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Quantum-classical dynamical distance and quantumness of quantum walks
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We introduce a fidelity-based measure, DQC(t ), to quantify the differences in the dynamics of classical versus
quantum walks over a graph. We provide universal, graph-independent, analytic expressions of this quantum-
classical dynamical distance, showing that at short times DQC(t ) is proportional to the coherence of the walker,
i.e., a genuine quantum feature, whereas at long times it depends only on the size of the graph. At intermediate
times, DQC(t ) does depend on the graph topology through its algebraic connectivity. Our results show that the
difference in the dynamical behavior of classical and quantum walks is entirely due to the emergence of quantum
features at short times. In the long-time limit, quantumness and the different nature of the generators of the
dynamics, e.g., the open-system nature of classical walks and the unitary nature of quantum walks, are instead
contributing equally.
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I. INTRODUCTION

Classical and quantum walks provide powerful tools to
describe the transport of charge, information, or energy in
several systems of interest for a wide spectrum of disciplines,
ranging from quantum computing to biological physics [1–4].
In these contexts, in order to understand the very nature of
the underlying dynamics, the question often arises how to
compare and assess the different behaviors of classical and
quantum walks on a given structure. Quantum walks are also
very useful to build quantum algorithms [5–8], and a compar-
ison with the corresponding classical random walks is crucial
to assess the possible quantum enhancement due to the faster
spreading of probability distributions. As a consequence, the
differences between a classical and a quantum walk have
been analyzed quite extensively, with short- and long-time
behavior studied in both scenarios [9–14]. Signatures of the
nonclassicality of the evolution involve the ballistic propaga-
tion of the quantum walker, compared to the classical diffusive
analog [15], and their measurement-induced disturbance or
the presence of nonclassical correlations, i.e., discord, in
bipartite systems [16]. The effects of classical noise on the
gradual loss of quantum features has also been investigated
[17,18]

Classical and quantum walkers indeed evolve differently
over a given graph. In particular, classical random walks
are open systems where randomness may be ascribed to the
interaction with some external source of noise, whereas the
evolution of a quantum walker is unitary. A crucial ques-
tion thus arises whether the different behavior of classical
and quantum walks corresponds to the appearance of some
genuine quantum feature or is just due to the different na-
ture of their dynamics. In order to answer the question, we
here introduce and discuss a fidelity-based measure, denoted
DQC(t ), to quantify the difference between the dynamics of a
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classical walker on a given graph and that of the correspond-
ing quantum walker. We discuss some universal properties of
our measure and provide analytic expressions for short and
long times. Our results show that at short times the difference
is indeed due to the appearance of a quantum feature, i.e.,
coherence, whereas at long times limit quantumness plays
only a partial role. In this regime, DQC also contains a term
given by the distance between the probability distributions
over the graph, and overall, it depends only on the size of the
graph. As we will see, the behavior of DQC at intermediate
times instead depends on the graph topology through its
algebraic connectivity.

Continuous-time quantum walks (CT-QWs) are usually
introduced as the quantum generalization of continuous-time
Markov chains, also called classical random walks (CT-RWs).
However, while the classical random walk is described though
the evolution of a probability distribution, governed by a
transition matrix (thus being an open system by construction),
the CT-QW dynamics is unitary with the Hamiltonian, given
by the graph Laplacian, governing the evolution of the prob-
ability amplitudes [19]. Moreover, for regular lattices (i.e.,
graphs where each vertex has the same number of neighbors)
the graph Laplacian is the discrete version of the continuous-
space Laplacian, thus it describes the evolution of a free
particle in a discretized space [20]. On the contrary, for more
general and complex graphs, the graph Laplacian cannot be
straightforwardly associated with the classical Hamiltonian of
a free particle.

