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Hybrid entanglement between particlelike and wavelike optical qubits has drawn increasing attention because
such hybrid entanglement is a key resource in establishing hybrid quantum networks and connecting quantum
processors with different encoding qubits. For convenience, we define “particlelike optical qubits” as PO qubits
and “wavelike optical qubits” as WO qubits. In this work, we propose a method to create a hybrid Greenberger-
Horne-Zeilinger (GHZ) entangled state of n PO qubits and n WO qubits, by using 2n microwave cavities coupled
to a superconducting flux qutrit. The two logic states of a PO qubit here are represented by the vacuum state and
the single-photon state of a cavity (or represented by the rotated states of the vacuum state and the single-photon
state), while the two logic states of a WO qubit are indicated by the two coherent states of a cavity. The procedure
for preparing the GHZ state consists of only a few basic operations, and the circuit resources are significantly
reduced because of using only one flux qutrit as the coupler. The GHZ-state preparation time does not depend
on the number of qubits, and the GHZ state is deterministically generated since no measurement is made. In
addition, the intermediate higher-energy level of the qutrit during the entire operation is virtually excited and thus
decoherence from this level is greatly suppressed. This proposal is quite general and can be extended to create
the proposed hybrid GHZ state, by using a �-type natural or artificial atom coupled to 2n microwave or optical
cavities. As an example, our numerical simulation demonstrates that within current circuit-QED technology, the
hybrid GHZ state of two PO qubits and two WO qubits can be prepared with a high fidelity.
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I. INTRODUCTION AND MOTIVATION

Hybrid entangled states play a crucial role in quantum in-
formation processing and quantum technology. For instance,
they are helpful in answering fundamental questions, e.g.,
the border between quantum and classical domains, and the
so-called Schrödinger’s cat paradox [1], where both micro-
scopic quantum system and macroscopic classical system
are entangled with each other. Moreover, hybrid entangled
states can act as important quantum channels and intermediate
resources for quantum technologies, which cover quantum
information transfer, manipulation, and storage between dif-
ferent formats and encodings [2–4]. The subsystems involved
in the hybrid entangled states are different in their nature
(e.g., an electromagnetic field and a matter system), their
size (e.g., microscopic and macroscopic), or in the degree
of freedom (e.g., discrete-variable degree and continuous-
variable degree). Over the past decades, many schemes have
been presented for creating hybrid entangled states in various
physical systems, such as trapped ions [5,6], quantum dots
[7], cavity QED [8–13], an ensemble of spin-1/2 particles
[14], one-dimensional quantum walk [15], and linear opti-
cal systems [16–18]. Experimentally, hybrid entangled states
have been prepared using (i) polarization of one photon
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and orbital angular momentum of a second photon [19–22],
(ii) polarization of one photon and transverse spatial degree
of freedom of the other photon [23], (iii) polarization and
orbit angular momentum of a single photon [22,24,25], and
(iv) polarization and spatial degree of freedom of a single
photon [26,27].

Recently, there is much interest in hybrid entanglement
between particlelike optical qubits (PO qubits) and wavelike
optical qubits (WO qubits) or between quantum and classical
states of light. Hybrid entanglement of light is a key resource
in the establishment of hybrid quantum networks and the con-
nection of quantum processors with different encoding qubits.
Theoretical proposals have been presented for generating
hybrid entangled states of PO qubits and WO qubits in cav-
ity QED or linear optical devices [8,9,11,16–18]. Moreover,
hybrid entangled Bell states of a PO qubit and a WO qubit
have been experimentally created in a linear optical system
[27,28]. After a deep search of literature, we find that the pre-
vious works are limited to (i) generation of hybrid entangled
states of one PO qubit and one WO qubit [8,9,11,16–18] and
(ii) preparation of hybrid entangled states of two PO qubits
and one WO qubit via the linear optical devices [16]. How-
ever, based on cavity QED or circuit QED, how to create the
hybrid entangled Greenberger-Horne-Zeilinger (GHZ) states
of n PO qubits and m WO qubits (with n, m � 2) has not
been reported yet. As is well known, the GHZ entangled states
are of great interest to the foundations of quantum mechanics
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FIG. 1. (a) Schematic circuit of 2n microwave cavities coupled to a superconducting flux qutrit (the circle A in the middle). (b) Illustration
of n − 1 cavities (2, 3, . . . , n) dispersively coupled to the |g〉 ↔ | f 〉 transition of the qutrit, while n cavities (1′, 2′, · · · , n′) dispersively coupled
to the |e〉 ↔ | f 〉 transition of the qutrit.

and measurement theory. The hybrid GHZ states considered
in this work are an important resource for hybrid quantum
information processing and hybrid quantum communication
(e.g., cryptography and teleportation) with PO qubits and WO
qubits. Moreover, they are important in establishing hybrid
quantum networks based on PO qubits and WO qubits, and
connecting PO-qubit-based quantum processors with WO-
qubit-based quantum processors.

