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Amplified spontaneous emission in the extreme ultraviolet by expanding xenon clusters
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Focused short-wavelength free-electron laser (FEL) pulses interacting with gas phase samples can induce by
inner-shell ionization a short-lived population inversion, followed by coherent collective emission of directed,
short, and strong radiation bursts. We extend our studies into the warm-dense matter (WDM) regime by
investigating the nanoplasmas produced in an ensemble of nanometer-sized clusters by FEL irradiation. Here,
additional pathways can also lead to strong, laserlike emission: Electron-ion collisions can yield a long-lived
population inversion, and subsequent amplified spontaneous emission. We observe amplified spontaneous
emission (ASE) in the extreme ultraviolet in xenon clusters excited by soft x-ray FEL pulses, we diagnose the
generated nanoplasmas by fluorescence spectroscopy, and we study under various cluster and FEL parameters
the directed ASE from the Xe2+ 65 nm line. We show its exponential increase as a function of FEL irradiation
power, and an accompanying collisional broadening of the emission spectra. These findings are corroborated
by extensive numerical simulations based on theory, combining detailed hydrodynamic and kinetic simulations
with time-dependent calculations of radiation transport, amplification, and collective emission in the WDM
nanoplasma. Our theoretical findings underline that population inversion is due to electron-ion collisions and
that the observed decoherence processes can be empirically characterized by a phenomenological decoherence
time in the range of 100–200 fs.

DOI: 10.1103/PhysRevA.101.063412

I. INTRODUCTION

Short-wavelength free-electron lasers (FELs) enable the
preparation and study of matter under extreme condi-
tions [1–3]. By focusing the FEL beam onto a target, each
atom within a sample can absorb one or several high-energy
photons within the duration of the FEL pulse [4,5], thus
leaving the system in a highly excited state, out of equi-
librium [6–9]. In particular, the ultrafast plasma production
by inner-shell photoionization can lead to sizable population
inversion and collective stimulated emission. Stimulated x-ray
emission and superfluorescence have been observed in FEL
generated plasmas in the gas [10,11], liquid [12], and solid
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phases [13], resulting in directed x-ray bursts featuring expo-
nential growth in emission yield as a function of pump power.
Saturated x-ray emission, for which collective radiative decay
outpaces electronic Auger relaxation, has been observed in
several cases [11,12]. In the x-ray region, this coherent emis-
sion follows the interaction with the FEL pulse [14,15] with
only a few fs delay.

Transitions in the extreme ultraviolet (XUV) spectral range
have typical radiative lifetimes in the range of ns. Those
that involve inner-shell holes have to compete with fs to
sub-fs Auger- or Coster-Kronig decays, respectively. This
inhibits the buildup of macroscopic polarization and collective
emission, and thus far stimulated XUV emission involving an
inner-shell transition has not been observed. Superfluorescent
XUV emission promptly following interaction with an FEL
pulse has been recently observed in Xe gas [16] for Xe2+
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transitions of 65 and 68 nm. In that scheme, a long-lived pop-
ulation inversion between valence excited states was prepared
by Auger decay, following inner-shell (4d) ionization of Xe.
Here, we demonstrate that the interaction of an FEL pulse with
Xe clusters can lead to a secondary time window of collective
XUV emission approximately 1–3 ps following the interaction
with the FEL pulse. At this stage, the plasma is governed
by electron-ion collisions in the evolving warm-dense matter
(WDM) state [17–19], a transitional state between solid and
plasma. Within this time, the population inversion is induced
by electron collisions (predominantly electron-impact exci-
tation and three-body recombination). Compared to the gas
phase atomic experiments [16], we observe a more than ten-
fold increase of the population inversion in the cluster target,
but a smaller emission yield because of strong collisional
dephasing: At similar conditions (optical density, FEL param-
eters), the directed XUV emission lines at 65 and 68 nm of
clusters are characterized by a considerably larger linewidth,
and an emission yield several orders of magnitude smaller (but
still several orders of magnitude larger than pure fluorescence)
than in the gas phase. We attribute the cluster emission to
collisionally pumped amplified spontaneous emission (ASE).
A quantitative comparison of the experimental data to our
theoretical approach allows us to assign a characteristic, phe-
nomenological decoherence time associated with the electron-
ion collisions.

Before the invention of (soft) x-ray FELs, hot-dense
plasma or WDM were the key to producing coherent short-
wavelength radiation. Warm/hot plasmas produced in capil-
lary electrical discharges, or prepared in well-defined states
by high-intensity optical lasers, were the basis for XUV and
soft x-ray laserlike emission in table-top-like settings [20].
Collisional recombination or electron-impact excitation in
WDM are the key processes to generate a population inversion
in a long, extended target, ultimately resulting in laserlike
emission. Unlike traditional table-top XUV and soft x-ray
laser sources, which typically involve hot dense plasma tran-
sitions of highly charged ions (Ne- or Ni-like ions), here we
observe lasing in low charge states. Our work closely connects
to optical-laser driven table-top soft x-ray lasers and plasma
generated x-ray sources [21–23]. In this field, much focus
lies on the target design—structured targets on the nanoscale,
such as nanowire arrays [24,25], foams [26], nanoparticle
targeted surfaces [27,28], and clusters [29–33] can exhibit
enhanced emission features. The understanding of the plasma
evolution of such sources is, however, crucial to the gain and
emission characteristics of these sources. Our detailed study
on amplified spontaneous emission and plasma evolution in a
nanometer-sized cluster target, therefore, directly connects to
this wider range of activities. In addition, the study of XUV
emission of cluster jets is of the utmost importance for XUV
source development [34] for 13.5-nm lithography, which is
currently based on micrometer-sized tin droplets [35].

The paper is organized as follows: In Sec. II, we de-
scribe the experimental layout and discuss the experimental
data in several scenarios. In Sec. III, our simulations of the
cluster evolution, based on hydrodynamic-atomic code, are
described, and mechanisms leading to population inversion
are discussed. In Sec. IV, we derive the theory for ampli-
fied spontaneous emission under the relevant experimental

FIG. 1. Scheme of the experiment; see details in the text.

conditions. In Sec. V, the experimental data are discussed in
the context of the proposed theoretical model. Conclusions
are drawn in Sec. VI. Appendixes A–G give details of the
derivations.

II. EXPERIMENTAL RESULTS

A. Experimental setup

The experiment was performed at the CAMP station of the
FLASH BL1 beam line [36]. Xe clusters were produced by
expansion of a supersonic jet out of a conical nozzle [37]; the
details of nozzle geometry are given in Appendix A. Pressure
P0 and temperature T0 in the stagnation chamber behind the
nozzle were varied for systematically changing the cluster
size distribution and cluster concentration (see Appendix A
for details). With employed backing pressures of the cluster
source of 0.3–20 bar and gas reservoir temperatures of 220–
290 K, we produced ensembles of clusters with an average
radius of 2–25 nm. FEL pulses were focused to a ∼10 ×
10 μm2-sized spot onto the interaction point. The interaction
of the FEL pulse with the cluster jet results in an elongated,
cylindrical-shaped active medium of ∼10 μm × 10 μm ×
2 mm (see a detailed description in Appendix A). We chose
FEL photon energies both at the onset (73 eV) and close to
the maximum (92 eV) of the giant dipole resonance, resulting
in efficient ionization of the Xe 4d electronic shell. In the
forward direction, amplified XUV emission at 65 and 68 nm
was dispersed with a setup consisting of a 3 m focal length
toroidal grating and a CCD camera (Andor, model Newton)
(see Fig. 1). The grating angle could be varied to select the
observable wavelength range, with a typical linear dispersion
of 1.7 nm per 1024 pixels. Note that given the relatively small
solid angle of detection of 1.4 × 10−4 sr of this spectrometer,
only directed and intense (amplified) lines are observable
in the forward direction. In addition to this high-resolution
spectrometer, another spectrometer with a larger acceptance
angle recorded in the transverse direction the fluorescence
emission spectra of the excited clusters in a wider photon-
energy range, allowing for time-integrated diagnostics of the
ionic charge-state distribution in the cluster [38].

063412-2



AMPLIFIED SPONTANEOUS EMISSION IN THE EXTREME … PHYSICAL REVIEW A 101, 063412 (2020)

clusters

gas

10 20 30 40 50 60 70 80

1000

104

105

106

107

E [µJ]

co
un

ts

FIG. 2. Comparison of the XUV emission of cluster vs gas phase
targets: Detected photon yield of the 65 nm line as a function of the
FEL pulse energy E . For the gas target of a pressure of 6.9 mbar (red
squares), an exponential signal growth as a function of pump-pulse
energy is observed, followed by signs of saturation. In the case of
clusters at a stagnation pressure of 5 bar (blue dots) the overall yield
is a few orders of magnitude lower. Moreover, only subexponential
growth as a function of FEL pulse energy is seen. The FEL photon
energy is 73 eV in both cases.

