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Diagnosing steerability of a bipartite state with the nonsteering threshold
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In the present work, a traditional quantity, the averaged fidelity, is introduced as the steering parameter. From
the definitions of steering from Alice to Bob and the joint measurability, a general scheme is developed to design
linear steering criteria. For a given set of measurements on Bob’s side, the so-called nonsteering threshold is
defined to quantify the ability to detect steering. If the measured averaged fidelity exceeds this threshold, it is
shown that the state shared by Alice and Bob is steerable from Alice to Bob, and the measurements performed by
Alice are also verified to be incompatible. Within the general scheme, a discussion about how to design optimal
criteria is provided for two different scenarios: (a) to find the optimal measurements on Bob’s side when the state
is unknown and (b) to find the optimal measurements for Alice when the state and the measurements on Bob’s
side are given.
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I. INTRODUCTION

The concept of steering was introduced by Schrödinger in
1935 [1] as a generalization of the Einstein-Podolsky-Rosen
(EPR) paradox [2]. Steering infers the fact, in a bipartite
scenario, an observer can effect the state of a far remote
system through local measurement. Specifically, if Alice and
Bob share an entangled state, Alice can remotely steer Bob’s
state by performing measurements only in her part of the
system. In 2007, Wiseman, Jones, and Doherty [3] formally
defined quantum steering as a type of quantum nonlocality
that is logically different from nonseparability [4,5] and Bell
nonlocality [6]. Quantum steering can be understood as the
failure of a hybrid local-hidden-variable (LHV)–local hidden
state (LHS) model to simulate quantum correlations between
Alice and Bob.

Unlike quantum nonlocality and entanglement, EPR steer-
ing is inherently asymmetric with respect to the observers. It
is shown that there exist entangled states which are one-way
steerable [7,8]. Besides its foundational significance, EPR
steering has a vast range of information-theoretic applications
in one-sided device-independent scenarios, where the party
being steered has trust on his or her own quantum devices,
while the other’s devices may be untrusted. These applica-
tions range from one-sided device-independent quantum key
distribution [9], advantage in subchannel discrimination [10],
secure quantum teleportation [11,12], quantum communica-
tion [11], detecting bound-entanglement [13], and one-sided
device-independent randomness generation [14], to one-sided
device-independent self-testing of pure maximally as well as
nonmaximally entangled states [15].

In 1989, Reid derived variance inequalities that are vi-
olated with EPR correlations for a continuous variable
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system [16] and this was extended to discrete variable systems
in Ref. [17]. In quantum information [3], EPR steering can
be defined as the task for a referee to determine whether
two parties share entanglement. Based on these, EPR-steering
inequalities were defined in Ref. [18], with the property
that violation of any such inequality implies steering. Af-
ter this work, further tools have been proposed to signalize
steering from experimental correlations, for instance, the lin-
ear and nonlinear steering criteria [19–23], steering criteria
from uncertainty relations [24–29], steering with Clauser-
Horne-Shimony-Holt (CHSH)-like inequalities [30–33], mo-
ment matrix approach [34–36], and steering criteria based
on local uncertainty relations [37,38]. The discussed criteria
or small variation thereof have been used in several experi-
ments [19,20,39–41].

Joint measurability was extensively studied for a few
decades before steering was formulated in its modern form.
Operationally, it corresponds to the possibility of deducing the
statistics of several measurements from the statistics of a sin-
gle one. In recent years, it has been shown that steering is re-
lated to joint measurability in a many-to-one manner [42–45].
The connection between the joint measurability and steering
unlocks the technical machinery developed within the frame-
work of quantum measurement theory used in the context of
quantum correlations [46].

Our work is originated from one of the open problems
summarized in [46]: In experiments, quantum steering is
verified by a finite number of measurement settings. There
are only a few works on optimizing the measurement settings
(when having a fixed number of inputs or outputs), and more
research is needed to serve as input for experiments. Here, we
shall focus on the case where the linear steering inequalities
are applied for detecting steering [18,19,47].

In the present work, we introduce a traditional quantity,
the averaged fidelity, as the steering parameter. From the
definitions of steering from Alice to Bob [48] and the joint
measurability, we propose a general scheme to design the
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linear steering criteria. For a given set of measurements on
Bob’s side, we define a quantity, the so-called nonsteering
threshold (NST), to quantify its ability to detect steering. If
the measured averaged fidelity exceeds this threshold, the
state shared by Alice and Bob is steerable from Alice to
Bob, and the measurements performed by Alice are also
verified to be incompatible. Within the general scheme, we
give a discussion about how to design optimal criteria for two
different scenarios as follows. (a) When the state is unknown,
which measurement is optimal on Bob’s side? (b) When the
state and the measurements on Bob’s side are given, which
measurement is optimal for Alice?

The content of the present work is organized as follows. In
Sec. II, we give a brief review of the definitions of steering
from Alice to Bob and the joint measurability. In Sec. III, de-
tails about the nonsteering threshold are discussed. In Sec. IV,
we address the problem of constructing optimal linear criteria
for the case that the state is unknown. The optimal set of
measurements on Alice’s side is discussed in Sec. V. Finally,
we end our work with a short conclusion.

II. PRELIMINARY

A. Steering from Alice to Bob

Before showing how to apply the mentioned protocol to
demonstrate whether a state is steerable from Alice to Bob, it
is necessary to introduce some denotation at first. For a matrix
C = ∑

i, j ci j |i〉〈 j|, CT = ∑
i j ci j | j〉〈i| is the transposed ma-

trix, C∗ = ∑
i, j c∗

i j |i〉〈 j| denotes the complex conjugation of
C, and C†, which is defined as C† = (C∗)T, can be calculated
as C† = ∑

i j c∗
i j | j〉〈i|.

In the field of quantum information and quantum compu-
tation, entanglement is one of the most important quantum
resources. To verify whether a bipartite state W is entangled,
it is usually expressed with a pure entangled state and a
one-sided quantum channel [49,50],

W = Id ⊗ ε(|�〉〈�|), (1)

where Id is an identity map, and |�〉 = ∑d
i=1

√
λi|i〉 ⊗ |i〉

is the purification of the reduced density matrix for Alice,
say, ρA = ∑d

i=1 λi|i〉〈i| with d the dimension of the Hilbert
space H. Based on this decomposition, the state W should
be a mixture of product states if and only if the channel ε is
entanglement breaking (EB) [49,50].

