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Enhancing atom-field interaction in the reduced multiphoton Tavis-Cummings model

Yan Wang ,1 Jin-Lei Wu ,1 Jie Song ,1,2,3,4,* Zi-Jing Zhang,1 Yong-Yuan Jiang,1,2,3,4 and Yan Xia5

1School of Physics, Harbin Institute of Technology, Harbin 150001, China
2Key Laboratory of Micro-Nano Optoelectronic Information System, Ministry of Industry and Information Technology, Harbin 150001, China
3Key Laboratory of Micro-Optics and Photonic Technology of Heilongjiang Province, Harbin Institute of Technology, Harbin 150001, China

4Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan 030006, China
5Department of Physics, Fuzhou University, Fuzhou 350002, China

(Received 24 August 2019; revised manuscript received 19 April 2020; accepted 27 April 2020;
published 12 May 2020)

We propose a scheme to enhance the light-matter coupling in a cavity QED system where two � atoms are
weakly coupled to a single-mode cavity via multiphoton interaction. By introducing a second-order nonlinear
(parametric) driving of the cavity, the original N-photon exchanges between the atoms, and the cavity can be
reduced to either an effective single- or two-photon transition depending on the odevity of N , with the effective
atom-field interaction strength being significantly enhanced. This results in an N-dependent effective coupling
strength on top of the exponential enhancement induced only by the parametric driving. As an example, we
demonstrate that our proposal can be exploited for the preparation of high-fidelity steady-state entanglement.
The proposed scheme could provide a feasible alternative for diverse applications in quantum technologies.
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I. INTRODUCTION

The Jaynes-Cummings (JC) model of a two-level atom
interacting with a single-mode bosonic field under rotating-
wave approximation (RWA) has been a research interest in
the field of quantum optics [1–7]. An extended JC model
considering multiphoton exchanges is known as the multipho-
ton JC model, where the transition between the upper and
lower levels of the atom may involve m (�2) photons if the
energy separation between the levels is close to the energy of
m quanta of the electromagnetic field [8–11]. As a simplest
nonlinear generalization, the two-photon JC model has been
extensively studied [12–14]. It has been demonstrated that
two-photon JC Hamiltonian can be achieved in many physical
architectures, such as optical and microwave cavities [15,16],
the trapped-ion domain [17,18], and superconducting circuits
[19–22].

Generalizing the JC model to the n (>1) atom case leads to
the so-called Tavis-Cummings (TC) model [23,24]. Although
it seems a straightforward extension of the JC model, the
TC model has gained renewed interest since it provides a
framework for exploring intrinsically multiqubit properties
[25]. In analogy with the multiphoton JC model, the TC model
has been generalized to include multiphoton processes [26].
The TC model exhibits a wide variety of interesting phenom-
ena [27–30] and can be exploited to implement quantum-
information protocols, in particular quantum entanglement
[31,32]. The atom-field entanglement in the two-atom TC
model has been studied for single-photon transitions [33] as
well as nondegenerate [34] or degenerate [35] two-photon
transitions.

*jsong@hit.edu.cn

Reaching the light-matter strong coupling regime (SCR)
has been the subject of many theoretical and experimental
works in atomic physics and quantum optics and has driven
the field of cavity quantum electrodynamics (QED) [36–42].
The SCR, which enables a high degree of manipulation and
control of quantum systems, is prerequisite for implementing
quantum information tasks [43,44]. To date, considerable
efforts have been devoted to enhancing light-matter coupling
to reach the SCR. Very recently, it was demonstrated that
parametric driving of the cavity mode can be used to expo-
nentially enhance the effective coupling in the qubit-cavity
system [45–47] and optomechanical system [48–51]. In this
paper, inspired directly by the achievements in Refs. [45,46],
we generalize and explore an intriguing method to enhance
the atom-field coupling using parametric driving of a cavity.
Different from previous proposals for coupling enhancement,
we herein consider a multiphoton TC system, where two �

atoms are coupled to a single-mode cavity via N-photon inter-
action. We show that the effective atom-field coupling strength
can be enhanced to be N-dependent on top of the exponential
enhancement induced only by the parametric driving. Then
the effects of dissipation on the evolution of system are
discussed. Numerical results show that with increasing N the
detrimental effects of dissipation can be mitigated, resulting in
significant recovery of population oscillations. Moreover, as a
straightforward application, we also investigate the generation
of a maximally entangled steady state between atoms. For
entanglement preparation, it is well known that high-fidelity
F requires high cooperativity C, according to 1 − F ∝ C−1/2

[52,53]. Due to the effective enhancement of C, we demon-
strate that high-fidelity steady-state entanglement is achiev-
able in the proposed scheme.