The circuit QED, consisting of microwave cavities and
artificial atoms, has developed fast in the past decade and has
been considered as one of the leading candidates for quantum
information processing [29–37]. In the following, we will
present an approach to generate a hybrid GHZ entangled state
of n PO qubits and n WO qubits, by employing a circuit QED
system, which consists of 2n microwave cavities coupled to
a superconducting flux qutrit. Here, the two logic states of
a PO qubit are represented by the vacuum state |0〉 and the
single-photon state |1〉 of a cavity, or represented by the two
rotated basis states |±〉 = (|0〉 ± |1〉)/

√
2, while the two logic

states of a WO qubit are represented by the two coherent
states |±α〉 of a cavity. As is well known, coherent states can
be considered as a macroscopic state of light, described in a
continuous-variable framework. In contrast, a single photon
carries the minimum and quantized amount of light energy
and thus represents the best example of a microscopic optical
quantum system, which is usually described in a discrete-
variable framework.

As shown below, our proposal has the following features:
(i) The hybrid GHZ state can be prepared with only a few
basic operations. (ii) Because only one superconducting flux
qutrit is used, the circuit resources are minimized. (iii) The
GHZ state preparation time is independent of the number of
qubits. (iv) The intermediate higher-energy level for the qutrit
is not occupied during the entire operation, thus decoherence
from this level is greatly suppressed. (v) The GHZ state can
be generated in a deterministic way because no measurement
is needed. This proposal is universal and can be applied to
accomplish the same task, by employing 2n microwave or
optical cavities coupled through a �-type natural or artificial
atom. Furthermore, we numerically demonstrate that the high-
fidelity generation of a hybrid GHZ state of two PO qubits

and two WO qubits is feasible with current circuit-QED
technology.

This paper is arranged as follows. In Sec. II, we introduce
an effective Hamiltonian used for the hybrid GHZ-state prepa-
ration. In Sec. III, we explicitly show how to generate the
hybrid GHZ state of n PO qubits and n WO qubits. In Sec.
IV, we give a brief discussion on experimental matters. In
Sec. V, as an example, we investigate the experimental fea-
sibility for creating the hybrid GHZ state of two PO qubits
and two WO qubits, by using a setup of four one-dimensional
(1D) microwave cavities coupled to a superconducting flux
qutrit. A concluding summary is presented in Sec. VI.

II. EFFECTIVE HAMILTONIAN

Consider n single-mode cavities (1, 2, . . . , n) and another
n single-mode cavities (1′, 2′, . . . , n′). The 2n cavities are
connected by a superconducting flux qutrit A [Fig. 1(a)]. The
three levels of the coupler qutrit are labeled as |g〉, |e〉, and | f 〉
[Fig. 1(b)]. In general, there exists the transition between the
two lowest levels |g〉 and |e〉, which, however, can be made to
be weak by increasing the barrier between the two potential
wells. In this sense, during the GHZ-state preparation, the
coupling of the |g〉 ↔ |e〉 transition with the 2n cavities can
be assumed negligible. The coupling and decoupling of the
qutrit from the 2n cavities can be achieved by adjustment
of the qutrit’s level spacings. For superconducting devices,
their level spacings can be rapidly (within 1–3 ns) adjusted
by varying external control parameters [38,39].

Adjust the level spacings of the coupler qutrit such that
the qutrit simultaneously interacts with the (2n − 1) cavities
(2, 3, . . . , n, 1′, 2′, . . . , n′) while it is decoupled from cavity
1. Assume that cavity j is dispersively coupled to the |g〉 ↔
| f 〉 transition with a coupling constant g j and a detuning
� j ( j = 2, 3, . . . , n), while highly detuned (decoupled) from
the |e〉 ↔ | f 〉 and |g〉 ↔ |e〉 transitions. In addition, suppose
that cavity j′ is dispersively coupled to the |e〉 ↔ | f 〉 transi-
tion with a coupling constant μ j′ and a detuning � j′ ( j′ =
1′, 2′, . . . , n′), while highly detuned (decoupled) from the
|g〉 ↔ | f 〉 and |g〉 ↔ |e〉 transitions. Under these conditions,
in the interaction picture and after applying the rotating-wave
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approximation (RWA), one has

HI =
n∑

j=2

g j (e
i� j t a j | f 〉〈g| + H.c.)