Consider an unknown quantum state W shared by Alice
and Bob. Alice can perform N measurements on her sub-
system labeled by μ = 1, 2, . . . , N , each having d outcomes
a = 1, 2, . . . , d . The μth projective measurement is denoted
by �̂a

μ, and
∑d

a=1 �̂a
μ = Id , with Id the identity operator for

a d-dimensional Hilbert space. Now, �̂a
μ, usually referred to

as the input state, can be defined from the diagonal density
matrix τ and the �̂a

μ,

�̂a
μ =

√
ρA

(
�a

μ

)∗√
ρA

Tr
(
�̂a

μρA
) , (2)

with the probability p(a|μ) = Tr(�̂a
μρA) and

∑d
a=1 p(a|μ) =

1. Upon performing μ measurement and receiving outcome
a, the state of Bob’s subsystem becomes the state ρa

μ with

probability p(a|μ), where the normalized state ρa
μ = ε(�̂a

μ)
can be regarded as the output of the channel ε with �̂a

μ as the
input. Now, the set of unnormalized quantum states {ρ̃a

μ}a,μ

with ρ̃a
μ = p(a|μ)ρa

μ is usually called an assemblage.
In 2007, Wiseman, Jones, and Doherty [3] formally defined

quantum steering as the possibility of remotely generating
ensembles that could not be produced by a local hidden state
(LHS) model. A LHS model refers to the case where a source
sends a classical message ξ to one of the parties, say, Alice,
and a corresponding quantum state ρξ to another party, say
Bob, and when Alice performs the μth measurement, the
variable ξ instructs the output a of Alice’s apparatus with the
probability p(a|μ, ξ ). In addition, it is usually considered that
the variable ξ is chosen according to a probability distribution
ω(ξ ) with

∫
ω(ξ )dξ = 1. Bob does not have access to the

classical variable ξ , his final assemblage is composed by

ρ̃a
μ =

∫
ω(ξ )dξ p(a|μ, ξ )ρξ , (3)

and p(a|μ), the probability that the outcome is a when
a measurement μ is performed by Alice, is expressed as
p(a|μ) = ∫

ω(ξ )dξ p(a|μ, ξ ). The definition of steering in
the present work comes directly from the review article [48]:
An assemblage is said to demonstrate steering if it does not
admit a decomposition of the form in Eq. (3). Furthermore,
a quantum state W is said to be steerable from Alice to Bob
if the experiments in Alice’s part produce an assemblage that
demonstrate steering. On the contrary, an assemblage is said
to be LHS if it can be expressed as in Eq. (3), and a quantum
state is said to be unsteerable if a LHS assemblage is generated
for all local measurements.

B. Critical visibility

As it was shown in Refs. [42–45], steering is related to
incompatibility in a many-to-one manner. A set of measure-
ments {M̂a

μ}, where μ ∈ {1, 2, . . . , N} labels the measure-
ments in the set and a ∈ {1, . . . , k} labels the outcomes of
each measurement, is jointly measurable, or compatible, if
there exists a joint measurement {M̂λ}, such that

M̂a
μ =

∑
λ

π (λ)p(a|μ, λ)M̂λ, (4)

for all a and μ, with π (λ) and p(a|μ, λ) the probability dis-
tributions. From it, all positive-operator-valued measurements
(POVMs) M̂a

μ can be recovered by coarse graining over the
joint measurement {M̂λ}.

By introducing critical visibility, a quantity used to charac-
terize the white-noise robustness of an assemblage, Bavaresco
et al. [51] recently addressed the problem of determining
whether a quantum state can demonstrate steering when sub-
jected to N measurements with k outcomes. The general
methods have been proposed to calculate the upper bounds
for the white-noise robustness of a d-dimensional quantum
state under different measurement scenarios. Here, we shall
focus on one of the discussed cases where the assemblage
is given by the isotopic state with projective measurements.
Considering the depolarizing map εη acting on a Hermitian
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operator Â of a d-dimensional Hilbert space H

εη : Â → εη(Â) = ηÂ + (1 − η)Tr(Â)
Id

d
, (5)

and with |φ+
d 〉 = 1√

d

∑d
i=1 |ii〉 the maximally entangled state,

the isotopic state Wη in H ⊗ H can be defined as

Wη := Id ⊗ εη(|φ+
d 〉〈φ+

d |) = η|φ+
d 〉〈φ+

d | + (1 − η)
Id2

d2
. (6)

For d = 2, it coincides with the two-qubit Werner state [52].
Assume that Alice performs the projective measurements
{M̂a∗

μ }, with μ = 1, 2, . . . , N and a = 1, 2, . . . , d , and the
resulted assemblage {ρ̃a

μ} is

ρ̃a
μ = 1

d
εη

(
M̂a

μ

)
. (7)

The critical visibility η({M̂a
μ}) is defined as

η
({

M̂a
μ

})
:= max

{
η
∣∣{εη

(
M̂a

μ

)}
a,μ

∈ LHS
}
, (8)

where LHS is the set of assemblages that admit a LHS model.
Therefore, η({M̂a

μ}) is the exact value above which {εη(M̂a
μ)}

no longer admits an LHS model. From the definition above,
the critical visibility can also be viewed as a quantifier for the
ability of the set of measurements {M̂a

μ} to go against the white
noise [51].

With the quantity η({M̂a
μ}) introduced above, one may ask

the following. When the number of the experiment settings
and the outcomes are fixed, which measurement is the most
incompatible? This question is equivalent to calculating the
best critical visibility η∗({M̂a

μ}min, N, d ) over all the possible
projective measurements,

η∗({M̂a
μ}min, N, d ) := min

{M̂a
μ}

η
({

M̂a
μ

})
, (9)

with {M̂a
μ}min being the most incompatible set of the mea-

surements. The calculation of η∗({M̂a
μ}min, N, d ) is a difficult

task, and only for a few cases have the exact values been
obtained [51].

