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We study the preparation of coherent quantum states in a two-photon micromaser for applications in quantum
metrology. While this setting can be in principle realized in a host of physical systems, we consider atoms
interacting with the field of a cavity. We focus on the case of the interaction described by the Jaynes-Cummings
Hamiltonian, which cannot be achieved by the conventional approach with three-level atoms coupled to the
cavity field at two-photon resonance. We find that additional levels are required in order to cancel Stark shifts
emerging in the leading order. Once this is accomplished, the dynamics of the cavity features a degenerate
stationary state manifold of pure states. We derive the analytic form of these states and show that they include
Schrodinger cat states with a tunable mean photon number. We also confirm these states can be useful in phase
estimation protocols with their quantum Fisher information exceeding the standard limit. To account for realistic
imperfections, we consider single-photon losses from the cavity, finite lifetime of atom levels, and higher order
corrections in the far-detuned limit, which result in metastability of formerly stationary cavity states and long-
time dynamics with a unique mixed stationary state. Despite being mixed, this stationary state can still feature
quantum Fisher information above the standard limit. Our work delivers a comprehensive overview of the two-
photon micromaser dynamics with particular focus on application in phase estimation and, while we consider

the setup with atoms coupled to a cavity, the results can be directly translated to optomechanical systems.
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I. INTRODUCTION

There is currently an intense effort to engineer quantum
states in a number of platforms ranging from atomic ensem-
bles to nanomechanical, cavity, and circuit QED systems.
The impressive experimental progress is documented by the
creation of Schrodinger cat states with more than 100 photons,
together with the so-called compass states [1], in circuit QED
[2], generation of squeezed coherent states in mechanical
oscillators [3-6] and squeezed cat states using light at optical
wavelengths [7-9], traveling (itinerant) squeezed coherent
states in the microwave domain [10-12], and spin-squeezed
states in atomic ensembles [13]. There are also experimental
developments and theoretical proposals for interfacing differ-
ent platforms in hybrid setups such as coupling a mechanical
oscillator with passing Rydberg atoms via electric charge [14]
or with Nitrogen-Vacancy (NV) center via magnetic field [15].

Nowadays, the generation of quantum states goes beyond
the well-established paradigm of squeezed coherent and cat
states. A general paradigm of dissipative quantum state prepa-
ration was developed in Refs. [16,17] and encompasses the
so-called grid states [18—20] as well as squeezed and displaced
superpositions of a finite number of phonons [21,22]. The pro-
duced quantum states find applications to quantum informa-
tion processing and quantum enhanced sensing [23-25], rang-
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ing from ultrasensitive force measurements in optomechanical
systems [26,27] to probes of macroscopic-scale decoherence
[28,29] or dark matter detection [30].

Among possible approaches to the robust quantum state
engineering are those based on two-photon processes. In
the seminal work on two-photon micromasers by Haroche
and coworkers [31,32], a stream of three-level atoms passed
through a microwave cavity, allowing for photon exchange
between the cavity field and the atoms. For the energy gap
between the ground and the excited (top) atom levels equal
to double the frequency of the cavity and the middle level
being far detuned, the resulting dynamics corresponded to a
simultaneous exchange of two photons between the atom and
the cavity [31,33-35]. Following this work, the two-photon
resonance is now exploited in stabilization of Schrodinger cat
states [36], in ultrasensitive electro-measurements based on
Rydberg atoms interacting with a microwave cavity [37], in
two-photon lasing by a superconducting qubit [38], and in dy-
namical protection and reservoir engineering in circuit QED
[39—41]. Despite the importance of the two-photon interac-
tions in generation, manipulation, and exploitation of quantum
information, it has been shown that the two-photon micro-
masers based on three-level systems feature only squeezed
vacuum (squeezed single photon) or a Fock state as their
stationary states [42].

In this work, we demonstrate that the limited set of two-
photon micromaser stationary states is due to the Stark shifts
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FIG. 1. (a) Atomic level structure: the transitions |j — 1) <> |j), j =1, ..,4 are coupled to the cavity field with the strengths g; and
detunings A ;. The transition |3) <> |a) is driven by a classical field with Rabi frequency G and detuning § (see Sec. IL A). (b) Micromaser:
atoms are passing through a lossy cavity one at a time, interacting with a single-mode quantized cavity field of frequency » (orange) and
a classical Rabi field G of frequency w, (green). (c) Effective dynamics: at the two-photon resonance A, = —Ags, the (5 4 1)-level model
reduces to an effective two-photon Jaynes-Cummings interaction with the coupling strength A between the cavity field (depicted as a quantum
harmonic oscillator) and the effective two-level atom with ground and exited states |1) and |3) (see Sec. I B). (d) Micromaser dynamics in
weak-coupling regime: the Wigner function (15) for the cavity state is shown. The initial coherent state |o) with & = 0.6 evolves first into a
DFS spanned by the odd and even cat states (time 7, ), which would be stationary if not for single-photon losses from the cavity that renders it
metastable. After the first metastable regime, the macroscopic coherence dephases (time #,), leading to metastable mixture of coherent states.
This mixture then finally relaxes into a unique stationary state (time ¢t = 0o) via mixing dynamics. In the second metastable regime (¢ > 1,),
the system state features a single reflection symmetry, while the final parity-symmetric stationary state features two reflection symmetries (see
Sec. II C). The parameters are as in Fig. 6(b); see Sec. IV B for discussion.

present in the effective two-photon dynamics [31,33-35]. We
show that the Stark shifts can be removed by considering a
scheme with (5 4 1)-level atoms, where four single-photon
transitions are driven by the cavity field and one transition
is driven by a classical Rabi field (see Fig. 1). This leads
to the atom-cavity interaction given by a two-photon Jaynes-
Cummings Hamiltonian [43] without the spurious Stark shifts
and opens doors to the dissipative generation of novel pure
quantum states.

For a pure state of incoming atoms, we derive the result-
ing pure stationary states, which depend both on the initial
atomic state and the time integral of the atom-cavity coupling
strength, in contrast with the three-level setup where the
stationary states depend only on the atomic state [42,44,45].
We investigate the usefulness of the generated state in phase
estimation by means of the quantum Fisher information (QFI)
[46—48] and find that a number of states yield the QFI ex-
ceeding not only the standard quantum limit, but also the
performance of the squeezed coherent, cat, and squeezed
cat states generated by the micromaser in the weak-coupling
limit. Some of the generated states with a high QFI display a
delocalized Wigner function [49] and bear resemblance to the
so-called grid states [18-20].

To account for cavity imperfections and finite detuning
of the cavity fields from the atomic transitions, we consider
single-photon losses from the cavity and higher order cor-
rections to the effective two-photon atom-cavity interaction.
In the limit of a small loss rate and large detunings, we
discuss the resulting metastability of the pure states and their
long-time dynamics, leading to a unique mixed stationary
state of the cavity field [50]. In the weak-coupling regime,
our results are consistent with the recent findings for the
harmonic oscillator with two-photon driving and two-photon

losses, which features Schrodinger cat states as pure stationary
states [39,51], but in the presence of single-photon losses, dis-
plays mixing dynamics and a unique stationary state [52-54].
Importantly, we find that, although the stationary states of
the cavity are no longer pure, their QFI can still feature
enhancement beyond the standard quantum limit.

The article is structured as follows. In Sec. II, we discuss
the dynamics of micromaser with (5 + 1)-level atoms lead-
ing to the effective two-photon dynamics in the far-detuned
regime. In Sec. III, we investigate the resulting pure stationary
states of the cavity field, while in Sec. IV we include the
effects of higher order corrections, single-photon losses, atom
decay, and distribution of atom velocities. Motivated by the
application in quantum metrology, in Sec. V we characterize
the dissipatively generated states by the QFI. Finally, in
Sec. VI we discuss possible experimental platforms, and we
conclude in Sec. VII.

II. TWO-PHOTON MICROMASER WITH
(5 + 1)-LEVEL ATOMS

In this section, we introduce the (5 + 1)-level model of the
atom-cavity interaction and, in the far-detuned limit, derive
the effective two-photon dynamics with tunable Stark shifts.
We further focus on the case when the Stark shifts are can-
celed and discuss the corresponding micromaser dynamics.
This condition will prove to be crucial for dissipative gener-
ation of novel pure quantum states of the cavity presented in
Sec. III.

A. Atom-cavity interaction

We consider (5 + 1)-level atoms with the levels |j) and
the energies E;, j =0, 1,...,4,a, and the cavity field with
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the frequency w. The transitions |j — 1) <> |j) are coupled
to the cavity field with the strengths g;, j =1, ..., 4, and the
transition |3) < |a) to the auxiliary level |a) is driven by a
classical field of frequency w. and Rabi frequency G [see
Fig. 1(a)].

We assume that the detunings A;, j=1,...,4, and §,
defined as

J
(Ej—Eo) = jo+ ) Ay j=1,....4,  (la)

i=1

3
(Ea —Eo) =30+ ) Ai+wa+8 (1b)

i=1

are much smaller than the corresponding energy gaps, |A ;| <
wforj=1,...,4,and |§] K w, cf. Fig. 1(a), which leads to
Jaynes-Cummings Hamiltonian via the rotating wave approx-
imation,

4 J 3
=Y o,y actoufst Y0, ] e
j=1 i=1 j=I

4
Hip = a Zgj ojj-1 + Goyi +H.c., (2b)
j=1

where 0;; = |i){j|, a and a' denote the cavity annihilation and
creation operators, 7 = 1, and we consider the frame rotating
with .0, + ®N, where N = ata + Zj;l jojj + 30a (see
Appendix A 1). Since the total number of excitations N is
conserved by H = Hy + Hjy, the dynamics can in principle
be solved by diagonalizing H in six-dimensional eigenspaces
of N.

B. Effective two-photon interaction

In order to obtain two-photon dynamics of the atom and
the cavity, we assume two-photon resonance

Ay =—-A3=A, 3)

which leads to degeneracy of |1) and |3) in Hy, and consider
the levels |0), |2), |4), and |a) to be far detuned from the
one-photon transitions, i.e., |g;/A;| K1, j=1,...,4 and
|G/38] < 1. In this case, Hj, in Eq. (2b) can be treated as a
perturbation of Hy in Eq. (2a) by means of adiabatic elimina-
tion [55-57]. In Appendix A 2, we show that up to the second
order the dynamics couples only the levels |1) and |3) via the
effective Hamiltonian
8283 »

8585
Hep = Ao - %a*zom

2 2 2
Ll lel® (182l el o
Ay A Ay

IGI* | g3l o (lgal gl
— (=4 LALINES SIS , (4
|:< s + A +a'a A4 + A 033 ( )

where we omitted Aj(oy; + 033) (constant in the subspace
of |1) and |3)). As H.g conserves the number of excitations

Ner = ata + o011 + 3043, the corresponding atom-cavity dy-
namics can be solved exactly by diagonalizing Hs restricted
to two-dimensional N eigenspaces (see Appendix C).

The second and third lines in Eq. (4) correspond to the
Stark shifts, which crucially influence the dynamics of cavity
coherences in the Fock basis (cf. Refs. [34,58—60]). In partic-
ular, the Stark shifts are canceled when

lgil* gl

_A, = A (5a)
|gal? |g3I?

AT A Gb)
|G| lg3l” + lg21?

S =T o 50

in which case the Hamiltonian (4) reduces to the two-photon
Jaynes-Cummings Hamiltonian [43]

Her = A a*o3; + 2 a% o3, (6)

where A = —g,g3/A is the effective two-photon coupling

strength [see Fig. 1(c)] and we omitted %(011 + o33) (con-
stant in the considered subspace of |1) and |3)).

We emphasize that (5 + 1)-level scheme in Fig. 1 is a
minimal model to cancel the Stark shifts [cf. Eq. (5)]. This is
the case on which we focus on in this work, motivated by the
dissipative generation of a plethora of distinct pure quantum
states in Sec. III. Actually, in Appendix C we show that only in
this case does the adiabatic two-photon dynamics between the
cavity and the atoms generate stationary states of the cavity
which are pure and dependent on both the atom state and
the atom-cavity coupling. For any other setup, including the
three-level scheme [34,35,42,44,61]

%k
ij;level _ _gZAg3 oy — 8283 a?ops
2 2
— @ aTacm — %(QTQ + 1)0’33. (7)

(obtained with |Aq], |A4], |§] = 0o or equivalently g; =
g4 = G = 0), pure stationary states, if generated, always cor-
respond to the squeezed vacuum state and squeezed single-
photon state, independently from the atom state. Furthermore,
this means that our study, together with the earlier work
[42,44,61], provides the complete analysis of dissipative gen-
eration of pure states in two-photon micromasers based on
single-photon Jaynes-Cummings interaction [62].