+
n′∑

j′=1′
μ j′ (e

i� j′ t b j′ | f 〉〈e| + H.c.), (1)

where the first term corresponds to the subsystem com-
posed of the coupler qutrit and the (n − 1) cavities
(2, 3, . . . , n), while the second term corresponds to the sub-
system composed of the coupler qutrit and the n cavities
(1′, 2′, . . . , n′); a j (b j′) is the annihilation operator for the
mode of cavity j ( j′ ); � j and � j′ are the detunings, given by
� j = ω f g − ωc j and � j′ = ω f e − ωc j′ [Fig. 1(b)]. Here, ω f g

(ω f e) is the |g〉 ↔ | f 〉 (|e〉 ↔ | f 〉) transition frequency of the
qutrit, and ωc j ( ωc j′ ) is the frequency of cavity j (cavity j′).

For the dispersive couplings, i.e., � j � g j and � j′ � μ j′ ,
there is no energy exchange between the coupler qutrit and the
cavities. Under the condition of

|� j − �k|∣∣�−1
j

∣∣ + ∣∣�−1
k

∣∣ � g jgk,
|� j′ − �k′ |∣∣�−1

j′
∣∣ + ∣∣�−1

k′
∣∣ � μ j′μk′ ,

|� j − �k′ |∣∣�−1
j

∣∣ + ∣∣�−1
k′

∣∣ � g jμk′ (2)

(where j, k ∈ {2, 3, . . . , n}, j′, k′ ∈ {1′, 2′, . . . , n′}, j 	=
k, j′ 	= k′), the coupler qutrit does not induce the interaction
between the cavities (2, 3, . . . , n, 1′, 2′, . . . , n′). Hence, under
the dispersive couplings, the effective Hamiltonian is given by
[40–42]

Heff = −
n∑

j=2

g2
j

� j
(|g〉〈g|a+

j a j − | f 〉〈 f |a ja
+
j )

−
n′∑

j′=1′

μ2
j′

� j′
(|e〉〈e|b+

j′b j′ − | f 〉〈 f |b j′b
+
j′ ), (3)

where the terms in the first line account for the ac-Stark shifts
of the levels |g〉 and |e〉 of the qutrit induced by the cavities
(2, 3, . . . , n), while the terms in the second line are the ac-
Stark shifts of the levels |g〉 and |e〉 of the qutrit induced by
the cavities (1′, 2′, . . . , n′). When the level | f 〉 is not occupied,
the Hamiltonian (3) reduces to

Heff = −
n∑

j=2

λ j |g〉〈g|a+
j a j −

n′∑

j′=1′
λ j′ |e〉〈e|b+

j′b j′ , (4)

where λ j = g2
j/� j and λ j′ = μ2

j′/� j′ . This Hamiltonian (4)
will be employed for the generation of the hybrid GHZ state
of particlelike and wavelike optical qubits, as shown in the
next section.

III. GENERATION OF HYBRID GHZ STATES OF
PARTICLELIKE AND WAVELIKE OPTICAL QUBITS

Let us return to the setup illustrated in Fig. 1(a). Initially,
the coupler qutrit is in the ground state |g〉 and decoupled from
the cavity system. Each of the n cavities (1, 2, . . . , n) is in the
state |+〉 = (|0〉 + |1〉)/

√
2, where |0〉 and |1〉 are the vacuum

state and the single-photon state. Suppose that each of the n
cavities (1′, 2′, . . . , n′) is in a coherent state |α〉. Thus, the
initial state of the whole system is given by

1

2n/2
(|0〉1 + |1〉1)(|0〉2 + |1〉2) . . . (|0〉n

+ |1〉n)|α〉1′ |α〉2′ . . . |α〉n′ |g〉, (5)

where subscripts 1, 2, . . . , n represent cavities 1, 2, . . . , n and
subscripts 1′, 2′, . . . , n′ represent cavities 1′, 2′, . . . , n′, re-
spectively. The procedure for generating a hybrid GHZ state
of particlelike and wavelike optical qubits is listed below.

