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Virial coefficients of trapped and untrapped three-component fermions
with three-body forces in arbitrary spatial dimensions
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Using a coarse temporal lattice approximation, we calculate the first few terms of the virial expansion of a
three-species fermion system with a three-body contact interaction in d spatial dimensions, both in homogeneous
space and in a harmonic trapping potential of frequency w. Using the three-body problem to renormalize, we
report analytic results for the change in the fourth- and fifth-order virial coefficients Ab, and Abs as functions of
Abs. Additionally, we argue that in the @ — 0 limit the relationship b7 = n~¢/2b, holds between the trapped (T)
and the homogeneous coefficients for arbitrary temperature and coupling strength (not merely in scale-invariant
regimes). Finally, we point out an exact, universal (coupling- and frequency-independent) relationship between
Ab! in one dimension with three-body forces and Ab} in two dimensions with two-body forces.
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I. INTRODUCTION

Motivated by the recent interest in one-dimensional (1D)
Fermi and Bose gases in the fine-tuned situation where only
three-body interactions are present [1-9], we explore here
the thermodynamics of fermions with a contact three-body
interaction in the region of low fugacity (which corresponds to
a dilute regime and therefore high temperatures in units of the
energy scale set by the density). We focus on the fermionic
case but explore the problem in arbitrary dimension d. To
that end, we implement a semiclassical lattice approximation
(SCLA) to calculate the virial coefficients b, and carry out
their evaluation up to n = 5 at leading order (LO) in that
approximation.

The LO-SCLA was introduced in Ref. [10] as a way to
estimate virial coefficients in two-component Fermi gases.
The approximation seems crude in its definition but performs
surprisingly well when the lowest nontrivial order in the virial
expansion is used as a renormalized coupling constant (b, for
two-body forces, for example, and b3 in this work). Not sur-
prisingly, the approximation was seen to work better at weak
coupling, which makes sense, as the radius of convergence
of the virial expansion was found to be quickly reduced as a
result of the interaction. In Ref. [11] the next-to-leading-order
SCLA was explored up to by, displaying the convergence
properties up to the unitary point (in three dimensions),
and in Ref. [12] the LO-SCLA was used for systems in a
harmonic trap, showing that the approximation can capture
the dependence on the trap frequency w. In both cases, the
analytic dependence of virial coefficients on the dimension
was obtained, as is the case here. This is to be contrasted
with conventional methods to calculate virial coefficients,
which can be very precise but are limited to specific situations
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(coupling strength, dimension, etc.) and are typically unable
to provide analytic insight, as they are entirely numerical.
Our analytic formulas for the virial coefficients, although
approximate, support and shed light on the relationship b7 —
n~42p, in the @ — 0 limit, where the superindex T indicates
the harmonically trapped situation. This connection is well
known to be valid in the noninteracting limit and in the so-
called unitary limit of spin-1/2 fermions in three dimensions,
both of which feature temperature-independent coefficients
b,. As we argue, that relationship is actually valid for all
temperatures and coupling constants and holds for three-body
interactions just as well as for two-body interactions. Finally,
we point out an exact, coupling- and frequency-independent
relationship between Ab} in one dimension with three-body
forces and Ab} in two dimensions with two-body forces.

II. HAMILTONIAN AND VIRIAL EXPANSION

We focus on a nonrelativistic Fermi system with a three-
body contact interaction, such that the Hamiltonian for three
flavors 1,2,3is H =T +V, where

272
f=fd"x &j(x)(—h v )%(xx (1)
2m
and
V=—g4 f dx ity (X)ia ()3 (X), )

where the field operators v, and &AT are fermionic fields for
particles of types 1, 2, 3 (summed over s above), and 7i,(x) are
the coordinate-space densities. In the remainder of this work,
we take i = kg = m = 1. Besides the above, we also consider
the case in which an external trapping potential term is added
to the Hamiltonian, of the form

N 1

Ve = Ema)z / dx X[ (X) + A (x) + A3(x)]. (3)
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One way to characterize the thermodynamics of the above
system 1is through the virial expansion [13], which is an
expansion around the dilute limit z — 0, where z = P is
the fugacity, i.e., it is a low-fugacity expansion, where f is
the inverse temperature and w the chemical potential coupled
to the total particle number operator N. The coefficients
accompanying the powers of z in the expansion of the grand-
canonical potential €2 are the virial coefficients; specifically,

oo
—BQ=MZ=0,) b )
n=1
where
N N [e9]
Z=Ti[e M =) N oy 5)
N=0

is the grand-canonical partition function, Q; is the one-body
partition function, b; = 1, and the higher-order coefficients
require solving the corresponding few-body problems,

0= 0:- 2 ©)

05y = 0; - 103 - &, -

le4=Q4—<b3+l;—%)Q?—b2§—§—g—?, (8)
01bs = Qs — (bs + byby)0? — (B2 + ;,3)%?