III. NONSTEERING THRESHOLD

A. Sufficient criteria for steering

For a given output ρa
μ, we suppose that Bob will measure

the fidelity with a set of rank-one projective operators {M̂a
μ},

M̂a
μ := 
̂a

μ = ∣∣φa
μ

〉〈
φa

μ

∣∣, 〈
φa

μ

∣∣φa
μ

〉 = δab,

d∑
a=1

M̂a
μ = Id ,

(10)
which are usually called target states in previous works.
The fidelity F (a|μ) is defined as the overlap between the
target and the un-normalized conditional state, F (a|μ) =
Tr[
̂a

μ p(a|μ)ε(�̂a
μ)]. Let 〈A ⊗ B〉 = Tr[W (A ⊗ B)] be the ex-

pectation value of the operator A ⊗ B and, in experiment,
F (a|μ) can be measured as

F (a|μ) = 〈
�̂a

μ ⊗ 
̂a
μ

〉
. (11)

Denote qμ the probability that the μth measurement has
been performed,

∑N
μ=1 qμ = 1, and then the averaged fidelity

Favg can be expressed as

Favg =
N∑

μ=1

d∑
a=1

qμF (a|μ). (12)

For an EB channel εEB, similar to the above defini-
tions of F (a|μ) and Favg, one can introduce F EB(a|μ) =
Tr[
̂a

μ p(a|μ)εEB(�̂a
μ)] and F EB

avg = ∑
μ

∑
a qμF EB(a|μ), and

the classic fidelity threshold (CFT) can be defined as

FCFT = max
{εEB}

F EB
avg , (13)

where the optimization is taken over the set {εEB} of all
EB channels. As shown in previous works [53–61], the CFT
depends on the actual choices of the input and target states. If
the experiment result Favg exceeds this threshold, Favg > FCFT,
one may conclude that the channel does not belong to the set
{εEB}, and the state W is an entangled state.

For the task of detecting steering, a criterion can be
introduced in a similar way. Consider that the assemblage
{p(a|μ)ε(�̂a

μ}μ,a} has an LHS decomposition, and then one
can define

F LHS
avg ≡

∫
ω(ξ )Tr[ρξ ρ̄]dξ, (14)

where

ρ̄ =
N∑

μ=1

d∑
a=1

qμp(a|μ, ξ )
̂a
μ, (15)

with the probability p(a|μ, ξ ) interpreted as the value of
�̂a

μ in the LHV model. For the set of μth measurement

operators {�a
μ|a = 1, 2, . . . , d}, ∑d

a=1 �a
μ = Id , there should

be
∑d

a=1 p(a|μ, ξ ) = 1. It can be seen that ρ̄ in Eq. (15)
is a density matrix, and it can be formally decomposed as
ρ̄ = ∑

ν λν |λν〉〈λν |, with λν the eigenvalues and |λν〉 the
corresponding eigenvectors. Denote the largest eigenvalue by
the cross norm ρ̄× = max|φ〉〈φ|ρ̄|φ〉, and one can define the
nonsteering threshold (NST) as

FNST
({

qμ, Ma
μ

}
, N, d

) = max
{p(a|μ,ξ )}a,μ

ρ̄×. (16)

Here, ρ̄× is a function of the variables p(a|μ, ξ ), and FNST is
the maximum value of ρ̄×. Together with the result Tr[ρξ ρ̄] �
FNST and

∫
ω(ξ )dξ = 1, it can be found that FNST is an

upper bound of F LHS
avg , say FNST � F LHS

avg . Therefore, once the
experiment result Favg exceeds this threshold

Favg > FNST
({

qμ, Ma
μ

}
, N, d

)
, (17)

the assemblage {p(a|μ)ε(�̂a
μ)}μ,a does not admit an LHS

decomposition and the state W is steerable from Alice to Bob.
For the set of measurements {qμ, Ma

μ}, its ability to detect
steering is quantified by FNST({qμ, Ma

μ}, N, d ). Here, it should
be emphasized that the way to calculate FNST({qμ, Ma

μ}, N, d )
is based on an elementary idea proposed in Refs. [18,19,47],
where a steering inequality can be constructed by just con-
sidering the measurements performed by Bob. The similar
method can also be found in the works on incompatibility
breaking quantum channels [45,62].
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According to the work in Ref. [48], the assemblage
{p(a|μ)εEB(�̂a

μ)}a,μ always admits an LHS decomposition
and, therefore, there exists a relation

FNST
({

qμ, Ma
μ

}
, N, d

)
� FCFT, (18)

which is nothing but a quantitative expression for the conclu-
sion that steering is stronger than entanglement.

In this work, FNST is usually required to be a tight
bound, since it can always be achieved with an assemblage
{p(a|μ)ε(�̂a

μ)}a,μ admitting a LHS model. This requirement
makes the criteria in Eq. (17) a necessary and sufficient con-
dition for detecting steering. Finally, the so-called geometric
averaged fidelity is introduced as

favg := dFavg − 1

d − 1
, (19)

and we fix the value of the parameter η with favg, η =
favg. Correspondingly, we define gNST({qμ, Ma

μ}, N, d ), the
so-called geometric NST, as

gNST
({

qμ, Ma
μ

}
, N, d

) = dFNST
({

qμ, Ma
μ

}
, N, d

) − 1

d − 1
,

(20)

and the criterion in Eq. (17) can be expressed in an equivalent
form:

η > gNST
({

qμ, Ma
μ

}
, N, d

)
. (21)

If this inequality is satisfied, it is obvious that the state W is
steerable from Alice to Bob.