The paper is structured as follows: In Sec. II we introduce
the notion of the quantum-classical (QC) distance and prove
that the involved maximization problem may be solved ex-
actly. In Sec. III we discuss the behavior of the QC distance at
short and long times, deriving asymptotic, graph-independent
expressions, whereas in Sec. IV we instead discuss some of its
graph-dependent features. Section V is devoted to a quantita-
tive analysis of the role of coherence and classical fidelity in
determining the value of the QC distance. Section VI closes
the paper with some concluding remarks.
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II. QUANTUM-CLASSICAL DYNAMICAL DISTANCE

Let us consider a finite undirected graph G(V, E ), where V
is the set of vertices and E the set of edges. The state of the
classical walker at a given time is described by the probability
vector �p(t ) = eνLt �p(0), where �p(0) is the initial probability
distribution over the vertices, ν is the transition rate, and L is
the transfer matrix, also known as the Laplacian of the graph
[21], i.e., a symmetric matrix whose rows (or columns) sum
to 0. In particular, Ljk = 1 (with j �= k) if the nodes j and
k are connected by an edge and Ljk = 0 if they are not. The
diagonal elements of L are given by Lj j = −d j , where d j is
the degree of node j, i.e., the number of edges connecting j to
other nodes. Given an initially localized probability distribu-
tion over site j, and using a quantum mechanical notation, the
evolution of a CT-RW may be described by the mixed state

EC(ρ j ) =
∑

k

pk j (t )|k〉〈k|, (1)

where pk j (t ) = 〈k|eνLt | j〉 is the transition probability from
site j to site k, pk j (0) = δk j , and the initial localized state is
ρ j = | j〉〈 j|. The orthonormal basis {|k〉}N

k=1 describes local-
ized states of the walker on one of the N sites of the graph.
The completely positive map EC describes the dynamics of the
CT-RW. An initially localized quantum walker evolves instead
unitarily, and the evolved state is given by the pure state

EQ(ρ j ) = |ψ j (t )〉〈ψ j (t )|, |ψ j (t )〉 =
∑

k

αk j (t )|k〉, (2)

where the coefficients αk j (t ) = 〈k|eiνLt | j〉 represent the tran-
sition (tunneling) amplitudes between node j and node k [19].

As is apparent from Eqs. (1) and (2) the two evolutions
lead to completely different final states. First, the classically
evolved state of the CT-QW is always a mixed state, while
for the CT-QW we have a pure state at all times. In addition,
quantum evolution admits superpositions of states and inter-
ference effects, which lead to dramatically different evolutions
compared to the CT-RW. In turn, we remember that in the
classical case the Laplacian is just the transfer matrix of
the Markov chain, whereas for CT-QW L is the effective
Hamiltonian of the walker, i.e., we have H = −νL. Hereafter,
and without loss of generality (it just corresponds to fixing the
time unit), we set the transition rate ν = 1 and consider time
as a dimensionless quantity.

In order to quantify the differences between the classical
and the quantum dynamics of the walker, and to assess
whether they may be ascribed to the appearance of genuine
quantum features, we introduce a fidelity-based measure of
dynamical distance (QC distance) for a quantum walker on a
graph and investigate its behavior in time. The QC distance
DQC(t ) of a quantum walker on a graph G is defined as

DQC(t ) ≡ 1 − min
ρC

F[EC(ρC), EQ(ρC)], (3)

where ρC represents the initial classical state of the
walker, i.e., a diagonal density matrix whose elements
give the initial probability distribution over graph G. The
quantity F (EC (ρC), EQ(ρC)) is the quantum fidelity [22–25]
between the two states obtained evolving ρC using the
quantum and the classical map, respectively, i.e.,

F (ρ1, ρ2) = [Tr
√√

ρ1ρ2
√

ρ1]
2
. Note that in definition (3)

we take the minimum of the fidelity over all initial classical
states. This is to capture the intuition that the QC distance
should be large if at least one classical state is evolving very
differently under the two dynamical maps. According to
its definition, the QC distance DQC(t ) is a positive quantity
bounded between 0 and 1.