—bzf—? - %?’ ©)

and so forth.

Since Q; o« V, the above expressions display precisely how
the volume dependence cancels out in each b,. In particular,
the highest power of Q; will always involve single-particle
(i.e., noninteracting) physics and will therefore cancel in the
change due to interactions Ab,, such that

01Aby = AQs, (10)

Q1Aby = AQ3 — Aby 07, (11

Q1Aby = AQy — A<b3 + %)Q% - AT[’ZQ{ (12)
Q1Abs = AQs5 — A(by + byb3)Q?

—%A(b% +b3)07 — AS—[?ZQ?, (13)

and so on. Note that, when only three-body interactions are
present, as in the case we consider here, there is no change
in the two-body spectrum, i.e., Ab, = 0. Therefore, the above
expressions simplify to

01Ab3 = AQs, (14)
01Aby = AQ4 — Ab3 07, (15)
Ab
Q1 Abs = AQs — (Aby + by Ab3)Q} — T3Q?. (16)

In terms of the partition functions Qysy; of M particles of
type 1, N of type 2, and L of type 3, we have

AQ3 = AQ1, (17)
AQ4 = 3A01, (18)
AQs = 3AQ0311 +3A0:. (19)

From the above equations we see that there is only a small
number of nontrivial contributions to each virial coefficient.
The main task is calculating each of these terms and for that
purpose we use a coarse lattice (or semiclassical) approxima-
tion, as explained next.

III. THE SEMICLASSICAL APPROXIMATION
AT LEADING ORDER

To carry out our calculations of virial coefficients we intro-
duce a Trotter-Suzuki factorization of the Boltzmann weight.
At the lowest possible order, the Trotter-Suzuki factorization
amounts to keeping only the leading term in the formula

- f g Ry
e PIHV) — g BT =BV =TTV (20)

where higher orders involve exponentials of nested commuta-
tors of 7' with V. Taking the leading order in this expansion
is equivalent to setting [7,V] =0, which is why we refer
to it as a semiclassical approximation. As Refs. [10-12]
have shown, this seemingly crude approximation provides
surprisingly good answers, especially at weak coupling, and is
therefore useful toward examining the virial expansion in an
analytic fashion. Below, we give two explicit examples of the
application of our approximation to the calculation of virial
coefficients.

A. A simple example: Ab;
As the simplest example, we consider Q11,
Oin =Y (Ple e |p) @1
P
— Z e BPI+Pi+r)/2m <P|e—f5‘7 P), (22)
Pj

where we have used a collective momentum index P =
(P1, P2, P3)- Inserting a coordinate-space completeness rela-
tion to evaluate the potential energy factor, we obtain

e 1X) = [ + Ciy @in )z (2))X)

= X) +C Y 8(x1 —2)8(x2 — 2)8(x3 — 2)|X)

= [1+C5(x; — x3)8(x2 — x3)]1X), (23)

where C = (P4 — 1)¢??, ¢ is an ultraviolet regulator in the
form of a spatial lattice spacing, and we have used the
fermionic relation ﬁ% = fi;. We have also introduced a col-

lective index X = (X1, X3, X3). The C-independent term yields
the noninteracting result, such that we may write

AQi =C X:e—ﬂ(P?+p§+p§>/2m
P Xk

X 8(x1 — X3)8(x2 — x3)|(X|P)|?, (24)
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which simplifies substantially when using a plane-wave basis
since | (X|P)|> = 1/V?3, where V is the d-dimensional volume
of the system. We then find

3

AQq = V;go, (25)
where
Qo0 = Ze_ﬂpz‘/zm- (26)
Thus,
3 2
0 1cC
Aby=C20 —c =L — | 27
YTV, T T27ve T 35 @7

where Q) = 3Q100 = 3V/AL, Ay = /27 is the thermal
wavelength, and V is the system’s spatial volume. This re-
lationship between the bare coupling constant C and the phys-
ical quantity Abs provides a way to renormalize the problem.
In other words, Ab; will play the role of the renormalized
dimensionless coupling constant.