The remainder of the paper is structured as follows.
In Sec. II we describe the physical model and give the
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FIG. 1. Schematic of the proposed cavity QED system. Two
identical � atoms are trapped into a single-mode cavity, which is
parametrically driven by a second-order nonlinear field with strength
ε0, frequency ωp, and phase θp. A broadband squeezed vacuum
field with squeezing parameter re and reference phase θe is injected
into the cavity, which can be approximated as a squeezed vacuum
reservoir. As depicted in the leftward inset, the cavity mode couples
the |e〉 ↔ | f 〉 transition with strength g. A laser field with frequency
ω and Rabi frequency � drives the |g〉 ↔ |e〉 transition, and a mi-
crowave field with frequency ωMW and Rabi frequency �MW drives
the |g〉 ↔ | f 〉 transition. We assume that the atomic spontaneous
emission rates are γ /2, and the cavity decay rate is κ .

corresponding Hamiltonian of the system. In Sec. III we first
reduce the N-photon TC Hamiltonian to obtain the effective
Hamiltonians describing the reduced single- and two-photon
interactions. Then we verify the validity of the model by
numerically analyzing the dynamical evolutions of the sys-
tem. As a simple application, we demonstrate in Sec. IV
that the proposed scheme can be exploited for high-fidelity
steady-state entanglement preparation. Finally, we give a brief
discussion of experimental implementations and summarize
our conclusions in Sec. V.

II. THE SYSTEM AND HAMILTONIAN

We consider a cavity QED (CQED) system consisting of
two identical � atoms trapped into a single-mode cavity, as
depicted in Fig. 1. The energy-level diagram of the atom is
shown in the inset of Fig. 1. Each atom has two ground states
|g〉 and | f 〉 and one excited state |e〉 with the corresponding
energies ωg, ω f , and ωe, respectively. The transition between
the states |g〉 and |e〉 is driven via a laser field with frequency ω

and Rabi frequency �, while the transition between the states
|g〉 and | f 〉 is driven via a microwave field with frequency
ωMW and Rabi frequency �MW. In particular, the transition
between states | f 〉 and |e〉 is coupled to the cavity mode with
coupling constant g via N-photon degenerate interaction, i.e.,
coherent exchange of N excitations of the cavity mode with
the atom [8,9,26]. A second-order nonlinear (i.e., paramet-
ric) driving field [11,16,45,54,55] of amplitude ε0, single-
photon frequency ωp, and phase θp is employed to squeeze
the cavity mode [45,49,51]. We point out that the laser and
microwave fields are introduced intentionally in our scheme
for implementing dissipative entanglement generation. Also,
to eliminate completely the additional noise induced by the
parametric driving for high-fidelity entanglement generation,
a broadband squeezed vacuum field is injected into the cavity,
as we detail in Sec. IV.

Given the above setups, the Hamiltonian determining the
unitary dynamics of the system is given by

H = H (N )
AC + HCL + HMW, (1)

where

H (N )
AC = ω0a†a +

∑
k=1,2

{ωe|e〉k〈e| + ω f | f 〉k〈 f |

+ωg|g〉k〈g| + g[|e〉k〈 f |aN + (a†)N | f 〉k〈e|]}
+ ε0[a2ei(2ωpt−θp) + (a†)2e−i(2ωpt−θp)],

HCL = �

2
eiωt

∑
k=1,2

(−1)k−1|g〉k〈e| + H.c.,

HMW = �MW

2
eiωMWt

∑
k=1,2

|g〉k〈 f | + H.c. (2)

Here H (N )
AC denotes the degenerate N-photon two-atom TC

Hamiltonian containing nonlinear driving terms, HCL (HMW)
is Hamiltonian describing the interaction between laser field
(microwave field) and atoms, and a (a†) is the annihilation
(creation) operator of the cavity mode with frequency ω0.

III. REDUCING N-PHOTON TC HAMILTONIAN FOR
ENHANCING ATOM-CAVITY COUPLING

In this section, we merely focus on the atom-cavity cou-
pling and assume for the moment that the laser and microwave
fields, as well as the squeezed vacuum field, are all turned off,
i.e., � = �MW = re = 0.

A. Derivation of the effective Hamiltonian

First, we demonstrate how the degenerate N-photon TC
Hamiltonian is reduced in the presence of the nonlinear
driving field, yielding prominent enhancement in atom-cavity
coupling simultaneously. Specifically, by choosing separate
parameter conditions in terms of the odevity of the photon
number N , the original N-photon TC Hamiltonian can be
reduced to either an effective single- or two-photon TC Hamil-
tonian which corresponds to odd or even N , respectively.
Moreover, the resulting effective coupling strengths between
atom and cavity field can be enhanced greatly. Based on
calculation and derivation (see Appendix A for details), we
obtain effective form of the reduced single- and two-photon
TC Hamiltonians

H (No)
ACS = 	sa

†a +
∑

k=1,2

{
	(No)

e |e〉k〈e| + ω f | f 〉k〈 f |

+ (−V )mU m+1g|e〉k〈 f |
∑

l

Pl [a
m+1(a†)m]

+ H.c.

}
, (3a)

H (Ne )
ACS = 	sa

†a +
∑

k=1,2

{
	(Ne )

e |e〉k〈e| + ω f | f 〉k〈 f |

+ (−V )nU n+2g|e〉k〈 f |
∑

l

Pl [a
n+2(a†)n]

+ H.c.