B. Amplified XUV emission: Cluster versus gas target

We observed two intense emission lines at 65 and 68 nm
emitted in the forward direction. They had been mea-
sured and spectrally assigned in a recent gas phase ex-
periment [16], and showed characteristics of superfluores-
cence. The 65 nm line was assigned to Xe2+ transitions
between configuration-interaction states 0.63(5s2 5p3 5d ) +
0.23(5s1 5p5) + 0.12(5s2 5p3 6d ) and 5p4 [39]. As shown
by detailed electron-electron coincidence measurements [16],
these states are predominantly populated by Auger decay fol-
lowing 4d inner-shell ionisation. We shall see that in the case

of Xe clusters, the population of these states for sustaining
the amplification of spontaneous emission is due to a different
mechanism—electron-ion collisions.

The 65 nm emission of the cluster target thus shows
striking differences from the gas phase case: Fig. 2 compares
the emission yield of the 65 nm line as a function of FEL
pulse energy for Xe clusters versus gas. Overall, the emission
yield (number of detected photons) of an ensemble of clusters
is three to four orders of magnitude smaller than that of a
gas phase sample of similar optical density (see Appendix A
for a comparison of the number of atoms in both interaction
volumes). While an exponential increase of the emission yield
as a function of FEL-pulse energy is observable in the gas
target, the cluster target only shows subexponential growth.
Moreover, the measured emission linewidths are considerably
larger in cluster targets (approximately a factor of 10; see also
the discussion in Sec. II D) than in the gas phase. (The mea-
surement of the FWHM of the emission in the gas phase was
limited by the instrumental broadening). This excludes the
collective spontaneous emission of uncondensed Xe atoms,
whose fraction is estimated to be less than 20% [40], as a
potential source for stimulated emission. The combination
of decreasing emission yield and larger spectral linewidth in
a cluster target points to increased decoherence of emitters
that hinder superfluorescent emission there. The observed
collinear emission stems instead from amplified spontaneous
emission. The question here is, how can the harsh cluster
environment following FEL interaction sustain amplification
at all? To which extent can we, by changing the FEL pulse
intensity and hence energy deposition into the cluster, change
decoherence and gain in the active cluster medium?

C. Parameter studies: Intensities, cluster size

For characterization of the XUV emission of the 65 and
68 nm lines, we varied the FEL pump-pulse parameters as

FIG. 3. Typical fluorescence spectra recorded at an FEL pump photon energy of 92 eV, a stagnation pressure P0 = 10 bar, and stagnation
temperature T0 = 290 K of the cluster source. (a) Raw image of a spectrum recorded in the transverse direction (upper panel) and a spectrum
obtained by integrating over the region enclosed by the green rectangle (lower panel). The interaction point is at z = −9 mm (shifted from
focus), and fluorescence from the low charge states is strong. (b) Similar data to those in (a) for the interaction point positioned at z = 0 mm (at
focus). Fluorescence from high charge states is strong. (c) Spectrum in the forward direction for the interaction point at z = −9 mm (shifted
from focus). Only the 65.18 nm line is seen in the observable wavelength range.
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FIG. 4. Variation of charge-state abundance (normalized to the
maximal values) vs nozzle displacement from the focus at z = 0.
The upper axis shows estimated values of the mean intensity at
the corresponding nozzle position. Pump-photon energy is 92 eV,
stagnation pressure P0 = 5 bar, stagnation temperature T0 = 290 K,
and FEL pulse energy 54 μJ.

well as the cluster-size distribution, and we characterized
the (time-integrated) plasma conditions. To change the power
density of the FEL, the position of the cluster source (nozzle)
was changed along the FEL-beam propagation direction (z-
axis in Fig. 1). The analysis of the fluorescence spectra,
recorded transversely to the FEL beam propagation, gives
insight into the time-averaged plasma conditions: Typical
fluorescence spectra are shown in Figs. 3(a) and 3(b). Notably,
the intense emission lines of 65 and 68 nm that are observed in
the forward direction [see Fig. 3(c) for a typical signal around
the 65 nm line] could not be found. The line emissions in
the region of 10–25 nm can be assigned to high-charge states
(Xe6+�q�11+), whereas the fluorescence of the lower charge
states appears as characteristic lines in the 45–68 nm region,
allowing for a comparison of relative charge-state abundances
at different experimental conditions [41]. Figure 4 shows
the normalized ion-charge state abundances as a function of
nozzle position; the abundances were obtained in the same
way as described in Ref. [41]. Not surprisingly, ions in higher
charge states are predominantly produced at the best focus,
whereas lower charge states are more abundant in out-of-focus
conditions. The high charge states in Xe clusters are partly
produced by sequential ionization processes, as well as by
electron-impact ionization [42,43]. The depletion of the Xe2+

populations has a strong impact on the characteristic XUV
emission at 65 and 68 nm: Fig. 5 shows the emission yield of
the Xe 65 nm line in the forward direction as a function of noz-
zle position. In focus (z = 0, FEL intensity of ∼1015 W/cm2),
no emission signal was detected. The strongest emission yield
was observed for z = −9 mm out of focus (FEL intensity of
∼5 × 1013 W/cm2).

FIG. 5. Dependence of detected photon counts in the forward
direction integrated over the 65 nm line on the position of the
cluster jet—FEL interaction point. The z axis is that of the FEL
beam propagation (see Fig. 1); z = 0 corresponds to the assumed
focus position. Pump photon energy was 92 eV, stagnation pressure
P0 = 5 bar, and pump energy 54 μJ.

Additional parameter studies were performed at a nozzle
position z = −9 mm: Fig. 6 shows the dependence of the
65 nm line emission yield on the stagnation pressure (a) and
stagnation temperature (c) of the cluster source. The signal
was detectable from 5 bar stagnation pressure, increased
linearly with pressure, and saturation of the emission sig-
nal was reached at pressures above 11 bar. Increasing the
stagnation pressure results in more atoms in the interaction
volume along with a growing cluster radius [44]. Likewise, a
decrease in stagnation temperature leads to more atoms in the
interaction volume along with also a growing cluster radius
[see Eqs. (A1)–(A5) of Appendix A for details], but this be-
havior is less pronounced than when changing the stagnation
pressure, hence also smaller signal variations were recorded.
With more atoms in the interaction volume, we observe a
narrowing of the emission line—see Fig. 6(b): Together with
increasing emission yield, we observe a pronounced decrease
of linewidth as a function of pressure for the 92 eV FEL
photon energy. This effect, known as “gain-narrowing,” is
a signature of amplified spontaneous emission [14,15,45].
Figure 7 shows the 65 nm emission yield and its spectral
width (FWHM) as a function of the pump-pulse energy for
FEL photon energies of 73 and 92 eV. For low pump-pulse
energies, the emission yield shows a strong exponential sig-
nal increase that saturates at pump-pulse energies of around
20 μJ. Pumping at 92 eV photon energy results in higher
energy incoupling and thus higher plasma temperatures, more
abundant high charge states, and stronger collision-related
decoherence effects. This results in a drop in the amplification
gain for 92 eV versus 73 eV and a considerable increase in the
linewidth for 92 eV versus 73 eV. The actual linewidth for the
73 eV case could be smaller than the 1 meV value observed
in Figs. 6(b) and 7, which is at the limit of the spectrometer
resolution. Hence, the gain-narrowing effects in Fig. 6(b) and
the linewidth dependence on pump energy in Fig. 7 can be
obscured by the instrumental effects for the 73 eV case; our
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FIG. 6. Detected photon counts (a) and spectral linewidth �ω (b) of the 65 nm emission line as a function of the stagnation pressure P0 for
FEL photon energies of 73 eV (for 52 μJ pump-pulse energy) and 92 eV (for 47 μJ pump-pulse energy), stagnation temperature T0 = 290 K.
Detected photon counts (c) and spectral linewidth �ω (d) of the 65 nm emission line as a function of the stagnation temperature T0 for 92 eV
pump photons, stagnation pressure P0 = 5 bar, and pump energy 47 μJ.

theoretical model supports this assumption (see the end of
Sec. V).

