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Rotationally induced population inversion between the B>X} and X 2)3; states of N, exposed to an
intense laser pulse
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We investigate the role of the rotational excitation in the coherent and unidirectional B> -X 22; emission
of N, * at 391 nm called air lasing generated when N; is irradiated with intense femtosecond near-infrared laser
pulses at 800 nm. We simulate the time-dependent population transfer process of N,™, which is assumed to
be generated suddenly in an intense ultrashort laser pulse, by including vibrational and rotational degrees of

freedom, and reveal that, when the light field intensity is below ~ 4 x 10" W cm™

2, the population inversion

can be achieved in N,* only between rotationally highly excited levels in the vibrational ground (v’ = 0) state
of the B>%F state and those in the vibrational ground (v” = 0) state of the X 22; state, so that the lasing at
391 nm is realized even when the total population in the v’ = O state of the electronically excited B2E] state is
not inverted with respect to the total population in the v = 0 state of the electronic ground X 22; state.

DOI: 10.1103/PhysRevA.101.053412

I. INTRODUCTION

When intense femtosecond laser pulses are focused in air,
unidirectional and coherent radiation called air lasing is gen-
erated, originating from the population inversion processes
between an electronically excited state and the electronic
ground state of No and N, [1,2]. Among the air-lasing
emission lines, the emission at 391 nm from the vibrational
ground state in the electronically excited B> state to the
vibrational ground state in the electronic ground X 22;' state
of N,* [3,4] has attracted much attention in the past years,
and a variety of different scenarios have been proposed for
the mechanism of the lasing action. For example, the super-
radiance [5-8], in which a group of excited molecules interact
with light collectively and coherently, was proposed as a
possible mechanism of the air lasing. As another mechanism,
seed amplification induced by a stimulated emission [4,9,10]
has been proposed as an emission mechanism.

As for the excitation process, field-induced inelastic recol-
lision [6,11] was proposed for the mechanism of the prepa-
ration of N, in the electronically excited B2X} state. Later
on it was reported that the recollision mechanism could not
explain air-lasing phenomenon [12,13]. On the other hand, the
postionization optical coupling [4,10] was proposed as a pos-
sible mechanism by which the population is inverted between
the B2%;" and X ZE; states. By employing a sudden turn-on
pulse [4,14], we revealed theoretically that the population
inversion can be achieved between the B2X;" state and the
X 22; state so that the air lasing at 391 nm is realized [4,15].
It was shown recently that the effect of molecular alignment
[16] as well as the effect of the laser polarization [17] in the
air lasing at 391 nm are interpreted well by the postionization
optical coupling model with a sudden turn-on laser pulse.
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In 2017 [14], we investigated theoretically population
transfer in a two-level system exposed to a sudden turn-on
pulse by quasistationary Floquet theory [18] and showed
that the population transfer processes can be interpreted as
adiabatic population transfer from the Floquet states to the
field-free excited states. By extending this method so that
it can treat a multiple-level system exposed to a sudden
turn-on laser pulse, we investigated the population transfer
among the three electronic states of N, ", i.e., the electronic
ground X 22; state, the first electronically excited A IT,

state, and the second electronically excited BZE;* state, and
revealed that the participation of the A %TI, state can reduce
the threshold light-field intensity for the population inversion
between the vibrational levels in the B2Y} and X 22; states,
and facilitate the lasing action at 391 nm [15].

Recent experimental studies showed that the rotational
degrees of freedom need to be taken into account in the
interpretation of the lasing at 391 nm. The rotational co-
herence in the 391-nm lasing was identified through pump-
probe measurements [19] and the evidence of the coherent
couplings between the rotational levels of the B2X | state
and the rotational levels of the X 22; state were found by
time-resolved spectroscopy [20] and were theoretically inter-
preted [21]. The rotational excitation was also suggested as a
possible mechanism of the population inversion between the
B2XF state and the XZZ; state [22,23]. In Refs. [22,23],
through the spectroscopic measurements, it was shown that
the population inversion can be achieved between rotational
levels in the B2X;" state and those in the X 2X} state when
the wavelengths of the excitation laser are 800 [22,24] and
1500 nm [23].