Let us now prove that for any graph the initial state that
gives the minimum in Eq. (3) is a localized state, i.e., a state
of the form ρ j = | j〉〈 j|.

Theorem 1. The initial classical state attaining the mini-
mum in Eq. (3) is a localized state, ρ j = | j〉〈 j|.

Proof. Let us consider a generic classical state ρC =∑
k zkρk , with ρk = |k〉〈k|. The coefficients {zk} give the initial

probability distribution of the walker over the graph sites,
satisfying the normalization condition

∑
k zk = 1. In order to

evaluate the QC distance of the walker, we need to find the
state ρc that minimizes the fidelity between the evolved CT-
RW and the CT-QW, described, respectively. by the quantum
maps EC(ρC) and EQ(ρC). The strong concavity property [26]
applied to the square root of the fidelity gives√

F (EC(ρC), EQ(ρC)) �
∑

k

zk

√
F (EC(ρk ), EQ(ρk )), (4)

where we have omitted the explicit dependency on time.
For future convenience let us also introduce the shorthand
Fk = F (EC(ρk ), EQ(ρk )) for the fidelity between the classical
and the quantum evolved state of a walker initially localized
at site k. For regular graphs, i.e., graphs where each vertex
has the same number of neighbors, all nodes are equivalent
and the fidelity does not depend on the initial site k, hence
Fk = F0. Therefore, thanks to the monotonicity of the square
root and to the normalization condition, we have that (i)
F (EC(ρC), EQ(ρC)) � F0, and (ii) the minimum is obtained for
an initially localized state. For nonregular graphs, we have the
same conclusion since

∑
k zk

√
Fk is a convex combination of

limited functions, and thus its minimum is given by

min
k

∑
k

zk

√
Fk = min

k

√
Fk, (5)

i.e., it is achieved by an initially localized state. �

III. UNIVERSAL PROPERTIES OF THE QC DISTANCE

As mentioned above, the QC distance DQC(t ) is a positive
quantity bounded between 0 and 1. Since we know from The-
orem 1 that the optimal initial state achieving the maximum in
(3) is a localized state ρ j , let us analyze the temporal behavior
and properties of the fidelity

F j (t ) =
∑

k

pk j (t )|αk j (t )|2 (6)

for a walker initially localized at node j. This expression
allows us to explore the behavior of the conditional dis-
tances DQC(t | j) = 1 − F j (t ) in different regimes. In partic-
ular, in the short-time limit t � 1, we find that DQC(t | j)
depends only on the degree of the corresponding node, i.e.,
d j = −〈 j|L| j〉, as follows:

DQC(t � 1| j) = d jt + O(t2). (7)
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FIG. 1. Left: QC distance for complete graphs of different sizes N . The initial slope of the curves at short times is the vertex degree, while
at long times the stationary value 1 − 1/N is reached. The intermediate-time behavior of DQC(t ) is related to the topology of the graph, with
the main contribution coming from its algebraic connectivity. Center: The quantity DQC(t |c) for the complete, star, and wheel graphs, taking
the central site |c〉 (shown in red in the insets) as the initial state for the walker. DQC(t |c) is the same for all the graphs, since they all have a
central node |c〉 with degree N − 1 and there is at least a localized preparation in all graphs leading to the same dynamics. Right: QC distance
[i.e., the quantity DQC(t |c) maximized over the initial classical states] for the graphs considered in the center panel. Here we see that for the
wheel graph the QC distance departs from the other curves in a certain time interval: it increases linearly at short times according to Eq. (7),
but then the topology of the graph starts to play a role. This is physically consistent, since the DQC(t ) distance aims to quantify a property of
the graph itself rather than the properties of specific preparations.