D. Discussion of experimental results

In our experiments, the typical cluster radius is smaller than
the wavelength of the emitted radiation. In the scope of small-
system superradiance [46], collective spontaneous emission
(superfluorescence) of a single cluster (single-cluster super-
fluorescence) could be the dominant mechanism of radiative

decay [see the sketch in Fig. 8(a)]. This collective relaxation
seems unlikely, however, since for a collection of atoms in a
volume smaller than the radiation wavelength, dipole-dipole
interactions cause dephasing, thus quenching superfluores-
cence [47,48]. Moreover, the angular distribution of superflu-
orescence from a spherical object is isotropic on average [49],
contradicting our observation of a directional signal in the for-
ward direction and a missing signal in the transverse direction.
Due to the large discrepancy of the wavelengths of the pump-
ing source and the emission line, triggering superfluorescence

FIG. 7. Dependence of detected photon counts (left) and spectral linewidth �ω (FWHM, right) on the pump energy E .
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FIG. 8. Sketch of possible scenarios of collective radiation in an
ensemble of clusters: (a) single-cluster superfluorescence, (b) inter-
cluster superfluorescence, and (c) amplified spontaneous emission.
See the main text for details.

of the clusters by stimulated emission induced by the pump
can be excluded. The emission in the forward direction could
be reconciled supposing intercluster superfluorescence—a
chain reaction in which the superfluorescence from a single
cluster stimulates superfluorescence of other clusters in the
forward direction [see the sketch in Fig. 8(b)], resulting in ex-
ponential signal growth. The amplification in this scenario can
easily be estimated. A characteristic quantity determining the
enhancement that is due to collective emission is 3

8π
nρinvλ

2l ,
where l is the length of the assumed one-dimensional medium,
λ is the radiation wavelength, n is the concentration of atoms,
and ρinv is the population inversion [15,47]. Independently, the
single-cluster superfluorescence is governed by the number
of inverted atoms Nclρinv in the cluster containing Ncl atoms.
Therefore, the enhancement that is due to intercluster super-
fluorescence is determined by 3

8π
n

Ncl
λ2l , with n

Ncl
measuring

the number of clusters per unit volume. For a typical experi-
mental case (92 eV pump photon energy, 50 μJ pump energy,
10 bar stagnation pressure, 290 K stagnation temperature),
one obtains at most a factor 3 enhancement over single-cluster
superradiance. Hence, our observation that the emission in the
forward direction is several orders of magnitude stronger than
that in the transverse direction is contradicting the scenario
of intercluster superfluorescence and can be excluded as the
predominant decay mechanism.

We will show that amplified spontaneous emission (ASE)
involving strong decoherence is the predominant decay mech-
anism, in accordance with all observed experimental charac-
teristics [see the sketch in Fig. 8(c)]. In the WDM environment
of FEL-irradiated clusters, electron-ion collisions contribute
to decoherence of individual atoms while ion-ion collisions
result in dephasing between atoms [50]. As a result, collision-

related processes prevent the buildup of a large macroscopic
polarization in the medium: a prerequisite for superfluores-
cence is hence not met. Spontaneous emission in the forward
direction can nevertheless stimulate emission of neighboring
atoms, resulting in exponential signal growth as a function of
target length. Because decoherence of individual atoms and
dephasing between atoms hinder the buildup of macroscopic
polarization, the associated gain is considerably smaller than
in the superfluorescent case. Collisions, however, play also
an additional role: Three-body recombination and collisional
excitation repopulate the involved electronic states and sustain
amplification for a time period of several ps. We substantiate
our claim by a quantitative model that compares well with the
experimental findings. It takes into account the time evolution
of the nanoplasma due to the FEL-cluster interaction, along
with a recently developed theory describing superfluorescence
and ASE on the same footing.

III. SIMULATIONS OF CLUSTER EVOLUTION

ASE in inverted media is a well-known phenomenon in the
visible wavelength regime [51–53] and well understood for
stationary, homogeneous systems. ASE is the working process
of table-top single-pass soft x-ray laser amplifiers [20,54].
This community developed advanced methods to simulate
the temporal evolution of the plasma and the amplification
process [55]. Here, we aim for the simpler approach of a
two-step description of the process that is valid for amplifi-
cation below the onset of saturation. First, we describe the
evolution of the nanoplasma produced by FEL irradiation of
the clusters. This will provide the input parameters such as
populations of relevant electronic states, etc., for our recently
developed method to describe superfluorescence and ASE on
equal footing [15].

Even without taking into account the action of the emitted,
amplified radiation field, modeling the evolution of atomic
population in clusters irradiated by a short intense XUV pulse
is a formidable task [7,43,56–61]. In the present case, the
clusters have a radius of ∼15 nm and contain ∼3 × 105

atoms, which renders computations based on an atomistic
description such as molecular-dynamics approaches [7,43,59–
61] too costly. Here, we rely instead on the combination of
an atomic kinetic code with a one-dimensional hydrodynamic
code in spherical symmetry in order to achieve a macroscopic
description of the evolution of ionic mass density, velocity,
and electron as well as ion internal energy [62,63]. The
energy transfer between the electron and the ion subsystem
is described by a collision frequency that is interpolated
between the Spitzer equation value and the electron-phonon
collision frequency, and is limited by a cutoff frequency. The
electron internal energy has as a source the power deposited
by the FEL into the atomic subsystem and is carried out
of the cluster by the emitted electrons. The description of
the atomic (ionic) subsystem is done in the configuration-
average (CA) collisional-radiative model [64]. Configurations
included in the calculations consist of ground and singly
excited configurations (with excitation up to n = 6, n being
the principal quantum number) from neutral Xe up to Xe5+.
To take into account the photoionization by the FEL, this
list of configurations was extended. Additional configurations
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were constructed from all configurations in the list by re-
moving one electron from any outer-valence shell down to
4d . For ion charge states above Xe5+, we used a slightly
reduced configuration set. For the present experimental con-
ditions, this list of configurations was numerically shown
to be sufficient. To include the population dynamics of the
characteristic Xe2+ states involved in amplification, states
beyond the CA model have been taken into account. In line
with the hydrodynamic evolution, we included a four-level
model describing the population of the predominant Xe2+

(states that are initially populated by the 4d Auger decay)
consisting of the following: the ground state of neutral Xe,
the 4d ionized (core-excited) level [Kr]4d9 5s2 5p6 of Xe+,
the ground level g [Kr]4d10 5s2 5p4 of Xe2+, and the well-
identified excited level e (mixed by configuration interaction)
of the kind 0.63 [Kr]4d10 5s2 5p35d + 0.23 [Kr]4d105s5p5 +
0.12[Kr]4d10 5s2 5p36d . The two latter levels are populated
by Auger decay from the 4d photoionized levels of Xe+,
resulting in the population inversion responsible for the 65 nm
emission. The resulting rate equations are

d p0

dt
= −σP j(t )p0 +

(
d p0

dt

)
coll

,

d pc

dt
= σP j(t )p0 − γA pc − σP j(t )pc +

(
d pc

dt

)
coll

,

d pe

dt
= beγA pc − σP j(t )pe +

(
d pe

dt

)
coll

,

d pg

dt
= bgγA pc − σP j(t )pg +

(
d pg

dt

)
coll

,

p0(0)= 1, pc(0) = pe(0) = pg(0) = 0. (1)

Here σP is the ionization cross section, which is assumed to
be approximately equal for ground, core-excited, and Auger
pumped states [65]; γA is the Auger rate, be, bg are Auger

branching ratios; j(t ) is the pump photon flux; and ( d p0,c,e,g

dt )coll
are source/loss terms that are due to collisional and other ra-
diative couplings to all other configurations of the collisional-
radiative model. The rates are self-consistently determined
based on the evolving plasma parameters. For example, for
the excited level e the source/loss term is the following:(

d pe

dt

)
coll

= −
∑

c′

(
ne

[
T (CE)

ec′ (Te) + T (CI)
ec′ (Te) + T (CD)

ec′ (Te)

+ T (EC)
ec′ (Te)

] + n2
eT

(CR)
ec′ (Te)

)
pe

+
∑

c′

(
T (A)

c′e + ne
[
T (CE)

c′e (Te) + T (CI)
c′e (Te)

+ T (CD)
c′e (Te) + T (EC)

c′e (Te)
] + n2

eT
(CR)
c′e (Te)

)
Nc′ .

(2)

Here, the sum over c′ is taken over all configurations used
in the model; T (CE,CD,EC,CR)

ec′ (and T (A,CE,CD,EC,CR)
c′e ) are the

corresponding rates describing the transition from level e
to configuration c′ (and from configuration c′ to level e)
by autoionization (A), collisional excitation (CE), collisional
ionization (CI), collisional deexcitation (CD), collisional re-
combination (CR), and electronic capture (CE), respectively;

ne and Te denotes the concentration and temperature of plasma
electrons; and Nc′ is the population density of configuration
c′. The explicit expressions of rates T and their dependence
on electron temperature can be found in Ref. [64]. For
a consistent description of this detailed four-level scheme,
within a CA description of the atomic kinetics, the populations
of the four-level system are normalized with respect to the
populations of the larger collisional-radiative model. Further
details on the coupling between the configuration-average
collisional-radiative model and the four-level scheme are dis-
cussed in Appendix F.