In our previous studies, we interpreted theoretically the
population transfer processes of N, among the three elec-
tronic states in an intense ultrashort laser field by taking into
account its vibrational degrees of freedom [15,16]. In the
present study, by considering the importance of rotation of
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N>, we develop our theoretical model for treating the pos-
tionization couplings among the three electronic states of N, ™
by including the rotational degrees of freedom. By carefully
adjusting the light field intensity, we reveal that, in a specific
light-field intensity range, the population inversion can be
achieved in N, between rotationally highly excited levels
in the B2 state and those in the X 22; state, even when
the total population in the v’ = 0 state of the electronically
excited B2E; state is not inverted with respect to the total
population in the v = 0 state of the electronic ground X 22;
state, leading to the rotationally induced lasing at 391 nm.

II. THEORY
The time-dependent population transfer in the N, system
can be described by the time-dependent Schrédinger equation,

ih%\y(r, 1) = H(t)W(r, 1), (1)

where H(t) is the Hamiltonian operator. We express the
general solution as

Vmax Kmax K

Z ZZ Z Cava(t)%va(l‘). (2)

a=X,A;,A_,B v=0 K=0m=—K

Y(r,t) =

In Eq. (2), « denotes one of the four lowest-energy electronic
states, that is, the X 22; state, the doubly degenerate A 11,
state (called the A, state and A_ state), and the B 22; state,
where v is the vibrational quantum number, K is the angular
momentum quantum number of N, T, including the electronic
orbital angular momentum, m is the projection of the total
angular momentum on the space-fixed z axis, and r is the
internuclear separation vector. Even though the spin angular

J

momentum is not considered here, the Hund’s case (b) scheme
is adopted for the notation of the angular momentum quantum
numbers. In the simulation, the maximum vibrational quan-
tum number and the maximum rotational quantum number
included in the calculation are denoted as v,y and Ky,
respectively.

The basis wave function of the K'th rotational state having
the quantum number K in the vth vibrational state in the
electronic state o, denoted as ¥4k, (), has the form of

Yavkm (1) = ) |0)* XK, m)*, 3)

where |&) is the electronic wave function and |v)*X is the
vibrational basis wave function calculated as the solution of
the time-independent Schrédinger equation,

H™ |0} = B e J0)*, “)
with the field-free vibrational Hamiltonian Hj™,
. R 92 KK +1)—k?
Hb= L% Lyt s
0 2M 972 + (V) + 2[1,7'2 ( )

where k is the projection of the electronic orbital angular
momentum on the molecular axis. In solving Eq. (4), we
adopted the finite difference method [25], using the potential
energy curves of the X *°% 7, A*I1,, and B*>X; states reported
in Refs. [26,27]. The rotational basis function, |K, m)% is
defined as

K, m, 0) wheno = X or B
(K, m, 1)+ |K,m,—1))/2 wheno = A,
(|K,m,1) — |K,m,—1))/2 whena =A_.

(6)
In Eq. (6), the rotational wave functions |K, m, k) are defined
as [28]

K, m)® =

1

K, m, k) =
V2

[COS(Q/z)]N(-&-k—m—ZG [_ sin(9/2)]m_"+2"

VE +m)(K —m)\(K + k)\(K — k)!2K + 1)

e, (7)

L K =m0 KT oK +E o

where 6 is the polar angle and ¢ is the azimuth angle in
the polar coordinate system whose z direction is defined
as the polarization direction of the laser field and o starts from
the larger of 0 and (k — m) and ends at the smaller of (K — m)
and (K + k). For XZEg+ and B2Lr, k=0, and |K, m, 0)
becomes spherical harmonics. For the degenerate A 211, state,
k = %1, and the two basis functions, |K, m)4+ and |K, m)4-,
constructed as shown in Eq. (6) are symmetric with respect to
the transformation of & — m — 6 while the wave functions,
|K,m,+1) and |K, m, —1), are neither symmetric nor anti-
symmetric.