C. Two-photon micromaser

The micromaser is a setup in which atoms pass through the
cavity, one at a time, and interact with its field [see Fig. 1(b)
and Appendix B 1]. We consider atoms of the same velocity
(a nzlonochromatiC beam) and initially in a pure state (Icgl2 +
leel =1)

[Va) = cgl1) + cel3), (®)

where the amplitudes ¢, and ¢, will enable us to control the
coherence of the generated cavity states. Since the effective
dynamics couples only [1) and |3) levels, they can be viewed
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as the ground state and the excited state of the effective two-
level atom interacting with the cavity.

1. Micromaser dynamics

In the frame rotating with the free Hamiltonian, the cavity
state changes only when an atom is passing through. For an
atom in a pure superposition, Eq. (8), interacting with the
cavity for time 7, the state of the cavity after passage of k
atoms is

p® = Z M; ,o(k’I)MJT = Mo [p* "], (€))
j=ge

where the Kraus operators [cf. Eq. (6)]
My = (1|Te i drhe®]y, )

12 Sin(PV/ a’a’?)

= ¢y cos(pvat?a?) —icea ,
)

(10a)

M, = (3[Te  lo )y

, sin(¢pv/at?a?)

a —_—
vat?a?

with 7 denoting time ordering and the integrated coupling

strength ¢ = for dr 1(t) [63]; see Appendix B 1 for derivation.

For atoms arriving to the cavity at the rate v [31,64,65],

the average micromaser dynamics is governed by the master
equation [66,67]

= 1 I

+ ¢ cos(pv a?at?), (10b)

d
Eﬂ(l) = v MolpO] —vp@)=Lolp@®]. (A1)

In this work, we mostly consider the continuous dynamics
(11). The comparison of the results to the case of discrete
dynamics (9) can be found in Appendix I.

The subscript 0 in Eqgs. (9) and (11) indicates the far-
detuned limit in which two-photon dynamics in Eq. (6) is
achieved. We consider the effect of the higher order cor-
rections to this limit, as well as single-photon losses, later
in Sec. IV, while the influence of approximately fulfilled
conditions of Eqs. (3) and (5), a mixed atom state, and a
nonmonochromatic atom beam, is discussed in Appendix G.

2. Properties

The micromaser dynamics generated by (10) features only
two-photon transitions, so that the parity

P=(-1)"" (12)
commutes with the Kraus operators,
[Mg,ev P] = 0’ (13)

and is conserved during the evolution,
d
ETr[Pp(t)] = Tr(PLo[p()]} = Tr[LI(P) p(1)] = 0, (14)

as we have M(T)(P) = P and thus E(T)(P) = 0. In particular,
a cavity state initially supported in the even (odd) subspace,
remains there at all times, which implies the existence of even
and odd stationary states. We will show in Sec. III these
stationary states are generally pure.

The Kraus operators (10) become real upon the transforma-
tion a > e 1@/277/Mg, where cy/c. = € |cy/ce|. Therefore,
an initial state of the cavity with real-valued coefficients in
the transformed basis remains real at all times, and so the odd
and even stationary states must be real valued in this basis.

Conservation of the parity and real-valued dynamics are
reflected in the reflection symmetries of the Wigner function
[49,68] for the stationary states,

2
Wia) = —Trlp D(a) PD(=a)], 15)

where D(«) = exp (aa’ — a*a) is the displacement operator
[see Figs. 2(a) and 3]. First, for an even or odd p, we have
PpP = p, while P2 =1 and PD(«x)P = D(—«), and thus
W(a) = %Tr{p[PD(oe)P]P[PD(—a)P]} = W(—a), which is
the inversion symmetry. Second, for a real-valued cavity
state in the transformed basis a — e @/2=7/%g  we have
W(a) =W*(a) = %Tr[p*D(a*)PD(—a*)] = W(a*), which
is the reflection symmetry with respect to the real axis [cf.
the system state for ¢ > #, in Fig. 1(d)]. Therefore, together
with the inversion symmetry, we also obtain the reflection
symmetry with respect to the imaginary axis.

III. PURE STATIONARY STATES OF TWO-PHOTON
MICROMASER AND RELAXATION TIMESCALES

We now show that the two-photon micromaser introduced
in Sec. II features pure stationary states of odd and even
parities. The coherences between the states are also stationary,
forming a decoherence-free subspace [69—71]. In particular, in
the weak-coupling limit, the stationary states become odd and
even Schrodinger cat states [72,73] with a tunable mean pho-
ton number. We also discuss the possibility of trapping states
[42], which, in turn, provides an insight into emergent slow
timescales during the relaxation toward the pure stationary
states.

A. Pure stationary states

The stationary states of the cavity satisfy %,oss =
Lo(pss) = 0, which is equivalent to My(pss) = pss- When the
stationary state is pure, pgs = |WgsXWssl, it is necessarily an
eigenstate of all Kraus operators,

My | W) = a| W),
Me|\ljss> = ,3|\Iqu>

(16a)
(16b)

Indeed, in order to maintain its purity, the cavity state
must be uncorrelated from the outgoing atom  state,
e~ o At (1yr,) @ W) = (el 1) + B13)) ® |Wys) [cf.
Eq. (10)] and we have |a|?>+|B|> =1 from the state
normalization.
1. Recurrence relation
For the pure stationary state |W) = Z:io cnln), Eq. (16)
corresponds to
O Cpyp = Cg COSn(¢) Cny2 — ice sin, (¢) Cn,s

Ben = —icg $in, (@) cpr2 + ce €08, (@) Cn,

where we defined cos,(¢p) = cos[¢p/(n+ 1)(n+2)] and
sin,(¢) = sin[¢p/(n + 1)(n + 2)]. The solutions exist when

(17a)
(17b)
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FIG. 2. Pure stationary states of cavity dynamics: (a) Wigner function [Eq. (15)] for even cavity stationary states corresponding to the
parameters in panel (c) [and indicated in Fig. 8(d)]. The two reflection symmetries (along diagonal gray lines) are due to the stationary states
being parity symmetric and real valued (after adding the phase m /4) (see Sec. II C). (b) The photon-number distribution of the states (blue
bars, only even photon numbers) is compared to that of the coherent states with the same average photon number (n) (red dashed lines). Blue
dashed lines show cot3,(¢/2)/10, which diverges as 4/ sin%n(d)) [gray dashed lines] for soft walls concurring with the boundary condition
for stationary states (see Sec. IILE). (c) Properties of stationary states (i)—(ix): the parameters (K, c.) [which determine ¢ by Eq. (35), where

the hard wall is at m = 20; for ¢ see also the last panel in Fig. 8, while ¢, =

/1 — ¢2, the mean photon number (n), the variance An?, the

enhancement (79) in phase estimation, the maximal rate related to even soft wall maXo<zu<m 1/ Sinz,(¢), and the estimated number of atoms kg
for which the stationary states are reached, as characterized by the fidelity F[ps; p(k)] = Tr //pss (k) /Pss = 0.99, for the cavity initially

in the vacuum state |0).

the determinant of Eq. (17), af + cecq
is 0, and thus

— cos,(¢)(ace + Bcg)

Ol=:|:Cg, /3 ::Fce, (18)

leading to recurrence relation for coefficients of the stationary

states,
+
=Fi— |:cotn<f>] cp. (19)
Cq 2

We note that the odd and even stationary states are determined
independently by Eq. (19), which a consequence of the parity
conservation (cf. Sec. II C). Here we assumed that ¢, # 0 and
1 F cos,(¢) # 0; we revisit these assumptions in Sec. III D.

Ce

sin,(¢)

Cnpr = Fl ——————
P TF cosu(@)

2. Boundary conditions

Since a?|0) = 0 = a?|1), from Egs. (10) and (16) we also
obtain the boundary conditions

Q) =CgCo, OC|=CyCy, (20)
which determine the outgoing atom state as
a=c, and B=—c, 2n

independently of ¢ [42,44]. Therefore, the recurrence relation
(19) leads to the existence of odd and even pure stationary
states,

n n—1
W) = ¢ol0) —i—coZ(—z—) Hcot2k< >|2n) (22a)

(oo

W_) = ¢11) —I—ch(—l—)
(22b)

nnl

1_[ COtog 41

where ¢y and c¢; are determined, up to a phase, by the
state normalization. In contrast to the case of the three-level
micromaser [42,44], here the stationary states are dependent
not only on the incoming atom state, (8), but also on the
integrated coupling ¢, which allows for dissipative generation
of plethora of distinct stationary states; in Fig. 2 we show a
few examples.

B. Stationary decoherence free subspace

Since the eigenvalues o and B of the Kraus operators
M, and M, [cf. Eqs. (16) and (18)], are the same for the
odd and even pure stationary states, the even-odd coherences,
W XW_| and |[W_)W, |, are also stationary, i.e.,

Lo(IWXW_]) = v(apal + B2 — WL XV-| =0. (23)
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Therefore, any superposition of |W,) and |W_) is station-
ary, forming a decoherence-free subspace (DFS) of a qubit
[69-71]. The existence of the DFS can be made apparent by
choosing the shifted Kraus operators

My = M,y — c,1, (24a)
M, = M, + c.1, (24b)

as jump operators in the master equation (11), in which case
from ciMy — cgM{ — ciM. + ccM{ = 0 [cf. Eq. (10)]

4 =" > 120t 0()M! — M1, p(t) — p(t) 41
dl‘p —2A P j jMjp 1% iMjls
J=8.¢

(25)

The pure stationary states |W,) and |W_) are both dark, i.e.,
M, |W1) = 0, and thus their coherences do not decay.
In general, the asymptotic state of the cavity is

lim ¢"“p = Ty (p)
= W, Wy | Tr(Ly p) 4 [W_YW_| Tr(1_p)
+ WY | Tr(Ly—p) + WX | Tr(L_1p),
(26)

where the superoperator I1j projects the initial cavity state p
on the stationary DFS with 1, = (1 + P)/2and 1_ = (1 —
P)/2 being the projections on the odd and even subspaces,
and L,_ = Li 4 with Tr(Ly_|WXW_]|) = 1 supported in the
even-odd coherences, in which the structure reflects the parity
conservation [39,74,75]. Furthermore, dynamics conserves
1., 1_, Ly, L_4, and thus L, _, L_, can be obtained
numerically as

Ly = lim &5 (W_)W. ). @7)

=00

C. Schrodinger cat states in weak-coupling limit

We show that in the limit of the weak coupling,
Schrodinger cat states are recovered as stationary states of the
cavity and its dynamics corresponds to two-photon drive and
two-photon losses [39,52-54,76,77] [see Fig. 1(d) and state
(1) in Fig. 2].

1. Steady states

In the limit of the weak coupling, |¢| < 1, the recurrence
relation (19) with the boundary condition (21) can be approx-
imated as

Cn+2 Ce

cn cg¢>./(n+1)(n+2

|: év/ (n+1)(n+2) ]

(28)
identifying the stationary states as the odd and even

Schrodinger cat states [72,73] [see the state (i) in Fig. 2]

+ |- a2
W) ~ M’ o = e iF ﬁ, (29)
2 4+ 2e~2lel? Co

with the coherent state |a) = e™1"/2 3" "o/ /nl |n). For
validity of the approximation (28), we requ1re that the ne-

glected terms are small, e.g., the first-order corrections to the
fidelity,
2 ce 2

=] « 1. (30)
3 Cy

o0
1

3 SlelE
3 c

n=0 g

Therefore, the conditions for obtaining Schrodinger cat states
are

|p| <1 and |c.| < 1. (31

We emphasize that the conditions on the parameters c, and
¢ are independent, and thus their ratio, as well as the value
of «, do not need to be small [cf. the state (i) in Fig. 2].
Indeed, for large || we have that the photon distribution
is centered around 2|c./(cq9)l, since (n) ~ |a|* ~ A’n, and
thus the approximation in Eq. (28) is still valid when |c.| < 1
[cf. Eq. (31)].

2. Dynamics

The Kraus operators in Eq. (24) can be expanded in ¢ up
to the quadratic terms in ¢ and c, [cf. Eq. (31)] as
2
— cgg a?d® ~ 0,
2

~

M, ~ —icepa'® (32a)

M, ~ 2.1 — icgp d?, (32b)

where in the first line we further neglected the terms which
will contribute only in the fourth order to Eq. (25). Therefore,
we arrive at the cavity dynamics

d
dtp ~ —l[gzpha + gzpha ) ,0] + Kkoph a ,OHT
K2ph
- (@ p + pa*ta®) (33)
with
goph = vCiced and  kopy = vlcg 7, (34)

which are of the second order [cf. Eq. (31)]. Equation (33)
describes an extensively studied model of two-photon drive
and two-photon losses [39,52-54,76-79], leading to o =
e /% 2gon/kapn in Eq. (29). In particular, the conserved
quantities Ly and L_ in Eq. (27) are known exactly [39] and
thus so are the asymptotic states in Eq. (26). In Appendixes
G 3d-G3f, we show that the two-photon cavity dynamics in
Eq. (33) is robust to both nonmonochromaticity of the atom
beam and decay of the atom state toward levels uncoupled
from the cavity field, but it is modified by two-photon injec-
tions when the atom state entering the cavity is mixed rather
than pure [cf. Eq. (8)].