An example for the typical evolution of the macroscopic
cluster parameters (at 92 eV photon energy, averaged over the
cluster radius) is shown in Fig. 9: The electron temperature
rises to 10–50 eV upon interaction with the FEL pulse,
reaching its maximum slightly after the maximum of the FEL
pulse. An essential contribution to electron heating comes
from three-body recombination; see Refs. [62,66]. Through
collisions, the energy is transferred between the electronic and
ionic subsystems. The ion temperatures reach a maximum at
∼1 ps after FEL interaction. Shortly after FEL interaction,
the expansion of the cluster sets in, with a faster expansion
rate for higher FEL intensities. During the expansion, both
electron and ion temperatures drop. This expansive cooling
process is faster for higher FEL intensities: Although initial
electron temperatures are higher for higher FEL intensity, the
electron temperature for higher pump intensity is smaller than
for lower pump intensity after ∼10 ps. During the expansion,
the ionic temperature rapidly drops back to the ambient value.

In Fig. 10, we show the temporal evolution of the (radi-
ally averaged) charge-state probabilities up to 10+ for our
experimental conditions out of focus [Fig. 10(a)] and in focus
[Fig. 10(b)]. In agreement with the measured fluorescence
spectra, charge states above 5+ become predominant after
FEL interaction for the cluster jet in focus. Remarkably,
charge states of 2+ become predominant 5 ps after FEL
interaction. At out-of-focus conditions, charge states of 3+
and 4+ are predominantly excited right after FEL interaction.
Collisional three-body recombination during the expansive
cooling, however, repopulates the 2+ charge states, and they
are dominant over a long time window. The steady values of
charge states are reached by the end of our simulation period
of 15 ps.

To qualitatively compare our simulations with the time-
integrated fluorescence measurement and its evaluation in
terms of charge-state abundances of Fig. 4, we show time-
integrated ion abundances (over our simulation period of
15 ps) in Fig. 11 for the corresponding experimental pump-
pulse intensities (FEL pump energy 54 μJ and focus positions
between z = 0 and −9 mm). For comparison, we normalized
the time-integrated values to their maximum, in accordance
with the underlying experimental procedure of Fig. 4, and we
accounted for the change of interaction volume at different
z positions by multiplying with the beam cross section ac-
cording to Eq. (A2). The numerical results are in qualitative
agreement with experiments: the maximal abundance of ions
with higher charge states occurs at larger intensities, while
lower charge state abundance reaches maximum at lower
intensities. As previously discussed [41], higher intensities
drastically change the abundance of high charge states above
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FIG. 9. Time evolution of the nanoplasma: (a) Calculated value of the electron (solid lines) and ion temperatures (dashed lines) of FEL-
irradiated cluster as a function of time. (b) Average ionic density as a function of time. We assumed a cluster radius of 12 nm, an FEL pulse
with 92 eV photon energy, and several pump intensities, as indicated in the legend. The temporal profile of the FEL pulse was taken as Gaussian
with 80 fs FWHM with its maximum at t = 110 fs. The intensity is defined as pulse energy (per cm2) divided by FWHM duration.

9+, since their production is a result of nonlinear interaction
with the FEL pulse. A quantitative comparison would need to
account for the radiation-transfer model, and it would require
focal averaging and a detailed knowledge of ionic oscillator
strengths; this is beyond the scope of this work.

Having understood the dynamics of the overall charge-state
distribution, we now focus on the temporal evolution of the
occupation p0 of the ground state of neutral Xe, occupation
pc of the core-excited 4d−1 state, and occupations pe and pg

of the Auger pumped Xe2+ upper and lower levels (relevant
for the emission and amplification of the Xe2+ 65 nm line) in
Fig. 12. To highlight the importance of electron-ion collisions,
we show results of the full model versus simulation results
for which all electron-ion collisional processes have been
switched off. The difference is striking: In addition to the

FIG. 10. Calculated temporal dependence of the cluster average
charge state for FEL photon energy of 92 eV and a cluster radius
of 12 nm (corresponding to the mean cluster size at P0 = 5 bar
backing pressure, T0 = 290 K backing temperature [see Eq. (A5)]);
(a) corresponds to the interaction point position out of focus (z =
−9 mm), (b) corresponds to the position at focus (z = 0 mm). The
temporal profile of the pump is shown by a dashed dark green line.

Auger process, collisional ionization in the cluster is a pre-
dominant factor for depleting the occupation pc of the Xe1+

core-excited 4d−1 state. In the gas phase, the Auger process
is the predominant process for creating population inversion;
see the discussion in Appendix E. Collisional ionization of the
underlying 4d−1 state, therefore, results in an initially smaller
population inversion. This is directly visible in the populations
pe and pg of the relevant Xe2+ states: without collisions, a
population inversion between theses states is produced by 4d
ionization followed by Auger decay, with a maximum that is
reached slightly after the peak of the FEL pulse. Collisional
processes, however, completely alter the picture: during the
rise time of the FEL pulse, there is actually no population in-
version; only slightly after the pulse maximum do collisional
processes result in population inversion. In the modeling, the
following collisional processes were used [62]: collisional ex-
citation, deexcitation, ionization, and recombination, as well
as electronic capture. To understand the relative importance
of these processes for establishing the population inversion, a

FIG. 11. Temporally integrated and renormalized charge-state
probability as a function of FEL intensity (see details in the text).
Same parameters as in Fig. 10 are used.
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FIG. 12. Temporal evolution of the occupation p0 of the Xe ground state, occupation pc of the Xe1+ core-excited 4d−1 state (left), and
occupations pe, pg of the Auger pumped Xe2+ upper and lower states (right). The latter show population inversion and are responsible for the
65 nm ASE. All occupation probabilities have been averaged over the cluster radius. The solid lines correspond to the full model, while the
dashed lines show simulations for which all electron-ion collisional processes have been switched off. The inset shows the population inversion
in linear scale; positive population inversion is shown in red, negative in blue. We assumed an FEL pump intensity of 3 × 1013 W/cm2, an
FEL-photon energy of 92 eV, a pump-pulse duration of 80 fs, and a cluster radius of 10 nm.

series of calculations were done where one of the processes
was switched off. The results are shown in Fig. 13. The
calculations presented in Fig. 13 show that exclusion of any of
the collisional processes (except for electronic capture) results
in a drastic decrease of the population inversion. Hence,
the appearance of high population inversion is a combined
effect of collisional excitation, deexcitation, ionization, and
three-body recombination in a complex, dynamically evolving
plasma. As seen from Eq. (2), the population inversion is
influenced by collisional processes, coupling the states e
and g to a plethora of different configurations. Each of the
collisional processes contributes to the rate in several ways:
On the one hand, collisional processes strongly influence
the evolution of the concentration ne and temperature Te of

FIG. 13. Role of collisional processes. Temporal evolution of the
population inversion (averaged over the cluster) between Xe states
that are responsible for the 65 nm ASE depicted for the following
models: full model (black dashed line), full model without one of the
following processes: collisional excitation (CE, red, details shown
in the left inset), collisional deexcitation (CD, green, details shown
in the right inset), collisional ionization (CI, orange, details shown in
the right inset), collisional recombination (CR, magenta), as well as
electronic capture (EC, blue). We assumed an FEL pump intensity of
4.2 × 1013 W/cm2, an FEL-photon energy of 92 eV, a pump-pulse
duration of 80 fs, and a cluster radius of 16 nm.

plasma electrons as well as the population density Nc of the
configurations. According to Eq. (2) (and a similar equation
for the population pg of level g), the parameters ne, Te, Nc

are crucial ingredients of the source/loss terms, directly and
indirectly through a dependence of the rates on Te. On the
other hand, collisional processes directly contribute to both
the loss term [first term in Eq. (2)] and the source term [second
term in Eq. (2)] of the level e (and similar for the level g). Con-
sidering the collisional deexcitation process, for example, it
produces a source term

∑
c′ neT

(CD)
c′e (Te)Nc′ due to transitions

from configurations c′ (that have energy higher than level e)
to level e, and it produces a loss term −neT

(CD)
ec′ (Te)pe due to

transition from the level e to configurations c′ that have energy
lower than level e. Expressions of the same form hold for the
level g (with rates Tc′g,Tgc′ calculated for this level). (Note,
however, that the loss term would involve the transition to a
level belonging to the same configuration—hence, the rate is
small and is beyond the accuracy of the configuration-average
collisional-radiative model). Similar considerations apply to
other collisional processes. As a result, for the population
inversion rate d (pe − pg)/dt it is not straightforward to iden-
tify a single dominating collisional process that is responsible
for the creation of the population inversion. Importantly, the
resulting inversion is more than an order of magnitude higher
than without collisions (i.e., pure Auger pumping) and is
maintained for a few ps. Thus, the interaction of FEL radiation
with xenon clusters results in WDM that sustains ASE in a
collisionally excited plasma.