The field-free basis set {{,x} is orthonormal, and the
time-dependent wave function is normalized so that

Vmax Kmax K

Z ZZ Z |cava(t)|2 = 1,

a=X,A},A_,B v=0 K=0 m=—K
®)

(W@)|W(@)) =

(

is fulfilled, where Pyuxm = |Cavkm(®)]? represents the prob-
ability of finding the system in the rotational state with
quantum numbers K and m in the vth vibrational state of the
electronic state o.

By substituting Eq. (2) into Eq. (1) and multiplying
Vg g (1), representing the basis function of the electronic
state B, from left and integrating over r, we obtain

'hd (@)
th—cCguk'm
dr Pk

Umax Kmax K

= Z ZZ Z Cothm(t)Hﬁv’K’m/ava(t)v (9)

a=X,A;,A_,B v=0 K=0 m=—K
where

Hﬂv/[(’m’(xvl(m(t)
oo T 2
= / / w;v,K,m/(r)H(t)wava(r)dr sin0dod¢.
0 0 0
(10)
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Under an intense laser field, the total Hamiltonian H of the
system interacting with the laser field is written as

2
H(t):—;—MV2+V+H1(t):H0+H1(t), (11)

where p is the reduced mass of N>, V is the interatomic
potential energy, and H; stands for the interaction with the
laser field. Consequently, Hgy g'navkm(t) becomes

Hﬂv’l(/m/av[(m(t) = (HO)ﬁu’K’m’ava + (Hl )ﬂv’K’m’ava(t)v

(12)
where
(HO)ﬁv’K’m’ava = (wﬁv’K/m/|H0|1/fava)
(13)
= gavaaaﬂSU’v(SK’Kém’m
and
(H, )ﬁv’K’m’ava(t) = <wﬁv’K’m’|H1 O Vavkm) (14)

= (Wﬂv’K’m’ |Dot;3Fgaﬂ hﬁauKm)g(t)-

In Eq. (13), e4vkm stands for the eigenenergy of the rotational
state Y4k, in the vth vibrational state of the electronic state

J

o, and £(¢) in Eq. (14), representing the coupling between
rotational states via the transition dipole moment D4, stands
for the strength of the linearly polarized laser field at time ¢,
defined as

E@) = Ef(t)cos(wr), 15)

where f(¢) is an envelope function, w is the frequency of the
laser pulse, and F(;"g is the angular factor defined as

Fy? = cos(0)(8madxp + Sxadip) + Sin(0)(Baadxp + Sxadag).

(16)
Because the laser field is linearly polarized, F;‘ﬂ does not
depend on the azimuth angle ¢, which means that the quantum
number m is conserved during the interaction with the laser
field. The rotational transition probability is given by

2
Phiak,|” = P (K mIEP|K + AKg, mP)P, (17)

for B =B, AKg = +£1, and for 8 = A, AKy = +£1,0. For
given K and m,

1
(K—m+1)(K+m+1) |2 _
Kom [ CK+1)2K+3) ] when AKp =1, |
Pxbany = (K—m)(K-+m) (18)
[—(21(“)(21(71) when AKgp = —1.
Prtany = KWK +m)(K —m)!(K + AKx +m)!(K + AKx — m)!
x (K 4+ AKy 4+ DI(K + AKy — DIQ2K + D[2(K + AKy) + 1]
N- o
= ol (K —m—0)lm+o)(K —0)!(2+ 2N + AKy)!
Z( 17! (1—m+2N+AKy —0 — o )!(m+ o0 +0')!
X —
— WK+ AKy —m— o) (m— 14+ )VK+ AKy+ 1 — o)
/ 2N — AKy — o — o)1 !
F(—1)AKs Z(_l)oﬁ-l : ( m+ AKy —o —o))l(1+m+o +0;) ]} (19)
oK+ AKy —m —o))lim+1+o0)I(K+ AKy — 1 —0))!

’
9y

where o starts from the larger of 0 and (1 — m) and ends at
(K + AK4 — m), and o starts from 0 and ends at the smaller
of (K + AKy —m) and (K + AKy — 1).