}
, (3b)
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which are valid for 	(No)
e − ω f = 	s and 	(Ne )

e − ω f = 2	s,
respectively. In fact, the Hamiltonian in Eq. (3) has been
transformed to the squeezed reference frame via a squeezing
transformation. In Eq. (3) No and Ne denote odd and even pho-
ton numbers, respectively; 	(N )

e = ωe − Nωp; U = cosh(rp),
V = sinh(rp), where rp = (1/2)arctanh(2ε0/	p) with 	p =
ω0 − ωp; 	s = 	psech(2rp); m = No−1

2 , n = Ne−2
2 . The sum

with respect to l is over all permutations (produced by the
permutation operator Pl ) with m (n) photon creation opera-
tors; e.g., for No = 3, Pl [a2a†] generates three permutations
{a2a†, a†a2, aa†a}. Notably, the atom-field coupling is effec-
tively enhanced compared to the original coupling strength g,
i.e., the effective coupling constants become dependent on the
photon number N on top of the exponential enhancement with
respect to rp.

The full permutations with respect to operators a and a† in
the interactions terms of Eq. (3) can be simplified by using the
commutation relation [a, a†] = 1. Without loss of generality,
we herein take N = 1, 2, 3, 4 as examples. The corresponding
simplified Hamiltonians are derived, respectively, as

H (1)
ACS = 	sa

†a +
∑

k=1,2

[
	(1)

e |e〉k〈e| + ω f | f 〉k〈 f |

+ (gU |e〉k〈 f |a + H.c.)
]
, (4)

H (2)
ACS = 	sa

†a +
∑

k=1,2

[
	(2)

e |e〉k〈e| + ω f | f 〉k〈 f |

+ (gU 2|e〉k〈 f |a2 + H.c.)
]
, (5)

H (3)
ACS = 	sa

†a +
∑

k=1,2

[
	(3)

e |e〉k〈e| + ω f | f 〉k〈 f |

− (3gU 2V |e〉k〈 f |aa†a + H.c.)
]
, (6)

H (4)
ACS = 	sa

†a +
∑

k=1,2

{
	(4)

e |e〉k〈e| + ω f | f 〉k〈 f |

− [gU 3V |e〉k〈 f |(4aa†a2 + 2a2) + H.c.]
}
. (7)

Also, we assume that one atom is initially populated on the
excited state |e〉, whereas another one is populated on the
ground state |g〉, and the initial state of the cavity mode is a
np-photon Fock state. Then the effective Hamiltonians given
by Eqs. (6) and (7) can be further simplified as

H (3)
ACS = 	sa

†a +
∑

k=1,2

{
	(3)

e |e〉k〈e| + ω f | f 〉k〈 f |

− [3(np + 1)gU 2V |e〉k〈 f |a + H.c.]
}

(8)

and

H (4)
ACS = 	sa

†a +
∑

k=1,2

{
	(4)

e |e〉k〈e| + ω f | f 〉k〈 f |

− [(4np + 6)gU 3V |e〉k〈 f |a2 + H.c.]
}
. (9)

In fact, we have simplified the interaction terms in the Hamil-
tonians (6) and (7) by using the simple operator a and a2 to
describe the effective single- and two-photon processes, re-
spectively. In addition, for another initial state of | f 〉1|g〉2|np〉c

(or |g〉1| f 〉2|np〉c), the effective atom-cavity coupling strengths

in Eqs. (8) and (9) will be 3npgU 2V and (4np − 2)gU 3V ,
respectively.

An interesting situation can be observed directly in
Eqs. (4), (5), (8), and (9), in which the original N-photon TC
Hamiltonian is reduced to either an effective single- or two-
photon TC Hamiltonian, depending entirely on the odevity of
N . For N = 1 [see Eq. (4)], an exponentially enhanced cou-
pling is achievable, corresponding to a coupling strength of
gcosh(rp). We note that similar results (for N = 1) have been
demonstrated in several typical works [45–47] and general-
ized in our recent work [56,57]. In principle, this exponential
enhancement can be understood as follow: The parametric
drive modifies the eigenstates of the cavity Hamiltonian,
which convert to squeezed photons with amplified fluctua-
tions, hence causing a larger interaction with the atoms [45].
Nevertheless, further enhancement of coupling is expected in
the present scheme. For instance, the coupling strength could
be enhanced to 3gcosh2(rp) sinh(rp) for N = 3 and np = 0,
which is about 5.4 times higher than that for N = 1 when a
small rp of 1 is chosen. Note that the coupling enhancement in
our scheme is distinct from the

√
N! enhancement associated

with the N-photon atom-cavity interaction without using the
parametric driving field. In addition, large rp corresponds
to extremely strong driving field amplitude ε0, which may
cause problems in experimental implementation [47]. In this
sense the advantage of the proposed scheme seems apparent,
i.e., relatively large rp is no longer necessary for achieving
sufficient enhancement in coupling strength. Proposing such
an alternative scheme for enhancing atom-field coupling is
one of our important results.