D. Trapping states

Here we characterize the atom-cavity coupling strengths
leading to the disconnected cavity dynamics. Among others,
this situation allow for the preparation of the cavity in fixed
photon number states, so-called trapping states [42]. We also
discuss the purity of the resulting coherent stationary states.

1. Hard walls

The terms in the Kraus operators, Eq. (10), that connect the
cavity states |m) and |m + 2) are proportional to sin,,(¢).
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Therefore, when the integrated interaction strength ¢ gives
sin,, (¢) = 0 for some m, that is
Km

¢ = CESCE) with K ==+£1,£2,..., (35)

so that cos,,(¢) = (—1)X, the Kraus operators become block
diagonal in the Fock space, with the dynamics on the left
(photon numbers n < m) and on the right (n > m) being
independent. As the initial cavity state supported below m
and of the same parity as m, remains supported below m at
all times, we refer to this case as a hard wall at m. This
provides natural truncation points for the cavity Hilbert space
in numerical simulations, which we exploit in Figs. 2—-10.

2. Trapping states

For the cavity pumped by the excited atoms (|ce| = 1, ¢z =
0), a hard wall at at m corresponds to a trapping state |m), and
thus can be used to obtain a fixed photon number. Indeed, for a
first hard wall at m |, when the initial cavity state is of the same
parity as m; and is supported below m, the asymptotic state is
the pure trapping state | W) = |m;). A general initial state of
the cavity evolves into a mixed state supported on all trapping
states |m,), and the asymptotic distribution, p,, = (m,|pss|m,),
is given by the initial supports between subsequent walls of
the same parity. It is also possible for coherences between
the trapping states |m,) to be stationary, which takes place
when cos,,, (¢) = (—=1D)% [cf. Eq. (35)] are of the same sign
[cf. Eq. (23)]. In contrast, in the absence of even (odd) hard
walls of a given parity, the cavity energy increases without a
bound and there is no even (odd) stationary state.

We now show that the cavity dynamics features either no
trapping states, or infinitely many (see Appendix D). This is
due to the fact that, for a given coupling strength ¢ and the
parameters m; and K, of the first wall, Eq. (35) for m,, and K|,
of another wall corresponds to the Pell equation [80,81],

=Dy’ =1, (36)

where the arguments x = 2m, + 3 and y = 2K,,/K; and the
parameter D = (m; + 1)(m; +2). As D is not a square of
an integer, the hyperbolic equation (36) is known to feature
infinitely many integer solutions [82], which translate into the
recurrence relation

m, = mn—l(zml + 3) + 3(]”11 + 1)

+2(m + )(my + 2) K,—1 /K1,
K, = Kn—l(2m1 + 3) + Ky (zmn—l + 3)

(37a)
(37b)

Therefore, the position m,, of hard walls grows exponentially
with n,

_— (2my + 3 4+ 2¢/DY+(2m; 4+ 3 — 24/D)" B
" 4

while the parity of m, and K, is determined as in Table I. For
my odd, only odd trapping states exist, with all coherences
stationary for K; even, while for K; odd, only coherences
between every second trapping state do not decay. For m;
even, the coherences between all (even and odd) trapping
states are stationary when K is even, while for K; odd, only

3, (38)

TABLE 1. Parity of hard walls located at m, from Eq. (37) [cf.
Eq. (35)]. The gray shaded case is the only situation leading to pure
coherent states between the hard walls [cf. Egs. (39) and (40)].

cos,, (9) =1 cos,, (¢) = —1
m; even my, odd, my, | even my, odd, my, | even

o8y, (9) =1 o8y, (¢) = (= 1)
m; odd m,, odd m,, odd

coSy, (¢) = 1 cosy, (@) = (=1)"

the coherences between the trapping states of the same parity
remain.

3. Coherent stationary states between hard walls

For atoms prepared in the superposition (8), a hard wall
at m implies boundary conditions for pure stationary states.
Namely, for sin,,(¢) =0 and cos,(¢) = (—DX, Eq. (17)
gives

Bem = (=X cecm, (39)

for the coefficient c,, of the pure stationary state before the
wall, and

o Cpt2 = (_1)K Co Cmy2, (40)

for the coefficient c,,» of the pure stationary state after
the wall. Therefore, for a pure stationary state to exist
between subsequent walls of the same parity, at m, and m,,,
oSy, (¢) = — cosy, (¢), and, thus, odd K,y — K, is required
[see Eq. (35)]; otherwise, a stationary state between m, and

Tr(p?) = 0.51
(ny=855 | 01

T“-Z - / S 0.0
T = \\k\\ ~0.1
74

—0.2

o

0.0 ~03
I 5 9 13 17 21 -5 0 5
0.8
b (02) —
(b) ] Tl(pl:i.g? 0.27
0.6 b] (n) = 1.07
0.18
= . ’
204 S0 °x' 0.0
N »
0.2 . 0.00
-5
0.0 . -0.09
0 2 4 6 8 10 12 -5 0 5
L Re(a)

FIG. 3. Steady states in the presence of hard walls. The photon-
number distribution P(n) and the Wigner function [Eq. (15)] for
(a) the equal mixture of the odd pure stationary states obtained
from the initial superposition of odd Fock states (|1) + |15))/+/2
for c. = 0.3 and the hard wall (dashed gray) at m = 11 with K = 1
(¢ ~ 0.252) and (b) the approximately pure stationary state obtained
from the initial vacuum state |0) for ¢, = 0.4 and the hard wall at
m = 12 with K = 8 (¢ ~ 0.593).
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m,, is mixed, but still coherent in the photon number basis
[cf. Appendix G 3d].

In general, from Table I, the stationary states between the
walls are pure only when both m; and K; are odd; i.e., there
are only odd hard walls. Otherwise, the stationary states must
be mixed, except for the stationary state before the first wall
for odd K, [cf. Eq. (20)]. They can be approximately pure if
the support of the state vanishes at one of the hard walls [83];
see Fig. 3(b).

All coherences between pure and mixed stationary states
decay [84], and only the coherences between the pure station-
ary states with the same boundary condition are stationary
(every second state for m; and K; odd), as the boundary
conditions in Egs. (39) and (40) determine the eigenvalues of
the Kraus operators [cf. Egs. (23)]. The latter is a consequence
of the hard wall imprinting, with every passing atom, the op-
posite phases on the two stationary states before and after the
wall, so that on average the coherence undergoes dephasing
and decays at the rate 2v [85] [see Fig. 3(a)].

E. Relaxation timescales

We now discuss how slow timescales arise in the relaxation
toward pure stationary states as a result of approximately dis-
connected cavity dynamics. Furthermore, such structure of the
dynamics facilitates multimodal photon number distributions
in the stationary states. Derivations and further discussion can
be found in Appendix E.

1. Soft walls

We now consider the case when the terms in the Kraus
operators of Eq. (10) that connect the cavity states |m) and
|m + 2) are close to 0, i.e., sin,(¢) =~ 0, but not equal O,
so that the Kraus operators are only approximately block
diagonal. We refer to this situation as a soft wall at m.

We confirm that the effects from soft walls indeed play an
important role in the cavity dynamics, as for any integrated
coupling strength ¢ such that ¢/ is irrational or ¢/ = p/q
is rational with the even irreducible numerator p, there exists
infinitely many soft walls (see Fig. 4). Indeed, from Taylor
series

3 ¢

dy(n+ 1)(n+2)= ¢<n + 5) + 0(;), (41)
so that for n large, sin,(¢) =~ sin[¢(n + 3/2)] corresponds to
n rotations of a unit circle by ¢ with the initial phase 3¢ /2. For
an irrational ¢ /7, values e*" for all n are dense in the circle,
so that they pass within an arbitrary proximity by any point
on the circle, and this takes place infinitely many times by
Poincaré recurrence theorem. Therefore, the cavity dynamics
features infinitely many soft walls with sin,(¢) arbitrarily
close to 0, for both parities [87] (see ¢3 in Fig. 4). In contrast,
for a rational ¢/m = p/q, values of ¢®" are periodic with
the period ¢ for even p, and 2¢q for odd p. Therefore, from
Eq. (41), the values of sin, (¢) become approximately periodic
for large n, but with a shift in phase by 3¢/2 [see ¢ and
¢, in Fig. 4(b)]. Nevertheless, soft walls appear periodically
when sin[¢(m + 3/2)] = 0 = sin(km), which requires (2m +
3)p = 2kgq, i.e., p to be even. In this case, soft walls appear
at m of both parities (g is odd) with cos,,(¢) =~ cos[¢(m +

0 200 400 600 800 1000

n
() 1.0
. e ® ®
0.5 * o
< L .
= 0.0 8
B L] []
—05 * °e ¢ k_J
et - L4 ©®
199670500 05 10
c0S,(¢)

FIG. 4. Soft walls. (a) The function sin;z(qb) for rational ¢,/ =
5/7 (blue dots), ¢,/ = 6/7 (red circles), and irrational ¢;/7 =
7//210 (gray diamonds), with the hard walls (gray lines) at n; = 13
and my = 839. For ¢;, the walls remain finite, in contrast to ¢,,
where sin;2 (¢) diverges as n~2 [cf. Eq. (41)] and ¢3, where soft walls
appear due to recurrence of the irrational rotation. (b) The orbits for
both ¢, and ¢, are approximately periodic (with periods 14 and 7),
while for ¢; the orbit is dense.

3/2)1 = (=1)?? and sin *(¢) ~ (8m + 12)*/¢> [see ¢, in
Fig. 4(a)].

2. Slow relaxation

The cavity dynamics with soft walls, sin,,(¢) ~ 0, can be
considered as a local perturbation of the dynamics where
the soft walls are replaced by hard walls, sin,(¢) = 0. As
discussed in Sec. III D, this auxiliary dynamics features sta-
tionary states supported between the introduced hard walls.
As in reality the walls are soft, those states are not stationary,
but become metastable [50,86] and at long times undergo the
effective dynamics at rates proportional to the perturbation
size, i.e., v sinfn((p). Since the perturbation is local, the effec-
tive dynamics connects only states across a single soft wall or
introduces coherences between states separated by two walls.
Furthermore, the dynamics rates are proportional to the state
amplitude directly next to the soft wall, so that for the small
amplitude the timescales of the dynamics are further extended
[cf. the last two columns in Fig. 2(c)].

3. Multimodal pure stationary states

It follows from Eq. (22) that the stationary state of long-
time dynamics across soft walls of a given parity must be
pure. It is, however, approximately composed only from
the metastable states supported between the walls, which can
be pure or mixed depending on the wall boundary conditions
(see Sec. IIID). Therefore, the stationary state is approxi-
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mately supported only on the pure metastable states, which,
furthermore, obey the same boundary conditions as in Eq. (20)
to ensure metastable coherences between them [in Fig. 2(b)
the states after blue and before gray soft walls]. As a result,
the photon number distribution in the stationary state is mul-
timodal, as the pure states with the same boundary conditions
are separated at least by two walls [cf. Eqs. (39) and (40),
and see Fig. 2(b)]. Although, in general long experimental
timescales are needed to prepare such multimodal pure states,
they can be highly useful for quantum metrology applications,
which we will discuss in Sec. V.

IV. NOISE AND HIGHER ORDER EFFECTS
IN MICROMASER DYNAMICS

In Secs. IT and III, we considered the cavity dynamics in the
far-detuned limit, where the interaction with atoms was given
by the two-photon Jaynes-Cummings Hamiltonian in Eq. (6).
The parity of photon number in the cavity was conserved
leading to existence of even and odd stationary states, which
were in general pure and with coherences between them also
stationary.

Here we discuss how the dynamics and the stationary states
of the cavity are modified because of imperfections of the
two-photon setup and the presence of noise affecting atoms
or the cavity. That is, we consider higher order corrections to
the two-photon approximation of Eq. (6) and approximately
fulfilled conditions in (5) (Sec. IV A), nonmonochromaticity
of atom beam and decay of atom levels (Sec. IV C), and
single-photon losses from the cavity (Sec. IV B).

