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We explore the possibility of bicircular high-order harmonic spectroscopy to probe the laser-induced dynamics
of molecules in a non-Born-Oppenheimer treatment. The numerical solutions of the time-dependent Schrödinger
equation for aligned H2 and its isotopologs in ω-2ω bicircular fields show that the intensity ratio between D2 and
H2 for harmonic orders 3q is lower than that for orders 3q ± 1 (q ∈ N ). Based on the strong-field approximation,
we demonstrate that the interplay of vibrational wave-packet motion and dynamical-symmetry breaking leads
to the different ratio. In general, the vibrational motion causes the ratio between isotopologs to increase with q
for both harmonic orders 3q and 3q ± 1. On the other hand, the emission of orders 3q is possible only because
of the alignment-induced breaking of the dynamical symmetry. The faster nuclear motion in H2 enhances the
symmetry breaking, resulting in the lower D2/H2 ratio for the orders 3q. Therefore, the harmonic orders 3q give
access to the attosecond probing of dynamical symmetries in molecules.

DOI: 10.1103/PhysRevA.101.053438

I. INTRODUCTION

High-order harmonic generation (HHG) from atoms and
molecules driven by strong laser fields has important appli-
cations in attosecond science [1–8]. The process of HHG
can be qualitatively described by the classical three-step
model [9,10] or its quantum-mechanical formulation, the
Lewenstein model, also known as strong-field approximation
(SFA) [11]. In the first step, an electron is removed through
the potential barrier formed by the atomic or molecular po-
tential and the laser field. In the second step, the electron is
accelerated in the oscillating laser field. Finally, the electron
may return to the parent ion and may recombine with the ion,
emitting an extreme ultraviolet photon. Since these processes
occur on the attosecond time scale and they create a mapping
between electron trajectories and photon energies [12], HHG
spectra are useful for probing the ultrafast dynamics of atoms
and molecules [13,14].

The fundamental challenge in attosecond science is the
probing of rapidly evolving processes in atoms and molecules.
The present work is related to the following two important de-
velopments in this area. One is the investigation of the vibra-
tional motion in molecules, including isotope effects [15–24].
It offers two important schemes to detect ultrafast pro-
cesses inside molecules, since the laser-driven nuclear mo-
tion introduces amplitude modulation [15,16] and frequency
modulation [22,24,25] in harmonic signals via the essential
new degree of freedom, the internuclear distance. The other is
the use of nontrivial forms of laser pulses, such as parallel
two-color fields [26], orthogonal two-color fields [27–31],
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and bicircular fields [32–34]. Bicircular high-order harmonic
spectroscopy, especially, has received attention in theory
and experiment owing to its sensitivity to electronic struc-
ture [35], chirality [36–38], and atomic and molecular sym-
metries [39–43].

Symmetry is the origin of selection rules in HHG [44–47].
Such selection rules are important in the study of molecular
structure and dynamics [14,48]. A precise analysis involves
the concept of “dynamical symmetry” [46], which means
that the time-dependent Hamiltonian describing the target
and external field is invariant under a transformation that
combines a time translation and a spatial transformation such
as inversion or rotation. The most widely known example is
the generation of odd-order harmonics in HHG when linearly
polarized laser pulses and inversion-symmetric targets such
as atoms are used [44]. The breaking of inversion symme-
try leads to the emission of additional even-order harmon-
ics [44,49], which can be used as a tool to measure molecular
wave-packet dynamics [49,50]. Recently, it has been demon-
strated that HHG with bicircular fields provides a probe of
dynamical symmetries in atoms and molecules [42]: For an
ω-2ω bicircular field, the harmonic orders 3q (q ∈ N) are
forbidden in threefold-symmetric systems (such as atoms plus
the bicircular field). If the threefold symmetry is perturbed,
the orders 3q become observable. In Ref. [42], this has been
demonstrated by femtosecond pump-probe measurements.
However, the interplay of dynamical symmetry in molecules
and the vibrational motion on the attosecond time scale has
not been addressed previously.