B. Relation between the geometric NST and the critical visibility

Let us first consider the case where the state W is unknown
while the probability qμ is fixed as qμ = 1/N . The following
two statements—(a) the state is steerable from Alice to Bob
and (b) the set of measurements {�a

μ} performed by Alice
is incompatible—are necessary so that the assemblage {ρ̃a

μ}
does not admit a LHS model. Therefore, the criterion η >

gNST({Ma
μ}, N, d ) is a sufficient condition for Bob to declare

the statements (a) and (b). There are many possible protocols
to obtain the same averaged fidelity, and, as one of them, one
may suppose that the state is the maximally entangled state
|φ+

d 〉〈φ+
d |, while the corresponding measurements performed

by Alice are fixed as

�̂∗a
μ = εη

(
M̂a

μ

)
, ∀ a ∈ {1, . . . , d}, μ ∈ {1, . . . , N}. (22)

For such a special case, the statement (b) can be expressed
in an explicit way: the set of measurements, {εη(M̂a

μ)}, is
incompatible if η > gNST({Ma

μ}, N, d}). With the critical vis-
ibility defined in Eq. (8), if η > η({M̂a

μ}, N, d ), {εη(M̂a
μ)} is

incompatible, and if η = η({M̂a
μ}, N, d ), {εη(M̂a

μ)} is jointly
measurable. Thus one may arrive at the conclusion

η
({

M̂a
μ

}
, N, d

)
� gNST

({
Ma

μ

}
, N, d

)
. (23)

For example, let us consider the case where a pair of projective
measurements are defined for the qubit case,∣∣φ1

2

〉 = cos θ
∣∣φ1

1

〉 + sin θ
∣∣φ2

1

〉
,∣∣φ2

2

〉 = − sin θ
∣∣φ1

1

〉 + cos θ
∣∣φ2

1

〉
,

(24)

with 〈φa
μ|φb

μ〉 = δab, a, b, μ = 1, 2. The critical visibility
is [63–65]

η
({

M̂a
μ

}) = 1

| cos θ | + | sin θ | , (25)

while the geometric NST, whose derivation can be found in
the next section, is

gNST
({

Ma
μ

}) = max{| cos θ |, | sin θ |}. (26)

One may easily verify that the relation η({M̂a
μ}) �

gNST({Ma
μ}) always holds.

As in Ref. [51], we can address such a problem: Which set
of projective measurements is optimal for Bob, when the state
W is unknown and qμ is fixed as qμ = 1/N? This problem is
equivalent to finding the optimal geometric NST

g∗({M̂a
μ

}opt
, N, d

) = min
{M̂a

μ}
gNST({M̂μ}, N, d ), (27)

with {M̂a
μ}opt as the set of optimal measurements. Ex-

cept for some special cases, the analytical derivation of
g∗({M̂a

μ}opt, N, d ) is usually a difficult task. One of the possi-
ble ways to solve this problem is to apply the relation between
the optimal geometric NST and the best critical visibility,

η∗({M̂a
μ

}min
, N, d

)
� g∗({M̂a

μ

}opt
, N, d

)
, (28)

whose reason is simple as follows. If the best critical visibility
has the property

η∗({M̂a
μ

}min
, N, d

) = gNST
({

M̂a
μ

}min
, N, d

)
, (29)

one may immediately conclude that the measurement {M̂a
μ}min

achieving the best critical visibility should be the optimal
measurement for attaining g∗. Under the condition above, the
optimal geometric NST is

g∗(N, d ) = η∗({M̂a
μ

}min
, N, d

)
. (30)

Recalling the example in Eq. (24), and from Eq. (25), one can
have η∗ = √

2/2 with θ = π/4. From Eq. (26), one can have
the optimal geometric NST g∗ = √

2/2 with the same value
of θ . The relation in Eq. (29) has been verified for the special
case in Eq. (24). However, the general condition, under which
Eq. (29) always holds, is still unknown. In the next section,
a series of linear steering criteria, which has been obtained
in Ref. [51], can be derived from the calculation of the best
critical visibility.

IV. OPTIMAL LINEAR STEERING CRITERIA

A. LHV model for qubit cases

For qubit cases (d = 2), a geometric picture is conve-
nient to characterize an arbitrary density matrix ρ = 1

2 (I2 +
r · σ), with σ = (σx, σy, σz ) the Pauli matrices and a three-
dimensional Bloch vector r = (rx, ry, rz ). The geometric

length of r is denoted by |r| =
√

r2
x + r2

y + r2
z . Furthermore,

the two measurement results by Alice are usually denoted by
a = +,−. Then, the projectors for the μth measurement can
be expressed as �̂±

μ = (I2 ± r̂μ · σ )/2 with r̂μ a unit vector,
and the target states can be written as 
̂a

μ = (I2 ± n̂μ · σ )/2.
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Based on this assumption, one may introduce a quantity

A(μ, ξ ) = p(+|μ, ξ ) − p(−|μ, ξ ), (31)

and by the constraints p(+|μ, ξ ) + p(−|μ, ξ ) = 1, it can be
obtained that −1 � A(μ, ξ ) � 1. In fact, A(μ, ξ ) may be
viewed as the predetermined value of the operator r̂μ · σ in
an LHV model.

A unit vector n̂ can be expressed as n̂(θ, φ) =
sin θ cos φx̂ + sin θ sin φŷ + cos θ ẑ, with two parameters
0 � θ � π, 0 � φ < 2π , and q(θ, φ) is the probability
density for the measurement n̂ · σ performed by Bob,∫ π

0 dθ
∫ 2π

0 dφ q(θ, φ) = 1. Introducing a vector

r̄ =
∫ π

0
dθ

∫ 2π

0
dφ q(θ, φ)A(θ, φ, ξ )n̂(θ, φ), (32)

the state ρ̄ in Eq. (15) becomes ρ̄ = (I2 + r̄ · σ )/2 and, ob-
viously, ρ× = (1 + |r̄|)/2. Now, the geometric NST can be
reexpressed as

g = max
{−1�A(θ,φ,ξ )�1}

|r̄|. (33)

With a suitable basis, r̄ can be along the direction of ẑ and,
therefore, |r̄| = |r̄z|. From the definition of r̄, one can find
r̄z = ∫ π

0 dθ
∫ 2π

0 dφ q(θ, φ)A(θ, φ, ξ ) cos θ and, noting −1 �
A(θ, φ, ξ ) � 1, one could obtain

g =
∫ π

0
dθ

∫ 2π

0
dφ q(θ, φ)| cos θ |. (34)

Since it is always possible to find a suitable basis in which
r̄ lies along ẑ, the above two equations can be viewed as the
general formula for calculating the geometric threshold. One
may easily verify that the geometric threshold, which has been
calculated with −1 � A(θ, φ, ξ ) � 1, remains the same if a
more restrictive condition A(θ, φ, ξ ) ∈ {−1,+1} is applied.