The general form of the change AQyy; in the partition
function for M type 1 particles, N type 2 particles, and L type
3 particles, with a contact interaction, is given by

S e PPPRIBAC LK) + C oK) + -,
P.X

AQunt =

(28)

where P and X represent all momenta and positions of the
M + N + L particles, and the fungtions far fb, ..., Which
encode the matrix element of e~ #V, depend on the specific
MNL case being considered. The wave function (X|P) is a
product of three Slater determinants which, using a plane-
wave single-particle basis, leads to Gaussian integrals over the
momenta P.

B. Another example: Ab, in a harmonic trap

In this section we consider the case in which the system is
held in a harmonic trapping potential of frequency w. As the
expressions for the virial coefficients in terms of the canonical
partition functions carry over to this case, we simply add the
superindex ‘T’ to denote quantities in the trapped system. To
calculate Ab] we need Ab} and Qf. The latter is of course
trivial, as there is no interaction in that case (see Ref. [12]),

1 d
=3) = 36_‘9“"1/2(_1 Z e—ﬁw) (29)

d
_ 3<;) , (30)
2sinh(Bw/2)

where E,, is the single-particle energy level of the harmonic
oscillator (separated in d-dimensional Cartesian coordinates
such that n represents a d-dimensional vector of harmonic
oscillator quantum numbers).

To obtain Abg, we proceed as in the previous example to
obtain the analog of Eq. (25) for the trapped case:

AQIII —-C Ze—ﬁ(Enl+En2+En3)

n;, Xy

x 8(X1 — X3)8(x2 — X3)| (X1 XoX3[mmom3) 2. (31)

The sums over x3 and X, can be carried out right away, and
moreover,

| (%1 %% [0man3) 2 = [, (X1) 1%, (X2)1 [y (X3)17, (32)

where ¢, (x) is the single-particle harmonic oscillator wave
function in d-dimensional Cartesian coordinates. Using the
above, we obtain

AQY, =C ) pP(x o), (33)

where

p(x; fo) =Y e P pa(x)I. (34)

Note that Y, p(x; Bw) = QT /3.
Using the Mehler kernel (see Ref. [12]) evaluated at equal
spatial arguments, we find that

d efwtanh(ﬂw/Z)xz

p(X; pw) = w2 ——— (35)
(271 smh(,Bcu))2

where we note that tanh(Bw/2) > 0 for all fw > 0. Carrying
out the resulting Gaussian integrals and simplifying,

AT Ao 1 Bo ' C 36)
3 or 34+ \sinh(Bw) ) 227

where Ay = /27 .

Note that, as Bw — 0, we obtain

1 C 1
35+ A2 39

Ab} = — Ab;, (37)

where in the latter equality we have used Eq. (28).
For Ab}, we need AQ}H, which is easily seen to be
given by

AQ} =C Y p*(x: fo)lp(x: Bw)p(X'; Bw) — p* (X, X'; fw)]

=AQ],01/3-C Y p*(x: fw)p*(x. X fw),  (38)

where

P, X5 Bw) =Y e g (X)n(X), (39)

which, using the Mehler kernel, becomes

wg o~ coth(Bo)(x* +x2)/2+w csch(Bo)x X'

p(X,X'; fw) = . 7 . (40)
(27 sinh(Bw))?
Thus, in the continuum limit,
A
Ab} =321 QZ” — AbIOT

1

= QTZp (x; Bw)p* (x, X'; Bo)

__c1 [ o ! ]d (41)
AZd 2% Lsinh(Bw) (1 + 3 cosh(Bw))?
L
_ 3 ! AT (42)

25 (1 + 3cosh(Bw))*
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Note that, in the Bw — 0 limit, our approximation yields

35 3 13
AbY =~ 2 Ab] = 25
2d o4 2

Abg, (43)

which we use below.