B. Dynamical evolution

The above-mentioned properties can be understood more
clearly by exploring the dynamical evolution of the system.
Here the effects of dissipation are not considered because
it does not affect current analysis for system performance.
In this case, the dynamical evolution of the system can be
described by the quantum Liouville equation ρ̇ = i[ρ, H (N )

ACS],
where H (N )

ACS is the exact Hamiltonian given by Eq. (A3). We
assume that the initial states of two atoms and cavity mode
are excited state |e〉1, ground state |g〉2, and vacuum state
|0〉c, respectively. Note that as this is a vacuum state in the
squeezed frame, in the original laboratory frame the state will
correspond to a squeezed vacuum state. Experimentally, this
specific initial cavity state can be produced, e.g., in the optical
domain, via degenerated parametric down-conversion in the
optical parametric amplifier [58–60]; or, in the microwave
domain, via a Josephson parametric amplifier based on the
nonlinearity Josephson junctions [61–64].

By numerically solving the Liouville equation, we obtain
the time evolution of the population for the first atom being
in the excited state Pe(t ) [65]. Figure 2(a) shows the corre-
sponding results for cases of No = 1, 3, where we choose the
parameter condition 	(No)

e − ω f = 	s. Ideal oscillations can
be observed, indicating coherent energy exchange between
the atom and the cavity photon field. Moreover, the obvious
shrinking of the oscillation period for larger No is a direct
evidence of the enhancement in effective coupling strength.
For cases of Ne = 2, 4 similar situations appear as shown in
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FIG. 2. Time evolution of the population for the first atom being
in the excited state. The curves and the hollow squares are obtained
from exact and effective Hamiltonians, respectively. The parameters
are rp = 1, (a, c) 	e − ω f = 	s = 5 × 103g, (b, d) 	e − ω f =
2	s = 5 × 103g. The initial state of the system is |e〉1|g〉2|0〉c, which
is in resonance with state | f 〉1|g〉2|1〉c (| f 〉1|g〉2|2〉c) via single-photon
(two-photon) interaction. Dissipation is neglected.

Fig. 2(b), in which we choose the different parameter condi-
tion 	(Ne )

e − ω f = 2	s. In both figures, the analytical results
marked by hollow squares are obtained from the effective
Hamiltonians given by Eqs. (4), (5), (8), and (9) (np = 0).
Clearly, the analytical results are in excellent agreement with
the exact numerical results. For the same condition 	(No)

e −
ω f = 	s, the time evolution of Pe(t ) for N = 2, 3, 4 is plotted
in Fig. 2(c). It can be seen that the atom always stays on
the excited state for even N (Ne = 2, 4). This is reasonable
because the unmatched parameter condition introduces large
detunings into the transition paths of atom, hence completely
prohibiting the oscillations of the excited state. As for the
condition 	(Ne )

e − ω f = 2	s, the situation is contrary to that
in Fig. 2(c), where the oscillation for odd N is suppressed, as
observed in Fig. 2(d).

To further demonstrate the effective single- or two-photon
interaction in the reduced N-photon Hamiltonian, we plot the
time evolution of Pe(t ) with a different initial state of the
cavity mode, as shown in Fig. 3. Here we assume that two
atoms are initially in their ground states | f 〉1 and |g〉2, respec-
tively. For one photon initially populated in the cavity mode
[see Fig. 3(a)], only oscillation for N = 3 can be observed,
revealing that the atom interacts with the cavity photon via sn
effective single-photon process. When, however, two photons
are initially populated in the cavity mode [see Fig. 3(b)], all
oscillations for N = 2, 3, 4 are observed. This indicates that,
for N = 2, 4 (more precisely, even N), at least two photons
are required for the transitions of atom. Further, for arbitrary
even N the transitions of the atom can be triggered as long as
two photons initially populated in the cavity.

C. Effects of dissipation

We now take the cavity and atom dissipation into consider-
ation. In the squeezed frame, the master equation describing
only the dynamics of the atom-cavity-coupling system is

FIG. 3. Time evolution of the population for the first atom being
in the excited state. The results are obtained from the exact Hamil-
tonian. The common parameters are rp = 1, 	e − ω f = 	s = 5 ×
103g for N = 3, and 	e − ω f = 2	s = 5 × 103g for N = 2, 4. The
initial states of the system are (a) | f 〉1|g〉2|1〉c and (b) | f 〉1|g〉2|2〉c,
respectively. Dissipation is neglected.

given by

ρ̇ = i
[
ρ, H (N )

ACS

] +
∑
z,k

L(Lzk )ρ + (Ns + 1)L(La)ρ

+ NsL(L†
a )ρ − MsL′(L†

a )ρ − M∗
s L′(La)ρ, (10)

where Lzk = √
γ /2|z〉k〈e| (z = g, f ) are the Lindblad opera-

tors
describing the atomic spontaneous emissions with identical
rate γ /2, La = √