Now, assume that the number of the experiment settings N
is finite and qμ = 1/N with μ ∈ {1, 2, . . . , N}. The measure-
ments of Bob are denoted by a set of unit vectors {n̂μ}, and
there are 2N vectors r̄±±···± = 1

N

∑N
μ=1(±n̂μ). The geometric

NST now takes the form

gNST({n̂μ}) := max
{±±···±}

|r̄±±···±|. (35)

With denotations introduced above, the optimal geometric
NST can be reexpressed as

g∗ = min
{n̂μ}

gNST({n̂μ}). (36)

B. Qubit case

With the set of unit vectors {n̂μ, μ = 1, 2, . . . , N}, the
geometric averaged fidelity in Eq. (20) can be rewritten as

favg = 1

N

N∑
μ=1

〈r̂μ · σ ⊗ n̂μ · σ〉. (37)

As shown in the end of the above section, there is an indirect
way to derive the optimal NST: if η∗({n̂μ}) = gNST({n̂μ})
can be verified, the set of measurements {n̂μ} is optimal for
obtaining g∗. Here, we shall apply this protocol to construct a
series of optimal linear steering criteria in Ref. [51].

(a) For N = 2 and 3, the best critical values are
η∗({ẑ, x̂}) = √

2/2 and η∗({ẑ, x̂, ŷ}) = √
3/3, respectively.

By simple calculation, one can find gNST({ẑ, x̂}) = √
2/2 and

gNST({ẑ, x̂, ŷ}) = √
3/3. From these results, two linear steer-

ing criteria for steering from Alice to Bob can be obtained:

〈r̂1 · σ ⊗ σx〉 + 〈r̂2 · σ ⊗ σz〉 >
√

2,

〈r̂1 · σ ⊗ σx〉 + 〈r̂2 · σ ⊗ σy〉 + 〈r̂3 · σ ⊗ σz〉 >
√

3. (38)

These two criteria first appeared in Ref. [18], and re-
cently, with analytical derivations, Cavalcanti and Skrzypczyk
demonstrated the above inequalities can be returned from the
semidefinite program [48]. Here, with the averaged fidelity as
the steering parameter, we have proved that these criteria are
also optimal.

(b) The planar qubit projective measurements, whose
Bloch vectors are confined to the same plane, have simple
experiment implementations [47]. It has been observed that
the most incompatible set of N ∈ {2, 3, 4, 5} planar projective
qubit measurements is the set of equally spaced measure-
ments [51]

n̂μ = cos
(μ − 1)π

N
x̂ + sin

(μ − 1)π

N
ŷ, (39)

with μ ∈ {1, 2, . . . , N}. The authors also conjectured that this
result is valid for any number of planar projective measure-
ments. From Eq. (35), the geometric NST is

gNST(N ) =
{

2
N

∑N/2
m=1 cos mπ

2N (N is even),

2
N

∑N/2−1
m=0 cos (2m+1)π

2N (N is odd).
(40)

From N = 2 to N = 10, the numerical values of gNST are
listed as follows: 0.7071, 0.6667, 0.6533, 0.6472, 0.6440,
0.6420, 0.6407, 0.6399, and 0.6392. These values exactly
coincide to the up bound η∗(N, d = 2). Formally, we have a
series of optimal linear criteria for the planar measurements:

1

N

N∑
μ=1

〈r̂μ · σ ⊗ n̂μ · σ〉 > gNST(N ). (41)

C. High-dimensional system

For the two-settings case, the two sets of orthogonal basis,
{|φa

1〉} and {|φb
2〉} with a, b ∈ {1, 2, . . . , d}, are supposed to

be related to a unitary matrix U with Uab as its matrix
elements, |φb

2〉 = ∑d
a=1 Uba|φa

1〉. Let the probability for each
setting be fixed as q1 = q2 = 1/2 and, with the deterministic
LHV model, one can introduce a series of states ρab as ρab =
1
2 (
̂a

1 + 
̂b
2) and define the fidelity NST as

FNST(U ) = max
a,b∈{1,2,...,d}

{ρab
× }. (42)

Now, the optimal NST can be obtained

F∗ = min
U

FNST(U ), (43)

where the optimization is taken over all unitary matrices.
Let us consider a simple case. With |e1〉 and |e2〉 a pair of

orthogonal states, a pure state |φ〉 can be expressed as |φ〉 =
s|e1〉 +

√
1 − |s|2|e2〉, and, for a mixture ρ = 1

2 (|e1〉〈e1| +
|φ〉〈φ|), it can be simply obtained that ρ× = 1

2 (1 + |s|). Based
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on this, there should be ρab
× = (1 + |Uab|)/2 and

FNST(U ) = 1
2

(
1 + max

a,b∈{1,2,...,d}
{|Uab|}

)
. (44)

Formally, it is equivalent to FNST(U ) = (1 + |U opt
ab |)/2. In

other words, one should select out the optimal unitary ele-
ment U opt

ab , whose mode |U opt
ab | has the largest value, from all

the unitary matrix elements. Consider the constraint for an
arbitrary unitary matrix:

∑d
a=1 |Uab|2 = 1, and the minimum

value of |U opt
ab | should be 1/

√
d . The optimal NST now can be

obtained:

F∗ = 1

2

(
1 + 1√

d

)
. (45)

For the optimal geometric NST, one can have

g∗ = 1

2

(
1 + 1√

d + 1

)
. (46)

It is known that a set of mutually unbiased bases (MUBs) con-
sists of two or more orthonormal bases {|φa

x 〉, a = 1, 2, . . . , d}
in a d-dimensional Hilbert space satisfying∣∣〈φa

x

∣∣∣∣φb
y

〉∣∣2 = 1

d
, ∀ a, b ∈ {1, . . . , d}, x �= y, (47)

for all x and y [66], and the MUBs are shown to be the optimal
measurements for F∗. Collecting the above results together,
one can have the optimal steering criterion

d∑
a=1

2∑
μ=1

〈
�̂a

μ ⊗ 
̂a
μ

〉
> 1 + 1√

d
, (48)

with 
̂a
μ one of MUBs. The critical visibility for the two sets

of MUBs has already been obtained [63–65]:

η
({


̂a
μ

}
, N = 2, d

) = 1

2

(
1 + 1√

d + 1

)
. (49)

As known in the definition of critical visibility in Eq. (8), if
g∗ = η({
̂a

μ}, N, d ), g∗ is a tight bound.