In order to understand how robust the results of Sec. III
are, we consider weak noise and small higher order effects.
The distinct parameter scales lead to a clear separation of
timescales in the dynamics, known as metastability [50].
This, together with weak or strong parity symmetries [74,75],
enables us to obtain the analytic insight both into long-time
dynamics and stationary states in a realistic micromaser.
Furthermore, we revisit this assumption in Sec. IV D, where
we consider the noise faster than the longest timescales of the
dynamics set by the relaxation across soft walls (cf. Sec. III E).
The derivations can be found in Appendix G, while a short
review of metastability theory for open quantum systems is
provided in Appendix F.

A. Higher order corrections in the far-detuned limit

The two-photon micromaser investigated in Secs. II B and
IIT relies on the assumption of the far-detuned limit, i.e.,
lgi/Ajl,1G/8| < 1, j =0, ..., 4 (cf. Fig. 1). Now, we discuss
how the micromaser dynamics is changed by the higher order
corrections to the atom-cavity interaction.

1. Weak parity symmetry and breaking of parity conservation

Recall that beyond the far-detuned limit, (6), the atom-
cavity interaction, (2b), couples all atom levels. This cor-
responds to six, rather than only two, Kraus operators [cf.
Egs. (B7) and (10)]

M; = (JIU@)|Ya)s

j=0,....4,a, (42)

where U (t) describes the atom-cavity interaction during time
7 when the atom, initially in |v4), passes through the cavity.
These Kraus operators either conserve or swap the cavity
parity P [cf. Eq. (12)] depending on j,

M; P = (jIU@P[Yu) = —(IU@(=DY [$)
= —(I(=DVU@)Yu) = (=Y PM;,  (43)

where we used the fact that the dynamics conserves the
total number of excitations N = afa + Z§=1 Jjojj+ 30,
ie., [U(r),N] =0, while (=1)V|j) = (=1)/P|j) and thus
(= 1)V |Yra) = —P|y) for the initial atom state as in Eq. (8).
For j =0, 2, 4, the Kraus operator swaps the parity, M; P +
PM; =0, while for j=1,3,a, the Kraus operator con-
serves the parity, M; P — PM; = 0. Therefore, beyond the
far-detuned limit, although the cavity dynamics in Egs. (B8)
and (B9) does no longer conserve the parity, (14), it still
features weak parity symmetry [74,75],

[P, L]1=0=[P, M], (44)

where the parity superoperator P(p) = PpP (cf. Sec. I1C).
From the weak parity symmetry, it follows that £ is block
diagonal in the eigenspaces of P; i.e., odd-even and even-odd
coherences evolve independently from the mixtures of even
and odd states. In particular, if £ features a unique stationary
state, it must be a mixture of odd and even states without
coherences between them.

2. Higher order corrections to cavity dynamics

The approximation of far-detuned regime yields two-
photon interaction of the cavity with only two atomic levels
[1) and |3), Eq. (6), and thus two parity-conserving Kraus
operators M; and M3 [denoted as M, and M, in Eq. (10)].
Beyond this approximation, the remaining Kraus operators,
My, M, M4, M,, also contribute to the cavity dynamics and
enter as the first-order corrections in [g;/A;|, |G/6| < 1, j =
1,...,4, while M; and M3 are altered only in the second
order as a consequence of the parity conservation (see Ap-
pendix B2).

3. Metastability and perturbation theory

In Fig. 5, we compare the dynamics of the (54 1) mi-
cromaser, Eq. (B9), with the two-photon dynamics, Eq. (11),
obtained in the far-detuned limit. We observe that the (5 +
1) micromaser features the initial relaxation to the DFS
of even and odd pure stationary states of the two-photon
dynamics [Eq. (22)]. This is followed by the regime of ap-
parent stationarity, i.e., the metastable regime, before the final
relaxation toward the true stationary state at much longer
times. Furthermore, the metastable regime becomes more pro-
nounced with the increasing detuning, as the far-detuned limit
is approached, but the asymptotic stationary state remains
manifestly different from the metastable one. This indicates
that higher order corrections to the atom-cavity dynamics
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FIG. 5. Dynamics of (5 + 1)-level micromaser vs effective 2-photon micromaser. The fidelities F[ps; o(t)] = Tr //Pss p(2)/Pss Of the

stationary state pg in the two-photon micromaser with respect to its evolving state p(¢) (blue solid line), Eq. (11), and to the evolving state p(t)
of (5 + 1)-micromaser, Eq. (B9), for increasing values of detuning (orange, green, red solid lines), while keeping the integrated coupling ¢
constant. Excellent agreement is observed during the metastable regime, whose length increases with the square of the detuning and coupling
strength ratio, and is followed by the long-time dynamics well approximated by the effective dynamics in the DFS (black dotted lines), Eq. (45).
These results are observed for different atom states, coupling strengths, and initial cavity states: c. = 0.3, ¢ = 1.0, |¥;,) = |0) (the vacuum),
(b) ce = 0.2, ¢ = 0.3, |¥in) = |1) (the single-photon state), and (c) c. = 0.1, ¢ = 0.1, [¥i,) = |), &« = 1 (a coherent state). The coupling
strengths and the detunings in the (5 4 1)-level model are chosen uniformly as g, =g, = g3 =g =gand A} = A, = —A; = —As = A,

together with G = 2g and § = 2A, and thus satisfy Eq. (5).

affect the micromaser dynamics in a perturbative way, and,
due to parity breaking, lift the degeneracy of the (formerly)
stationary states. We therefore adapt it as the working as-
sumption, which will enable us to analytically derive and
investigate the long-time dynamics of the micromaser. We
note, however, that the numerical simulations in this work are
performed for truncated cavity space, which is infinite (see
also Sec. IIID). Although for finitely dimensional systems
the perturbative approach we utilize here is known to be
convergent [88], the cavity is an infinitely dimensional system
and its unperturbed dynamics in principle features infinitely

J

many timescales. Therefore, in principle, a formal analysis as
in Ref. [54] should be performed.

The DFS of pure stationary states of the cavity (see
Sec. IIIB) correspond to the eigenmodes with eigenvalue
0 of the master dynamics £y in Eq. (11). To investigate
the full dynamics £ of the cavity in Eq. (B9), we consider
it as the perturbation of Ly. In this case, the higher order
corrections in the far-detuned limit of the cavity and atom
interactions lift the degeneracy of zero eigenmodes, thus
introducing their long-time dynamics (see Appendix G2 for
derivation):

—X)e  x0- 0
d Xy —(X)- 0
aPO=" 0 ol avmrms |7 @
0 0 SRR iR A0+ (X))

where p(¢) belongs to the DFS spanned by |W,) and
|[W_) (we assumed there is a unique stationary state of
even and odd parity, i.e., there are no hard walls of
Lo). The long-time dynamics is expressed in the DFS ba-
Sis (W (W |, |[W_XW_|, W XW_|, [¥_XW,|. The nontrivial
long-time dynamics of the pure states of the cavity means that
they are metastable and at long times relax to a unique sta-
tionary state approximated by the stationary state of Eq. (45)
(cf. Fig. 5):

(X)+

(X)_

WU+ —— Y.

(X),+<X>+| X+ <X>,+(X)+| XW_|
(46)

The block-diagonal structure of the effective dynam-
ics generator in Eq. (45), with the coherences |V XW_|,
|W_)W, |, evolving independently from |W, W, |, [W_}W¥_]|,

Pss ~

(

reflects the weak parity symmetry of dynamics, Eq. (44),
which further manifests in diagonal structure of the stationary
state in Eq. (46). The dynamics features the Hamiltonian
part [89,90] from the second-order corrections in the parity-
conserving Kraus operators M| and M3, with the frequency

Q = Im(cy(My — My)T — co(M3 — M),

—Im(cg(M; — My)" — ce(M5 — Mo)T)_,  (47)

and the dissipative counterpart [91] induced by the (first-
order) corrections in the parity swapping operators, where

X = M{My + MM, + MMy, (48)
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so that (X) 1 is positive and of the second order,

5 gl lg2I?

X))y =2
(X)+ = 2l AR,

2
+2|ce|2|gA32|<(n+ 1)+ (n+1)cos |:‘L’A +7

8583

2 2
+2<—i 252 @) sin [m 4o+ st Iss ]

A

with (-)y = (V4| - |Wy) and n =afa. We note that the
parity-conserving M, does not contribute to the second-order
dynamics [cf. Egs. (48) and (50)], as the pure stationary states
are eigenstates of M, in the first order (see Appendix G3).
Furthermore, the dynamics of coherences depends on

O Tr(Lm g MY YL IM)
"= X)X

where L, _ is a conserved quantity in the far-detuned limit cor-
responding to the coherence |V, W_|, and 1 can be obtained
numerically without diagonalizing £y from Eq. (27). From
the complete positivity of the perturbative long-time dynamics
[50], we have |n| < 1. We note that the effective dynamics
in Eq. (45) depends via Q and (X ). on the second order of
the corrections to the far-detuned limit, |g;/A/|, |G/5| < 1,
Jj=1,...,4,as well as the interaction time t, rather than only
the integrated coupling ¢.

In Fig. 5, we compare the dynamics of the cavity in
(5 + 1) model (solid lines), Eq. (B9), to the effective long-
time dynamics within the DFS (dotted lines), Eq. (45), and
observe a very good agreement in the relaxation after the
metastable regime toward the stationary state, Eq. (46). There-
fore, Eq. (45) determines the final relaxation timescales to-
ward the unique stationary state. These timescales are in-
versely proportional to the second order of the corrections
to the far-detuned limit [cf. Egs. (47), (48), and (50)], and
thus the free parameters g, g3, A, Aj/A > 0, Ay/A < 0,and
8/A < 01in Eq. (5) can be further optimized in order to extend
the length of metastability regime, while keeping ¢ constant.

, (50)

4. Approximate cancellation of Stark shifts

Finally, we note that relaxing of the conditions of Eq. (5),
which we have chosen to obtain the two-photon Jaynes-
Cummings Hamiltonian in Eq. (6), will lead to a perturba-
tion of this Hamiltonian [cf. Eq. (4)] and thus corrections
to parity-conserving Kraus operators M, and M,. Therefore,
analogously to Eq. (47), in the lowest order only a unitary
dynamics will be induced in DFS, with dephasing possibly
entering in higher orders (see Sec. IV C and Appendix G3c
for further discussion). We can conclude that the (5+ 1)
design is stable, which is necessary to achieve any experimen-
tal implementation of the desired two-photon dynamics.

2
<(n—|—1)—(n+1)cos|:1'A1+rA(n+2):|> +2|cg|2|g2| <n_ncos |:1:A+1:
+

g2+ Ig3l?

+i—

2 2
821" + lgsl (n_l)i|>
+

)l

, (49)
+

A2

2
(I’l+ 1)]>i_ 2|Ce|2|§’24<n+n008 [T(A4_ T - T

lg2l* + |g3|2} 2>
7A a

*
'g:’? sin [IA +1t(n+1)

(
B. Single-photon losses

We now turn to investigate a realistic cavity undergoing
single-photon losses [64], typically due to imperfect mirrors,

Lipnlp@®)] =k ap()a’ — g[a*apm + p(t)atal, (51)

where « is the single-photon loss rate. Provided that losses
of photons can be assumed to take place when no atom is
found within the cavity, i.e., the atom passage time t is
such that ¥ T < 1, the single-photon losses can be considered
independent of the atom-cavity dynamics [31,64], so that the
cavity state evolves as

d
E’O(t) = (Lo + Lipn)lp()]. (52)

In Eq. (52), we assumed the far-detuned limit of Eq. (11).

1. Weak parity symmetry

The single-photon loss swaps the parity, similarly to the
case of higher order corrections in the far-detuned limit [cf.
Eq. (43)],

aP=—Pa. (53)

This leads to the weak parity symmetry of the dynamics [cf.
Eq. (44)],

[P, Lo+ Lipn] = 0. (54)

2. Metastability and perturbation theory

In Fig. 6, we show the cavity dynamics in the presence of
small losses (blue solid lines), Eq. (52) with ¥ < v, and ob-
serve a plateau in the relaxation towards the unique stationary
state of the dynamics. This manifests a metastable regime in
the dynamics when cavity states appear stationary for different
initial conditions, although the true stationary state has not
been achieved [see also Fig 1(d)].