This result is obtained by expanding the transition probabili-
ties pk j (t ) and the tunneling amplitudes αk j (t ) up to first order
in time,

pk j (t ) = δk j + t〈k|L| j〉 + O(t2), (8)

αk j (t ) = δk j + it〈k|L| j〉 + O(t2), (9)

and then substituting these expressions in F j (t ), with the
reminder that the off-diagonal elements of L are positive,
while the diagonal ones are negative. The meaning of Eq. (7)
is that the more connected the initial node is, the larger is
the difference in the dynamics of a quantum walk versus a
random walk on the given graph. The QC distance DQC(t ) =
max j DQC(t | j) for a given graph is thus determined by the
vertex with the maximum degree.

Concerning the behavior for large times, we note that for
a classical walker the distribution over the nodes tends to a
flat distribution, i.e., for t 	 1 we have EC(ρC) = I/N , ∀ρC.
In turn, we have F j = 1/N , ∀ j, and therefore we can rewrite
the QC distance in the long-time regime as

DQC(t 	 1) � 1 − 1

N
, (10)

independently of the topology of the graph.
The physical interpretation of the above results is rather

clear: at short times what really matters is the connectivity
of the initial node. This is a local phenomenon and does not
depend on the dimension of the graph. As time passes, classi-
cal and quantum walkers evolve and explore the whole graph
until the CT-RW achieves a stationary uniform distribution
over the graph, while the CT-QW periodically evolves in both
populations and coherences. This leads to a stationary value
for the QC distance, depending only on the size of the graph,
which is a global property. This is illustrated in the left panel
in Fig. 1, where we display, as an example, the behavior of
the QC distance as a function of time for complete graphs of
different sizes. The initial slope of the curves at short times
is the vertex degree, while at long times the stationary value
1 − 1/N is reached.

The intermediate-time behavior of DQC(t ) is related to the
topology of the graph, with the main contribution coming
from its algebraic connectivity. In order to see this, we note
that the squared amplitudes |αk j (t )|2 are bounded (and oscil-
lating) functions, whereas the classical transition probabilities
may be written as

pk j (t ) =
N∑

s=0

e−|λs|t 〈k|λs〉〈λs| j〉

= δk j +
N∑

s=1

e−|λs|t 〈k|λs〉〈λs| j〉, (11)

where we have introduced the eigenvalues and eigenvectors
of the Laplacian L = ∑

s λs|λs〉〈λs| and already taken into
account that the smallest (in modulus) eigenvalue of a Lapla-
cian is always 0. The dominant term in pk j (t ) and, in turn, in
the fidelity, is thus the one containing |λ1|, which is usually
referred to as the Fiedler value or Fiedler eigenvalue of the
Laplacian, providing an overall algebraic quantification of the
connectivity of the graph [27].

IV. GRAPH-DEPENDENT PROPERTIES
OF THE QC DISTANCE

The definition of the QC distance involves a maximization
over the initial state of the walker. There may be, however,
situations where the DQC(t | j) themselves may be of interest,
e.g., when there exists a privileged node to start with, and we
want to assess the effect of different topologies. This kind of
situation is illustrated in the center and right panels in Fig. 1,
where we compare the behavior of DQC(t |c) for the complete,
star, and wheel graphs, |c〉 being the central node (see the red
points in the inset). As shown in the center panel, DQC(t |c) is
the same for all graphs, since they all have a central node |c〉
with degree N − 1, and there is at least a localized preparation
on all graphs leading to the same dynamics. On the other hand,
if we look at the QC distance DQC(t ), we see that for the
wheel graph it departs from the other curves in a certain time
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FIG. 2. The distance DQC(t |1) for different graphs having the
same size, N = 11, and different degrees of node 1. The oscillating
blue line denotes DQC(t |1) for the ring graph. Insets: Some of the
considered graphs with degrees d1 = 2, 6, and 10, respectively. The
plot shows that for short times the ring graph has the lowest value of
DQC(t |1), whereas at later times its DQC(t |1) is larger than those of
the other graphs, i.e., it departs more from the classical dynamics.

interval. In fact, it increases linearly at short times according
to Eq. (7), whereas as the time increases, the proportionality
is lost and the topology of the graph starts to play a role.
This is physically consistent, since the DQC(t ) distance aims
to quantify a property of the graph itself rather than the
properties of specific preparations.