In this article, we investigate HHG from the hydrogen
molecule and its isotopologs driven by ω-2ω bicircular laser
fields beyond the Born-Oppenheimer (BO) approximation.
We observe that the intensity ratio between D2 and H2 for har-
monic orders 3q ± 1 (q ∈ N ) is similar to the results obtained
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with linearly polarized laser fields [15]. Interestingly, the ratio
between D2 and H2 for harmonic orders 3q is smaller than
that for harmonic orders 3q ± 1. These results can be well
interpreted by invoking two factors: the vibrational wave func-
tion of nuclear motion and the dynamical-symmetry breaking.
This is clearly demonstrated through a SFA-type analysis for
HHG in ω-2ω bicircular fields. Hence, in bicircular fields,
the intracycle nuclear motion can be reconstructed from the
ratio between D2 and H2 for harmonic orders 3q ± 1 [15]
and the ratio for harmonic orders 3q is sensitive to symmetry
breaking. This is a potential tool to probe time-dependent
dynamical symmetries inside molecules.

II. THEORETICAL MODEL

We describe the laser-driven correlated electronic and nu-
clear dynamics using a non-BO single-active electron model
of H2. In this model, the electron moves in two-dimensional
space with a Cartesian coordinate r. The orientation θ of
the molecule with respect to the field is held frozen, since
the rotational motion can be neglected on the few-cycle time
scale. The effective Hamiltonian for the interaction with a
laser field E(t ) takes the form (Hartree atomic units are used
throughout)

Heff = − ∂2
R

2Mn
− ∂2

r

2Me
+ Veff (R, r) + r · E(t ), (1)

where Mn = M1M2/(M1 + M2) and Me = (M1 + M2)/(M1 +
M2 + 1) are the reduced masses of the nuclei and electron,
respectively, with M1,2 being the masses of the nuclei. R is the
internuclear distance. The effective potential is chosen as [15]

Veff (R, r) = V +
BO(R) −

∑
j=1,2

Z (R, |r − R j |)√|r − R j |2 + 0.5
, (2)

where V +
BO(R) is the BO ground-state potential of H+

2 created
by the inactive electron. R j represent the positions of the
two nuclei. Here, the effective nuclear charge Z (R, r) = [1 +
exp(−r2/σ 2(R))]/2 is introduced to describe screening, i.e.,

Z (R, r)
r→∞−−−→ 1/2 and Z (R, r)

r→0−−→ 1. The parameter σ (R) is
adjusted such that the lowest BO potential-energy curve of
the Hamiltonian matches that of real H2. This model does not
include electronic excitation of the molecular ion. From previ-
ous work [51] on HHG with linear polarization at parameters
comparable to the present work, we judge that excitation of
the ion plays a negligible role when HHG is dominated by
short electron trajectories. Importantly, however, the model
includes vibrational motion of the molecular ion. When the
active electron is far from the core, the vibrational motion is
governed by the BO potential V +

BO. This means that ionization
initiates vibrational dynamics in the ion, including also a
small but unimportant fraction of dissociation. The ω-2ω

bicircular field composed of two counter-rotating components
with equal field strengths [52,53] reads

E(t ) = E0 f (t )

[(
cos(ωt )
sin(ωt )

)
+

(
cos(2ωt )
−sin(2ωt )

)]
. (3)

E0 is the electric-field amplitude of each component of the
bicircular field and ω is the frequency of the fundamental laser
field. The bicircular field has a trapezoidal envelope f (t ) with
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FIG. 1. The harmonic spectra for H2 in a 912/456 nm pulse with
total intensity 3.51 × 1014 W/cm2. The sketch in the lower left part
illustrates the direction of the molecular axis relative to the applied
electric field.

a total duration of eight optical cycles including two-cycle
linear ramps.

The time-dependent Schrödinger equation (TDSE) is nu-
merically solved by the Crank-Nicolson method [54,55] with
a time step of 0.1 a.u. The grid ranges from −170 to 170 a.u.
for the electron and from 0.5 to 20 a.u. for the internuclear
distance with the grid spacings �x = �y = �R = 0.1 a.u.
Absorbing boundaries with a cos1/8-shaped mask function are
employed to avoid reflections of the wave function for all
coordinates. The ground state of neutral molecules is prepared
by imaginary-time propagation [56]. The dipole acceleration
can be obtained through the Ehrenfest theorem [57]:

a(t ) = 1

Me
〈ψ (t ) | ∂r(Veff + r · E(t )) | ψ (t )〉. (4)

The total bicircular high-order harmonic spectrum can be
calculated from the Fourier transform of the dipole accelera-
tion,

Ptot (�) =
∑

n=x,y

∣∣∣∣ 1√
2π

∫ +∞

−∞
an(t )ei�t dt

∣∣∣∣
2

, (5)

with the harmonic frequency �. an(t ) represent the x and
y components of the dipole acceleration. To evaluate the
harmonic intensity at harmonic order N (N ∈ N ), we integrate
the signal over one harmonic peak at � = Nω.