D. Some candidates for the optimal criteria

(a) For N = 4 and d = 2, Bavaresco et al. proved that
intuitive notions of equally spaced measurements in the Bloch
sphere do not correspond to the best measurements [51].
For four measurements, there are three coplanar and equally
distributed vectors and one vector orthogonal to the former
three. With a suitable basis, the four vectors can be expressed
as

n̂0 = ẑ, n̂1 = −1

2
x̂ +

√
3

2
ŷ,

n̂2 = x̂, n̂3 = −1

2
x̂ −

√
3

2
ŷ. (50)

From the vectors above, one can choose one of the op-
timal vectors r̄+−+− = 1

4 (n̂0 − n̂1 + n̂2 − n̂3), and the geo-

metric NST is obtained as gNST({n̂μ}) = |r̄+−+−| = √
5/4 �

0.5590. The best critical visibility is η∗({n̂μ}) � 0.5544 [51].
Since η∗({n̂μ}) < gNST({n̂μ}), one cannot directly prove that
the set of measurements in Eq. (50) are also optimal in

obtaining the NST. However, we conjecture that the measure-
ments are optimal for the following two reasons: first, the two
values η∗({n̂μ}) and gNST({n̂μ}) are very close and, second,
gNST({n̂μ}) = 0.5590 is better than the one, gNST = 0.5774,
for the case where four vectors are equally distributed in the
Bloch sphere. We organize the results above as a steering
criterion: if the condition

3∑
μ=0

〈r̂μ · σ ⊗ n̂μ · σ〉 >
√

5 (51)

is satisfied, the state is steerable from Alice to Bob.
(b) Another example is a natural generation of the pla-

nar states considered above. A unit vector n̂(φ) = cos φx̂ +
sin φŷ is randomly chosen from the x̂-ŷ plane with the prob-
ability distribution q(φ) = 1

2π
. Certainly,

∫ 2π

0 dφ q(φ) = 1,

and r̄ can be expressed as r̄ = ∫ 2π

0 dφ q(φ)A(φ, ξ )n̂(φ). With
a suitable basis, the vector r̄ can lie along the direction of
x̄, and then r̄ = r̄xx̂ with r̄y = 0. Therefore, according to the
definition of r̄, one has

|r̄| =
∣∣∣∣
∫ 2π

0
q(φ) cos φ A(φ, ξ )dφ

∣∣∣∣
�

∫ 2π

0
q(φ)| cos φ|dφ = 2

π
, (52)

and the geometric threshold can be obtained as g = 2/π . The
result can be written as a criterion,∫ 2π

0
dφ q(φ)〈σ · r̂(φ) ⊗ σ · n̂(φ)〉 >

2

π
, (53)

for the state to be steerable from Alice to Bob. The result in
Ref. [47] has been recovered here.

To show the above threshold is tight, one may use φ as
the local hidden variable, and define ω(φ) = 1

2π
for the local

states {ρφ = (I2 + cos φσx + sin φσy)/2, φ ∈ [0, 2π )}. Con-
sider the case τ = I2/2 and a depolarizing channel εη(�̂ ) =
(1 − η)I2/2 + η�̂. Introducing n̂ = cos αx̂ + sin αŷ for the
input states �̂± = (I2 ± n̂ · σ )/2, and letting η = π/2, the
corresponding output could be εη(�̂±) = (I2 ± 2

π
n̂ · σ )/2.

For simplicity, we choose α = π/2, and ε(�̂±) = (I2 ±
2
π
σy)/2 can be decomposed with {ρφ},

1

2
ε(�̂+) =

∫ 2π

0
p(+|α, φ)ω(φ)ρ(φ)dφ,

p(+|α, φ) =
{

1, 0 � φ � π,

0, π � φ � 2π.
(54)

The probability p(+|α, φ) can be calculated as∫ 2π

0 p(+|α, φ)ω(φ)dφ = 1/2. Meanwhile, we have

1

2
ε(�̂−) =

∫ 2π

0
p(−|α, φ)ω(φ)ρ(φ)dφ,

p(−|α, φ) =
{

0, 0 � φ � π,

1, π � φ � 2π.
(55)

Certainly, p(−|α, φ) = ∫ 2π

0 p(−|α, φ)ω(φ)dφ = 1/2. The
above formula can be easily generalized to the case where α

takes an arbitrary value. As a conclusion, we have shown that
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the assemblage {(I2 ± 2
π
σ · n̂)/2} admits a LHS model and the

geometric threshold gNST = π/2 is a tight bound.

V. OPTIMAL STATE-ADAPTED STEERING CRITERIA

A. CHSH-like inequality

In Ref. [30], the authors derived an EPR-steering ana-
log of the CHSH inequality, and it is an inequality that is
necessary and sufficient to demonstrate EPR steering in a
scenario involving only correlations between two dichotomic
measurements on each subsystem. However, this inequality
requires that the measurements by the trusted party are mu-
tually unbiased. Recently, Girdhar and Cavalcanti produced a
necessary and sufficient steering inequality [31] in the same
CHSH scenario to that in Ref. [30], and it is applicable
to any pair of projective measurements at the trusted part.
This CHSH-like inequality has a very interesting property: all
two-qubit states that are steerable via this inequality are Bell
nonlocal.