κa is the Lindblad operator describing the
cavity decay with rate κ , L(o)ρ = oρo† − (o†oρ + ρo†o)/2,
L′(o)ρ = oρo − (ooρ + ρoo)/2, and Ns = sinh2(rp) and
Ms = cosh(rp) sinh(rp) describe the squeezing-induced
noise, corresponding to the thermal noise and two-photon
correlation strengths [48,66], respectively. In Fig. 4 we
plot the time evolution of Pe(t ) in the first five periods by
numerically solving master equation (10) with N = 1, 2, 3,
and 4. The horizontal time axis has been rescaled in terms of
respective period of oscillation for various N (TN ). Actually,
the value of TN decreases with increasing N . The cavity and
atomic decay rates are set as κ = γ /2 = 0.1g. As shown in
Fig. 4(a), the amplitude of oscillations is strongly suppressed
for N = 1 where the maximum of population Pe(t ) during
the second period is approximate to 0.6. Increasing N to
2 can enhance the effective coupling strength (nearly 3.3
times in comparison with that for N = 1), thus resulting
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FIG. 4. The effects of dissipation on the time evolution of Pe(t ).
Here population oscillations in the first five periods for N from 1
(top) to 4 (bottom) are plotted. The unit of the horizontal axis TN

denotes the period of oscillation for various N , and it decreases with
increasing N . Other parameters are rp = 1.5, κ = γ /2 = 0.1g, 	e −
ω f = 	s = 2 × 104g for N = 1, 3, and 	e − ω f = 2	s = 2 × 104g
for N = 2, 4. The initial state of the system is |e〉1|g〉2|0〉c.

in modest recovery of oscillation, as observed in Fig. 4(b).
Since for larger N the effective coupling can be enhanced
greatly, we expect that the detrimental effects of dissipation
will be further mitigated for N = 3 and 4. As illustrated in
Figs. 4(c) and 4(d), significant recovery of oscillations can
be clearly observed, revealing that the effective coupling
strengths for N = 3, 4 are large enough to overwhelm the
strong dissipation. Notably, for N = 4, the maximum of Pe(t )
after the fifth period of oscillation is still above 0.9.

IV. ENHANCED STEADY-STATE ENTANGLEMENT

The enhancement of effective atom-cavity coupling offers
great potential for generation of high-fidelity (F ) steady-state
entanglement. For the proposed N-photon model, the higher
the power N , the larger the enhancement of effective coupling.
In this sense, it is convenient to select larger N to achieve
higher C [according to C = g2/(κγ )] and therefore F . Given
that there is a trade-off between the coupling enhancement and
the feasible parameters selection, in this section we mainly
demonstrate the improvement of entanglement preparation
in the model with N = 3. Simultaneously, for generating
high-fidelity steady-state entanglement, the additional noise
[i.e., thermal noise and two-photon correlation, as described
in Eq. (10)] induced by the parametric driving needs to be
eliminated. For this purpose, we introduce a squeezed vacuum
field to drive the cavity mode, such that the undesired noise
could be completely suppressed as long as specific phase
matching is satisfied (see Appendix B for details). In fact,
this ensures the cavity mode in the squeezed frame will
equivalently interact with a vacuum reservoir. The dynamics
of the system is thus governed by the standard master equation

in the Lindblad form ρ̇ = i[ρ, H ′] + ∑
z,k L(Lzk )ρ + L(La)ρ.

The detailed derivation regarding this master equation is given
in Appendix B.

We now turn to some principle insights with respect to the
dissipative entanglement preparation in our scheme. Specifi-
cally, inspired by the standard procedure in Refs. [46,53,67],
we rewrite the system Hamiltonian for N = 3 in the squeezed
frame as

H ′′ = Hg + He + V+ + V−, (11)

where

Hg =
∑

k=1,2

[
ω f | f 〉k〈 f | + �MW

2
(eiωMWt |g〉k〈 f | + H.c.)

]
,

He = 	sa
†a +

∑
k=1,2

[
	(3)

e |e〉k〈e| − (geff |e〉k〈 f |a + H.c.)
]
,

V+ = �

2
ei	Lt

∑
k=1,2

(−1)k−1|g〉k〈e|. (12)

Here geff = 3gU 2V , V− = V †
+, Hg (He) represents the interac-

tion inside the ground-state (excited-state) subspace, and V+
denotes the deexcitation from the excited-state subspace to
the ground-state subspace. Note that the high-frequency terms
in He have been eliminated via RWA. Further, we consider
weak driving � 	 geff , such that V+ (V−) can be treated as
a perturbation to the system. By adiabatically eliminating
the excited states, the effective Hamiltonian and Lindblad
operators describing, respectively, the ground-state subspace
and its dissipative processes can be obtained via the effective
operator formalism [53,67–70]. The effective Hamiltonian is
given by

Heff = �MW√
2

(|T 〉〈ψgg| + |T 〉〈ψ f f | + H.c.), (13)

where |ψgg〉 = |gg〉|0〉c, |ψ f f 〉 = | f f 〉|0〉c, |T 〉 = (| f g〉 +
|gf 〉)|0〉c/

√
2. Clearly, the microwave field (�MW) is able

to drive the transitions among states |ψgg〉, |ψ f f 〉, and |T 〉.
Notably, this can ensure that the generation of the steady state
is independent of the initial state. In addition, the effective
Lindblad operators are derived as

L′
g1

= rγ

[
(|T 〉 − |S〉)

(
1

2	̃e1

〈T | + 	̃s

2G̃1
〈S|

)
− 	̃s

g̃1
|gg〉〈gg|

]
,

L′
g2

= rγ

[
(|T 〉 − |S〉)