The envelope function in Eq. (15) is defined as

f(t) = e 1%, (20)

where oy is chosen so that the full-width at half-maximum of
the intensity of the laser pulse becomes 28.3 fs.

III. RESULTS AND DISCUSSION

In the simulation of the population transfer among the rota-
tional levels of N, T, we assume the same sudden turn-on laser
pulse as that adopted in Ref. [15] with an envelope function
defined in Eq. (20) for + > 0. We also assume that the rota-
tional temperature 7 is T = 300 K. The time-dependent total
wave function of N, ion is expressed as shown in Eq. (2).

The vibrational basis functions and the eigenenergy of
the vibrational levels are derived using the potential energy
curves of the X 22:, A°T1,, and B>X] electronic states of

(

N, " given by Refs. [26,27]. The transition dipole moment
between X 2% and AT, is perpendicular to the molecular
axis, while that between X >} and B>Xf is parallel to the
molecular axis. The numerical values of these two transition
dipole moments are taken from Refs. [26,27].

We solve the time-dependent Schrodinger equation with a
sufficiently small time step by assuming that N, " is prepared
in the X 22; (v = 0) state at t = 0. Using the populations in
the rotational levels |@vK’m) at time ¢ obtained from the time
propagation of the respective initial states, the time-dependent
variation of the populations in the rotational levels is evaluated
as the thermal average of the populations in the rotational
levels given by

Knax K

1 m 2 —BayK(K+1)
pavKr(r)=EZZ XOKm (1) gre BT, (21)

K=0m=—K

where cX%™ (1) are the time-dependent coefficients obtained

from the solution of Eq. (9) using the initial conditions
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cX0Km (t = 0) = 8xa80u8kk Smm's Bay is the rotational con-
stant, kg is the Boltzmann constant, gx is the nuclear spin
statistical weight, taking the values of g = 2 for even K and
gk = 1 for odd K, and ¢ is the normalization factor given by

Kinax
¢ =) k@K + e B 22)
K=0

The final population after the interaction with the laser pulse
is denoted by Pyyk,

Pk = lim pavK(t)~ (23)
t—00

A. Rovibronic excitation leading to rotationally inverted
population

The relative tunneling ionization probability of N, re-
sulting in the creation of the electronic ground X 22; state
of N, " at the laser field intensity of 2 x 10'"* Wem™ can
be estimated by molecular Ammosov-Delone-Krainov (MO-
ADK) theory to be 90% [29], which is much larger than the
populations prepared in the A *I1, state (5%) and the B2X
state (5%). In addition, because the Frank-Condon factor for
the ionization from the vibrational ground state of N, to the
vibrational ground state of N, T is 0.9, we assume for simplic-
ity that N, ™ generated by the irradiation of an intense laser
pulse att = 0 is prepared in the vibrational ground state of the
X 22; state, hereafter referred to as X(v = 0). In calculating
the interaction with the sudden turn-on pulse, the lowest four
vibrational levels are included [vpn, = 3 in Eq. (2)] in all
the three electronic states, and the temporal variation of the
populations in the respective rotational levels are obtained at
a sufficiently small time step of 0.024 fs. Because the effect
of the rotational excitation in N induced until just before
the ionization on the population distribution of the rotational
levels of N,* is not significant, as confirmed numerically
in the Appendix, the initial population is assumed to be
represented by the Boltzmann distribution at 7 = 300 K, and
Kimax in Egs. (21) and (2) is set to be 40.

We perform the numerical simulations with 48 different
laser field intensities and examine the variation of the final
distributions of the population P,,x of the rotational levels
in the X(v =0), A(v =0), and B(v = 0) states. The final
population P,k is defined in Eq. (23) as the population after
the interaction with the laser pulse. As shown in Fig. 1(a), at
the laser field intensity of 2 x 10'* Wcm™2, the population
inversion is not achieved between the B2X;! state and the
X 22; state, but, as shown in Fig. 1(c), at the laser field inten-

sity of 6 x 10'* W cm™~2 the population inversion is achieved
so that the lasing emission through the R-branch and P-branch
transitions can proceed in the entire range of the rotational
quantum numbers, showing that the total population inversion
is achieved between the B(v = 0) state and the X (v = 0) state,
which is consistent with the previous experimental report
[23], in which both P-branch and R-branch emission lines are
observed at the laser field intensity of 6 x 10'* W cm 2. The
zigzag pattern of the population distribution in the rotational
levels shown in Fig. 1 reflects the nuclear spin statistical
weights of N, T appearing in Eq. (21); that is, gx = 2 for even
K rotational levels and gg = 1 for odd K rotational levels.