III. RESULTS AND DISCUSSIONS

A. TDSE results

Figure 1 shows one representative HHG spectrum for
aligned H2 in a 912/456 nm bicircular pulse with total in-
tensity 3.51 × 1014 W/cm2. The molecular axis is aligned
along the x axis. The combination of generating medium
and laser field possesses C1 symmetry using the notation of
Ref. [47]. Therefore, all integer harmonic orders are gen-
erated in Fig. 1, including orders 3q which are symmetry
forbidden in atoms. Moreover, the harmonic spectrum exhibits
a slow decrease with energy and a cutoff not far from the
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FIG. 2. Ratios of harmonic intensities in different isotopologs

(aligned along the x axis) as a function of harmonic order for
(a) 912/456 nm and (b) 1200/600 nm. Results are shown for
harmonic orders 3q ± 1 and 3q as indicated. The field amplitudes
are (a) E0 = 0.05 a.u. and (b) E0 = 0.04 a.u.

energy Ip + 3.17Up. Here, Ip is the vertical ionization po-
tential and Up = (2E0)2/4ω̄2 is an effective ponderomotive
energy, where 2E0 is the sum of the electric field ampli-
tudes of the two components of the bicircular field and
ω̄ = (ω + 2ω)/2 is the average frequency of the bicircular
field. By transforming to a rotating frame, the bicircular field
becomes linearly polarized with frequency ω̄, which explains
the success of the simple expression for the cutoff [58–60].

We compare the harmonic spectra of H2, D2, and T2,
aligned parallel to the x axis, driven by the ω-2ω bicircu-
lar laser field. The simulations are carried out at different
fundamental wavelengths. We use 912/456 nm pulses (with
amplitude E0 = 0.05 a.u., total intensity 3.51 × 1014 W/cm2)
in Fig. 2(a) and 1200/600 nm pulses (with amplitude E0 =
0.04 a.u., total intensity 2.25 × 1014 W/cm2) in Fig. 2(b). We
find that in both cases the ratios between different isotopologs
for harmonic orders 3q ± 1 are consistent with the results
in Refs. [15,16], where linearly polarized laser pulses were
used. Usually, heavier isotopologs generate stronger harmon-
ics and the ratio between the different isotopologs increases
with harmonic order. This is explained by the slower nuclear
motion in the heavier isotopologs together with the fact that
higher harmonic orders imply longer time intervals for the
vibrational wave-packet evolution [15,16,23] (see below for
further details). This concept is applicable to any molecular
orientation [61]. For D2 (3q ± 1) over H2 (3q ± 1), the ratio
reaches about 1.7 beyond the cutoff. Interestingly, however,
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FIG. 3. Illustration of the mechanism of molecular HHG for a
light isotopolog on the left and a heavy isotopolog on the right.
(a) Vibrational wave-packet dynamics (quantitative results for the
initial and final wave packets in H2 and D2 as they appear in the
SFA-based theory for laser parameters as in Fig. 1 and harmonic
order 52). Here, the initial ground state is normalized. However, the
norm of the wave packet is not conserved due to the excursion of the
electron in complex time. (b) Increase of symmetry breaking by bond
stretching (qualitative).

the ratios at harmonic orders 3q are smaller than those at
harmonic orders 3q ± 1.