If the losses are treated as a perturbation of the cavity
dynamics Ly, the formerly stationary states in the DFS of
W) and |W_), Eq. (22), undergo the following dynamics [cf.
Eq. (45)]

—(n)y  (n)_ 0 0

d (n) —(n)_ 0 0

L) = , 55

a”P=F 0 Lt mesvTmms |© )
0 0 Moss/ M)+ (M)~ —2({n)4 + (n))
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FIG. 6. Dynamics of micromaser with single-photon losses. The
fidelity [cf. Fig. 5] between the cavity state p(¢) and the stationary
state (57) is compared for the dynamics of two-photon micromaser
with single-photon losses (blue solid line), (52), and the effective
dynamics in the DFS (black dashed line), (55). The effective dy-
namics approximates well the long-time dynamics of the cavity for
the initial states |0) [(a), (¢)] and |&), & = 0.6 [(b), (d)], both in the
weak-coupling limit [c. = 0.1, ¢ = 0.1 in panels (a) and (b)], where
additional metastable regime (second plateau) is observed (b), and
at the finite coupling [c. = 0.2, ¢ = 1.0 in panels (c) and (d)]. The
loss rate was chosen as k /v = 107°, and the vertical lines indicate
the timescales of the dynamics determined by the eigenvalues of
Eq. (52), (—ReAy)~! for k = 5, 4, 2 (black, purple, red), which are
ordered in decreasing real value [see also Egs. (58) and (59) and cf.
Appendix F].

where we expressed the dynamics in the basis
{|W XYy |break| W _XW_|, Wi XW_]|, |W_)V,|} and denoted
the average loss rate as «(n)y =k (WilaTa|Ws). The
dynamics is block diagonal, with the densities and the
coherences evolving independently, due to the weak parity
symmetry, Eq. (54). The dynamics of coherences further
depends on the real coefficient [cf. Eq. (50)]

Tr(Ly_ alW_}W,|a")
Moss = s

{n)1(n) -

| Nloss | g 1 s (56)

that can be determined numerically from Eq. (27). In particu-
lar, in the weak-coupling regime, where the DFS corresponds
to Schrodinger-cat states, we have nyss = 1, as the photon loss
preserves the DFS (see Sec. III C and Ref. [39]).

In Fig. 6, the effective dynamics of Eq. (55) (black dashed
line) indeed approximates well the long-time dynamics of the
cavity. This confirms that the initial relaxation of the cavity
state takes the system into the DFS spanned by |¥,) and
|W_) [cf. Eq. (26)]. The DFS then remains metastable until
timescales inversely proportional to the average loss rates.
Then, the final relaxation takes place into a unique stationary
state, well approximated by the stationary state of Eq. (55),

) nhs
T WA

(57)

(b) )
\
|\:[12> —"p'&};;
x{‘ ...;;”'T
----------- V1)
|w_)

FIG. 7. Effective long-time dynamics due to single-photon
losses. The DFS of the odd and even states (22) (the Bloch sphere
in light gray) is shown under the effective dynamics in Eq. (55),
for times ¢t = (—A4)7!, (=A3)7!, and (—A,)~' (gray, purple, red)
[see Eq. (58) and vertical lines in Fig. 6]. Because of the weak
parity symmetry, the stationary state (black dot), Eq. (57), is found
on the vertical axis (black line) representing mixtures of even and
odd states, while when the initial state is odd or even, its dynamics
remains confined to the vertical axis at all times (cf. purple dashed
trajectory). As the effective dynamics is also real, the coherence
eigenmodes correspond to the axis between the states in Eq. (62)
(dashed gray) and the axis perpendicular to it that also crosses the
equator. The trajectories for two initial states are also shown: |\W.)
(dashed purple) and cos(w/6)|W,) + e™/*sin(w /6)|W_) (dashed
black). In panel (a), due to separation of the characteristic timescales
of the dynamics as given by Eq. (59), classical metastable manifold
emerges [blue; the image of DFS under the dynamics of at t =
(—X2)~'/100], well approximated by mixtures of the states | W) and
|W,) in Eq. (62) (dashed gray axis). Here an initial state first relaxes
onto the manifold (black arrow along black dashed trajectory) and
only at later times relaxes toward the stationary state (blue arrow)
[see also Fig. 6(b)]. Parameters: (a) as in Figs. 6(a) and 6(b) leading
to Mioss ~ 1.00, (n)+ =~ 1.92 and (n)_ = 2.07; (b) as in Figs. 6(c) and
6(d) leading to 110s &~ 0.99, (n), ~ 0.11, and (n)_ ~ 1.01.

cf. Refs. [52,53]. The stationary state does not feature odd-
even coherences because of the weak parity symmetry in
Eq. (54) (see Fig. 7). Finally, we note that the rates of the
effective dynamics are proportional to the average photon
number, so that, as expected, the states with more photons are
more sensitive to losses. In particular, in the stationary state
(57) the state with the lower average photon number has larger
weight.

An analogous result to Eq. (55) can be obtained for a cavity
in a thermal environment. In this case, photons are lost from
the cavity at the rate « (ng, + 1), but they are also injected to
the cavity [which process is described as by replacing a by
a’ in Eq. (51)] at the rate « ny, and ny, is a average photon
number of the environment.

3. Emergent classical metastability in weak coupling limit

The timescales of the long-time dynamics are determined
by the eigenvalues of Eq. (55) (see also Appendix F). The
stationary state in Eq. (57) necessarily corresponds to the
eigenvalue A; = 0, while

A= —§<<n>+ (1) — 20 ioss |/ ()4 (1)),

(58a)

043847-12



DISSIPATIVE QUANTUM STATE PREPARATION AND ...

PHYSICAL REVIEW A 101, 043847 (2020)

Ay = —g((nh + (1) + 2moss|v/ ()4 (n)-),  (58b)
Ay = —k({n)y + (n)-), (58c)

ordered in decreasing real part.

For small interactions, |¢| < 1, where the stationary states
of the lossless cavity are approximated by Schrodinger-cat
states [77,78] the dynamics in Fig. 6(b) features two
plateaus corresponding to two metastability regimes [see
also Fig. 1(d)]. Indeed, in this case, nss = 1 in Eq. (56), so
that Ay3 = —k (/(n)4 F /()_)?/2. Therefore, when the
average photon numbers in the even and odd Schrodinger-
cat states are similar [(n); = |o|?>tanh(|o|?), (n)_ =
la|* coth(Ja|?) with |a|* = 2|ce/cgp| > 15 cf. Eq. (31)],
a separation in the spectrum of the long time-dynamics
emerges:

()4 — (m)-)?*

K
_)\‘2 N —
4 (n)4+ (n)-

L A3 i((n) + (n)-) = A4

(59
This separation is responsible for the second plateau in
Fig. 6(b), as it leads to metastability regime for times
(—23)"! «t < (=Ay)7! when the faster eigenmodes of the
long-time dynamics corresponding to A3 and A4 have decayed,
while the decay of the slow mode corresponding to A, is
negligible (see Appendix F). Only the stationary state and the
slow eigenmode then contribute to the cavity state [50,86,92],

p(t) X pss + Cre(|W W | 4+ [W_XW1 ), (60)

where cre = Re[Tr(Li_p)] [cf. Eq. (26)] and pg =
(WX W] 4+ |W_XW_]|)/2 [cf. Eq. (57)]. Therefore, the sec-
ond metastable regime is observed only for initial states
with feature odd-even coherences [cf. Figs. 6(a) and 6(b)].
Furthermore, during the metastable regime the cavity state
can be also be regarded as a classical mixture [86], with the
probability p = 1/2 + cge,

p(t) = p Wi W] + (1 — p)| W2 (W2 (61)
of the coherent states [cf. Fig. 1(d) and see Fig. 7(a)]:

1
Wi2) = E(I‘I’H W)~ £a). (62)
Note that classical metastability can occur also beyond weak-
coupling limit if both |nyess] ~ 1 and (n) . ~ (n)_.

The origin of the classical metastability can be understood
by representing Eq. (55) in terms of the master equation
within the DFS [66,67] (here ny,ss = 1; for a general case, see
Appendix G 2),

d T Vioss + t
7P = Vs Jp (T = == 1T p(t) + p(0) J1]], - (63)
where the dissipation rate is given by the average photon loss
(n)4 + (n)_

Vioss = (64)

> )
and the jump operator J describes the effect of a single-photon
loss on the DFS by flipping the parity (cf. Refs. [52,54])

1
J = 1)+ V) ) YW
+ ((n)— + v/ (n) 4 {m) WKW ], (65)

with the normalization factor N = /(n)+ + (n)_ (\/(n)+ +
4/ (n)_). When the average photon number in the even and odd
states is similar, (n); = (n)_, as takes place for large enough
|| of Schrodinger cat states in Eq. (29), the jump operator in
Eq. (65) can be approximated as the spin flip

1
S~ E(I‘I’Jr)(‘lf—l + [W_XW4 D)

= 5 (W] = 9, (66)
which causes dephasing of coherences between the states in
Eq. (62) [see Figs. 1(d) and 7] at the rate yj,. The states
W) and |W,) are metastable, as they are unchanged by
the dephasing, and only the higher corrections in Eq. (66)
ultimately lead to their mixing toward the stationary state in
Eq. (57) approximated by (|W W |+ [W_XW_|)/2.

C. Decay of atom levels and nonmonochromatic atom beam

In Sec. III, we considered micromaser dynamics arising
from interaction of the cavity with atoms prepared in a pure
state in Eq. (8), lasting time 7 leading to integrated coupling ¢
[cf. Eq. (10)], which results in pure stationary states dependent
both on ¢ and atom amplitudes [cf. Eq. (22)].

In a realistic setup, the lifetime of atom levels is finite,
leading to dissipative decay of atom state, which modifies
the dynamics in two ways. First, due to the decay during
time 7 between the atom preparation and entering the cavity,
atoms arrive at the cavity in a mixed state (see Appendix
G 3d), and at a reduced rate if decay takes place toward levels
not coupled to the cavity field. Second, possible atom decay
during time t of the interaction with the cavity introduces
modified Kraus operators determined by times of decay events
(see Appendix G3e). On the other hand, the velocity of the
atoms is usually described by a distribution rather than a
single value, which we refer to as nonmonochromatic atom
beam, leading to fluctuating interaction time 7 and thus the
fluctuating integrated coupling ¢ in Eq. (10) (see Appendix
G31). Nevertheless, in the far detuned limit, the parity of
photon number is conserved in the presence of such noise,
so that there still exist (at least) two stationary states of odd
and even parities (see Sec. I1 C).

1. Parity conservation and metastability

We now consider a limit of weak atom decay with respect
to time 7 and 7, and a narrow distribution of velocities. From
the perturbation theory, the first-order dynamics in the DFS
basis |W Wy, [W_XW_|, [P XW_|, [W_XV,| is diagonal
as a consequence of parity conservation [cf. Eq. (14)],

0 O 0 0
d 0 0 0 p
—p(t) = . ).
dtp() 0 0 —lQ_Vdeph 0 p@). (67)
0 0 0 Q2 — Ydeph

For the discrete dynamics described by M rather than M
in Eq. (9), we have —iQ2 — ygeph = Tr[Ly_SM (W XY_]],
where the perturbation M = M — M, in which the value
can be found numerically from Eq. (27). The effective dynam-
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ics in Eq. (67) describes dephasing between |V, ) and |W_) at
the rate ygeph and unitary dynamics at the frequency €2,

p@) = pW XVl + (1 — p) [W_KV_]|,
e T [ W] T W (W,
(68)
where p = Tr(1,p), c = Tr(Ly_p) [cf. Eq. (26)].
The asymptotic state of the dynamics in Eq. (67) is not
unique. Therefore, when ygepn > 0, the asymptotic state of the

micromaser dynamics is approximated by a mixture of the odd
and even pure states

Pss = p WL Wi| + (1 — p) [W_XW_]|. (69)

with p determined by the initial support in the even subspace,
which reflects the conservation of the odd and even subspaces
of the parity by the dynamics. Furthermore, dephasing in
Eq. (67) manifests the fact that the odd and even stationary
states of the cavity are actually no longer pure, but mixed (for
further discussion, see Appendixes G 3 d-G 3 f).

2. Atom decay

The rate of dephasing dynamics caused by atom decay can
be bounded by (cf. Appendix G 3 e)

Ydeph
2L = y)legl* 4+ 2(05 — y3 — yisleg e 21T

+2 max (I'f, '), (70)

while the frequency

[€2] 2 2
~ < [votlegl”™ + (voz + y23)lce|"1T
+ (vor + vo3 + v23)7, (71)

where yj; denotes the decay rate from the atom level |k) to
|j) (where E; < Ey), yy is the decay rate from |k) to the levels
not coupled to the cavity, and I'y = > JE <B Vik T Vi is the
overall decay rate, so that the average lifetime of the level |k)
isT, ! The atom rate is, in turn, reduced to

=1 — (nilegl* + yslee|HT. (72)

< | <

From Eq. (70), we observe that there is no contribution to
the dephasing from time 7 in the case of the decay to only
uncoupled levels, I'; = y; for j =1, 3. Indeed, in this case,
effectively, the atom arriving to the cavity is pure for all T,
but the atom rate is still reduced [cf. Eq. (72)]. Furthermore,
for no decay to levels |0) and |2), we obtain €2 = 0, which
reflects that in that case dynamics is real valued (cf. Sec. I1 C).