IV. COLLISIONALLY PUMPED XUV AMPLIFICATION

With a description of the evolution of nanoplasma and
the occupation of the relevant states in hand, we apply a
recently developed formalism [15] to treat ASE and superflu-
orescence for transient conditions. The formalism is tailored
to determine the z-dependent two-time correlation function
G(z, τ1, τ2) of the electric field:

G(z, τ1, τ2) = 2ε0ω

�oh̄c
〈Â−(z, τ1)Â+(z, τ2)〉. (3)
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We assume an effective 1D medium along the direction z of
FEL-propagation. τ = t − z/c is the time with respect to a
frame comoving with the FEL-pump pulse. ω is the transition
frequency between excited e and ground g states. �o is the
characteristic solid angle into which emission in the forward
direction takes place. Â±(z, τ ) are positive- and negative-
frequency parts of the vector potential. The radiated intensity

I (z, τ ) (defined here as the number of photons emitted per
solid angle �o per cross section of the system per unit time)
is determined by G(z, τ, τ ). The emission spectrum can be
obtained by Fourier transform of G(z, τ1, τ2) according to
the Wiener-Khinchin theorem. The propagation of the field
correlation function obeys

∂G(z, τ1, τ2)

∂z
= − κ (z)G(z, τ1, τ2)+g1

[∫ τ1

0
dτ ′

1D(z, τ1, τ
′
1)ρinv(z, τ ′

1)G(z, τ ′
1, τ2)+

∫ τ2

0
dτ ′

2D(z, τ2, τ
′
2)ρinv(z, τ ′

2)G(z, τ1, τ
′
2)

]

+ g0

{
D(z, τ1, 0)D(z, τ2, 0)ρee(z, 0) +

∫ min τ1,τ2

0
dτ ′D(z, τ1, τ

′)D(z, τ2, τ
′)s(z, τ ′)

}
, (4)

where

g1 = 3

16π
spnλ2, g0 = 3

32πλ2
spnSb�o, D(z, τ2, τ1) = e− 1

2

∫ τ2
τ1

dτ ′(z,τ ′ )
,

(z, τ ) = sp + γn + γd (z, τ ) + γe(z, τ ) + γg(z, τ ), s(z, τ ) = re(z, τ ) + [γd (z, τ ) + γg(z, τ )]ρee(z, τ ). (5)

In Eq. (4), the first term describes the overall absorption with coefficient κ , and the second term denotes the stimulated emission
sustained by the population inversion ρinv. The third term stands for spontaneous emission with the spontaneous emission rate
sp, and Sb is the geometric cross section of the active medium (the pump-beam cross section). (z, τ ) is the total decay rate that
determines the linewidth, including the spontaneous decay rate, the nonradiative transition rate γn between excited and ground
states, the decoherence rate γd , and decay rates of excited γe and ground γg states. re is the total pumping rate of the excited-state
population ρee. The general expression (4) can be simplified in the case of large decoherence rate, i.e., γd much larger than all
other rates present in (5). In this case, it is convenient to express the correlation function as

Gs(z, τ,�τ ) := G(z, τ − �τ/2, τ + �τ/2), Gs(z, τ,�τ ) :=
∫

dω eiω�τ G(z, τ, ω) (6)

and G(z, τ, ω) satisfies the following equation (see Appendix B for the derivation):

∂G(z, τ, ω)

∂z
=

[
g1ρinv(z, τ )

γd (z, τ )

[γd (z, τ )/2]2 + ω2
− κ (z)

]
G(z, τ, ω) + g0

2π
ρee(z, τ )

γd (z, τ )

[γd (z, τ )/2]2 + ω2
. (7)

The spectral intensity I (ω) is obtained by integration of G(z, τ, ω) over the emission time τ . Solving Eq. (7), we get

I (ω) = g0

2π

∫ ∞

0
dτ

∫ l

0
dz ρee(z, τ )

γd (z, τ )

[γd (z, τ )/2]2 + ω2︸ ︷︷ ︸
spontaneous emission

e
∫ l

z dz′
[

4g1ρinv (z′ ,τ )
γd (z′ ,τ )

−κ (z′ )
]

︸ ︷︷ ︸
amplification

e
−ω2

∫ l
z dz′ 4g1ρinv (z′ ,τ )/γd (z′ ,τ )

[γd (z′ ,τ )/2]2+ω2︸ ︷︷ ︸
gain narrowing

. (8)

The preexponential factor in Eq. (8) gives the amount of spon-
taneous emission, the first exponent its amplification, and the
second exponent describes the spectral modification by gain
narrowing [51,53]. The upper limit of the time integral is for-
mally infinity; in practice, we extend the integral only over the
time interval for which ρinv � 0, neglecting reabsorption. Un-
surprisingly, the emitted spectral intensity I (ω) depends on the
temporal and spatial evolution of the excited-state occupation
ρee(z, τ ) and the population inversion ρinv(z, τ ). In general,
their evolution has to be calculated taking into account the
interaction with the emitted radiation. This becomes important
in the limit of strong superfluorescence and saturation of the
amplification, giving rise to the typical temporal ringing be-
havior and Rabi-like oscillations [15,47]. In the present case,
far from saturation, the influence of the emitted field on the
evolution of the population of atomic levels is negligible (see
the estimate in Appendix C). The occupation of the electronic
states can thus be assumed unaffected by the emitted field,
but generally depends on z and t . (For a constant value of
the level populations, an analytical expression of the field-

correlation function can be derived; see Appendix D). During
the relevant emission times, the single cluster expands and the
level occupations change as a function of time. For the cluster
ensemble, the propagating FEL pulse is heavily absorbed, so
that clusters at larger penetration depth z experience lower
field intensities and thus different levels of inversion. We treat
the absorption of the FEL by a linear absorption coefficient
κp (as result, the dependence of cluster evolution on z can
be mapped to a dependence on the pump-pulse intensity by
Ip(z) = I0e−κpz), assuming “cold absorption,” and we neglect
saturated absorption and potential changes of the opacity of
the medium upon evolution of the plasma. To account for the
cluster medium, we treat the FEL absorption by Mie scattering
theory (see Appendix G). For the ASE radiation, we neglect
absorption in the medium [κ (z) = 0], since its photon energy
of 19 eV lies below the absorption edge of singly and higher
charged Xe ions.

To highlight the drastic effects on FEL intensity, Fig. 14
shows the temporal dependence of the population inversion of
a single cluster placed at different focus positions along the
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FIG. 14. Temporal evolution of the population inversion ρinv =
pe − pg as a function of average intensity [corresponding to different
cluster-jet positions z with respect to the focus (z = 0)]. We assumed
a pump-pulse energy of 54 μJ and a focus-size dependence on the
distance from the focus according to Eq. (A2). Dashed lines separate
the regions of positive and negative population inversion.

FEL propagation axis (in accordance with Fig. 5 discussing
the emission yield as a function of cluster-jet position along
the propagation direction of the FEL). In the focus (z = 0)
with intensities approaching 1015 W/cm2, the population
inversion is only substantial during the first few tens of fs
and is quenched by multiple ionization of the target. For
t � 1.5 ps, the cooling and expansion of the cluster results in
a slight population inversion. Out of focus (z = 10 mm), for
which the highest gain is observed, a substantial population
inversion builds up after the interaction with the laser pulse,
with a duration of roughly 2–3 ps.

V. MODELING THE EXPERIMENTAL DATA

The level of collective radiative emission is strongly in-
fluenced by decoherence rate γd (z, τ ) that influences both
photon yield and spectral shape; see Eq. (8). The decoherence
rate γd is a cumulative parameter introduced to embrace
decoherence of individual emitters (e.g., conditioned by de-
phasing due to collision with electrons [50,67]) and dephasing
between emitters (e.g., due to random frequency shifts caused
by ion microfields [50,67], dipole-dipole interaction [47,48],
Doppler effect, etc.). Inclusion of dephasing between emitters
(that causes inhomogeneous broadening) into a decoherence
parameter (that describes homogeneous broadening) is an
acceptable approximation for description of the linear stage
of collective emission (to which ASE belongs); see Ref. [68].
Modeling of the decoherence rate is thus a very difficult,
if not impossible, task. Moreover, the inhomogeneity of the
expanding cluster poses further complications: Fig. 15 shows
the evolution of plasma parameters (electron density, elec-
tron temperature, population inversion) for different positions
within a single cluster according to our numerical model.
The cluster center features higher population inversion and

dominantly contributes to the ASE. As expected, the outer
cluster shells undergo rapid expansion with a rapid drop of
the electron density [shown in Fig. 15(c)]. The evolution of
the electron temperature is similar for all cluster regions [see
Fig. 15(d)]. Within the consideration of local thermodynamic
equilibrium, these heterogeneous conditions would lead to a
broad variety of spectral emission shapes, even in the limit of
independent emission of single atoms. In Fig. 15(e), we show
the independent (noncollective) emission profiles of various
snapshots in time and space, as calculated by the PPP code
(see Ref. [69] for code details) for the 65 nm line emission.
The line shape, and thus a phenomenological decoherence rate
that could be defined for a specific transient plasma condition,
depend strongly on time and position within the cluster.