IV. RESULTS IN HOMOGENEOUS SPACE

A. Virial coefficients

Using the steps outlined above, we have calculated Aby
and Abs and obtained

CQlQl(Zﬂ) _ _3Q1(2ﬂ)

_ (Q128))*  010:(38)
Abs = C( 9y 92 >
3(01(28))° 3Q1(3ﬂ)>
— Ab 45
( o o @)

for the fermionic three-species system with a three-body con-
tact interaction in d spatial dimensions. In the latter equation,
the first term on the right-hand side represents the contribution
of 01,1, and the second term that of Q3.

In the continuum limit, it is easy to perform the resulting
Gaussian integrals that determine Q; and obtain

Aby = —

1

Using these results, one may calculate the pressure, den-
sity, compressibility, and even Tan’s contact (with knowledge
of Abj as a function of the interaction strength, e.g., Bep in
one or two dimensions, where €5 is the trimer binding energy).
To provide a description of the thermodynamics that is as
universal as possible across spatial dimensions, we use Abs as
the measure of the interaction strength and display our results
in terms of that parameter. Furthermore, one may also define
a (dimensionless) contact density as

(40)

1
7) Abs. (CY))
32

Kd dlnZ

48
TV by’ (48)

which differs from the conventional definition by a chain-
rule factor dAb3/dA (which in turn can be determined by
solving the three-body scattering problem), where A is the
d-dimensional coupling constant. To make the expression
dimensionless, we have used the thermal wavelength Ar =

V27 B.

B. Thermodynamics and contact across dimensions

The interaction-induced change in the pressure AP can be
written in dimensionless form in arbitrary dimension as

BVAP = 0, Z Aby Z-. (49)

k=1

— d=1
— d=2
61 — d=3
3 41
Tk
~<
2_
O_
-1.0 -0.8 -0.6 -0.4 -0.2 0.0
Bu

FIG. 1. Density, in units of A% = (27 B8)%?, as a function of
Inz = Bu, at Ab; = 0.25, for d = 1 (top, blue line), d = 2 (middle,
green line), and d = 3 (bottom, red line).

Similarly, the interaction-induced change in the density can be
written as

o0
A AR =3 Z k Aby 75, (50)
k=1

and, using our definition of the contact in Eq. (49),

dAb; *
AC_3ZaAb3 (51)

Implementing our LO-SCLA results, we obtain

3%

(SIS

g 3 11\,
BAGAP ~ 3Abs 7’ 1—2—z+3 st )| 6
i 4 1),
AfAn ~ 9 Absy 7’ 1—27z+5 2T )° . (53)

3 11
AC~32|1— —z+3( =+ — )| (54)
2% 247" 34

As an example, in Fig. 1 we display the density as a function
of the logarithm of the fugacity Inz = Bu for Ab; = 0.25 and
ford =1, 2, 3.

The behavior of An as a function of Bu in Fig. 1 is as
expected for a system with attractive interactions, namely,
the interaction-induced change in the density is positive and
enhanced by increasing Su (or, equivalently, washed out
at low densities, i.e., for large and negative Bu). Also as
expected (and as observed in Refs. [10] and [11] for two-body
interactions), interaction effects are more pronounced in lower
dimensions at fixed Abs.

V. RESULTS IN A HARMONIC TRAP

A. Fourth- and fifth-order virial coefficients

We have generalized our example of Ab!, discussed in a
previous section, to Ab}. For future reference, we show both
results:

35+l 1

(1 + 3 cosh(Bw))*

Ab) = — Ab}, (55)
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..... - d=1 —— Ab/AbY
2 —_— Ab;:,r/Ab;—
1- -~~9f2
0 d=3 Rl LT _—__:::::::: """""""

L] T e

_2_ ‘. ------ ; T T T T

0 1 2 3 N >

FIG. 2. AbY (lower three, blue lines) and AbI (upper three, red
lines), in units of Ab%, as a function of Bw in the LO-SCLA. Results
are shown in d = 1 (dotted lines), d = 2 (dashed lines), and d = 3
(solid lines).