(
	̃s

2G̃1
〈S| − 1

2	̃e1

〈T |
)

− 	̃s

g̃2
|gg〉〈gg|

]
,

L′
f1

= rγ√
2

[
−	̃s

g̃1
(|T 〉+ |S〉)〈gg|+ | f f 〉

(
1

	̃e1

〈T |+ 	̃s

G̃1
〈S|

)]
,

L′
f2

= rγ√
2

[
	̃s

g̃1
(|T 〉 − |S〉)〈gg| − | f f 〉

(
1

	̃e1

〈T | − 	̃s

G̃1
〈S|

)]
,

L′
a = rκgeff

{[
(	̃e1 − 	̃e2 )	̃s

g̃1̃g2
|S〉 − ω f 	̃s

g̃1̃g2
|T 〉

]
〈gg|

− 2

G̃1
| f f 〉〈S|

}
, (14)
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FIG. 5. (a) Populations of |S〉, |T 〉, |ψgg〉, and |ψ f f 〉 versus time.
The initial state is set as a mixed state (|ψgg〉〈ψgg| + |ψ f f 〉〈ψ f f | +
|T 〉〈T |)/3. The parameters are rp = 1, ω f = ωMW = 0.1g, 	(3)

e =
150g′

eff + ω f , 	s = 	(3)
e − ω f , 	L = 	(3)

e − geff , C = 20, κ = γ /2,
� = 0.7γ , and �MW = 0.5�. (b) Population of |S〉 versus time for
C = 10, 20, and 30 (from top to bottom). The inset shows a close-up
view of the steady-state populations for C = 10, 20, and 30 (from
bottom to top). Other common parameters are the same as in (a).

where rγ (κ ) = e−i	Lt�
√

γ (κ )/2
√

2, 	̃e1 = 	(3)
e −

	L − iγ /2, 	̃e2 = 	(3)
e + 	 f − 	L − iγ /2, 	̃s = 	s +

ω f − 	L − iκ/2, g̃1(2) = g2
eff − 	̃s	̃e1(2) , and G̃1(2) =

2g2
eff − 	̃s	̃e1(2) . In Eq. (14) the state |S〉 expressed as

| f g〉 − |gf 〉)|0〉c/
√

2 can be transformed to the desired
maximally entangled state (| f g〉 − |gf 〉)/

√
2 after performing

a partial trace over the cavity mode degrees of freedom.
According to the analytical results above, the underlying
dynamics of the dissipative system could be understood
as follows: the effective Hamiltonian Heff drives the
populations from both |ψgg〉 and |ψ f f 〉 to |T 〉, which then
can be transferred to |S〉 via two effective spontaneous
emission processes with an identical rate of |rγ /(2	̃e1 )|2.
Simultaneously, populations leakage from |S〉 through an
effective cavity decay with a rate of |2rκgeff/G̃1|2 also exists,
resulting in a slight reduction of fidelity.

In Fig. 5(a) we plot the populations of states |S〉, |T 〉,
|ψgg〉, and |ψ f f 〉 versus time by numerically solving the
standard Lindblad master equation [Eq. (B4)]. The results
show that the population of the target state |S〉 would be
higher than 99% at a time of 500/g when the cooperativity
is set as C = 20. For smaller C, the preparation time for the
target state becomes shorter, but the steady-state population

is lower due to relatively stronger dissipation, as shown in
Fig. 5(b). Although specific experimental parameters for the
multiphoton model with N = 3 have not been demonstrated,
theoretical research on the multiphoton interaction has made
some progress, which enables us to anticipate the experi-
mentally feasible parameters to a reasonable extent. Recent
studies have made it possible to achieve the nonperturbative
ultrastrong two-photon coupling in a superconducting circuit
where the two-photon coupling strength becomes comparable
to the resonator frequency [22,71] (see Sec. V for detailed dis-
cussions). This implies that a two-photon coupling parameter
of several hundreds of MHz could be achievable in view of
a typical superconducting cavity frequency of ∼GHz [61,72].
Considering a potential weakening in the coupling strength
for higher nonlinear process with N = 3, we estimate roughly
a set of parameters {g, κ, γ }=2π × {9.5, 1.5, 3} MHz as an
example, corresponding to C ∼20. In this case, the time for
reaching steady-state entanglement with the current protocol
is estimated as roughly 8 μs.

In above numerical simulations, the parameter rp is set
as 1. In principle, a further increase in the fidelity can be
expected by means of increasing rp, which in turn leads to
an overall increase in system parameters. Taking rp = 3 as
an example, the effective coupling strength for N = 3 can
exceed 103g, corresponding to the detunings 	s > 105g and
	p > 107g, which are difficult to satisfy in some physical
systems [20,37]. In addition, we note that a large rp up to 3 is
necessary for generating high-fidelity (>0.99) entanglement
in the scheme with N = 1, which requires very large driving
field amplitude, i.e., ε0 > 106g. In our scheme with N = 3,
prominent enhancement in the atom-field coupling can be
realized for rp = 1, and then ε0 is as low as ∼103g. The
effective cooperativity, given by C′ = g2

eff/(κγ ), can be en-
hanced accordingly, resulting in a high-fidelity entanglement
preparation. Optimizing our scheme towards fast and high-
fidelity entanglement generation could be a promising topic of
future study. For instance, potential schemes using quantum
feedback control or pulse modulation based on Lyapunov
control have been demonstrated in Refs. [47,73–75].