0.03 —o ‘ —— ‘
@) A /f\ ?\ I=2x10" W/cm' —o— X (v=0)
R P \ a —+— B (v=0)
0.02 - I \ o A (v=0)
U AR
o) b A
001 / 8 d \a/o\ B ]
d g B RN g N
o O.ﬂ* *‘* * T N ‘m'é“gcgiﬁg\e—%-—n_—n-
i 0 5 10 15 20 25 30
w2
=
£ 0.03 -, ‘
2 (o) I=4x10" W/cm?* —o— X (v=0)
= —+— B (v=0)
2 002+ 9’ R | a- A (v=0) |
g o \* */‘\ v
g5 001 C\u/ \s/ \3 Y? o Vole | 1
g Y B 2
2 8 R
% oe L L L L 0 Rb-9 b p s
~ 0 5 10 15 20 25 30
E
&= 0.03 T X ‘
(© I=6x10" W/cm' —o— X (v=0)
Al L r A . —+—B (v=0) |
0.0 . a- A (v=0)
* % *
001} A I N A .
g/ /Q\O/ \0/ d \g/D S é/a\\e/@\ & * N
E/G\O/ o9 o v s *
-2 L L L R = 0 T - D e I N = Y
0 5 10 15 20 25 30

Rotational quantum number K

FIG. 1. Final population distribution in the rotational levels of
N,* obtained after the interaction with an intense 800-nm laser pulse.
The field intensities are set to be (a) 2 x 10" Wem™2, (b) 4 x
10 Wem™2, and (c) 6 x 10" Wem™. In the calculation, it is
assumed that N, ™ is prepared in the X 22;(1) =0) state at r = 0.
For the A state, the sum of the populations in the A, and A_ states
is shown. The short downward arrows in (b) indicate the rotational
levels in the B2X ] state from which the lasing emission occurs via
the P-branch transitions to the X (v = 0) state. The label “a(v = n)”
stands for the nth vibrational state of the « state.

Interestingly, at the intermediate laser field intensity of 4 x
10'* W cem~2 as shown in Fig. 1(b), the population inversion
between the B(v = 0) state and the X (v = 0) state is achieved
only in the rotationally highly excited levels, which was
suggested experimentally in Ref. [23]. Indeed, the P-branch
emission from B(v = 0) becomes possible when K’ > 15 and
the R-branch emission from B(v = 0) becomes possible when
K’ > 21. This theoretical finding can be confirmed experi-
mentally if the light field intensity is chosen appropriately in
the intermediate intensity range and the B(v = 0)-X (v = 0)
emission spectrum is recorded with sufficiently high resolu-
tion so that P-branch and R-branch transitions are resolved.

We also find that the rotational population distribution of
the B(v = 0) state exhibits the peak at around K’ = 10. In
order that the Boltzmann distribution exhibits a peak at K’ =
10, the rotational temperature needs to be at 573 K. On the
other hand, we find that the rotational population distribution
of the X (v = 0) state exhibits a peak at K’ = 8, corresponding
to the rotational temperature at 401 K and that of the A(v = 0)
state exhibits a peak at K’ =7, which corresponds to the
Boltzmann distribution at 302 K.

This discrepancy in the effective rotational tempera-
ture in the B(v =0) state and that in the X(v =0)
state can be ascribed to the difference in the probabil-
ities of the B?%—X 2% rovibronic transitions and the

probabilities of the AIT,—X >/ rovibronic transitions. As

053412-4



ROTATIONALLY INDUCED POPULATION INVERSION ...