Step (i). Adjust the level spacings of the coupler qutrit
such that cavity 1 is resonant with the |g〉 ↔ |e〉 transition
of the coupler qutrit. The Hamiltonian in the interaction
picture and after the RWA is given by Hr = grâ1|e〉〈g| +
H.c., where the subscript 1 represents cavity 1, gr is the
resonant coupling constant of cavity 1 with the |g〉 ↔ |e〉
transition of the qutrit, and â1 is the photon annihilation
operator of cavity 1. Under this Hamiltonian, one can obtain
the state evolution |1〉1|g〉 → cos grt |1〉1|g〉 − i sin grt |0〉1|e〉,
while the state |0〉1|g〉 remains unchanged. For an interaction
time t1 = π/(2gr ), it is easy to see that the initial state (5) of
the whole system becomes

1

2n/2
|0〉1(|g〉 − i|e〉)(|0〉2 + |1〉2)(|0〉3 + |1〉3) · · ·

(|0〉n + |1〉n)|α〉1′ |α〉2′ · · · |α〉n′ . (6)

After this step of operation, the level spacings of the coupler
qutrit should be adjusted such that the qutrit is decoupled from
cavity 1.

Step (ii). Adjust the level spacings of the coupler qutrit
such that the qutrit is dispersively coupled to the cavities
(2, 3, . . . , n, 1′, 2′, . . . , n′) [Fig. 1(b)] to achieve an effective
Hamiltonian (4), while the qutrit remains decoupled from
cavity 1 . One can verify that under the Hamiltonian (4), the
state (6) evolves as

1

2n/2
|0〉1[|g〉(|0〉2 + eiλ2t |1〉2)(|0〉3 + eiλ3t |1〉3) · · · (|0〉n

+ eiλnt |1〉n)|α〉1′ |α〉2′ · · · |α〉n′ − i|e〉(|0〉2 + |1〉2)(|0〉3

+ |1〉3) · · · (|0〉n + |1〉n)|eiλ1′ tα〉1′ |eiλ2′ tα〉2′ · · · |eiλn′ tα〉n′ ].

(7)

By setting

|λ2| = |λ3| · · · = |λn| = λ, |λ1′ | = |λ2′ | · · · = |λn′ | = λ,

(8)

and for an interaction time t2 = π/λ, the state (7) becomes

1

2n/2
|0〉1[|g〉(|0〉2 − |1〉2)(|0〉3 − |1〉3) · · · (|0〉n

− |1〉n)|α〉1′ |α〉2′ · · · |α〉n′ − i|e〉(|0〉2 + |1〉2)(|0〉3

+ |1〉3) · · · (|0〉n + |1〉n)| − α〉1′ | − α〉2′ · · · | − α〉n′ ]. (9)

After this step of operation, the level spacings of the qutrit
should be adjusted such that the qutrit is decoupled from the
2n cavities.

Step (iii). Adjust the level spacings of the coupler qutrit
such that cavity 1 is resonant with the |g〉 ↔ |e〉 transition of
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the qutrit. The Hamiltonian is the Hr above, which results in
the state evolution |0〉1|e〉 → cos grt |0〉1|e〉 − i sin grt |1〉1|g〉
while the state |0〉1|g〉 remains unchanged. For an interaction
time t3 = 3π/(2gr ), the state (9) changes to

1√
2

(|0〉1|−〉2|−〉3 · · · |−〉n|α〉1′ |α〉2′ · · · |α〉n′ + |1〉1|+〉2

× |+〉3 · · · |+〉n| − α〉1′ | − α〉2′ · · · | − α〉n′ ) ⊗ |g〉, (10)

where |±〉 j = (|0〉 j ± |1〉 j )/
√

2 ( j = 2, 3, . . . , n). After this
step of operation, one should adjust the level spacings of the
coupler qutrit such that it is decoupled from cavity 1.

The result (10) shows that after the above operations, the
2n cavities are disentangled with the coupler qutrit, while n
PO qubits (1, 2, . . . , n) and n WO qubits (1′, 2′, . . . , n′) are
prepared in the hybrid GHZ state

|GHZ〉= 1√
2

(|0〉1|−〉2|−〉3 · · · |−〉n|α〉1′ |α〉2′ · · · |α〉n′

+|1〉1|+〉2|+〉3 · · · |+〉n| − α〉1′ | − α〉2′ · · · | − α〉n′ ),

(11)

where the two logical states of the PO qubit 1 are represented
by the vacuum state and the single-photon state of cavity 1,
the two logical states of the PO qubit j are represented by
the two rotated basis states |+〉 j and |−〉 j of cavity j ( j =
2, 3, . . . , n), while the two logical states of the WO qubit j′
are represented by the two coherent states |α〉 and | − α〉 of
cavity j′ ( j′ = 1′, 2′, . . . , n′). Note that the two states |+〉 and
|−〉 of cavity j ( j = 2, 3, . . . , n) can be easily converted into
|0〉 and |1〉 by performing a local operation on cavity j and an
auxiliary qubit placed in cavity j [43].