ADT = 357! [ ! ]2
5 = 2
12 cosh“(Bw) 4+ 4 cosh(Bw) — 1

1 2 T
+ |:12005h2(,8a)) + SCosh(ﬂw):| )Ab3. (56)

In Fig. 2 we show these results in d = 1,2, 3 as a function
of Bw. In contrast to the behavior of Ab! for the case of
two-body interactions, explored in Refs. [12] and [14], here
both Ab} and Abg display monotonic behavior. Furthermore,
at this order in the SCLA, both Ab] and Ab! are proportional
to Ab}, such that the results in Fig. 2 are universal predictions
in the sense of being coupling independent.

B. A universal relation in the fo — 0 limit

Note that, in the fw — 0 limit, where the homogeneous
system is recovered,

JNSSREE I (I DS SR S VS
’ ATV A TE CIAET
(57)

Using Eqgs. (44), (47), and (58), we find that trapped and
untrapped virial coefficients are related, in the B — 0 limit,
as follows:

ABT =377 Ab;, (58)
AbT = 475 Aby, (59)
AbT =577 Abs. (60)

Although we have only explored Ab! for n = 3, 4, and 5 here
(the cases n = 1 and 2 are trivially satisfied as well), the fact
that the above relationship holds points us to conjecture that
the relation

—n"th, ©61)

is universally valid for all n, couplings, and temperatures
@it is well known to be satisfied by noninteracting gases).

Other authors (see, e.g., [13,15,16]) have noted (and proven
using the local density approximation) that this relationship
is satisfied in the unitary limit (where the b, are tempera-
ture independent), and the same connection was found for
n = 3,4 in systems with two-body forces in Ref. [12] for
arbitrary couplings (within the LO-SCLA). In principle, there
is no special reason why b! should not approach b, when
the trapping potential is removed. That there is a d- and
n-dependent factor connecting these two quantities in the non-
interacting case is merely a geometrical artifact of the choice
of basis in which the calculations are performed (namely,
the harmonic oscillator basis in the trapped case and plane
waves in the homogeneous case), which has no impact on
physical quantities. Based entirely on dimensional analysis,
however, the natural guess is that bT may approach b, times
a dimensionless function of temperature and other dynamical
scales. (That would actually change the partition function in
a nontrivial way, in particular, concerning Tan’s contact, but
let us put that aside for the moment.) Such a dimensionless
function could only result from the interplay between the
trapping potential Ve and the interaction V, possibly leading
to subtleties in the w — 0 limit (similar to those arising
from degenerate perturbation theory). However, the fact that
Vexis V1= 0 suggests that there should be no such subtlety
and therefore no residual dependence on interaction-related
scales in the relationship between bl and b, as fw — 0. In
that limit, the dimensionless quantities bz and b, should be
related by a coupling- and temperature-independent function;
their connection should be entirely geometrical and fully
determined by the noninteracting case, for which b} = n‘%bn
when Bw — 0. We therefore conclude that the conjecture is
true for all n, coupling strengths, and temperatures.

C. An exact relation across systems and dimensions

Finally, we point out a coupling-independent relationship
between the 1D case with a three-body interaction (i.e., the
1D case of the system studied in this work) and the 2D
case with only two-body interactions (denoted below by the
superindex “2b2D”). As pointed out in Ref. [17], there exists
an exact relationship between the three-body problem of the
former situation and the two-body problem of the latter. That
relationship yields a simple proportionality rule between the
corresponding virial coefficients, given by

Ab3 _ ?lnll Q%bZD

Qi.lm.,ZbZD Ql

where the superscript “c.m.” indicates the partition function

associated with the center-of-mass motion, which is not af-

fected by the interactions and completely factorizes (both in

the spatially homogeneous and in the harmonically trapped

case). In the spatially homogeneous case, the proportional-

ity factor between Abs and AB3*?P is 1/4/3, as shown in

Ref. [17]. On the other hand, in the harmonically trapped case,
the relationship becomes

AbY = 2Aby™P. (63)

AL, (62)

We stress that while this relationship is restricted to the 1D
values of Ab} and Ab}ZbZD, it is valid for all couplings and all
values of Bw and in that sense it is universal.
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For completeness and future reference, we provide here
details on the origin of this correspondence for the trapped
case, which first appeared in Ref. [5], based on the 2D solution
in Ref. [18]. The Schrodinger equation for this system takes
the form