Let us illustrate this behavior with a different example,
i.e., we consider different graphs of a fixed size, say N =
11, and different connectivities. In particular, let us start by
considering a ring graph, where all the nodes have degree
equal to 2, and then select one node, e.g., |1〉, and take random
connected graphs with increasing numbers of links, i.e., we
increase the node degree d1. The behavior of DQC(t |1) is
shown in Fig. 2. At short times, the ring graph has the lowest
value of DQC(t |1), but then it shows a maximum value in time,
which is higher compared to the other graphs. In other words,
the evolution of a quantum walker on a ring graph is initially
closer to its classical counterpart compared to other graphs
with larger d1 values, but then, for larger times, it departs more
from the classical dynamics compared to the other considered
graphs. The insets show some of the considered graphs with
degrees d1 = 2, 6, and 10, respectively.

Depending on the application at hand, one may also be
interested in assessing the average dynamics over a graph.
To this aim, let us also briefly discuss another notion of
QC distance, taking into account the role of different initial
positions. This is the average of DQC(t | j) over the localized
states, i.e.,

DQC(t ) = 1

N

N∑
k=1

DQC(t | j), (12)

which may be naturally referred to as the average QC dis-
tance. For regular graphs, it coincides with DQC(t ), whereas
for nonregular graphs it accounts for the fact that a walker
initially localized at different nodes may evolve very dif-
ferently. The behavior of DQC(t ) may be easily recovered

from the previous analysis. We have DQC(t 	 1) � dt for
short times, where d is the average degree of the graph and
DQC(t )(t 	 1) � 1 − 1

N for long times.

V. THE ROLE OF COHERENCE AND
CLASSICAL FIDELITY

The QC distance quantifies how much the evolution of a
quantum walker on a graph differs from that of its CT-RW
counterpart. The question arises whether this difference is
due to the appearance of genuine quantum features or is just
due to differences in the two maps EC and EQ. As we see
the answer is not trivial or time dependent. Let us briefly
recall the notion of coherence of a quantum state, a genuine
quantum property with no classical analog. Coherence may be
properly quantified by the sum of the off-diagonal elements
of the density matrix, i.e., C(t ) ≡ ∑

k �= j |ρk j (t )| [28]. For the
dynamics of a quantum walker the natural basis to consider
is that of localized states. The coherence at time t is thus
given by

Cj (t ) =
(∑

k

|αk j (t )|
)2

− 1, (13)

where the index j refers to the localized initial state of the
quantum walker. By construction, any classical state of the
form of (1) has zero coherence, i.e., it is incoherent. By
expanding this expression for short times, up to first order,
and comparing it with the expression in Eq. (7), we find

DQC(t � 1| j) = 1
2Cj (t ).

It follows that the initial behavior of the QC distance at
short times is governed solely by the amount of coherence
created by the dynamics. In other words, the difference in
the dynamics may be fully attributed to the appearance of
genuine quantum features. On the other hand, this is no longer
true at later times, where a substantial contribution to DQC(t )
is due to the different nature of the CT-RW and CT-QW,
dynamical generators, which itself leads to strong differences
in the distribution over sites. In order to prove this statement,
let us introduce the classical fidelity between the probability
distributions over the sites of CT-RW and CT-QW, i.e.,

Gj (t ) =
∑

k

√
pk j (t )|αk j (t )|2. (14)

For large times pk j (t ) � 1/N , and thus we have
√

NGj (t )�
∑

k

|αk j (t )|

and, in turn,

N G2
j (t ) − Cj (t )�1.