Based on the description given above, the following can be
seen:

(i) During the GHZ-state preparation, the intermediate
higher energy level | f 〉 of the coupler qutrit is not occupied
and thus decoherence from this level is greatly suppressed.

(ii) There is no measurement performed on the state of the
qutrit or the cavities. Thus, the GHZ state is generated in a
deterministic way.

(iii) The total operation time for the GHZ-state preparation
is

top = π/λ + 2π/gr + π/gq + π/(4�) + 10τd , (12)

which is independent of the number of qubits involved in the
prepared GHZ state. Here, τd is the typical time required for
adjusting the level spacings of the coupler qutrit.

(iv) The coupling or decoupling of the coupler qutrit with
the cavities is realized by adjusting the qutrit’s level spacings.
Alternatively, the coupling or decoupling can be obtained by
adjusting the frequency of each cavity. For superconducting
microwave cavities, the cavity frequencies can be rapidly
(within a few nanoseconds) tuned in experiments [44,45].

(v) The condition (8) turns into

g2
2

|�2| = g2
3

|�3| = · · · = g2
n

|�n| = μ2
1′

|�1′ | = μ2
2′

|�2′ |

= μ2
3′

|�3′ | = · · · = μ2
n′

|�n′ | . (13)

Because of � j = ω f g − ωc j and � j′ = ω f e − ωc j′ the equality
given in Eq. (13) can be easily established by selecting the
� j via adjusting the frequency of cavity j ( j = 2, 3, . . . , n)
and selecting the � j′ via adjusting the frequency of cavity j′
( j′ = 1′, 2′, . . . , n′).

We should mention that the initial state |+〉 for each
of the n cavities (1, 2, . . . , n) can be easily prepared. To
prepare the state |+〉 for cavity l (l = 1, 2, . . . , n), one can
place qubit l (i.e., a two-level qubit with a ground level
|g〉 and an excited level |e〉) in cavity l and apply a mi-
crowave pulse to qubit l initially in the ground state |g〉l .

The pulse is resonant with the |g〉 ↔ |e〉 transition of the
qubit. After a pulse-qubit interaction time π/(2�l ) (�l being
the pulse Rabi frequency), the state transformation |g〉l →
(|g〉l − i|e〉l )/

√
2 can be obtained [43]. Then, have cavity l

(initially in the vacuum state |0〉l ) resonant with the |g〉 ↔ |e〉
transition of qubit l for an interaction time π/(2χl ). Here,
χl is the cavity-qubit coupling constant. As a result, the state
transformation (|g〉l − i|e〉l )|0〉l/

√
2 → |g〉l (|0〉l + |1〉l )/

√
2

is achieved [43], i.e., cavity l is prepared in the state |+〉l .
Because only resonant interaction is used, the state |+〉l can be
fast prepared within a very short time. In addition, it is noted
that the state |+〉 for each of the n cavities (1, 2, . . . , n) can
be almost simultaneously created because the local operations
on the individual cavities and their hosting qubits can be
parallelly performed at the same time. Thus, decoherence is
negligible during the preparation of the state |+〉 for the n cav-
ities (1, 2, . . . , n). Note that the cavity-qubit (or pulse-qubit)
coupling and decoupling, involved during the preparation of
the state |+〉, can be achieved by adjusting the qubit-level
spacings or the cavity frequency.

Alternatively, it is straightforward to see that the initial
state |+〉 of cavity l (l = 1, 2, . . . , n) can be prepared through
the same state transformations described above, by applying a
microwave pulse resonant with the |g〉 ↔ |e〉 transition of the
coupler qutrit mentioned previously, and then having cavity l
resonant with |g〉 ↔ |e〉 transition of the coupler qutrit. The
advantage of this approach is that no auxiliary qubit needs to
be placed in each cavity but the operation time for creating
the state |+〉 for all the n cavities (1, 2, . . . , n ) increases with
the number of the cavities and thus decoherence will pose a
problem. However, it is noted that this alternative method is
preferable for a small number of the cavities.

IV. DISCUSSION

It is necessary to give a brief discussion on experimental
matters. Several points are made as follows:

(i) Decoherence from the coupler qutrit in the operations of
steps (i) and (iii) can be neglected because these operations are
performed within a very short time due to using the resonant
cavity-qutrit interactions. Hence, the main problem caused by
the decoherence lies in the operation of step (ii) above, which
requires a quite long operation time π/λ due to using the
dispersive cavity-qutrit interaction.