By considering two important factors in HHG, namely, the
vibrational wave-packet dynamics and the dynamical symme-
try, the above TDSE results can be interpreted. Illustrations
of these two aspects are shown in Fig. 3. In Fig. 3(a), a wave
packet is launched into the lowest BO potential V +

BO of the ion
when the active electron is removed from the initial state of the
neutral molecule. The nuclear wave packet undergoes a time
evolution during the continuum travel of the active electron.
The overlap between the real initial wave function χ0 and the
evolved wave function at the recombination time tr influences
decisively the strength of harmonic emission. Higher overlap
leads to stronger harmonic generation. Figure 3(a) shows
the quantitative results for the initial and evolved vibrational
wave packets in H2 and D2 in the case of harmonic order
52 for the parameters of Fig. 1. Here, we use the complex
electron excursion time that arises in the SFA-based theory
(see next section) as the time span for vibrational evolution,
which leads to the nonconserved norm of the wave packet.
The isotope effect is visible in the plot: the wave-function
overlap is larger in the case of the heavier isotopolog due to the
slower nuclear motion. Figure 3(b) illustrates the dynamical-
symmetry breaking. The ω-2ω bicircular electric field with a
threefold symmetry describes a Lissajous figure, resembling a
clover leaf (see Fig. 1). On the interaction of such a pulse with
the aligned H2, the otherwise symmetry-forbidden harmonic
orders at 3q are emitted because the threefold symmetry
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is broken by the alignment [42,47]. Reference [42] showed
that the symmetry breaking does not significantly affect the
harmonic orders 3q ± 1 in their setup. In our case, while the
symmetry breaking is always present, it is more pronounced
for the lighter isotopolog because the faster expansion of the
system after the ionization step causes a stronger deviation
of the electron wave function from spherical symmetry. Fig-
ure 3(b) shows a qualitative sketch of this effect.

Therefore, the ratios found in the TDSE results can be
understood as follows. The small nuclear mass of H2 means a
fast separation of the nuclei. This causes a more rapid decrease
of the vibrational overlap compared to D2/T2, weakening
both harmonic orders 3q and 3q ± 1 [15,16]. However, faster
nuclear motion also results in a higher degree of symmetry
breaking. This implies more intense signals for harmonic or-
ders 3q but only a slight variation in harmonic orders 3q ± 1.
As a result, the ratio for orders 3q ± 1 is similar to the results
in linear polarization, whereas the ratio for orders 3q is lower.

B. SFA model with vibrational motion

We give a quantitative modeling on the basis of the above
explanation using SFA [62] for vibrating molecules in bi-
circular driving fields. Previous theory [15,61] has already
extended the Lewenstein model [11] to include the vibra-
tional motion in diatomic molecules. In the extended SFA,
the dependence of HHG on the electronic structure of the
system is captured by the recombination transition matrix
element drec(ti, tr, R), which is a function of the internuclear
vector R. This implies an orientation dependence of drec, i.e.,
the spherical symmetry is broken. The degree of symmetry
breaking depends on the internuclear distance R, which, in
turn, is determined by the nuclear motion. Effectively, the
harmonic vectorial amplitude is proportional to the following
integral over R [61],

C(ti, tr ) = e−i(S(ti,tr )−�tr )

×
∫ ∞

0
dR drec(ti, tr, R)χ0(R)U +

R (tr − ti )χ0(R),

(6)

with the semiclassical action S(ti, tr ) = 1
2

∫ tr
ti

dt ′[k(ti, tr ) + A(t ′)]2 + Ip(tr − ti ) and the time-evolution
operator for nuclear motion, U +

R . This time-evolution
operator propagates the vibrational wave function
according to the one-dimensional TDSE i∂tχ (R, t ) =
[−∂2

R/(2Mn) + Ṽ +
BO(R)]χ (R, t ) with Ṽ +

BO(R) = V +
BO(R) −

V +
BO(〈χ0|R|χ0〉). Here, a constant has been added to the BO

potential of H+
2 to be consistent with the use of the vertical

ionization potential Ip rather than the absolute value of the H2

ground-state energy in the SFA action. The effect of the laser
field on the vibrational dynamics of H+

2 is neglected. This
is consistent with the single-active-electron approximation
used in the TDSE model, which implies that, after removal of
the active electron, the ion remains in the electronic ground
state and it is not affected by the laser field. The times of
ionization, ti, and recombination, tr , are calculated by solving
the corresponding saddle-point equations for the bicircular

field:

[k(ti, tr ) + A(ti )]2

2
= −Ip, (7)

[k(ti, tr ) + A(tr )]2

2
= � − Ip. (8)

Here, we define the vertical ionization potential as Ip =
V +

BO(R0) − ε0, where ε0 is the ground-state energy of the neu-
tral molecule and R0 is its equilibrium distance. The saddle-
point momentum is k(ti, tr ) = − ∫ tr

ti
dt ′A(t ′)/(tr − ti ). In the

linear combination of atomic orbitals approximation [63], and
using the velocity form, the recombination matrix element is
drec(ti, tr, R) ∝ v(ti, tr ) cos(v(ti, tr ) · R/2). Here, the velocity
of the electron at the return time tr is v(ti, tr ) = k(ti, tr ) +
A(tr ) with the vector potential A(t ) = − ∫ t dt ′ E(t ′).