3. Nonmonochromatic atom beam

For the small fluctuations of the integrated coupling,
d¢n < 1 for n within the support of stationary states with
¢ = ¢ + 8¢, the nonmonochromatic beam effectively leads to
two-photon decay and two-photon injections at the respective
rates vW|cg|2/2 and vW|ce|2/2 (see Appendix G 3 f). Here
¢ is the average and W is the standard deviation of the
resulting distribution of integrated coupling ¢. The rate of

dephasing due to nonmonochromatic beam can, in turn, be
bounded as

Sd2
et o a%ncgz(wafz @)y + V(a2 a?))?

+leP(V(a?a?)y + (@ a?) Y1, (73)

Furthermore, due to the real-valued dynamics, there is no
unitary dynamics,

Q
X _o. (74)
V

D. Metastable dynamics of realistic micromaser

In Secs. IV A-IV C, we have considered perturbative con-
tributions from noise or higher order corrections to the long-
time dynamics of the cavity. In general, the micromaser
dynamics is described by the sum of all the contributions, i.e.,
the sum of Egs. (45), (55), and (67), and features the unique
stationary state

Pss X p W) (Wil + (1 — p)|W_){(W_],
Kk{n)— +v(X)_
K((n)— + (n) ) +Fv(X) - 4+ (X))

Note that dephasing or unitary dynamics of odd-even coher-
ences do not determine the approximation [cf. Eq. (69)].

p= (75)

E. Beyond weak noise and small corrections

In Secs. IVA-IVC, we assumed that noise and imper-
fections in the (5 + 1) micromaser setup contribute to the
slowest timescales in the cavity dynamics, that is the inverse
of the gap in the effective dynamics of Egs. (45), (55), and
(67), [e.g., given by —A, in Eq. (58)] is much larger than
the relaxation to the DFS of the pure stationary states |W,)
and |W_). These results provide insight in the robustness of
the dissipative preparation by indicating timescales on which
the noise becomes relevant; i.e., the effective dynamics is no
longer negligible. In particular, we find that the effective rate
for single-photon losses, higher order corrections, and non-
monochromatic beam depends on the average photon number,
and thus the states with higher photon numbers are less robust
to such noise.

However, as we discussed in Sec. IIIE, the relaxation
timescales may be significantly extended due to low ampli-
tudes of connecting certain photon numbers, e.g., |m) and
|m + 2) due to sin,, & 0 in Eq. (10), that is as a soft wall at
m. Thus, when the noise is comparable with such timescales,
we can no longer approximate the dynamics as taking place
inside the DFS. Nevertheless, we can instead consider the
effective dynamics among states which would be stationary in
the approximation sin,, = 0, i.e., the states supported between
soft walls. Such dynamics features two contributions: transi-
tions across soft walls (considered in Sec. III E) and dynamics
due to noise and imperfections of the micromaser, which we
discuss now.

As a wall affects only the neighboring states of the same
parity, any perturbations in the dynamics that swap the parity
allow for circumventing walls by connecting the states of
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opposite parity, with rates simply proportional to the support
of the perturbed state between walls of the opposite parity.
This is the case for the higher order corrections in the far-
detuned limit and single-photon losses from the cavity leading
to the decay at the rate K(I’l)]:(t + (X )ki of the kth state of
the even (odd) parity ,oki. Furthermore, as they change the
photon number in the cavity only by one, they enable local
transitions, that is for the state p,ﬁt between walls at m* and
mi-,, only to the states pF such that m < mf < mj,, or
mki < m,f i S m,il. Additionally, coherences between such
states of the same parity, p,7, can be created if they are
pure and obey the same boundary conditions (cf. Secs. III D
and IITE). In turn, such coherences only get connected to
coherences of the opposite parity. On the other hand, the
atom decay or nonmonochromatic atom beam effectively
lead to a random distribution of interaction times between
atoms and the cavity, which results in fluctuations of the
integrated coupling ¢, and thus also changing positions of
walls. In turn, the states between walls again undergo lo-
cal transitions to the preceding and following states of the
same parity, i.e., ,o,z'E to p,zt_l and ,o,firl at the respective rates
vice Pt /2 + (mif + D0 +2)8¢7] and  vleg*[(4T3 —
3y3)t/8 + (m,firl + 1)(m,firl + 2)87&]. Here no coherences
are created and, moreover, the effective dynamics obeys
detailed balance. Therefore, overall, we obtain a unique
stationary state without even-odd coherences, which is
consistent with the weak parity symmetry [cf. Eqs. (44)
and (54)].

In particular, in the case when the dynamics induced by
noise is even faster than the timescales of relaxation across
soft walls, we can neglect the latter by means of the almost
degenerate perturbation theory. The resulting stationary state
describes the state prepared in the cavity beyond the non-
degenerate perturbative approximation of Secs. IV A-IV C,
and allows us to understand the change in the usefulness
of generated states for potential applications, e.g., for phase
estimation (see Sec. V B). In general, the dynamics needs to
be calculated individually for each value ¢ as positions of soft
walls strongly depend on the integrated coupling, but for hard
walls, with known positions given in Sec. III D, we derive
the analytic description of the effective dynamics and find the
resulting stationary states in Appendix G 4. In particular, for
the cavity being pumped by the excited atoms, |c.| = 1, we
find that the long-time dynamics due to noise or imperfec-
tions leads to local transitions between trapping states that
always increase the photon number with the lifetime of a
trapping state |m) given by [k m + v(m|X|m) +vIt/2 +
v(m + 1)(m + 2)8¢2]1~". Therefore, in a realistic micromaser
there are no trapping states.

V. APPLICATION IN PHASE ESTIMATION

In Secs. II B and III, we discussed the dynamics of two-
photon micromaser with atom-cavity interactions described
by Jaynes-Cunnings Hamiltonian, Eq. (6). This dynamics lead
to pure stationary state of the cavity dependent on both the ini-
tial atom state and the integrated coupling strength, Eq. (22).
Below we investigate the usefulness of the generated states
for applications in phase estimation setups. We find that weak

coupling does not yield a quantum enhancement in estimation
precision, but strong coupling creates states which lead to an
enhanced sensitivity. Although experimental imperfections,
such as single-photon losses, lead to mixed states, we find that
they can still enable enhancement in phase estimation.

A. Quantum Fisher information

We consider a phase ¢ which is to be estimated as unitarily
encoded in a cavity state p by the photon number operator
—qaf
n=a'a,

Pp = e Y p e, (76)

This corresponds to the situation when, after dissipatively
preparing the cavity in the state p by atom passages, the phase
is subsequently encoded in the cavity state, e.g., by changing
the cavity frequency by dw to induce the phase ¢ = dwt over
time ¢ [24]. The errors in the unbiased estimation of ¢ are
then bounded, A%¢ > Fp(p)~!, by the inverse of the quantum
Fisher information [46-48,93],

2
3

C— p.)?
Foo) =23 PP i )

iy PiTPy

where Eq. (77) is expressed in the orthonormal eigenbasis
of the state p = Zj p;|E;){E;|. In particular, for pure states,
o = |W) (¥, the QFI is simply proportional to the the photon
number variance,

Fo(1W)) = 4((W[n?| W) — (¥|n|W)?). (78)

For example, for the coherent state |«), the photon distribu-
tion is Poissonian, and thus Fy(|a)) = 4(n) = 4|a|?, which is
referred to as standard quantum limit. Therefore, the phase
estimation with p features the quantum enhancement over
the classical strategy using the same amount of resources,
i.e., the coherent state with the same average photon number,
whenever [94-96]

Fo(p)
4(n)

Considering this figure of merit is motivated by experimental
limitations on the allowed energy, iw(n), of the probe photon
field. In such a case, further increase in the phase estimation
precision can be achieved only by nonclassical distribution of
the field, e.g., squeezing.

(79)

B. QFI for micromaser in far-detuned limit

In Fig. 8, we consider the QFI for an evolving cavity
state and for the asymptotic stationary state. The QFI varies
significantly across the parameter space of the atom state and
integrated coupling strength. Importantly, multiple distinct
stationary states achieve high enhancement over the classical
limit.

1. Wigner function and QFI

The QFI, (77), which quantifies how sensitive is a state p
to phase rotations, is directly related to the Wigner function,
Eq. (15). The QFI equals the speed of change in the overlap
between the Wigner functions for p and p, [Eq. (76)] [25].
Furthermore, the Wigner function for p, is simply the Wigner
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FIG. 8. Phase estimation with dissipatively generated cavity
states. The four panels show the ratio of the QFI to the perfor-
mace of the corresponding coherent state, Fp(p)/4(n) for the cavity
initially in the vacuum |0) after the passage of k = 100, 10°, 10*
atoms and for the stationary state [Eq. (22)]. The enhancement
is shown as a function of the atom state [Eq. (8)] and integrated
coupling ¢. We sample the ¢ axis for ¢k, Eq. (35), with odd
K =1,3,...,43, which gives the hard wall at m = 20 and allows
convergence to stationary state also for ¢, > 1/+/2 (note that a larger
m would generally allow higher (n) and could also enable a higher
enhancement in precision). The purple shading shows regions with
reduced purity Tr(p?) < 0.99, whereas the green shading excludes
low average photon number, (n) < 1. The red dots in the steady-state
panel mark the stationary states (i)—(ix) analyzed in Fig. 2. The
states (iii)—(ix) correspond to the states at the local maxima of the
precision enhancement, while (i) and (ii) correspond to the standard
and squeezed Schrodinger cat states. A complex phase of ¢, does not
change the results, but the stationary states are not periodic in ¢, and
thus here we show only a part of the parameter space.

function for p but rotated by ¢. Therefore, for the states
(iii)—(ix) with high values of the QFI the sign of the Wigner
function highly oscillates [see Fig. 2(a)], thus ensuring a high

QFIL.

2. Enhancement in precision due to soft walls

We now argue that the enhancement above the classical
limit, Eq. (79), is facilitated by the presence of soft walls in
the dynamics.

The stationary states, Eq. (22), are dependent on the initial
atom state and the integrated coupling strength, but the atom
parameters alone imply the exponential decay in the photon
number distribution for |c.| <1 /ﬁ. The integrated cou-
pling can instead facilitate a sharp revival in the occupation
probability via a soft wall; for the wall at m, sin,(¢) =
0 with cos,,(¢) =~ 1, we have c,42/cn = —i2 sin,;l(q))ce/cg
(see Appendix E for further discussion). The revivals corre-
spond directly to multimodal photon number distribution [see
Fig. 2(b)]. Since the considered stationary states are pure, their
QFI is simply proportional to the photon number variance (78)

lossless ? )
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FIG. 9. Effect of single-photon losses on phase estimation preci-
sion. (a) The enhancement (79) in the phase estimation is shown as
a function of the integrated coupling ¢ [c. = 0.65 corresponding to
dashed red line in Fig. 8]. The enhancement in the stationary state of
lossy dynamics (black) [Eq. (85)] is shown against the enhancement
in the even (blue) and odd (green) states that are stationary for
lossless cavity. For the majority of parameter space, we observe the
enhancement in phase estimation, i.e., Fp(0)/4(n) > 1 (values above
the horizontal dashed gray line). Here the lossy stationary state is
given by perturbative Eq. (57). (b) Average photon number in even
and odd stationary states. We observe the correlation of high photon
number to when the QFI of a lossy stationary state differs from
Eq. (85) in panel (a), as it determines the size of the correction from
the single-photon losses (together with the relaxation timescales in
the lossless case [cf. Fig. 8].

and features the square of distance between modes averages

Fo(l9) =Y pe Fo(1 W) +4) >~ pepie (n)ic — (m)er ),
k

K k=k
(80)

where W) = )", \/pr|W) and | W) represents the orthonor-
mal kth mode. Thus, the QFI features quadratic rather than lin-
ear scaling with the average, which may lead to the precision
enhancement, Eq. (79). Multiple soft walls in close proximity
can also lead to a unimodal distribution, but with a spread
significantly wider than for the corresponding coherent states
[see state (iv) in Fig. 2(b)]. The same mechanism is present
for the stationary states of both parities [cf. Fig. 9].

The revivals in photon probability distribution are highly
sensitive to the coupling ¢ value, with their derivative propor-
tional to m and sin;' (¢). Therefore, the structure of the cavity
states varies significantly with ¢, allowing for preparations
of distinct states (see Fig. 2) and is the reason for strong
variations of the QFI in Fig. 8 [97].

The presence of soft walls introduces, however, long
timescales of reaching pure stationary states, with cavity states
being mixed at earlier times (purple shading in Fig. 8), even
when the initial parity is fixed [see Sec. IIIE and Fig. 2(c)].
The mixedness of the cavity state in general lowers the esti-
mation precision, which is captured by convexity of the QFIL.
Nevertheless, in Fig. 8 we observe that the local maxima in
the enhancement (iii)—(ix) are already present after passage
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of 100 atoms, and their value increases with time as the
corresponding pure stationary states are approached (cf. the
scale bars).