(ii) To make the effect of decoherence from the coupler
qutrit negligible, the operation time π/λ of step (ii) should
be much smaller than the energy relaxation time T1 and the
dephasing time T2 of the level |e〉 as well as the energy
relaxation time T ′

1 and the dephasing time T ′
2 of the level
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(a) (b)

FIG. 2. (a) Schematic circuit of four 1D microwave cavities coupled to a superconducting flux qutrit. (b) Illustration of cavity 2 dispersively
coupled with the |g〉 ↔ | f 〉 transition of the qutrit, while cavities 1′ and 2′ dispersively coupled with the |e〉 ↔ | f 〉 transition of the qutrit. The
unwanted couplings or interactions of the qutrit’s energy-level transitions with the cavities are not illustrated in (b) for simplicity, which,
however, are considered in our numerical simulation, as described in the Hamiltonian (15).

| f 〉 of the coupler qutrit. Note that π/λ � T ′
1 , T ′

2 can be
readily met because the level | f 〉 is unpopulated during the
entire operation. In addition, π/λ � T1, T2 can be achieved
by choosing the coupler qutrit with sufficiently long T1 and T2

of the level |e〉. Alternatively, these conditions can be met by
shortening π/λ. Note that π/λ can be shortened by increasing
λ (through an optimal choice of the ratio |� j |/g j, |� j′ |/μ j′ ).

(iii) The photon lifetime of cavity k (k =
1, 2, . . . , n, 1′, 2′, . . . , n′) is given by T k

cav = Qk/(ωknk ),
where Qk, ωk, and nk are the quality factor, the frequency,
and the average photon number of cavity k, respectively. For
the 2n cavities here, the minimum photon lifetime is given by
[46]

Tcav = 1

2n
min

{
T 1

cav, T 2
cav, . . . , T n

cav, T 1′
cav, T 2′

cav, . . . , T n′
cav

}
, (14)

which should be much longer than top, such that the decay of
each cavity is negligible during the operation. In principle, this
condition can be met by choosing cavities with a high-quality
factor.

(iv) When the coupler qutrit is a solid-state qutrit, there
may exist an intercavity crosstalk during the GHZ preparation.
However, because this proposal employs cavities of different
frequencies, the unwanted intercavity crosstalk can be made
negligibly small by having the frequency difference between
any two cavities be much larger than the coupling strength of
the two cavities.

V. POSSIBLE EXPERIMENTAL IMPLEMENTATION

In this section, as an example, we investigate the experi-
mental feasibility for creating the hybrid GHZ state of two
PO qubits (1,2) and two WO qubits (1′, 2′) [i.e., the GHZ
state (11) with n = 2 and n′ = 2′], by using a setup of four
1D microwave cavities coupled to a superconducting flux
qutrit [Fig. 2(a)]. Let us now give a discussion on the fidelity
of the operations. Since only the resonant interactions are
used in steps (i) and (iii), these two steps can be completed
within a very short time (e.g., by increasing gr), such that the

effect of the qutrit decoherence, the cavity dissipation, and
the intercavity crosstalk is negligibly small for the steps (i)
and (iii). In this case, the effect of the system dissipation and
the intercavity crosstalk would appear in the operation of step
(ii) because of using the qutrit-cavity dispersive interaction
[Fig. 2(b)].

When the unwanted couplings between the qutrit’s level
transitions and the cavities as well as the intercavity crosstalk
are considered, the Hamiltonian HI in Eq. (1), with n = 2 and
n′ = 2′ for the present case, is modified as (without RWA)

H ′
I = (eiωc2 t a+

2 + H.c.)(g2eiω f gt | f 〉〈g| + g′
2eiω f et | f 〉〈e|

+ g′′
2eiωegt |e〉〈g| + H.c.) + (eiωc1′ t b+

1′ + H.c.)(μ′
1′eiω f gt | f 〉

× 〈g| + μ1′eiω f et | f 〉〈e| + μ′′
1′eiωegt |e〉〈g| + H.c.)