In a bicircular driving field with threefold dynamical sym-
metry [64], we have

E
(

t + T

3

)
= D 2π

3
E(t ) (9)

with the period T of the fundamental field and the rotation
matrix D 2π

3
representing the rotation by an angle of 2π

3 around
the z axis. The vector potential A(t ) fulfills the same symme-
try. If ti and tr are saddle-point times, i.e., solutions of Eqs. (7)
and (8), then also ti + T

3 and tr + T
3 are solutions. Based on

the symmetry in Eq. (9), we find

k
(

ti + T

3
, tr + T

3

)
= D 2π

3
k(ti, tr ), (10)

v
(

ti + T

3
, tr + T

3

)
= D 2π

3
v(ti, tr ), (11)

S

(
ti + T

3
, tr + T

3

)
= S(ti, tr ). (12)

The time-shifted recombination transition matrix element sat-
isfies

drec

(
ti + T

3
, tr + T

3
, R

)
= D 2π

3
drec

(
ti, tr, D−1

2π
3

R
)
. (13)

D−1
2π
3

denotes a rotation by an angle of 2π
3 in the opposite

direction of D 2π
3

. The summation of harmonic amplitudes
from the three short trajectories in one optical cycle of the
fundamental field, projected on the polarization vectors e± =
(ex ± iey)/

√
2 for left and right circular polarization, can thus

be written as

C±(�) = e−iS̃
∫ ∞

0
dR

2∑
j=0

ei 2π j
3 ( �

ω
∓1)e∗

± · v(ti, tr )

× cos

⎛
⎝v(ti, tr ) · D−1

2π j
3

R

2

⎞
⎠χ0(R)U +

R (τ )χ0(R)

(14)

with S̃ = S(ti, tr ) − �tr and excursion time τ = τ (�) =
tr (�) − ti(�). In Eq. (14), if the recombination matrix el-
ement is independent of the direction of R, the frequen-
cies � = 3ωq are symmetry forbidden due to destructive
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interference of the contributions from three short trajectories,
i.e., C±(3ωq) = 0.

The total intensity ratio between D2 and H2 is approxi-
mated as

Ra(�) = |C−
D (�) |2 +|C+

D (�)|2
|C−

H (�)|2 + |C+
H (�)|2 . (15)

In the SFA calculations, we use the complex times ti and tr
of the short trajectory. Note that, as discussed in Ref. [62],
an electron has to start with an appropriate initial transverse
velocity in order to return to the parent ion on a classical
trajectory. Since for the long trajectories much larger initial
velocities are needed compared to the short trajectories, and
because larger velocities imply smaller probabilities, these
contributions are effectively suppressed. Thus the short tra-
jectories make the dominant contribution to HHG, which
is also confirmed in our numerical results. We use the Ga-
bor time-frequency analysis [65,66] to isolate this trajec-
tory in the TDSE results. The total harmonic intensity is
the coherent sum over the relevant time windows at times
t j ({ j ∈ N|1 � j � 12}) that contribute to the short trajecto-
ries in the flat-top part of the trapezoidal pulse,

IG(�) = IGx (�) + IGy (�) =
∑

n=x,y

∣∣∣∣∣∣
12∑
j=1

Ḡn(�, t j )

∣∣∣∣∣∣
2

, (16)

with Ḡn(�, t j ) = ∫ t j+�t
t j

dt Gn(�, t ) and the Gabor transform

Gn(�, t ) =
∫

dt ′an(t ′)e−(t ′−t )2/(2ς2 )ei�t ′
. (17)