3. Absence of enhancement in weak coupling limit

In the weak-coupling limit, the cat and squeezed-cat states
are generated, examples of which are marked as states (i) and
(i1) in Figs. 2 and 8. These states, although nonclassical, do
not feature the enhancement in the phase estimation preci-
sion. The parity symmetry allows for a superposition of the
coherent states with the opposite phase, £, but with the same
average photon number, |«|>. Therefore, the photon number
distribution remains unimodal with the spread of the coherent
state [cf. Fig. 2(b)]. We note, however, that the enhancement
proportional to |&|? can be achieved via the linear operation of
displacing the cat state in Eq. (29) by £«, which would give
a bimodal photon distribution with the modes centered at 0
and |a|?.

4. Coherence in DFS and QFI

In general, an initial cavity state evolves into a mixed state
inside the stationary DFS, but this cannot significantly reduce
the enhancement present in the pure stationary states of fixed
parity.

From the conservation of the parity by the phase generator,
[n, P] = 0, we have that (W, |n|W_) = 0. This simplifies the
QFI for any state within the DFS,

p=pV ) (Wil + 0= p)W_ ) (V|
F o W (W] 4 W) (Wa], 81)

where |c|?> < p(1 — p), to [98]

Fo(p) = pFop(IW) + (1 — p) Fp(W_))
+41elP((n)4 — (n)-)* (82)

Therefore, the QFI increases with coherence |c|. It is max-
imal for the pure state ./p|W,)+ /T — p|W_) [here ¢ =
+/p(I = p)], and minimal for the mixed state p |W,)(¥| +
(1 — p)|¥_)(W_| [99]. Moreover, the precision enhancement,
Eq. (79), behaves as the QFI, since for all ¢ the average photon
number remains constant, (n) = p (n). + (1 — p)(n)_.

If the average photon number is similar in the odd and
even states, the lack of coherence does not significantly affect
the precision. More generally, if the odd and even stationary
states feature the enhancement, Fp(|W4))/4(n)+ > 1, this is
the case for any p, as

Fo(p)  _ Fp(I¥y)) _ Fo(lW_))
amy =Py, TP
_ 2
+c)? M’ (83)
(n)
where
0<jp= pin)y (84)

<L
pin)y + (1 = p)n)_

Furthermore, even if only the even (or the odd) stationary state
features the enhancement, the precision of a mixed state in
Eq. (81) still beats the standard quantum limit provided the

probability p of the even [(1 — p) of the odd] stationary state
is sufficiently large [100]; cf. Eq. (83).

5. Cavity coherence from atom coherence

The high QFI in Fig. 8 relies on the existence of pure co-
herent even and odd stationary states of the cavity. This crucial
coherence of the stationary states of fixed parity is created by
the passage of pure coherent states of atoms, Eq. (8), which
establish a phase reference for the cavity phase, Eq. (22).
Indeed, whenever the atom state is mixed but nondiagonal in
the atom level basis, the even and odd stationary states of the
cavity are nondiagonal in the photon number basis, and thus
feature nonzero QFI (see Appendix G3d). In contrast, for
diagonal states of atoms, the phase reference is absent, and
the resulting cavity state is diagonal in photon number basis
(with the zero QFI), as the cavity achieves equilibrium with
the effective atom temperature given by the relative population
of the two atomic levels (see Appendix H).

Mixed, but coherent atom states can be a consequence of
finite lifetime of atom levels, discussed in Sec. IV C. Further-
more, this additionally lowers the purity of cavity states by
possible decay events during the atom interaction with the
cavity (see also Appendix G3e).

C. QFI for micromaser with single-photon losses

In Secs. IV A and IV B, we have shown that due to the finite
detunings or the presence of single-photon losses, the pure
stationary states |W,) and |W_) of two-photon micromaser,
Eq. (22), are rendered metastable, and the cavity dynamics
leads instead to a unique stationary state approximated by
their classical mixture [see Egs. (46), (57), and (75)]. Below
we argue that in this limit the introduced mixedness does not
significantly reduce the enhancement in the phase estimation
precision. Therefore, the dissipatively generated cavity states
can still be used quantum enhanced phase estimation.

1. Enhancement in precision for lossy cavity

The stationary state of a lossy cavity, Eq. (57), is approx-
imated by a mixture of the even and odd states, pis & p with
p={(n)_/({n), + (n)_). In this case [cf. Eq. (82)],

Fo(p) 1[FQ(|\IJ+>) FQ(I\IJ_>)}
4ny 2| 4n), 4(n) ’

(85)
so that the enhancement higher than 2 present in the even
or the odd state implies % > 1 [cf. Fig. 9]. Note that we
assume losses to take place only during the generation of the
cavity state, but not during the phase encoding [cf. Eq. (76)].

It is important to comment here on corrections to Eq. (57)
and thus to Eq. (85). In derivation of the effective dynam-
ics induced by single-photon losses, Eq. (57), we assumed
that the losses act as a perturbation of the cavity dynamics;
i.e., timescales of lossy dynamics are much longer than the
timescale T of the relaxation into the pure stationary states
(22). In this case, the corrections to the stationary state in
Eq. (57) are proportional to k7 [50,88]. Note that this per-
turbative approximation is limited by two factors.

First, the influence of the single-photon losses is pro-
portional to the average-photon number [cf. Eq. (57)] as
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losses affects each photon independently. Therefore, states
with higher photon number are more fragile to losses. This is
also the reason why losses present during the phase encoding
(i.e., for fixed strength of noise, xt for ¢ = dwt) lead to
the enhancement in phase estimation limited to a constant
[(e¥" — 1)] above the standard scaling [101-103].

Second, the soft walls which facilitate multimodal distribu-
tion, and thus the enhancement in precision, imply long relax-
ation time 7. The relaxation timescales due to soft walls are,
however, not directly related to the average photon number
(cf. Sec. IIIE).

Beyond the perturbative approximation, i.e., when losses
take place at earlier timescales than 7, they instead lead to
the mixing dynamics of the metastable states between soft
walls, as discussed in Sec. IV D. This dynamics results in
the stationary state being a mixture of pure and mixed states
between soft walls, with possible coherences between pure
states with the same boundary conditions, ps ~ ), pi°p1 +
2k PRIV (Wil + D v (e W) (Wr | + Hec.), where we ex-
plicitly distinguish between pure and mixed states and
leg: k,|2 prpy (see also Appendix G4). Thus, the QFI be-
comes (cf. Egs. (80) and (82) and see Ref. [104])

FQ(pss>>Zp FQ(p1)+Zp Fo(lWe))  (86)

+4ZZ |ck k,

k k'>k

— ()’

where the (approximate) inequality is saturated for ¢;%, — 0
and in the lowest order of corrections |c{,|* is replaced

by [ /(D 4 p}). Therefore, the precision enhancement
is significantly reduced if the coherences are negligible,
legw ! < 1Py — pyl, in which case it is crucial to reduce noise
in an experiment to remain within the perturbative approxi-
mation of Eq. (82). For this, it is necessarythat kT decreases
inversely with the average photon number of the even and
odd stationary states of the lossless cavity. Importantly, this
requirement can be achieved by increasing the rate v of atom
passages, since T v~! [cf. Eq. (B9)].

2. Other noise

Similarly to single-photon losses, the higher order cor-
rections in the far-detuned limit will lead to the mixed sta-
tionary state approximated by Eq. (46), and thus Eq. (83)
with p = (X)_/((X)+ + (X)_) and ¢ = 0. Here, however, the
corrections cannot be minimized by increasing the rate v, but
only by increasing atom detunings [see Fig. 1(a)].

The nonmonochromatic atom beam also influences the
precision enhancement, as in the lowest order it leads to
dephasing of odd-even coherences leading to ¢ = 0in Eq. (81)
[cf. Eq. (69)]. Although p = 0 is not fixed, we find that the
QFI is still reduced (see Fig. 10), as a result of the lowered
purity of odd and even stationary states, and only small
deviations in atom velocity are permitted if the purity of the
produced states is to be maintained. Indeed, as discussed in
Sec. IV D, for slow relaxation across soft walls, the stationary
state features no coherences, ¢;*, = 0, and thus the quadratic
scaling is lost in Eq. (86). Furthermore, this will also be the

— 0=0
— 0 =0.001
o =0.004
— o =0.007
o =0.010

100 10" 102 10° 10° 10" 102 108
k k

FIG. 10. Effects of the nonmonochromaticity of atomic beam.
Dynamics of the purity (a), Tr(p?), and the QFI (b) [Eq. (77),
normalized by the maximum value Fy(p)/4(n) = 7.39 in dynamics
with the monochromatic beam], with the number of atoms k passing
the cavity, is shown for different widths o of the integrated cou-
pling distribution, which for simplicity is assumed normal, g(¢) =
exp[—(¢ — (¢))?/202]/+/2m 2. The initial state is the vacuum |0),
the atom state is ¢, = 0.65, and the coupling ¢ = P20.5 ~ 0.73707
[equal to the parameters of the stationary state (iii) in Figs. 2 and 8].
Dynamics was averaged over 100 random trajectories [cf. Eq. (G66)].
Note the control of the order of 0.1% in the velocity spread is
required in order to achieve Tr(p?) > 0.9 and >90% of the QFI that
was obtained with a monochromatic beam.

case for micromaser with atom levels of finite lifetime (cf.
Appendix G 4).

VI. EXPERIMENTAL CONSIDERATIONS

Finally, we briefly review possible platforms to implement
the Hamiltonian in Eq. (6).

1. Rydberg atoms

Atoms excited to their higher principal quantum number
states, so-called Rydberg atoms, interacting with a microwave
cavity are the setup where two-photon micromasers were
originally developed [31,32]. The interaction time is given
by T = w/v, where w is the cavity of mode waist and v is
the speed of atoms passing through the cavity. For w &~ 2 x
103 m and v ~ 10> ms~! [105], we have T ~2 x 1077 s
Therefore, a finite integrated coupling strength ¢ & 1 requires
the coupling strength A & 10 kHz, already achievable in three-
level micromasers [32]. We note, however, that currently
typical single-photon loss rate « ~ 100 Hz [36], while in order
for the loss to be treated as the perturbation in the cavity
dynamics the relaxation timescale must be much shorter than
k™! [see Fig. 2(c) and cf. Sec. IVB], and thus loss rate «
would need to be significantly lower (or t shorter to allow
for higher atom rate v).

Nevertheless, in order to consider effective two-photon
coupling X in a (5§ 4+ 1) model realized with Rydberg atoms,
we aimed to identify five Rydberg levels fulfilling the condi-
tions in Egs. (5a) and (5b) [the condition in (5¢) can be sat-
isfied by appropriate choice of the Rabi frequency G and the
detuning § of the classical field]. We performed a preliminary
search using the Alkali.ne Rydberg Calculator (ARC) package
[106,107] among 30 basis states close to the levels realiz-
ing two-photon micromaser in Ref. [32], 3981 < 39P% <
4OS . We identified the transitions 375 1< 37Pz < 385 1o

38Pz <~ 39S| with @ ~ 500 GHz, |A; | ~ 21 GHZ and gj
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0.3 MHz leading to |gi|*>/A; = 0.95|g21%/A, |g4|*/As =
—1.02|g3|>/A [cf. Eq. (5)]. The effective coupling strength
|A| & 5 Hz leads only to the weak-coupling regime with ¢ ~
10~*, where the Schrodinger cat states could be generated
(see Sec. III C). Considering larger set of basis states and an
external electric field enabling tunable detunings A ; through
the static Stark effect, could, however, yield transitions with
stronger effective interaction. See Appendix J for further
discussion.

2. Circuit QED

Circuit QED represents a versatile platform to realize
Hamiltonians with strong higher order photon processes
[39—41,108]. In particular, a scheme studied in Ref. [109]
realized a system with a tunable coupling between a
transmon qubit and a microwave resonator with the ef-
fective single-photon Jaynes-Cummings Hamiltonian, H =
At)até_ + A(t)*aé,, where @, & are the effective photonic
and atomic operators dressed by the anharmonic Jaynes-
Cummings Hamiltonian of the qubit-cavity system. It remains
an open question whether the two-photon Jaynes-Cummings
Hamiltonian in Eq. (6) can also be achieved.