Within our model, we try to estimate an effective de-
coherence rate by comparing the experimentally observed
photon yield and spectral width (see Fig. 7) to our calculation.
Because of the integral form of Eq. (8), a full reconstruction
of γd (z, τ ) by the limited experimental data seems intractable
without a priori assumptions, and might per se be an ill-posed
inverse problem. Due to the complexity of the decoherence
process and the inhomogeneity of the active medium, it is hard
to make any justified assumptions about the time and intensity
dependence of the decoherence rate. Therefore, we aim for
an estimate of an averaged, effective value of γd (E ) with a
parametric dependence on the applied pump-pulse energy E :
For a given cluster size and E , we assume the decoherence rate
to be constant over time, cluster volume, and propagation dis-
tance. For a particular E , we evaluate Eq. (8) with calculated
level occupancies and adjust γd in the simulation, so that the
numerically determined total emission yield or spectral width
coincide with their experimental values.

Figure 16(a) shows the estimated decoherence time td =
1/γd by comparing to the total yield (red curve) and spectral
width (blue curve) for the experimental data presented in
Fig. 7. The obtained values are in the range 100–200 fs—
about one order of magnitude smaller than the duration of the
population inversion. This supports the assumption of a large
decoherence rate that was taken during the transition from
Eq. (4) to Eq. (7). Evidently, the values for the effective de-
coherence time obtained from photon yield are different from
those obtained by comparing the spectral width. A constant
value γd thus cannot reproduce both spectral width and total
yield. Analysis of Eq. (8) in the limit of strong amplification
shows substantial differences in the functional dependence of
the leading terms of γd : For strong amplification and gain
narrowing, one can neglect the ω2 term in the denominator
of Eq. (8), resulting in a purely Gaussian spectrum with the
FWHM given by

�ωFWHM =
(∫ l

z
dz′ 4g1ρinv(z′, τ )

ln(2)γd (z′, τ )3

)− 1
2

. (9)

The photon number, however, is mostly determined by the
argument of the first exponent in Eq. (8)—the effective gain-
length product:

gL =
∫ l

z
dz′ 4g1ρinv(z′, τ )

γd (z′, τ )
. (10)
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FIG. 15. Simulation of the temporal evolution of various plasma parameters of a single cluster of 16 nm radius subject to an FEL intensity
of 4.2 × 1013 W/cm2, a pulse duration of 80 fs, and a photon energy of 92 eV: (a) Sketch of discretization of the cluster into shells, defining
the color code for (b)–(d). The simulation is done in 10 shells with a width following a geometric progression with a common ratio of 0.8. The
mass of each cell remains constant over the temporal evolution (Lagrangian description). (b) Population inversion ρinv. (c) Electron density ne.
(d) Electron temperature Te. (e) Calculated line shapes for single-atom emissions for several time-space snapshots [marked by dots of the same
color in (b)–(d)]: magenta color corresponds to ne = 4.7 × 1022 cm−3, Te = 17 eV, resulting FWHM is �ω = 9.4 eV, cyan corresponds to
ne = 3.0 × 1022 cm−3, Te = 11 eV, �ω = 7.3 eV, brown corresponds to ne = 1.1 × 1022 cm−3, Te = 11 eV, �ω = 2.6 eV, black corresponds
to ne = 0.1 × 1022 cm−3, Te = 7 eV, �ω = 0.45 eV.

Evidently, parameters (9) and (10) have a different func-
tional dependence on γd (z, τ ). For fitting both emission yield
and width, it would be necessary to develop a functional
expression for γd (z, τ ).

Despite the simplicity of the assumed constant decoher-
ence rate, it helps in understanding the influence of the
gain-narrowing effect on the observed linewidth. Figure 6(b)
shows that for 92 eV pump-photon energy, the linewidth
decreases with increasing stagnation pressure (implying an
increase in density). A “naive” estimate of the decoherence
time according to h̄/�ωFWHM would result in an increase
of the decoherence time with increasing stagnation pressure.
On the contrary, an estimate taking into account ASE effects
shows the opposite trend. Accordingly, Fig. 17 shows the
estimates of the decoherence time versus stagnation pressure
based on Eq. (8). Here, population inversion and excited-state

populations were calculated for clusters having a radius that
depends on stagnation pressure P0 and temperature T0 accord-
ing to Eq. (A6), and the decoherence rate was assumed to be
constant [the same procedure of estimating as for Fig. 16(b)
was used]. The obtained decoherence time shows almost no
dependence on the stagnation pressure and is about three times
shorter than the corresponding value from the “naive” esti-
mate. This difference, as well as the experimentally observed
trend, can be explained based on the phenomenon of gain-
narrowing. An increase of the stagnation pressure results in
a higher concentration of Xe atoms [see Eq. (A1)] and hence
in a higher optical density-length product of the amplifying
medium. According to Eq. (9), this leads to a decrease of the
linewidth, in agreement with the trend observed in Fig. 6(b).
In the case of 73 eV pump-photon energy, the gain-narrowing
should take place as well, however it could not be detected
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FIG. 16. (a) Estimates of the decoherence time from the pho-
ton yield (red line), spectral width (blue line), and mean between
them (dashed magenta line) corresponding to the experimental data
presented in Fig. 7 by red dots (photon energy 92 eV, stagnation
pressure P0 = 10 bar, and stagnation temperature T0 = 290 K).
(b) Experimental dependence of photon yield on pump energy (from
Fig. 7) compared to the simulation results corresponding to a fixed
decoherence rate. Red line, decoherence rate was estimated from
photon yield; blue line, from spectral width; dashed magenta line,
mean between them. (c) Same as (b) for spectral width experimental
data, and corresponding simulations.

due to instrumental broadening, which is about 1 meV. The
decoherence time and corresponding expected linewidth can
be estimated based on the photon yield (similar to the esti-
mates presented by red lines in Fig. 16). For example, for 5 bar
stagnation pressure, one obtains decoherence time td = 0.3 ps
and corresponding linewidth �ωFWHM = 0.6 meV, which is
below our instrumental resolution.

VI. CONCLUSIONS

Submitting a jet of nanometer-sized Xe clusters to intense
pulses of a soft x-ray free-electron laser results in an expand-
ing nanoplasma of WDM that shows large amplification gain
on transitions in the XUV spectral region. We presented a
combined experimental and theoretical study on the amplified
spontaneous emission of the Xe2+ 65 nm line transition in

FIG. 17. Gain narrowing demonstration: decoherence time esti-
mates from linewidth dependence on stagnation pressure for the case
of 92 eV pump photon energy, and 47 μJ pump pulse energy [data
are shown in Fig. 6(b)]. Circles with error bars show the decoherence
time estimated according to h̄/�ωFWHM; triangles show estimates of
decoherence time according to the same procedure as was described
in the text and used for the simulations shown in Fig. 16. Dashed red
lines are guides to the eye.

a pencil-shaped active medium of Xe clusters, following the
interaction of FEL pulses tuned above the 4d-ionization edge
of Xe. In the gas phase, 4d ionization and a subsequent
Auger decay results in a long-lived population inversion and
the emission of superfluorescent high-intensity XUV radia-
tion [16], near the maximum cross section of neutral xenon
at the giant resonance. In the warm-dense nanoplasma envi-
ronment, collisions are crucial and have twofold influence.
First, collisions result in strong decoherence, so that at the
considered optical densities the collective XUV emission can
be characterized as amplified spontaneous emission. Exper-
imentally, we observe an increase in the emission linewidth
as compared to the gas phase experiments and exponential
amplification gain at lower emission yields than in the gas
phase sample. For constant FEL pump-pulse energy, the
emission linewidth decreases with increasing optical density
(stagnation pressure). This effect, known as gain narrowing, is
a clear indication of amplified spontaneous emission. Second,
collisions modify strongly the formation of population inver-
sion. The relatively high photon yields can only be explained
by an extended time duration during which population inver-
sion exists. Comparing experimental results to our theoretical
model, which accounts for the spatial and temporal evolution
of the cluster, the treatment of radiation transfer, and collective
amplification, we conclude that collisions in the nanoplasma
are critical to build up and sustain population inversion in the
system. The resulting population inversion depends strongly
on the FEL pulse intensity. In terms of maximizing ASE
yield, the optimal value of FEL pulse intensity (about ∼5 ×
1013 W/cm2) is a result of the tradeoff between enhancing
processes that lead to the population inversion and avoiding
the multiple ionization of the target leading to an entirely
different plasma state of higher charge states and temperature.
In comparison to the gas phase, we infer inversion densities
that are ∼10 times higher and a duration of the popula-
tion inversion of ∼2 ps, in spite of strong decoherence. By
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comparing our theory to the experimental data, we estimate
typical decoherence times of approximately 100–200 fs.