V. DISCUSSION AND CONCLUSION

The proposed scheme could be implemented in contempo-
rary circuit QED systems, where superconducting qubits with
Josephson junctions acting as artificial atoms are strongly cou-
pled with an inductance or capacitance resonator or coplanar
waveguide resonator [76–78]. The three-level-system transi-
tions can be constructed by charge, transmon, xmon, and flux
qubit circuits [79] and engineered by tuning some external
parameters (e.g., voltage or magnetic bias). Regarding the
multiphoton interactions, it has been demonstrated that the
nonlinear Hamiltonian can appear, at least for two-photon
interaction (i.e., N = 2), in superconducting quantum circuits
(SQCs) [20,22,71,80,81]. In particular, nonperturbative two-
photon interactions with substantial coupling strengths have
been realized in Refs. [22,71], which are distinct from the
perturbative cases where higher-order effects of a dipolar
interaction enable small effective coupling strengths [17,18].
It is worth noting that for perturbative multiphoton processes
the coupling coefficient would decrease with increasing N .
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Nevertheless, as described in Refs. [22,71], the nonperturba-
tive two-photon interaction could be naturally implemented
with tunable coupling strength, thus enabling the two-photon
coupling strength to be comparable to the bare one-photon
coupling. Even so, the feasibility of the nonperturbative two-
photon interactions and the method to expand it for general
multiphoton processes remains open, which should moti-
vate further research on this topic. In addition, the required
parametric driving can be implemented by modulating the
flux through a cavity-embedded superconducting quantum
interference device (SQUID) [61,82,83]. Other solid-state im-
plementations like nitrogen-vacancy (NV) centers in diamond
coupled with a whispering-gallery-mode (WGM) cavity are
also possible applications for our scheme [84,85].

In conclusion, we have demonstrated the enhancement of
atom-field coupling in a multiphoton TC system driven by a
parametric driving field. By choosing proper parameters with
respect to the odevity of N , the original N-photon atom-cavity
interaction can be reduced to effective single- or two-photon
interaction, with the effective interaction being significantly
enhanced. The effective atom-cavity coupling strength can
be enhanced to be N-dependent on top of the exponential
enhancement induced only by the parametric driving. More-
over, we show that the detrimental effects of dissipation on
systematic evolution can be mitigated with increasing N . Prac-
tical application in the preparation of high-fidelity maximally
entangled steady state has also been demonstrated. We expect
that our proposal could find wide applications in quantum
information protocols.
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APPENDIX A: DERIVATION OF THE
EFFECTIVE HAMILTONIAN

To understand the potential properties of our sys-
tem, it is convenient to derive the effective Hamiltonian.
We first perform a unitary transformation with U (N ) =
exp[−iωp(a†a + N

∑2
k=1 |e〉k〈e|)t] on Eq. (1), and assume

θp = 0 for mathematical simplicity. To diagonalize the cavity-
only part in the resulting Hamiltonian, we further per-
form a squeezing transformation with US = exp[rp(a2 −
a†2)/2], where the squeeze parameter is defined via rp =
(1/2)arctanh(2ε0/	p). In this case, the total Hamilto-
nian of the system in the squeezed reference frame is
described by

H ′ = H (N )
ACS + H ′

CL + HMW, (A1)
where

H ′
CL = �

2
ei	Lt

∑
k=1,2

(−1)k−1|g〉k〈e| + H.c., (A2)

and HMW remains unchanged during the calculations. In
Eq. (A2) 	L = ω − Nωp. As for H (N )

ACS, it can be reduced
to either an effective single- or two-photon TC Hamiltonian
for arbitrary N by choosing proper parameter conditions. In
the following, we give the concrete expressions for cases
of N = 1, 2, 3, 4, which are enough to deduce the desired
effective Hamiltonian. The corresponding results are given,
respectively, by

H (1)
ACS = 	sa

†a +
∑

k=1,2

[
	(1)

e |e〉k〈e| + ω f | f 〉k〈 f | + g(U |e〉k〈 f |a − V |e〉k〈 f |a† + H.c.)
]
, (A3a)

H (2)
ACS = 	sa

†a +
∑

k=1,2

{
	(2)

e |e〉k〈e| + ω f | f 〉k〈 f | + g[U 2|e〉k〈 f |a2 + V 2|e〉k〈 f |(a†)2 − UV |e〉k〈 f |(a†a + aa†) + H.c.]
}
,

(A3b)

H (3)
ACS = 	sa

†a +
∑

k=1,2

{
	(3)

e |e〉k〈e| + ω f | f 〉k〈 f | + g[U 3|e〉k〈 f |a3 − V 3|e〉k〈 f |(a†)3 + UV 2|e〉k〈 f |(a†a†a + aa†a† + a†aa†)