Since for large times DQC(t | j) � 1 − 1/N , we may summa-
rize the above results as

DQC(t | j) =
{

DS
QC(t | j) ≡ 1

2 Cj (t ), t � 1,

DL
QC(t | j) ≡ 1 − G2

j (t ) + 1
N Cj (t ), t 	 1,

(15)
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FIG. 3. Left: Ratios γS(t ) and γL(t ) between the exact QC distance and its asymptotic expressions derived from (15) for short and long
times for several graphs of size N = 11. The plot illustrates the fact that the range of validity of the short-time expression DS

QC(t | j) depends
quite strongly on the type of graph, whereas the convergence to the asymptotic value DL

QC(t ) = 1 − 1/N is almost independent of the graph,
and it is achieved quite rapidly. Right: Difference δ(t ) between the classical distance and the renormalized coherence for several graphs of size
N = 11 and N = 5. Here the convergence time increases with the size of the graph, still being independent of its topology.

from which, after maximizing over nodes, we obtain the
asymptotic expression of DQC(t ) in terms of coherence and
classical fidelity. Equation (15) shows that for short times a
nonzero QC distance may be ascribed to the appearance of
coherence, whereas for long times quantum features account
only partially for the difference between the two dynamics.
In this regime, the QC distance is the sum of the normalized
coherence and the distance between the probability distribu-
tions over the nodes of the graph. We also remark that DQC(t )
no longer depends on the topology of the considered graph
but, rather, only on its size. In order to assess the generality of
this statement and the range of validity of Eq. (15), we have
considered different classes of graphs and evaluated the ratios

γK(t ) = DQC(t )/DK
QC(t ), K = S, L

between the exact QC distance (calculated numerically) and
its limiting expressions derived from Eq. (15) for short and
long times. In the left panel in Fig. 3 we report the two
values of γ for a set of random graphs of size N = 11. As
is apparent from the plot, the range of validity of the short-
time expression DS

QC(t | j) depends quite strongly on the type
of graph, whereas the convergence to the asymptotic value
DL

QC(t ) = 1 − 1/N is almost independent of the graph, and it
is achieved quite rapidly. The same rapid convergence to the
value δ∞(t ) = 1/N may be seen for the difference

δ(t ) = G2(t ) − C(t )/N,

between the square of the classical fidelity and the size-
normalized coherence (see the right panel in Fig. 3). Here the
convergence time increases with the size of the graph, still
being independent of its topology.

VI. DISCUSSION AND CONCLUSIONS

We have introduced a fidelity-based measure, termed the
QC distance, DQC(t ), to properly compare the dynamical
behavior of classical and quantum walks over a graph, also
discussing the role of the size and topology of the graph.

Our results show that at short times, the QC distance of
quantum walks is proportional to the local connectivity and,
in turn, to coherence, i.e., to the appearance of a genuine
quantum feature. On the other hand, in the long-time limit,
quantumness plays only a partial role, since the QC distance
is the sum of a size-normalized measure of coherence and the
classical distance between the probability distributions over
the graph. The graph topology is not relevant in these two
limiting regimes, whereas it plays a role in determining the
QC distance at intermediate times. Note that the two terms
in DL

QC(t ) are approximately of the same magnitude, i.e.,
coherence and classical distance contribute almost equally to
the QC distance.

From the physical point of view, the behavior of DQC(t )
tells us that the difference between CT-RW and CT-QW may
be initially ascribed to the ability of a quantum walker to
tunnel between sites, whereas for longer times coherence
cannot fully account for the difference in the dynamics. In
this regime, the QC distance is also due to the periodic
nature of CT-QW dynamics, compared to the diffusive one of
CT-RW, which leads to an equilibrium state. In other words,
the differences in the long-time dynamics should be equally
ascribed to the appearance of quantum features, as well as
to the different nature (open vs closed system) of the two
dynamical models.

We put forward our measure as a tool for assessing the
role of quantum features in the dynamics of quantum complex
networks and for designing quantum protocols over graphs.
We also believe that it paves the way to defining the nature
and the amount of quantumness in many particle quantum
walks.
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