Vr2 [
[—— +85(x —y)8(y —2) + smow’r }W(l’) = Ey(r),
2m 2
(64)

where x, y, and z again indicate the different-flavor particles,
r = (x,y,z2),and
v o + > + - (65)
Toox20y? 0z
Factoring out the center-of-mass motion by defining Q =
FO+y+2, g1 =50 -1, @ = @ +y—22), and
V(x,y,2) = ®(Q)¢(q), with q = (g1, g2), we obtain

19 1, 2 o0y = E. . @ 66
[_%B—QZ-FEmwQ} (@) = Ecn®(©Q).  (66)

for the c.m. motion, and

[ Va 4 asiar s Lo 2]
——1 4+ 35(q) + zmo’q’ |¢p(q) = E,p(q), (67)
2m 2
where g = g/+/3 is the effective coupling and E, is the energy
of relative motion, which is identical to that of a single particle
in a 2D harmonic oscillator potential with a § potential at
the origin. This establishes the exact relationship between our
three-body 1D problem and its two-body 2D counterpart with
two-body interactions.

As in the spatially homogeneous case, the eigenvalues
€, = E,/w of the harmonically trapped system are determined
implicitly, in this case as solutions to

1 m 1 m 1—e,
==y > — | —InA,|.
g wi= € — (2n+1) 2w 2

(68)

where ¥(z) is the digamma function, where A, is a UV
cutoff. Unlike in the untrapped problem, with its unique bound
state, the trapped problem admits an infinite set of discrete

excited states (all with positive energy). The problem is renor-
malized by relating the bare coupling to the €, occurring in
the lowest-energy branch.

VI. SUMMARY AND CONCLUSIONS

In this work we have calculated the high-temperature
thermodynamics of three-flavored Fermi gases with a contact
three-body interaction in d spatial dimensions, as determined
by the virial expansion. We carried out calculations in homo-
geneous space as well as in a harmonic trapping potential of
frequency w. To that end, we implemented a coarse temporal
lattice approximation at leading order (the LO-SCLA) and
calculated the change in the virial coefficients Ab, due to
interaction effects. In this context, we established a relation
between the first two nontrivial virial coefficients, namely,
Aby and Abs, as functions of Abs. In addition, we argued that
in the Bw — 0 limit, the relationship Ab} = n=%/2 Ab, holds
between the trapped and the homogeneous coefficients for ar-
bitrary n, coupling strengths, and temperatures; furthermore,
it is valid for systems with two- and three-body interactions.
We showed that our calculations reproduce that relationship
for n = 3, 4, 5. Finally, we showed a relationship between the
harmonically trapped case in one dimension with three-body
interactions and its analog in two dimensions with two-body
interactions, namely, Abg = %Ab}MD. In closing, a com-
ment is in order regarding the nature of purely contact (i.e.,
nonderivative) three-body interactions for d > 1. The dimen-
sion of the coupling constant for such an n-body interaction
is LY=D=2 (where L has units of length), which is always
positive for n = 3 and d > 1, indicating that the three-body
interaction is an irrelevant operator in d > 1. Therefore, renor-
malizing to a nontrivial interaction effect will likely require
the systematic inclusion of a two-body interaction. The effect
of not including the latter would appear when calculating at
higher orders in the temporal lattice approximation, where
it would manifest as a progressive shrinkage of the range of
values of Ab; for which renormalization is possible with just
a three-body coupling.

ACKNOWLEDGMENT

This material is based upon work supported by the National
Science Foundation under Grant No. PHY 1452635 (Compu-
tational Physics Program).

[1] Y. Nishida, Universal bound states of one-dimensional bosons
with two- and three-body attractions, Phys. Rev. A 97,
061603(R) (2018).

[2] L. Pricoupenko, Pure confinement-induced trimer in one-
dimensional atomic waveguides, Phys. Rev. A 97, 061604(R)
(2018).

[3] G. Guijarro, A. Pricoupenko, G. E. Astrakharchik, J. Boronat,
and D. S. Petrov, One-dimensional three-boson problem with
two- and three-body interactions, Phys. Rev. A 97, 061605(R)
(2018).

[4] Y. Sekino and Y. Nishida, Quantum droplet of one-dimensional
bosons with a three-body attraction, Phys. Rev. A 97,
011602(R) (2018).

[5] M. Valiente and V. Pastukhov, Anomalous frequency shifts in
a one-dimensional trapped Bose gas, Phys. Rev. A 99, 053607
(2019).

