say, p*. Therefore, by restricting the optimization
1 max (0,1 1(A; BIE | Ey)rr = %max%, I(A; B|E\E)).» to p*,
we get

(E21)

3 max [(A:BIE\Ey)r > F (300 + S0zpa0r)  (E22)
> LF (pa) (E23)
= 11(A; BIE|Ey),. (E24)

Since the state p4 was arbitrary, we get that
1 max I(A; BIE\Ey).» > 5 maxI(A; BIE\Ey),.  (E25)
pel0,1] Pan’
Combining with the inequality in (E2), we get

1 1

5 I(A;B|E\Ey); = 5 I(A; B|E\E3)» E2

2 rgAi/X ( ) | 1 2)! 2 [Jlgl[%,)i] ( 5 | 1 2)'[’ ) ( 6)

as required.
|
0 O 0
0 A O
N
Yw=Ti 1o o s
0 0 0
1—yN 0
_ 0 yN — A_
N 0 0
VARV 0
By construction, we have that
v.N
YAB - FAB 2 07 (F6)
Y5 >0, (F7)

oS O O O

APPENDIX F: PROOF OF PROPOSITION 9

We start by showing that

1
Emax(j{y,N) = 10g2 |:1 - g + 5\/()/(2]\, - 1))2 +4(1 - V):|

(F1)
for all y, N such that the GADC A, y is not entanglement
breaking. If the channel A, y is entanglement breaking, then
the Choi matrix I'};" is separable and PPT, so that we can
pick the variable Y, in the SDP (66) to be F};&N, for which
we have || Trp[Yaplllcoc = 1. This means that Ey.x (A, y) =0
in this case. In what follows, we thus assume that A, y is not
entanglement breaking.

We first establish an upper bound on X(A, x) by employ-
ing the SDP in (66). To determine an ansatz for the variable
Ysp therein, we first consider the positive partial transpose of
the Choi matrix I'y;" from (104):

()"
1—-yN 0 0 0
B 0 yN J1—=y 0
N 0 J1—y y(d—=N) 0
0 0 0 l1—y(1—N)
(F2)
To determine the positive semidefiniteness of this matrix,
it suffices to focus on the inner 2 x 2 matrix, given that
l1—yN>0and1l —y(1—N)>0forall y,N € [0, 1]. The
eigenvalues of the inner 2 x 2 matrix are given by
e =3y £VIyQN - DR+41—y)).  (F3)
We have that A, > 0 for all y,N € [0, 1]. The condition
A_ < 0 is equivalent to the channel not being entanglement
breaking. If we add —A_1 to the inner 2 x 2 matrix, then
it becomes positive semidefinite. This leads to the following
ansatz for the matrix Yyp:
(F4)
0 JI=y
0 0 F5)
y(1—=N)—A_ 0
0 1—y(1—N)
[
so that Y,p satisfies the constraints of the SDP in (66). Now,
computing Trp[Y4p] gives
11— 0
TrB[YAB] = ( 0 1— )\._)’ (Fg)
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which implies that || Trg[Yap]llco = 1 — A_. Therefore,

B(A,N) < 32—y +VIYCN = DR +4(1 —p)}. (F9)

We now establish a lower bound on X(A, y) by consider-
ing the SDP dual to the one in (66), namely,

max. Tr [T} Pas]
A subjectto  Pap, Qap = 0,
SN) = P+ Q) < pa®1p,  (F10)
poa 20,
Trlpa]l < L.

By strong duality, it follows that these optimization problems
have equal solutions, i.e., X(N) = X(N) for all quantum
channels N.

Now, let
a=+Iy@eN — D +4(1 —y), (F11)
— (N -1
po 4= @N=Dr (F12)
2a
Note that b € [0, 1] for all y, N € [0, 1]. Then, let
_(> 0 (F13)
PA = 0o 1-»)
1
b 00 LyT—y
Pip = 0 0 0 0 (F14)
AB = 0 0 0 0 ’
IJT=y 0 0 1-b
0 0 0 0
0 b —1J/T=y 0
Oap = | a (F15)
0 —LyT—y 1—b 0
0 0 0 0

We have that p4 > 0 and Tr[ps] =1 for all y,N € [0, 1].
Also, for all y,N € [0, 1], the eigenvalues of the corners
submatrix of P4p are equal to zero and one, implying that
Psp > 0. Similarly, for all y, N € [0, 1], the eigenvalues of
the inner submatrix of Q4p are equal to zero and one, implying
that Qap > 0. Furthermore, we have that