PHYSICAL REVIEW A 101, 053412 (2020)

K+2
(a)
K+ 1
T K
K-1
! [
| UK 1ulK)Y |
I~ 1l K7 | KK 2
T K+2
| K+1
! y
K-1
m =0
\ ‘ — o BE)-X(E)
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\ —o- A(K 1) - X(K)
041 AGK+1) - X(K)
i\s ,

Rotational Transition Probability

0 5 10 15 20 25 30
Rotational quantum number K in the X*f state of Ny

FIG. 2. (a) Illustration of rovibronic population transition. e
stands for excited state, and g stands for ground state. Solid double-
headed arrow is the R-branch transition and the dashed double-
headed arrow stands for the P-branch transition. [(b), (c)] Transi-
tion probabilities among the rotational levels of the X 22;(11 =0),
B2} (v =0), and A *I1,(v = 0) states of N,™ plotted as a function
of the rotational quantum number K of the X 22; state of N, . The
projection of the total angular momentum onto the space fixed z axis,
m, is chosen to be m = 0 in panel (b) and it is chosen to be m = 1 in
panel (c).

shown in Eq. (18), the B2X -X 22; rovibronic transi-
tion probability |p§’]§"( ANg= i])|2 is the squared modulus of
B(K £1,m|cos6|K,m)* and the A*I1,~X >/ rovibronic
transition probability | pg’ﬂ ANA=0, jEl)|2 is the squared modulus
of (K or K + 1, m|sin6|K, m)¥
transition selection rules of AKg = K’ —
B*¥-X Z+ transition and AKy = K’ —
the A >TT,—X E* transition.

The selectlon rules of the rovibronic transitions are shown
in Fig. 2(a), where |¢(K + 1|u|K)#|? stands for the transition
probability from the K level in the electronic ground X 22;
state to the K + 1 level in electronically excited state, where
u is cos ¢ for the B*Ef-X S} transition and sin6 for the
A%I,-X 22+ transition.

As shown in Figs. 2(b) and 2(c), for the B2 f-X 22*
transition, the probability of the R-branch transition (AKg =
1) and that of the P-branch transition (AKB = —1) are almost
the same, that is, |p§£EANB:1)| |pXB(ANB)__] |2. This means
that the population in the K level in the X E;‘ state can be
transferred to the higher and lower rotational levels in the

according to the rotational
K" = +1 for the
K" =0, +1 for

B2X} state with almost equal probabilities and that transi-
tions to the rotational states with large K in the B>X ] state
can become populated by a sequence of transitions X (K) —
B(K+1)—> X(K+2)—> B(K+3)....

On the other hand, for the A2IT,—X 22; transition, the
probability of the R-branch transition (AKy = 1) is always
larger than that of the P-branch transition (AKy = —1),
that is, |pXA(ANA 1>| > |pXA(AN =1 |2, which means that the
probability [*(K + 1|u|K )82 represented by the solid double-
headed arrow is larger than the probabilities |(K — 1|u|K)8|?
and |°(K + 1|u|K + 2)8|* represented by the dash double-
headed arrows shown in Fig. 2(a) and that the A*I1,~X *X}
transition starting from a certain rotational level K prefer-
entially proceeds along the solid line in Fig. 2(a), that is,
X(K)— A(K+1) - X(K)..., resulting in the suppression
of the population transfer to the higher K levels. In addition,
the Q-branch transition (AK = 0) of the A *I1,-X 22; tran-
sition does not transfer the population to the higher or lower
K levels.

Because the X 22; state is coupled with the B2X; and
X 2%} states, the rotational population distributions in X 23"
states is influenced by the B*X,f-X 2 rovibronic transi-
tions, having a tendency to promote the population trans-
fer to the higher lying rotational levels, as well as by the
A’TI,~X >} rovibronic transitions, having a tendency to
suppress the population transfer to higher lying rotational
levels, the rotational temperature of the X 22; state is smaller
than that of the B2X state and larger than that of the A T1,
state.