[6] J. R. McKenney and J. E. Drut, Fermi-Fermi crossover in
the ground state of one-dimensional few-body systems with
anomalous three-body interactions, Phys. Rev. A 99, 013615
(2019).

[7]1 M. Valiente, Three-body repulsive forces among identi-
cal bosons in one dimension, Phys. Rev. A 100, 013614
(2019).

[8] J. Maki and C. R. Ordéfiez, Virial expansion for a three-
component Fermi gas in one dimension: The quantum anomaly
correspondence, Phys. Rev. A 100, 063604 (2019).

063630-6


https://doi.org/10.1103/PhysRevA.97.061603
https://doi.org/10.1103/PhysRevA.97.061604
https://doi.org/10.1103/PhysRevA.97.061605
https://doi.org/10.1103/PhysRevA.97.011602
https://doi.org/10.1103/PhysRevA.99.053607
https://doi.org/10.1103/PhysRevA.99.013615
https://doi.org/10.1103/PhysRevA.100.013614
https://doi.org/10.1103/PhysRevA.100.063604

VIRIAL COEFFICIENTS OF TRAPPED AND UNTRAPPED ...

PHYSICAL REVIEW A 101, 063630 (2020)

[9] W. S. Daza, J. E. Drut, C. L. Lin, and Carlos R. Ordéfiez, A
quantum field-theoretical perspective on scale anomalies in 1D
systems with three-body interactions, Mod. Phys. Lett. A 34,
1950291 (2019).

[10] C.R. Shill and J. E. Drut, Virial coefficients of one-dimensional
and two-dimensional Fermi gases by stochastic methods and a
semiclassical lattice approximation, Phys. Rev. A 98, 053615
(2018).

[11] Y. Hou, A. J. Czejdo, J. DeChant, C. R. Shill, and J. E. Drut,
Leading- and next-to-leading-order semiclassical approxima-
tion to the first seven virial coefficients of spin-1/2 fermions
across spatial dimensions, Phys. Rev. A 100, 063627 (2019).

[12] K. J. Morrell, C. E. Berger, and J. E. Drut, Third- and fourth-
order virial coefficients of harmonically trapped fermions in a
semiclassical approximation, Phys. Rev. A 100, 063626 (2019).

[13] X.-J. Liu, Virial expansion for a strongly correlated Fermi
system and its application to ultracold atomic Fermi gases,
Phys. Rep. 524, 37 (2013).

[14] Y. Yan and D. Blume, Path-Integral Monte Carlo Determi-
nation of the Fourth-Order Virial Coefficient for a Unitary
Two-Component Fermi Gas with Zero-Range Interactions,
Phys. Rev. Lett. 116, 230401 (2016).

[15] X.-J. Liu, H. Hu, and P. D. Drummond, Virial Expansion for a
Strongly Correlated Fermi Gas, Phys. Rev. Lett. 102, 160401
(2009).

[16] X.-J. Liu, H. Hu, and P. D. Drummond, Three attractively
interacting fermions in a harmonic trap: Exact solution, ferro-
magnetism, and high-temperature thermodynamics, Phys. Rev.
A 82, 023619 (2010).

[17] J. E. Drut, J. R. McKenney, W. S. Daza, C. L. Lin, and
C. R. Ordéiiez, Quantum Anomaly and Thermodynamics
of One-Dimensional Fermions with Three-Body Interactions,
Phys. Rev. Lett. 120, 243002 (2018).

[18] T. Busch, B.-G. Englert, K. Rzazewski, and M. Wilkens,
Two cold atoms in a harmonic trap, Found. Phys. 28, 549
(1998).

063630-7


https://doi.org/10.1142/S0217732319502912
https://doi.org/10.1103/PhysRevA.98.053615
https://doi.org/10.1103/PhysRevA.100.063627
https://doi.org/10.1103/PhysRevA.100.063626
https://doi.org/10.1016/j.physrep.2012.10.004
https://doi.org/10.1103/PhysRevLett.116.230401
https://doi.org/10.1103/PhysRevLett.102.160401
https://doi.org/10.1103/PhysRevA.82.023619
https://doi.org/10.1103/PhysRevLett.120.243002
https://doi.org/10.1023/A:1018705520999