+ (eiωc2′ t b+
2′ + H.c.)(μ′

2′eiω f gt | f 〉〈g| + μ2′eiω f et | f 〉〈e|
+μ′′

2′eiωegt |e〉〈g| + H.c.) + ε, (15)

where g′
2 (g′′

2) is the coupling constant between cavity 2 and
the |e〉 → | f 〉 (|g〉 → |e〉) transition, μ′

1′ (μ′′
1′) is the coupling

constant between cavity 1′ and the |g〉 → | f 〉 (|g〉 → |e〉)
transition, μ′

2′ (μ′′
2′ ) is the coupling constant between cavity 2′

and the |g〉 → | f 〉 (|g〉 → |e〉) transition, ωeg is the |g〉 ↔ |e〉
transition frequency of the qutrit, and ωcl is the frequency
of cavity l (l = 2, 1′, 2′). In addition, ε is the Hamiltonian
describing the intercavity crosstalk, given by

ε = (g12ei�12t a+
1 a2 + H.c.) + (g1′2′ei�1′2′ t b+

1′b2′ + H.c.)

+ (g11′ei�11′ t a+
1 b1′ + H.c.) + (g12′ei�12′ t a+

1 b2′ + H.c.)

+ (g21′ei�21′ t a+
2 b1′ + H.c.) + (g22′ei�22′ t a+

2 b2′ + H.c.),

(16)

where gkl is the crosstalk strength between the two cavi-
ties k and l with the frequency difference �kl = ωck − ωcl

(k, l ∈ {1, 2, 1′, 2′}; k 	= l ).
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During the operation of step (ii), the dynamics of the lossy
system is determined by

dρ

dt
= − i[H ′

I , ρ] +
2∑

j=1

κ jL[a j] +
2′∑

j′=1′
κ j′L[b j′ ]

+ γegL[σ−
eg] + γ f eL[σ−

f e] + γ f gL[σ−
f g]

+ γe,ϕ (σeeρσee − σeeρ/2 − ρσee/2)

+ γ f ,ϕ (σ f f ρσ f f − σ f f ρ/2 − ρσ f f /2), (17)

where L[�] = �ρ�+ − �+�ρ/2 − ρ�+�/2 (with � =
a j, , b j′ , σ

−
eg, σ

−
f e, σ

−
f g), σ−

eg = |g〉〈e|, σ−
f e = |e〉〈 f |, σ−

f g =
|g〉〈 f |, σee = |e〉〈e|, and σ f f = | f 〉〈 f |. In addition, κ j (κ j′) is
the decay rate of cavity j ( j′); γeg is the energy relaxation rate
for the level |e〉 of the qutrit associated with the decay path
|e〉 → |g〉; γ f e (γ f g) is the relaxation rate for the level | f 〉 of
the qutrit related to the decay path | f 〉 → |e〉 (| f 〉 → |g〉); and
γe,ϕ (γ f ,ϕ) is the dephasing rate of the level |e〉 (| f 〉) of the
qutrit.

The fidelity of the entire operation is given by F =√〈ψid |ρ|ψid〉, where |ψid〉 is the ideal output state given by
Eq. (10) for n = 2 and n′ = 2′, while ρ is the final density
matrix obtained by numerically solving the master equation.

For a flux qutrit, the typical transition frequency between
neighboring levels can be made as 1–20 GHz. As an example,
consider ωeg/2π = 2.0 GHz, ω f e/2π = 4.5 GHz, and
ω f g/2π = 6.5 GHz. Assume ωc1/2π = 1.5 GHz for cavity 1.
With a choice of �2/2π = −1.5 GHz, �1′/2π = 1.0 GHz,
and �2′/2π = 1.5 GHz, we have ωc2/2π = 8.0 GHz,
ωc1′ /2π = 3.5 GHz, and ωc2′ /2π = 3.0 GHz. Thus, we
have �12/2π = −6.5 GHz, �1′2′/2π = 0.5 GHz, �11′/2π =
−2.0 GHz, �12′/2π = −1.5 GHz, �21′/2π = 4.5 GHz, and
�22′/2π = 5.0 GHz. For the values of �2, �1′ , and �2′

here and by choosing g2/2π = 50 MHz, we have
μ1′/2π  40.8 MHz and μ2′/2π = 50 MHz according to
Eq. (13). The coupling constants here are readily available
because a coupling constant ∼2π × 230 MHz was reported
for a flux device coupled to a one-dimensional coplanar
waveguide resonator or cavity [47].