B. Dependence on the laser field intensity

In order to examine the mechanism of the population inver-
sion between the B>X," and X .} state at the high rotational
quantum numbers, we calculate the rotational distributions
in the three electronic states as a function of the laser field
intensity in the range between 1 x 10 and 7 x 10'* W cm 2.
In the simulation, the wavelength and FWHM of the laser
pulse are fixed at 800 nm and 28.3 fs, and the population
distributions in the rotational levels in the three electronic state
of N, after the interaction with the laser pulse are calculated.

In Fig. 3, the population difference between the rotational
level of the B(v = 0) state having the rotational quantum
number K and the rotational level of the X (v = 0) state having
the rotational quantum number K + 1 defined as

— Pxok+1) (24)

is plotted as a function of the laser field intensity for the
K values in the range between 0 and Kyx — 1. If APk
becomes positive, the population inversion is realized, and
consequently, the P-branch lasing emission at 391 nm can be
generated.

As shown in Fig. 3, the threshold K value beyond which
the population inversion occurs, which is referred to as
Kinreshold, decreases as the laser field intensity increases. In-
deed, Kipreshod = 21, at I =3 x 104 Wcm_z, Kinreshold = 14
at 1 =4 x 10" Wem™2, and Kipreshola = 11 at 1 = 4.5 x
10" Wem™2. It can be said that, as long as the laser field
intensity is weaker than ~ 4.5 x 10'* W cm ™2, the population

APk = Pro)
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FIG. 3. Final population difference between the rotational level
of the B(v = 0) state of N, having the rotational quantum number
K and the rotational level of the X (v = 0) state having the rotational
quantum number K + 1 after the interaction with an intense ultra-
short near-IR (28.3-fs, 800-nm) laser pulse in the intensity range of
1 x 10™=7 x 10" W cm™2. The black solid zigzag line represents
the threshold rotational quantum number, Nyyeshold, as @ function of
the laser field intensity. The initial population distribution in the
rotational levels of X (v = 0) is assumed to have the Boltzmann
distribution at 300 K.

inversion is achieved only in the rotationally highly excited
region. When the laser field intensity is larger than 4.44 x
10" W cm ™2 the population inversion is achieved in the entire
range of the rotational quantum number. This is the situation
that we call normally the population inversion by implicitly
neglecting the rotational degrees of freedom. In our previous
study [15], when the alignment angle 6, of the N-N molecular
axis of N,* and the laser polarization direction is set to be
6, = 45°, the population inversion between the B(v = 0) state
and the X (v = 0) state is achieved at the laser field intensity
of 2 x 10" Wem™2. In order to examine if this model in
which the alignment angle 6, is fixed with respect to the
laser polarization direction is rationalized, we calculate the
population distribution in the rotational levels at a given laser
field intensity at different alignment angles in the range of 0 <
0, < m at the intervals of 0.5° and take an average over the
alignment angles to derive the mean population distribution.
After repeating this calculation at different laser field inten-
sities, we find the threshold field intensity for the population
inversion is 4.47 x 10'* W cm™2, which is consistent with the
threshold field intensity of 4.44 x 10'* W cm ™2 obtained in
the present study, in which the rotational degree of freedom is
explicitly taken into account.

IV. CONCLUSION

By explicitly treating the rotational degrees of freedom,
we have solved the time-dependent Schrodinger equation
to simulate the population transfer processes among the vi-
brational levels of the B>X}, A°Il,, and X 22; states of

N,* exposed to an ultrashort (28.3 fs) intense near-infrared
(near-IR; 800-nm) laser field using the model in which N,
interacts with a sudden turn-on laser field. On the basis of
the dependences of the population transfer processes on the
laser field intensity, we have revealed that the BZE;F state
is more rotationally excited than the X 22; state and the

A2T1, state because of the difference between the rotational
selection rules and the difference between the transition prob-
abilities of the B*X,f-X 2 and those of the A*I,~X *X}
transition and that, as long as the light-field intensity is
weaker than ~4.5 x 10'* Wem™2, the population inversion
can be achieved in N™ only between rotationally highly
excited levels in the B>X," state and those in the X *X}
state, leading to the rotationally induced lasing at 391 nm,
even though the total population in the B(v' = 0) state is not
inverted with respect to the total population in the X (v = 0)
state.