0 0o o —i1yT=y
o= 0 b0 (F16)
AB 0 0 1—b 0 ’
-lyT=y 0 0 0
b 0 0 0
0 b 0 0
pa® g = 0 0 1—b 0 , (F17)
0 0 0 1-b

and so we have that Pyg + Q)% < pa ® 1p (in fact, this in-
equality is saturated). Thus, all the constraints in (F10) are
satisfied. Then, since

Tr [T Pag] = 302 — v + VIy N — DP +4(1 —y))},
(F18)

we have that

S AN = 32—y +VIY@N = DP +4(1—y)).
(F19)

This means that

Y
2
thus establishing (F1).

‘We now show that
_ v 1 3
Ruvax (P ) = logy {1 + 5\/[)/(2N — DR +4(01—y)}.

(F21)
Due to the inequality in (67), namely, Rpax(A, n) <
Epnax (A, ), it suffices to show that

1
AN =1-5+ 5\/[)/(21\’ = DP +4(1 —y), (F20)

1
Rmax(ﬂy,N) 2 logz{l - % + 5\/[7/(2]\7 - 1)]2 +4(1 - )/)

(F22)
when A, y is not entanglement breaking.

When the channel A, y is entanglement breaking, then
the Choi matrix F/’;l’gN is separable and PPT. This means
that we can pick Vip = (I'};)™ and Yy =0 in (62),
for which || Trg[Vap + Yaplllco = | Trp[Vaslllo = 1, imply-
ing that Rpax (A, v) = 0 in this case. In what follows, we thus
assume that A, y is not entanglement breaking.

First, the SDP dual to the one in (62) is

max. Tr [FX,‘SNRAB]
—pa ® 1p <R} < pa ® 1,
pa =0, Tr[pa] < L.

AN) = subject to
A (F23)
By strong duality, it holds that A(N) = A(N).
Leta € [0, 1], which we will specify in more detail later as
a function of y and N. We pick

a 0
pa = (O o a>, (F24)
a 0 0 2a(l1—a)
0 a(l — 2a) 0 0
Rap= 0 0 —(-a)1=2a) 0
2a(l —a) 0 0 l1—a
(F25)
Note that p4 > 0 and Tr[p4] = 1. Also, consider that
a 0 0 0
. 0 a(l —2a) 2a(1 — a) 0
Ryp = ’
0 2a(1—a) —-(1—a)(l—2a) 0
0 0 0 l1—a
(F26)
a 0 0 0
0 a 0
pa®1p = 0 0 1-ga o | (F27)
0 0 0 1—a
implying that
a 0 0 0
0 a(l—a) a(l—a) 0
Ris+p®ls=2| al—a) a(l—a)y 0 |
0 0 0 1—a
(F28)
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which is positive semidefinite since a € [0, 1]. Also, we have
that

0 0 0 0
® 1y — R — 2 0 a® —a(l—a) O
PARIET B =g _yl—a) (1—-a? Of
0 0 0 0
(F29)

which has eigenvalues equal to zero and 2(1 — 2a(1 — a)), the
latter being non-negative for all a € [0, 1]. Thus, our choice of
pa and Ryp satisfies the constraints in (F23). Now, computing
Tr[T'}; Ragl, we find that

Tr [T}, Rag] = gla, v, N)
=1-2(1-N)y —282Q/T—y +y)
+4al/1—y 4+ y(1 =N)). (F30)

We now choose a such that the equation

17

1
> T 5\/[V(2N — DPP+4(1 —y)=g(a,y,N) (F31)

is satisfied. It has solutions

o + \/c% + [(4N = 3)y — ¢3]

a= , (F32)
(&)
where
c =41 -y +y{d —=N)], (F33)
=421 —y +y), (F34)
s =VIy@eN — D +4(1 —y) (F35)

Note that the solutions for a in (F32) satisfy a € [0, 1] for all
v, N such that the GADC is not entanglement breaking. Thus,
for this choice of a, we conclude that

) 1
AN) > 1— g + 5V = DP+40 = 7). (F36)
‘We thus have that

Rumax (ﬂy,N) = Emax (ﬂy,N)

2

1
- 5¢[y<2zv — D +4(1—y),
(F37)

as required.
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