−U 2V |e〉k〈 f |(aaa† + a†aa + aa†a) + H.c.]
}
, (A3c)

H (4)
ACS = 	sa

†a +
∑

k=1,2

{
	(4)

e |e〉k〈e| + ω f | f 〉k〈 f | + g[U 4|e〉k〈 f |a4 + V 4|e〉k〈 f |(a†)4

−UV 3|e〉k〈 f |(aa†a†a† + a†aa†a† + a†a†aa† + a†a†a†a)−U 3V |e〉k〈 f |(a†aaa + aa†aa + aaa†a + aaaa†)

+U 2V 2|e〉k〈 f |(aa†a†a + aaa†a† + a†aaa† + a†a†aa + aa†aa† + a†aa†a) + H.c.]
}
, (A3d)

where 	s = 	psech(2rp) with 	p = ω0 − ωp, 	(N )
e = ωe −

Nωp, U = cosh(rp), and V = sinh(rp).
For odd N (i.e., No = 1, 3, . . . ), adjusting 	(No)

e − ω f =
	s, the rotating term describing the effective single-photon
process [e.g., the underlined term in Eq. (A3c)] is resonant

while the other terms are off-resonant and hence could be ne-
glected via RWA. Similarly, for even N (i.e., Ne = 2, 4, . . . ),
the rotating term describing the effective two-photon process
[annihilating two photons with a transition of the atom from
the ground state to excited state; see, e.g., the underlined term
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in Eq. (A3d)] continues on condition that 	(Ne )
e − ω f = 2	s.

In other words, the N-photon TC Hamiltonian can be reduced
to either an effective single- or two-photon TC Hamiltonian
in terms of the odevity of the photon number N . By carefully
comparing and deriving the exact form of H (N )

ACS for various
N , we obtain the effective form of the reduced single- and
two-photon TC Hamiltonians

H (No)
ACS = 	sa

†a +
∑

k=1,2

{
	(No)

e |e〉k〈e| + ω f | f 〉k〈 f |

+ (−V )mU m+1g|e〉k〈 f |
∑

l

Pl [a
m+1(a†)m]

+ H.c.

}
, (A4a)

H (Ne )
ACS = 	sa

†a +
∑

k=1,2

{
	(Ne )

e |e〉k〈e| + ω f | f 〉k〈 f |

+ (−V )nU n+2g|e〉k〈 f |
∑

l

Pl [a
n+2(a†)n]

+ H.c.

}
, (A4b)

which are valid for

	(No)
e − ω f = 	s, 	(Ne )

e − ω f = 2	s. (A5)

In Eq. (A4) m = No−1
2 , n = Ne−2

2 , and the sum with respect
to l is over all permutations (produced by the permutation
operator Pl ).

APPENDIX B: DERIVATION OF THE MASTER EQUATION

The cavity mode in the squeezed frame is coupled to a
squeezed vacuum reservoir if initially the cavity mode in
the laboratory frame is coupled to a vacuum reservoir. To
eliminate the additional noise [as characterized by Ns and
Ms in the master equation (10)] and ensure the system in
vacuum in the squeezed frame, we introduce an auxiliary

squeezed field (which can be thought of as a squeezed vacuum
reservoir) to drive the cavity in the laboratory frame. We
note that this method has been demonstrated in Refs. [45–48]
and generalized in our recent studies [56,57], in which more
details can be seen clearly.

Here we give a brief derivation of the master equation
in the presence of squeezed reservoir. After introducing the
auxiliary squeezed reservoir (with a squeezing parameter re

and a reference phase θe) in the laboratory frame, the master
equation describing the dynamics of the system can be written
as

ρ̇ = i[ρ, H] +
∑
z,k

L(Lzk )ρ + (Nl + 1)L(La)ρ

+ NlL(L†
a )ρ − MlL′(L†

a )ρ − M∗
l L′(La)ρ, (B1)

where Nl = sinh2(re) and Ml = cosh(re) sinh(re)eiθe are pa-
rameters that describe the squeezed vacuum reservoir. In the
squeezed frame, the above master equation is reexpressed as

ρ̇ = i[ρ, H ′] +
∑
z,k

L(Lzk )ρ + (N ′
s + 1)L(La)ρ

+ N ′
sL(L†

a )ρ − M ′
sL′(L†

a )ρ − M ′∗
s L′(La)ρ, (B2)

where N ′
s and M ′

s are given, respectively, by

N ′
s = sinh2(re) cosh(2rp) + sinh2(rp)

+ 1
2 sinh(2re) sinh(2rp) cos(θe + θp), (B3a)

M ′
s = exp(iθp)

(
1
2 sinh(2rp) cosh(2re)

+ 1
2 sinh(2re){exp[i(θe + θp)] cosh2(rp)

+ exp[−i(θe + θp)] sinh2(rp)}). (B3b)

By choosing re = rp and θe + θp = π , we have N ′
s = M ′

s =
0, and in this way the master equation (B2) is simplified to the
standard Lindblad form

ρ̇ =i[ρ, H ′] +
∑
z,k

L(Lzk )ρ + L(La)ρ. (B4)
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