The amplified spontaneous emission signal is formed while
the population inversion is present in the system—in our
case the first few ps after irradiation with the FEL pulse.
It can hence be considered as a time-gated signal. Un-
like fluorescence spectroscopy or time-of-flight mass spec-
troscopy, which yield time-averaged information of the evolv-
ing nanoplasma, ASE can give insight into the plasma proper-
ties within a tight observation time window.
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APPENDIX A: MODELING OF THE CLUSTER JET

The gas concentration n at the distance xIP from the conical
nozzle orifice is given by [44]

n = P0

kBT0

0.15

δ2
,

δ = xIP

deq
= l

2deq tan α
, (A1)

deq = 0.74
dorifice

tan α
,

where P0 is the pressure in the gas reservoir before the nozzle
(stagnation pressure), T0 is the stagnation temperature, l is the
diameter of the jet at the interaction point, deq is the equivalent
orifice diameter, and α is the half opening angle of the nozzle
cone (for our case α = 4 deg, dorifice = 200 μm). The diameter
of the jet at the interaction point l was obtained from a scan of
radiative emission in the forward direction versus transverse
position (height) of the cluster source. It comes out to be about
2.1 mm. From Eq. (A1) we obtain that the distance of the
nozzle from the interaction point is xIP = 15 mm. The shape
of the interaction volume, determined by the overlap of the

FEL focal volume and the cluster jet, is pencil-like, the length
is given by l , and the cross section is given by the size of the
FEL beam. Depending on the position zIP of the interaction
point with respect to the FEL focus (along the FEL beam
propagation), the size of the FEL beam can be estimated from
the data provided in Ref. [36], Fig. 3. Fitting the results of
PMMA imprint beam size measurement [36], one obtains

S(zIP)= (8.1+2.9zIP [mm]) μm × (9.4+3.4zIP [mm]) μm.

(A2)

According to the semiempirical scaling laws established by
Hagena [70], the condensation process can be characterized
by the scaling parameter [71]

∗ = 5554[for Xe]
(deq[μm])0.85P0[mbar]

(T0[K])2.29
. (A3)

The mean number of atoms within one cluster (Ncl) is con-
nected to ∗ by empirical relations [37,72,73]:

for ∗ < 350 : Ncl = 1,

for 350 � ∗ < 1800 : Ncl = 38.4

(
∗

1000

)1.64

,

for ∗ � 1800 : Ncl = 33

(
∗

1000

)2.35

. (A4)

In our case, the clusters are relatively large, i.e., ∗ > 10 000,
and the number of atoms is estimated as [74,75]

for ∗ � 10 000 : Ncl = 100
(

∗
1000

)1.8
. (A5)

The cluster radius is connected to Ncl as

rcl = rsN
1/3
cl , (A6)

where rs is Wigner-Seitz radius (for Xe, rs = 2.45 Å [42]).

Estimates of the number of emitters

The concentration of atoms in the cluster jet at a given
stagnation pressure corresponds to the concentration in the
gas phase for an equivalent pressure given by Pequivalent =
P0 0.15/δ2. In the case of the Xe gas experiment (data pre-
sented in Fig. 2), the length of the pencil-shaped interaction
volume was lgas = 4.5 mm [16], resulting in a total number of
atoms in the interaction volume Vgas = S(0)lgas of ≈6 × 1010.
In the case of the cluster experiment for data presented in
Fig. 2, the number of atoms in the interaction volume V =
S(zIP = 4 mm)l is about ≈3.5 × 1011 [according to concen-
tration given by Eq. (A1)], i.e., six times higher than in the
gas experiment. If one compares the number of atoms in the
volume of a cross section corresponding to the Fresnel number
equal to 1 (which is a relevant measure for the phenomenon
of superfluorescence [15,47]), the number of Xe atoms in
the corresponding volume is about two times higher for the
cluster target. The optical density and amount of atoms in the
interaction volume are hence not equal but comparable in both
experiments.

APPENDIX B: DERIVATION OF EQ. (7)

Let us assume for simplicity the decoherence rate to
be constant. Under the assumption of γd 	 re, γe, γg the
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spontaneous emission part of Eq. (4) simplifies to

∂G(z, τ1, τ2)

∂z sp
= g0

{
e− γd

2 (τ1+τ2 )ρee(z, 0)

+
∫ min τ1,τ2

0
dτ ′e− γd

2 (τ1+τ2−2τ ′ )γdρee(z, τ ′)
}
.

(B1)

We are interested in times much larger than 1/γd , hence the
first term in (B1) is exponentially damped. In the second term,
one can take into account that ρee does not change essentially
on the timescale 1/γd and hence can be taken out of the
integral. As a result, one obtains

∂G(z, τ1, τ2)

∂z sp
= g0e− γd

2 |τ1−τ2|ρee(z, min(τ1, τ2)). (B2)

Within the same assumption about timescales, one
can rewrite the term in the stimulated emission term
in Eq. (4) as∫ τ1

0
dτ ′

1e− γd
2 (τ1−τ ′

1 )ρinv(z, τ ′
1)G(z, τ ′

1, τ2)

≈ ρinv(z, τ1)
∫ τ1

0
dτ ′

1e− γd
2 ([τ1−τ2]−[τ ′

1−τ2])

× Gs(z, (τ ′
1 + τ2)/2, τ ′

1 − τ2)

≈ ρinv(z, τ )
∫ ∞

0
d�τ ′e− γd

2 (�τ−�τ ′ )Gs(z, τ,�τ ′). (B3)

Here, it was assumed that �τ 
 τ1 ≈ τ2 ≈ τ . Combin-
ing (B3) with a similar term for τ2 and taking into account
that convolution in the time domain corresponds to a product
in the frequency domain, one arrives at Eq. (7).

APPENDIX C: ESTIMATE OF THE INFLUENCE OF THE
EMITTED FIELD ON THE OCCUPATION

OF ATOMIC LEVELS

Let us estimate the change of population inversion when
the atom a is exposed to a field with correlation function
G(za, t, ω). Following the notations of Ref. [15], the evolution
of population inversion is expressed as

d
〈
σ̂ (a)

z (τ )
〉

dτ
= ie

mh̄c
p∗〈Â(a)

− (τ )σ̂ (a)
− (τ )〉 + c.c. (C1)

Here we have omitted spontaneous decay and other
pump/decay channels. σ̂ (a)

z is the operator of population
inversion, σ̂

(a)
− is the operator for transition from excited to

ground state (atomic coherence operator) for atom a, and �p is
the dipole moment matrix element. The evolution of atomic
coherence can be expressed in quadrature via the field vector
potential as [see Ref. [15], Eqs. (C3) and Eq. (D12)]

σ̂
(a)
− (τ ) =

∫ τ

0
dτ ′e− γd

2 (τ−τ ′ ) 2iep

h̄mc
σ̂ (a)

z (τ ′)Â(a)
+ (τ ′) + ξ̂

(a)
− (τ ),

(C2)

where ξ is a noise operator that will be averaged and will
have no contribution in further considerations. Substituting

Eq. (C2) into Eq. (C1), using Eq. (3), one obtains

d
〈
σ̂ (a)

z (τ )
〉

dτ
= −2e2|p|2�o

m2h̄cε0ω

∫ τ

0
dτ ′e− γd

2 (τ−τ ′ )〈σ̂ (a)
z (τ ′)

〉
× G(za, τ, τ

′)

≈ − 3πc2

ω2

〈
σ̂ (a)

z (τ )
〉
sp

∫ ∞

−∞
dω G(za, τ, ω)

× �o
γd (z, τ )

[γd (z, τ )/2]2 + ω2
. (C3)

Here we have assumed that σ̂z can be factorized out of field
variables. In the second line we have used the definition of
the spontaneous emission rate and have used similar steps to
those in Eq. (B3). If we assume that due to gain narrowing
the spectral width of G(za, τ, ω) is smaller than γd , then the
integration over frequency will be directly connected with the
total intensity. The integral over time is in turn connected with
the total emitted photon number Nph, hence one can obtain
from Eq. (C3) the following expression for the relative change
of population inversion:

�
〈
σ̂ (a)

z

〉
〈
σ̂

(a)
z

〉 ≈ − 3

π
Nph

λ2

Sb

sp

γd
. (C4)

For the typical parameters of the studied system, this
parameter is about 10−6, hence the influence of the field on
the evolution of the atomic level population can be safely
neglected.