Note that the dipole matrix element between the two levels
|g〉 and | f 〉 can be made to be on the same order as that be-
tween the two levels |e〉 and | f 〉 with appropriate design of the
qutrit system [48]; while the matrix element between the two
levels |g〉 and |e〉 can be made much weaker by increasing the
potential barrier of the qutrit, as mentioned previously. Thus,
we choose g′

2 ∼ g2, g′′
2 ∼ 0.1g2; μ′

1′ ∼ μ1′ , μ′′
1′ ∼ 0.1μ1′ ;

and μ′
2′ ∼ μ2′ , μ′′

2′ ∼ 0.1μ2′ . Additional parameters used in
the numerical simulation are as follows: (i) γ −1

eg = 5T μs,
γ −1

f e = 2T μs, γ −1
f g = T μs; (ii) γ −1

φe = γ −1
φ f = T μs; (iii)

κ1, κ2, κ1′ , κ2′ = κ; and (v) α = 2. In addition, choose gkl =
0.01gm with gm = max{g2, g′

2, g′′
2, μ1′ , μ′

1′ , μ
′′
1′ , μ2′ , μ′

2′ , μ
′′
2′ },

which is achievable in experiments by a prior design of the
sample with appropriate capacitances c1, c2, c1′ , c2′ [46].

By solving the master equation (17), we numerically plot
Fig. 3, which illustrates the fidelity versus T and κ−1. From
Fig. 3, one can see that when T � 5 μs and κ−1 � 10 μs, the
fidelity exceeds 96.9%, which implies that the high-fidelity
generation of the hybrid GHZ state of two PO qubits and two
WO qubits can be obtained for the GHZ state prepared in a

FIG. 3. Fidelity versus T and κ−1. The parameters used in the
numerical simulation are referred to in the text.

realistic situation. We remark that when the qutrit deco-
herence, the cavity decay, and the intercavity crosstalk are
considered in the operations of steps (i) and (iii), the fidelity
would be slightly decreased but will not be decreased greatly
because these two steps of operation can be completed very
fast due to the use of the resonant interactions.

As shown above, a flux qutrit is used as a �-type artificial
atom. For a flux qutrit, the �-type level structure, formed by
the lowest three levels, can be obtained by having the external
magnetic flux away from the degenerate point f = 0.5 [48].
However, it is noted that the influence of flux noise would
be greatly increased with the increment of the deviation from
f = 0.5. Thus, the deviation value from the degenerate point
f = 0.5 needs to be carefully selected in order to reduce the
effect of the flux noise on the operational fidelity.

With the parameters chosen above, the GHZ state produc-
tion time is estimated as ∼0.32 μs, much shorter than the
decoherence times of the qutrit (5–75 μs) and the cavity decay
times (10–100 μs) considered in Fig. 3. In our numerical sim-
ulation, we consider a rather conservative case for decoher-
ence time of the flux qutrit, because experiments have reported
decoherence time 70 μs to 1 ms for a superconducting flux
device [49,50]. During the GHZ state preparation, the average
photon numbers are estimated as n1 = n2 = 0.5 for cavities
(1,2), while n1′ = n2′ = 4 for cavities (1′, 2′) due to the α = 2
used in the numerical simulation. Thus, for κ−1 = 10 μs
and the cavity frequencies given above, a simple calculation
gives Q1 ∼ 4.71 × 104 for cavity 1, Q2 ∼ 2.51 × 105 for
cavity 2, Q1′ ∼ 8.79 × 105 for cavity 1′, and Q2′ ∼ 7.53 ×
105 for cavity 2′. Note that a high-quality factor Q ∼ 106 of
a 1D microwave cavity or resonator has been experimentally
demonstrated [51,52]. Our analysis here implies that the high-
fidelity generation of the hybrid GHZ state of two PO qubits
and two WO qubits is feasible within the current circuit QED
technology.

VI. CONCLUSION

We have presented an approach to generate the hybrid GHZ
state of n particlelike optical qubits and n wavelike optical
qubits, by employing a circuit-QED system. This proposal
has the following features: (i) Because only a few basic
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operations are needed for the hybrid GHZ state preparation,
this proposal is simple to implement in experiments. (ii)
Only one superconducting flux qutrit is used as a coupler;
the circuit architecture is greatly simplified. (iii) The entire
operation time required for the GHZ-state preparation is inde-
pendent of the number of qubits, and thus does not increase
when increasing the number of qubits. (iv) The intermediate
higher-energy level | f 〉 of the coupler qutrit is not occupied
during the entire operation, thus the decoherence from this
level is greatly suppressed. (v) The GHZ state is generated
deterministically because no measurement is required. This
proposal is universal and can be applied to accomplish the
same task by employing 2n optical or microwave cavities cou-
pled to a �-type natural or artificial atom. Finally, numerical

simulations demonstrate that the high-fidelity generation of a
hybrid GHZ state of two particlelike optical qubits and two
wavelike optical qubits is feasible with current circuit-QED
technology.
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