We choose ς = 1/(3ω).
Figure 4 shows the intensity ratios between D2 and H2

for various orientations obtained by SFA and TDSE calcu-
lations. The laser parameters are the same as in Fig. 2(a).
The harmonic orders 3q − 1 are excluded from Fig. 4, since
they show the same trend as harmonic orders 3q + 1. In
general, the TDSE ratios of both harmonic orders 3q + 1
and 3q are slightly reduced due to the elimination of long
trajectories when compared to Fig. 2(a). This happens because
the D2/H2 ratio for the long trajectory is higher than that for
the short trajectory, which has been reported and explained
previously [23,51]. The reason is essentially that longer excur-
sion times allow for longer vibrational motion and therefore to
an increased difference between HHG in D2 and H2. Also, the
trajectory selection leads to smoother curves. We find good
agreement between SFA and TDSE results. In particular, the
difference between the ratios for 3q + 1 and 3q is evident
in both types of calculations. Similar results are obtained
for the case of 1200/600 nm. These results are only weakly
dependent on the molecular orientation as shown in Fig. 4.

Our results are significantly influenced by both vibrational
dynamics and dynamical symmetry breaking. This implies
that both phenomena occur on a similar time scale, namely,
the attosecond time scale of electron trajectories.

FIG. 4. Harmonic intensity ratio between D2 and H2 in a
912/456 nm bicircular pulse with 3.51 × 1014 W/cm2 total intensity
as a function of harmonic order. Solid blue lines are TDSE results
for 3q + 1 (stars) and 3q (triangles). Here, only short trajectories
are retained in the TDSE analysis. The corresponding SFA results
Ra(�) are displayed as circles (3q + 1) and squares (3q) connected
by dashed red lines. The orientation of the molecules with respect to
the x axis is (a) θ = 0◦, (b) θ = 50◦, (c) θ = 80◦, and (d) θ = 90◦.

IV. CONCLUSIONS

In summary, we have studied HHG in a non-BO model of
aligned H2, D2, and T2 interacting with ω-2ω bicircular fields.
The TDSE simulations show that the harmonic intensity ratios
D2/H2 and T2/H2 for harmonic orders 3q ± 1 and 3q differ.
SFA results agree well with the TDSE results. Two main rea-
sons, the vibrational wave-packet motion and the dynamical
symmetry, give rise to the different ratios. On the one hand,
the vibrational motion weakens harmonics of all allowed
harmonic orders (3q ± 1 and 3q) in lighter isotopologs due
to the faster nuclear motion, which is familiar from previous
theory and experiment [15,16]. On the other hand, generation
of harmonic orders 3q is allowed only when the threefold
dynamical symmetry is violated. In the lighter isotopologs,
the degree of symmetry breaking induced by the faster vi-
brational motion is higher than in the heavier isotopologs
so that this effect prefers the lighter species, which finally
results in the lowered harmonic intensity ratio for the orders
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3q. The dependence of the ratio on the electron excursion
time reflects the attosecond-scale dynamics of the symmetry
breaking. Observation of these effects requires HHG from
an aligned sample of molecules. Although this is difficult to
achieve with H2 molecules, we note that partial laser-induced
alignment was found in previous experiments on H2 and D2

when sufficiently long linearly polarized femtosecond pulses
were used [17].
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Becker, T. Popmintchev, M. M. Murnane, and H. C. Kapteyn,
Bright circularly polarized soft X-ray high harmonics for X-ray
magnetic circular dichroism, Proc. Natl. Acad. Sci. USA 112,
14206 (2015).

[35] D. Baykusheva, S. Brennecke, M. Lein, and H. J. Wörner,
Signatures of Electronic Structure in Bicircular High-Harmonic
Spectroscopy, Phys. Rev. Lett. 119, 203201 (2017).

[36] O. Smirnova, Y. Mairesse, and S. Patchkovskii, Opportunities
for chiral discrimination using high harmonic generation in
tailored laser fields, J. Phys. B 48, 234005 (2015).

[37] D. Baykusheva and H. J. Wörner, Chiral Discrimination
through Bielliptical High-Harmonic Spectroscopy, Phys. Rev.
X 8, 031060 (2018).

[38] Y. Harada, E. Haraguchi, K. Kaneshima, and T. Sekikawa,
Circular dichroism in high-order harmonic generation from
chiral molecules, Phys. Rev. A 98, 021401(R) (2018).

[39] D. M. Reich and L. B. Madsen, Illuminating Molecular Symme-
tries with Bicircular High-Order-Harmonic Generation, Phys.
Rev. Lett. 117, 133902 (2016).
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