APPENDIX D: ANALYTICAL EXPRESSION FOR THE
FIELD CORRELATION FUNCTION IN THE CASE OF

CONSTANT ATOMIC LEVEL POPULATION

Consider a simplified version of Eq. (4) in the case when
both ρee and ρinv can be assumed constant in space and time:

∂G(z, τ1, τ2)

∂z
= − κG(z, τ1, τ2)

+ g1

[∫ τ1

0
dτ ′

1e− γd
2 (τ1−τ ′

1 )G(z, τ ′
1, τ2)

+
∫ τ2

0
dτ ′

2e− γd
2 (τ2−τ ′

2 )G(z, τ1, τ
′
2)

]

+ g0e− γd
2 |τ1−τ2|. (D1)

Here we have absorbed ρee and ρinv into the definitions of
g0 and g1, respectively. Within the semiclassical treatment
of the superfluorescence, the evolution of the field is typi-
cally described by Maxwell-Bloch equations [47,76]. In the
case of constant populations of excited and ground states,
an analytical solution for the field amplitude and atomic
polarization can be obtained [77]. Treating the initial values of
polarization as quantum-mechanical operators, one can arrive
at the following expression for the field correlation function:

G(z, τ1, τ2) = g0e− γd
2 (τ1+τ2 )

∫ z

0
dz′e−κ (z−z′ )

×
[

I0[2
√

g1τ1(z − z′)]I0[2
√

g1τ2(z − z′)]
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+
∫ min τ1,τ2

0
dτ ′γd eγd τ ′

I0[2
√

g1(τ1−τ ′)(z−z′)]I0

× [2
√

g1(τ2 − τ ′)(z − z′)]
]
. (D2)

From Eq. (D2) one can directly obtain the expression for
intensity I (z, τ ) = G(z, τ, τ ). For times much larger than the
decoherence time, the first term in Eq. (D2) disappears, and
the second arrives at a stationary value

I (z) = g0

∫ z

0
dz′e−κ (z−z′ )e

2g1(z−z′ )
γd I0[2g1(z − z′)/γd ] (D3)

after a time of about ∼g1z/γd , as was discussed in
Refs. [68,76,78].

APPENDIX E: SIMPLIFIED RATE EQUATIONS IN THE
COLLISION-FREE CASE FOR STATES INVOLVED IN

POPULATION INVERSION

Let us restrict ourselves to the population of the ground
state of neutral Xe p0, the core-excited state pc (Xe+), and the
Auger pumped (Xe2+) upper pe and lower pg states; see the
sketch of the levels in Fig. 18. The resulting rate equations are
given by Eqs. (1) without terms ( d p0,c,e,g

dt )coll..

Since the pumping process is much shorter than the sub-
sequent radiation process, we are interested in populations
pe, pg after the pump pulse. Under reasonable assumptions,
these quantities can be obtained in terms of simple analytical
expressions for any pulse shape. Namely, consider a combina-
tion of equations following from Eq. (1):

d p0

dt
= −σP j(t )p0,

(E1)
d (pc + pe,g/be,g)

dt
= σP j(t )p0 − σP j(t )(pc + pe,g/be,g).

The solution of Eq. (E1) is

pc(t ) + pe(t )/be =
∫ t

−∞
dt ′σP j(t ′) exp

(
−

∫ t

−∞
dt ′σP j(t ′)

)
.

(E2)

Assuming that pc decays fast due to the Auger decay,
one has

pe,g = be,gNP
σP

Sb
exp

(
−NP

σP

Sb

)
, (E3)

FIG. 18. Sketch of levels involved in simplified rate equations in
the collision-free case.

where NP is total number of photons in the pump pulse, and
Sb is the pump beam cross section. As seen from Eq. (E3),
the occurrence of the population inversion in this model is
conditioned only by the ratio of Auger branching ratios be, bg.

APPENDIX F: INCLUSION OF THE FOUR-LEVEL
SCHEME INTO THE CONFIGURATION-AVERAGE

COLLISIONAL-RADIATIVE MODEL

The atomic physics needed for calculating the hydrody-
namic evolution of a cluster plasma is necessarily coarse-
grained. The reason is that one cannot follow in time and, in
each cell, a huge number of fine-structure levels (J-levels).
This would involve too large collisional-radiative models to
be solved. To describe ASE in Xe clusters, we use a four-level
model described in Appendix E (with the proper photoioniza-
tion and Auger rates) and add, for each of the four equations,
an external damping rate and an external source term. These
last two quantities correspond to the possible collisional and
radiative couplings with the other levels defined in the ex-
tended model intended for hydrodynamic calculations.

The set of equations describing the evolution of atomic
populations is separated into two systems:

(i) On the one hand, a system for the few detailed levels
specifically involved in the ASE scheme and whose pop-
ulations are strongly affected by the pumping and Auger
decay (described in Appendix E). Because of the population
inversion arising between these levels, a fine evaluation of
their populations is needed.

(ii) On the other hand, a system for all levels whose popula-
tions participate in the x-ray absorption, ionization properties,
internal energy of the system, and which are necessary for
the description of hydrodynamics. These levels (and their
collisional and radiative coupling rates; see Ref. [64]) are
considered at the configuration average (CA) approximation.

In that sense, system (ii) is independent. The coupling of
(i) with (ii) is realized by adding damping rates and source
terms due to the couplings with the (other) levels of system
(ii) to equations of system (i). The construction of these
terms obeys the following rules (see Ref. [64]). Consider
the set of levels i belonging to configuration c and the set
of levels j belonging to configuration c′. Then, assuming a
collisional mixing between detailed levels belonging to the
same configuration, a rate connecting configuration c to a
detailed level j of c′ reads

Tc j = g j

gc′
Tc c′ , (F1)

where g j is the statistical weight of level j while gc′ is the
statistical weight of configuration c′. In that way, the (global)
source terms make use of the configurations-to-configuration
rates and of the configuration populations obtained when
solving system (ii). From (F1), using the detailed balance
principle and neglecting the energy spread (compared with
kTe) between levels of the same configuration, one gets

T j c = Tc′ c. (F2)

A difficulty arises if the detailed levels of system (i)
are strongly affected by the configuration interaction effect
(which is the case here) since the CA description does not
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consider this aspect. In that case, one can still use linear
combinations of rates using the known configuration mixing
coefficients.

APPENDIX G: ABSORPTION OF THE CLUSTER GAS

The pump field is strongly absorbed in Xe gas/clusters,
especially at 92 eV (absorption cross section σP = 25.3 Mb
according to Ref. [79]). For a large cluster, only the front part
interacts with the field, while the Xe atoms that are deep inside
the cluster are not irradiated by the field and hence do not
contribute to the absorption. Hence, absorption of the same
concentration of atoms assembled in a gas of large clusters
would be smaller (due to shadowing by other atoms) than that
of single-atom gas. This effect is well known in atmospheric
optics [80] and can be rigorously described by Mie scattering
theory. According to it, the absorption coefficient of gas of
clusters with refractive index m at wavelength λ is given
by [81]

κ = nclπr2
clQ(x, m), x = 2πrcl/λ, (G1)

where

Q(x, m) = 2

x2

∞∑
k=1

(2k + 1)
(
Re[ak + bk] − [|ak|2 + |bk|2]

)
,

ak = ψk (x)ψ ′
k (mx) − mψk (mx)ψ ′

k (x)

ζk (x)ψ ′
k (mx) − mψk (mx)ζ ′

k (x)
,

(G2)

bk = mψk (x)ψ ′
k (mx) − ψk (mx)ψ ′

k (x)

mζk (x)ψ ′
k (mx) − ψk (mx)ζ ′

k (x)
,

ψk (x) = x jk (x), ζk (x) = xh(2)
k (x).

Here, jk (x) is the spherical Bessel function and h(2)
k (x) is

the spherical Hankel function of the second kind, ncl = n/Ncl

is the concentration of clusters. The absorption coefficient
calculated according to Eq. (G1) was used for the calculation
of amplified spontaneous emission, and atomic absorption
cross sections were taken according to Ref. [79].

FIG. 19. Dependence of the effective absorption cross section
σabs.eff. on cluster radius rcl. The red solid line corresponds to radi-
ation with 92 eV photon energy, the red dashed line corresponds to
the atomic absorption cross section for 92 eV, and the blue solid and
blue dashed lines correspond to the 73 eV case, respectively. The
black dashed line shows the effective absorption cross section for the
case of large clusters.

The change of absorption coefficient can be represented as
a decrease of the effective absorption cross section of atoms
in a mean cluster environment:

σabs eff = π
r3

s

rcl
Q(2πrcl/λ, m)

m =
√

1 + m′′2 − im′′, m′′ = 3

16π2

σabsλ

r3
s

, (G3)

where m is the refractive index of a cluster that accounts for
absorption by atoms with absorption cross section σabs.

The dependence of the effective absorption cross section
on the cluster radius is presented in Fig. 19. It shows that
for clusters larger than several nm, the shadowing effect is
quite strong for 92 eV pump energy, while for 73 eV pump
energy it is not pronounced until about 20 nm cluster radius.
For very large clusters, the absorption cross section of a
cluster becomes equal to its geometrical cross section, which
corresponds to the atomic effective absorption cross section
πr3

s /rcl. Figure 19 shows that for 92 eV pump energy, the
clusters with a radius larger than 50 nm are already close to
this limit.
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