We have presented a comprehensive model of the strong-
field excitation processes in N, 1 created by an intense laser
field, including the electronic, vibrational, and rotational de-
grees of freedom. By adopting the present theoretical model
of the strong-field excitation processes in N, 1 created by
an intense laser field, in which the electronic, vibrational,
and rotational degrees of freedom are included, we will be
able to simulate the theoretically the role of the electronic,
vibrational, and rotational dynamics of N, in the air lasing
[30].
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APPENDIX: THE EFFECT OF ROTATIONAL
PRE-EXCITATION OF N, BEFORE THE IONIZATION

In order to examine the effect of the rotational excitation
of neutral N, occurring within a femtosecond laser pulse until
the timing of the ionization, we solve the time-dependent
Schrodinger equation of a rigid rotor [16],

0 1
-0, §.1) = [ Hox = 5 Aa€( £ (1)c050 | (6. 9.1),
(A1)
where H, is the field-free rigid-rotor Hamiltonian, A« is the
anisotropy of the polarizability of N;, and ®(0, ¢, t) is the
rotational wave packet, which is defined as

Kinax

Cxm(D|K, m)N2,
\/E,; km (1)K, m)

Elm¢

PO, ¢,t) = (A2)

using the normalized associated Legendre functions, |K, m)N2.
In the simulation, Aa = 0.71 A? [31] and the rotational
constant of B = 1.9895 cm~! [32] are adopted.

We perform calculations by starting with the respec-
tive rotational states of N, from ¢t = —50 fs until t =0,
and the resulting coherent rotational state of the rigid ro-
tor is taken as the initial state for the simulation of N,*
which starts interacting with the sudden turn-on pulse at
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FIG. 4. The difference in the final population distributions ob-
tained when the rotational excitation of neutral N, in an intense
800-nm laser field during the period of the earlier half of the Gaussian
envelope between t = —50 fs and ¢+ = 0 fs and those obtained when
no rotational pre-excitation of neutral N, is considered. The field
intensities at r = 0 are set to be (a) 2 x 10" Wem™2, (b) 4 x
10" Wem™2, and (c) 6 x 10" Wem™. In the calculation, it is
assumed that N, is prepared in the X 22;(1) =0) state at t = 0.
For the A state, the sum of the populations in the A, and A_ states
is shown. The label “a(v = n)” stands for the nth vibrational state of
the o state.

t =0. The final rotational population distribution of N,™
is obtained by the thermal averaging using the Boltz-
mann distribution of the initial rotational states of N, at
T =300 K.

The resultant rotational distributions are found to be very
close to those presented in Fig. 1. For example, at 4 x
10" Wem™2, the population differences in the respective
rotational levels are found to be only less than 0.20 % and
the population differences in the respective vibrational lev-
els obtained by the summation over the K and m quantum
numbers are all less than 0.26%. Therefore, the differences
are taken and are expanded as shown in Fig. 4. It can be
seen clearly in Figs. 4(b) and 4(c) that the rotational dis-
tributions in the B2’ state have a tendency to be shifted
toward the lower K values while the rotational distribution
in the X 22 state have a tendency to be shifted toward the
higher K values. It can also be seen in these three subfigures
[Figs. 4(a)—4(c)] that the rotational distributions in the A 11,
state are less influenced by the rotational pre-excitation in
neutral N,.

When the rotational distributions are expressed using
the Boltzmann temperature, the rotational temperatures
of the X 22", AT, and B*X, states at 4 x 10'* Wem™
are obtained to be 424, 295, and 505 K, respectively. On the
other hand, the rotational temperatures of the X 22;, A%,

and B2X ! states obtained when the rotational pre-excitation
in neutral N, is not considered are 401, 302, and 573 K,
respectively. It is true that the rotational excitation in the
Bzil;r state of N, is slightly suppressed and that in the
X 2X} state of N, T is slightly enhanced, but the variations are
so small that the population inversion only in the rotationally
highly excited levels is still achieved between the B(v = 0)
state and the X (v = 0) state.
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