Considering the fact that the probabilities for the experi-
ment settings are controllable parameters for Alice (or Bob),
we shall provide a simple criterion, a sufficient condition for
steerability of a two-qubit state from Alice to Bob, which also
has the property discussed above.

At first, let us consider the case where Bob’s measurements
are MUBs: n̂ · σ and n̂⊥ · σ, where n̂ and n̂⊥ are orthogonal to
each other. With q(n̂) and q(n̂⊥) the probability distributions
for each measurement, respectively, we can calculate the geo-
metric NST, gNST =

√
q2(n̂) + q2(n̂⊥), and the geometric av-

eraged fidelity, favg = q(n̂)〈â ⊗ n̂〉 + q(n̂⊥)〈b̂ ⊗ n̂〉, with the
denotation 〈â ⊗ n̂〉 ≡ 〈â · σ ⊗ n̂ · σ〉. Now, we define R2 as
the ration of the geometric averaged fidelity and the geometric
NST, R2 := favg/gNST, and a criterion for steering from Alice
to Bob can be obtained:

R2 := q(n̂)〈â ⊗ n̂〉√
q2(n̂) + q2(n̂⊥)

+ q(n̂⊥)〈b̂ ⊗ n̂⊥〉√
q2(n̂) + q2(n̂⊥)

> 1. (56)

From the CHSH inequality [67], one may have a sufficient
condition for a state to be Bell-nonlocal:

〈â ⊗ (n̂1 − n̂2)〉 + 〈b̂ ⊗ ( ˆ̂n1 + n̂2)〉 > 2. (57)

As in Refs. [68,69], one can introduce a pair of orthogonal unit
vectors n̂′ and n̂′

⊥, and the unit vectors n̂i can be expanded as

n̂1 = cos θ n̂′ + sin θ n̂′
⊥, n̂2 = − cos θ n̂′ + sin θ n̂′

⊥, (58)

or equivalently

n̂1 − n̂2 = 2 cos θ n̂′, n̂1 + n̂2 = 2 sin θ n̂′
⊥. (59)

Now, we introduce another pair of orthogonal unit vectors
n̂, n̂⊥,

n̂ = cos θ

| cos θ | n̂′, n̂⊥ = sin θ

| sin θ | n̂′
⊥, (60)

and Eq. (59) becomes

n̂1 − n̂2 = 2| cos θ |n̂, n̂1 + n̂2 = 2| sin θ |n̂⊥. (61)

Putting it back into Eq. (57), the criterion for the Bell-nonlocal
state comes to

| cos θ |〈â ⊗ n̂〉 + | sin θ |〈b̂ ⊗ n̂⊥〉 > 1. (62)

Comparing it with the steering criterion in Eq. (56), it could
be found that the two criteria are very similar. To avoid the
misunderstanding of the similarity, two operators could be
introduced,

T̂steer = q(n̂)â · σ ⊗ n̂ · σ + q(n̂⊥)b̂ · σ ⊗ n̂⊥ · σ√
q2(n̂) + q2(n̂⊥)

,

T̂CHSH = | cos θ |â · σ ⊗ n̂ · σ + | sin θ |b̂ · σ ⊗ n̂⊥ · σ,

and it can be shown that they are equal to each other: T̂steer =
T̂CHSH under the one-to-one mapping,

| cos θ | = q(n̂)√
q2(n̂) + q2(n̂⊥)

, | sin θ | = q(n̂⊥)√
q2(n̂) + q2(n̂⊥)

.

Based on the results above, one may conclude that if a state
has been verified to be steerable from Alice to Bob by the
criterion in Eq. (56), it must be Bell nonlocal.

B. Case with known two-qubit state

In the previous section, we have considered the case
where the state is unknown. In the following, we will
address another problem: when the state W and Bob’s
measurements are known, which kinds of criteria are op-
timal for steering from Alice to Bob? At first, we in-
troduce 〈â ⊗ n̂〉max ≡ max{â} Tr[W â · σ ⊗ n̂ · σ] for the best
correlation when the two-qubit state and measurement of
Bob are fixed by n̂. Let {n̂, n̂⊥, t̂} be a set of mutu-
ally orthogonal unit vectors. Another set of mutually or-
thogonal unite vectors {x̂, ŷ, ẑ}, which are state dependent,
is defined as follows: 〈â ⊗ ẑ〉max = max{n̂}〈â ⊗ n̂〉max, 〈â ⊗
x̂〉max = max{n̂⊥}〈â ⊗ n̂⊥〉max, and 〈â ⊗ ŷ〉max = max{t̂}〈â ⊗
t̂〉max, where the three optimalities are taken under the con-
straint that {n̂, n̂⊥, t̂} is an orthogonal basis. In general, we
suppose 〈â ⊗ ẑ〉max � 〈â ⊗ x̂〉max � 〈â ⊗ ŷ〉max. With the set
of unambiguously defined vectors {x̂, ŷ, ẑ}, Eq. (56) can be
rewritten in a more compact way:

R2 := qz〈â ⊗ ẑ〉√
q2

x + q2
z

+ qx〈b̂ ⊗ x̂〉√
q2

x + q2
z

> 1. (63)

To make R2 have a greater value, the vectors â and b̂ should
be fixed by requiring that the correlations 〈â ⊗ ẑ〉 and 〈b̂ ⊗ x̂〉
attain the maximum values, respectively. The procedure for
fixing these vectors can be shown via an explicit example, and
one can consider an arbitrary pure state

|ψ〉 = cos
γ

2
|00〉 + sin

γ

2
|11〉, (64)

with 0 � γ � π/2. Letting â = cos θ1ẑ + sin θ1 cos φ1x̂ +
sin θ1 sin φ1ŷ and n̂ = cos θ ẑ + sin θ cos φx̂ + sin θ sin φŷ,
we have 〈â ⊗ n̂〉 = cos θ1 cos θ + sin γ sin θ1 sin θ cos(φ1 +
φ), and obtain

〈â ⊗ n̂〉max =
√

cos2 θ + sin2 γ sin2 θ (65)

by requiring tan θ1 = sin γ tan θ , and φ1 = −φ. From it, there
should be

〈â ⊗ ẑ〉max = 1, 〈b̂ ⊗ x̂〉max = sin γ . (66)
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Via the Cauchy-Schwarz inequality, the optimal choice of qz

and qx is

qz = 〈â ⊗ ẑ〉max

〈â ⊗ ẑ〉max + 〈b̂ ⊗ x̂〉max

, (67)

qx = 〈b̂ ⊗ x̂〉max

〈â ⊗ ẑ〉max + 〈b̂ ⊗ x̂〉max

, (68)

respectively. By collecting the above results together, one has
an optimal steering criterion

Rmax
2 =

√
〈â ⊗ ẑ〉2

max + 〈b̂ ⊗ x̂〉2
max > 1, (69)

which is obviously state dependent. For the pure state |ψ〉 in
Eq. (64), Rmax

2 =
√

1 + sin2 γ , and one may conclude that all
entangled pure states (sin γ �= 0) are steerable from Alice to
Bob. For the Werner state in Eq. (6) when d = 2, Rmax

2 =√
2η, and the steerable condition is η >

√
2/2.

As a simple generation of the above criterion, we consider
the case where Bob’s measurements are fixed as {σx, σy, σz}.
The geometric NST now is gNST =

√
q2

x + q2
y + q2

z , while
the geometric averaged fidelity is favg = qz〈â ⊗ ẑ〉 +
qx〈b̂ ⊗ x̂〉 + qy〈ĉ ⊗ ŷ〉. The ration R3 := favg/gNST can be
calculated as

R3 = qz〈â ⊗ ẑ〉 + qx〈b̂ ⊗ x̂〉 + qy〈ĉ ⊗ ŷ〉√
q2

x + q2
y + q2

z

. (70)

In a similar way with the two setting case, by fixing the
probabilities as

qz = 〈â ⊗ ẑ〉max

〈â ⊗ ẑ〉max + 〈b̂ ⊗ x̂〉max + 〈ĉ ⊗ ŷ〉max

,

qx = 〈b̂ ⊗ x̂〉max

〈â ⊗ ẑ〉max + 〈b̂ ⊗ x̂〉max + 〈ĉ ⊗ ŷ〉max

,

qy = 〈ĉ ⊗ ŷ〉max

〈â ⊗ ẑ〉max + 〈b̂ ⊗ x̂〉max + 〈ĉ ⊗ ŷ〉max

, (71)

an optimal steering criterion can be obtained:

√
〈â ⊗ ẑ〉2

max + 〈b̂ ⊗ x̂〉2
max + 〈ĉ ⊗ ŷ〉2

max > 1. (72)

For the pure states, Rmax
3 =

√
1 + 2 sin2 γ , all pure entangled

states are steerable from Alice to Bob according to the cri-
terion above. Meanwhile, Rmax

3 = √
3η holds for the Werner

state in Eq. (6) when d = 2, and the criterion, η >
√

3/3,
is better than that for two measurement settings. Besides the
theoretical application in judging whether a state is steerable
from Alice to Bob, the argument in the derivation of these two
criteria in Eqs. (69) and (72) is also applicable for designing
an optimal experiment protocol if the state shared by Alice
and Bob has already been known.

In the end of this section, we propose a criterion for the
case where the experiment settings take a continuous form.
Formally, the experiment setting of Bob is denoted by n̂ · σ

with n̂ an arbitrary unit vector in the Bloch sphere. As in the
derivations of R2 and R3, we fix the probability distribution
as

q(n̂) = 〈â ⊗ n̂〉max∫∫
dτ 〈â × n̂〉max

, (73)

with dτ = 1
4π

sin θ dθ dφ, 0 � θ � π , and 0 � φ < 2π . The
geometric averaged fidelity can be calculated as

favg =
∫∫

dτ q(n̂)〈â ⊗ n̂〉max, (74)

with r̄ = ∫∫
dτ q(n̂)A(n̂, ξ )n̂, and the geometric NST is

gNST = max{A(n̂,ξ )∈(1,−1)} |r̄|. Formally, one can introduce a
criterion as follows:

R∞ := favg

gNST
> 1. (75)

For the Werner state in Eq. (6) when d = 2, 〈â ⊗ n̂〉max = η,
q(n̂) = 1, and favg = η. Using Eq. (34), one can come to
gNST = 1/2 and R∞ = 2η. The criterion, η > 1/2, is obtained
for the steerable Werner state.

VI. CONCLUSIONS

In conclusion, the averaged fidelity is taken as the steering
parameter and a general scheme has been developed for
designing the optimal steering criteria. Two kinds of optimal
steering criteria, which are based on the conditions of whether
the bipartite is known or not, have been constructed.

With the fact that the relation between joint measurabil-
ity and steering has been discussed only in the recent six
years [42–45], it is easy to see that the basic properties of the
linear steering inequality, violation of which means that the
measurements of Alice are incompatible, have seldom been
discussed before. In the present work, it has been shown that
the two conditions—(a) the state is steerable from Alice to
Bob and (b) the measurements performed by Alice must be
incompatible—are necessary for the linear steering inequality
to be violated. For the set of measurements performed by Bob,
besides the critical visibility [51], the NST can be introduced
to quantify its ability to detect steering. The relation between
critical visibility and NST can be applied to design the optimal
steering criteria.

From the experimental viewpoint, the threshold of the
criterion in Eq. (51) is less than ones of the two-setting and
three-setting linear inequalities proposed in Ref. [18]. We
hope this can be applied in experiments to verify whether
an unknown two-qubit state is steerable from Alice to Bob.
From the theoretical view, beyond T states [70,71], analytic
necessary and sufficient conditions for two-qubit steerability
are still not known. In the present work, using the criteria in
Eq. (75), one can have a steering criterion, η > 1/2, for the
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steerable Werner state. This criterion is optimal since we know
that the Werner state is unsteerable if η = 1/2 [3].

Whether our scheme can offer optimal criteria for other
types of states will be discussed in our future works, and
we expect that the results in this work could lead to further
theoretical or experimental consequences.
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