VII. CONCLUSIONS

We have proposed a scheme to realize two-photon micro-
masers exploiting a (5 4 1)-level structure of atoms passing
through a cavity. We have shown that the atom parameters
can be tuned to achieve an effective two-photon interaction
Hamiltonian without the Stark shifts, unlike in the three-level
micromasers. We have found this enables dissipative genera-
tion of pure states with high quantum Fisher information for
phase estimation. Furthermore, we have found that the pure
odd- and even-parity stationary states span a decoherence-free
subspace. Thus, in addition to phase estimation, the discussed
scheme could be exploited in quantum information process-
ing (cf. Ref. [39]), as a quantum memory or as a quantum
processor with unitary operations implemented by perturbing
the micromaser dynamics [89,90,110].

To account for realistic imperfections, we have considered
effects of higher order corrections in the far-detuned limit,
single-photon losses from the cavity, finite lifetime of atom
levels, and nonmonochromatic atom beam. For small enough
imperfections, there exists a pronounced metastable regime
with metastable states corresponding to the formerly station-
ary states. After the metastable regime, the relaxation to a
unique stationary state takes place. Importantly, we found
that even after the metastable regime, the generated stationary
states, although mixed, can still feature a significant enhance-
ment in phase estimation precision.

Future research directions include identifying experimental
schemes to implement the (5 + 1)-level model and construct-
ing feedback schemes to counteract the mixing dynamics of
metastable states due to single-photon losses.
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APPENDIX A: ATOM-CAVITY INTERACTION
1. (5§ +1) Jaynes-Cummings Hamiltonian

Here we present the details of the transformations leading
to Eq. (2).

We consider (5 + 1)-level atoms the cavity field of fre-
quency o with the free Hamiltonian [see Fig. 1(a)]

1
CL)(LIT(,Z + E) + ' Z El Ojj,
j=0,....4,a

where o0;; = [i){jl, a and a' denote the cavity annihilation
and creation operators, and /i = 1. The atom is coupled to the
cavity field and a classical field of frequency w and Rabi
frequency G [112]

H) = (AD)

4
Hiy ()= (a+a") ) gjoj1
j=1

+ (Ge™ " 4 G* "), + H.c.

In the frame rotating with the free Hamiltonian H,
Eq. (A1), the interaction Hamiltonian (A2) becomes

(A2)

4
eitHéHi/me—itH(; = (a+ ei2a)raT)Zgj PV Titj-1)
j=1

+ (G + G* ™) 55 + Hee. (A3)
Since the detunings are assumed much smaller than the
corresponding energy gaps, |A;|, |§] K w, w are assumed,
we can perform the rotating-wave approximation by neglect-
ing the counter-rotating terms in (A3) (see, e.g., Ref. [113,

ch. 5.2.2]). This leads to the atom-cavity interaction described
by multilevel Jaynes-Cummings Hamiltonian [62]

4
Hy(t)y=ay_ gje™ ojj_1+Ge” oy +He. (Ad)
j=1
while in the initial frame we have
—itH], itH),
Hyc(t) = e”""H;; (1)e"™0
4
=a Z 8ioji-1) + Geilwdt 0.3 + H.c. (AS)
j=1
It is important to note that the new dynamics, H{) + Hyc(t),
conserves the number of excitations N = n + Zj‘:l jojj +
30, where n = afais the cavity photon number operator, i.e.,
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[N, Hj + Hyc(t)] = 0. Moreover, it is possible and relevant
(see Appendix B 1) to remove time dependence from the
dynamics (AS), by considering the frame rotating with (wN +
Wc103a ), Which leads to the dynamics governed by Eq. (2).

2. Effective two-photon interaction

Here we consider adiabatic elimination [56,57] for atom-
cavity dynamics described by Hy + Hjy, of (2a) and (2b) at the
resonance (3). We derive the effective two-photon Hamilto-
nian of Egs. (4) and (6), which arise in the second-order of
couplings g1, g2, 3, g4, and G [see Fig. 1(a)].

Adiabatic elimination can be viewed as formally diago-
nalizing H = Hy + Hjy, (2a) and (2b), by perturbation theory
with respect to Hi,,. The Hamiltonian H is diagonalized by a
unitary transformation e%, where the anti-Hermitian operator
S is assumed to be expanded in the coupling strength, S =
S1 + 8, + - - -. Therefore,

Hdiag = es(HO + Hint)eis
= Hy + Hiy + [S, Hy + Hine]

1
+_[S7 [S5 HO +[{int] + e

= Hy + (Hine + [S1, Hol) + ([Sz, Hyl + [S1, Hine]

oIS, [SI,HO]]> T (A6)
where we ordered the second line of (A6) in increasing power
of the interaction strength. Note that Hg;, is assumed diagonal
up to initial degeneracy in Hy of the atomic levels |1) and |3),
which is due to the resonance (3). Therefore, from (A6), S is
perturbatively determined [114] as [cf. Ref. [57]]

—[81, Ho] = Hip,
1 /
—[S2, Hol = ([Sl,Him] + 5[51, [S1, Ho]]) seees (A7)
where (X) denotes the off-diagonal elements of X in the

eigenbasis of Hy. The first condition simplifies Eq. (A6) to
only even-number corrections,

1
Hdiag =Hy + ([SZ’ Hpl + E[Sla I'Iint]> +---, (A8)
which is a consequence of the assumed two-photon resonance

in Hy and single-photon interactions in Hj,. Substituting (A7)
to (A8), we obtain

2!
|
[—alal&l 0 0 0 0 0
0 aal "i!z - aTa%2 0 at? —g*zgi(AA;A:As) 0 0
0 0 aat &l _ gfglal 0 0 0
Hdiag:HO“f‘ A 2 3 , ) o + -
0 az—gzgi(A;A_} 3) 0 aaT% — aTa% — % 0 0
0 0 0 0 aat%E 0
(A9)
for the operators
[0 —afs 0 0 0 0 7
g &
aft 0 —at 0 0 0
82 g5
5, = 0 atx 0 —at 5 0 0 ’ (AL0)
g 8 G*
0 0 a% 0 & <
g
0 0 0 aA—i 0 0
L 0 0 g 0 0 |
r 2 818 (A1—Ay) 1
0 0 —aP R aray O 0 0
0 0 0 0 0 0
2_818(A1—Ay) _ 12 _838i(As—A) _ 186G (A3=9)
S, = @ samatay 0 0 0 —a s Aan 28550+ A3) (A1)
0 0 0 0 0 0
2 _8384(A3—Ayg) 84G*(A4+3)
0 0 ey viveE R 0 T80+
43G(A3—8) SG(A4+S)
L 0 0 a 2335(81A3) 0 T2524(7A4+8) 0 .

It should be emphasised that atom-cavity interaction,
Eq. (A9), takes place in the diagonalising basis [cf.

(

Eq. (A6)] given by €5(|j) ® |n) = /) ®|n) +S1(1)j) ®
|n))+---, where the atom levels are labeled by j=
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0,...,4,a, while n =0, 1, 2... denotes a photon number in
the cavity. In the far-detuned limit of |g;/A;| < 1 for j =
1,..,4,a and |G/§| K 1, the lowest order corrections, the
diagonalizing basis corresponds to the original atomic levels
|0),..., |4) and |a), in tensor product with the photon number
basis of the cavity states. In particular, in Sec. IIB, Hyiag
restricted to the levels |1) and |3) is considered [cf. Egs. (2a)
and (2b)]. In Appendix B2, we consider corrections to the
dynamics beyond this approximation.

We note that the results in Eqs. (A9)—(A11) do not require
the resonance condition in Eq. (3). When this condition is
not fulfilled, Hy contributes a static Stark shift (A, + A3z)o3;3
to the effective Hamiltonian in Eq. (4). This effect can be
eliminated by adjusting e (and thus §) or G of the classical
field [cf. Eq. (5)].

Due to conservation of the number of excitations, N =
ata + Zj=1 Jjojj+ 304, although the cavity space di-
mension is infinite, the perturbation theory above is ef-
fectively performed on (at most) six-dimensional sub-
spaces spanned by [0) ® |n), |1)®|n—1), |2) ® |n—2),
BY®@In—3), 4 ®In—4), and |a)® |n—3), for n=
0,1, ..., denoting the photon number in the cavity. For
given N, the effective perturbation size can be approx-
imated as ||Hinll[|(Ho — A1) *[| = O[max(N max; [g;], G)/
min(|Aq], |As], |As], 8)], where (Hy— A;)™ denotes the
pseudoinverse [88-91]. This defines the far-detuned limit for
a given N. When the dynamics in the two-level approximation
(10) features well-defined stationary states and the initial cav-
ity state is bounded, i.e., it has a finite support below n;,, we
expect the stationary state to be achieved at a finite-relaxation
time T.ax €xploring effectively a finite cavity space; cf., e.g.,
Ref. [54]. If the perturbation size is small for N > VTyejax, fOr
full atom-cavity dynamics given by Hy + Hiy there exists a
metastable regime where two-level approximation holds and
a metastable state is given by the former stationary state. At
longer times, the effective dynamics resulting from the higher
order corrections takes place and leads to a unique stationary
state (see also Sec. IV A). In the next section, we consider
these higher order corrections to dynamics.

APPENDIX B: MICROMASER

Here we discuss general dynamics of a micromaser and
the assumptions leading to the Markovian time-homogeneous
dynamics of the cavity, the case of which is discussed for
the far-detuned limit in Sec. IIC. In Appendix B2, we de-
rive the higher order corrections to the two-photon dynam-
ics described by the Kraus operators (10), which lead to
metastability and mixing long-time dynamics discussed in
Sec. IV A.

1. General dynamics

A micromaser is a setup in which atoms pass through the
cavity, one at a time, and interact with its field [see Fig. 1(b)].

a. Assumptions for Markovian time-homogenous micromaser

We now discuss three assumptions leading to Markovian
time-homogenous dynamics of the micromaser (cavity) [64].

Assumption 1. Atoms are prepared identically and in a
product state with respect to one another and the cavity.

Let p® be the state of the cavity after the interaction with
k atoms. In the frame rotating with the free Hamiltonian (A1),
the cavity state changes only when an atom is passing through.
For an initial state of the cavity and the atoms given by tensor
product p¥ @ (pu ® -+ @ pu @ - -+ ), the state p* of the
cavity depends only on its state o~ before the interaction
with kth atom,

p® = Tr U (e, w) o ® p* 10U T, w)},  (BI)

where t;, and t; denote the arrival time of the kth atom and the
duration of its interaction with the cavity field, respectively,
while
t+t
U(t,7) =T exp {—i/ dt’Hi’l;t(t’)} (B2)
t

is the time-ordered evolution operator for the interaction (A4).
Equation (B1) represents Markovianity of the cavity dynam-
ics.

Assumption 2. The atomic beam is monochromatic, i.e.,
velocity of all atoms is the same.

In this case, the interaction time with the cavity is the
same for all atoms, 7, = t. Note that the atomic state 0y
is typically not initialized for all atoms at + = 0 as written
formally in Assumption 1. In practice, a state in Eq. (8) can
be prepared by atoms passing on their way to the cavity
through a laser resonant with the transition |1) < |3), which,
for atoms with the same velocity, leads to the identical state
(as the laser phase is constant in the frame rotating with H).
For discussion of changes in micromaser dynamics due to
nonmonochromatic atomic beam, see Appendix G 3 f.

Assumption 3. The atom state is invariant under the dy-
namics (2a), e~ p e = p,..

With Assumption 2, the cavity dynamics (B1) depends
on time only via the time-dependent interaction Hamilto-
nian (A4). The interaction Hamiltonian is, however, time
independent in the frame of (wN + w.04,) [cf. Eq. (2b)],
which differs from the frame of H| by the Hamiltonian —Hp
[Eq. (2a)]

U, 1) = e~ itHo {Teiifor dt'[Hin (t")+Ho) }ei(f+‘l.')H[). (B3)
Since Hy acts only on the atom state, we have
P = Tra{U (0) [T pye™ 0 @ p =D U T (1)),
(B4)
where we introduced
U(r) = Te’ifor dt[Him(r)+H0|’ (B5)

so that for the invariant atom state the cavity dynamics sim-
plifies to

p® = Tro (U () [pu ® p* VU (1)}

The time dependence of the interaction on ¢ in Eq. (B5) is due
to the coupling strengths g;(t), j =1, ..., 4, and G(¢) being
in general dependent on the atom position within the cavity,
which changes in time ¢ [cf. Eqs. (2a) and (2b)].

(B6)
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In order for an atom state to be invariant, it cannot feature
coherences between H, eigenstates of different energy; e.g.,
for a nondegenerate Hy it must be diagonal. In order for the
pure coherent state in Eq. (8) to be invariant, we require the
two-photon resonance in Eq. (3), which leads to degeneracy
of |1) and |3) in Hy.

We note, however, that when the resonance condition can-
not be met, time-homogeneous cavity dynamics can be, in
principle, achieved by preparing the atoms in states with a
phase dependent on arrival time, e.g., for the state in Eq. (8) by
preparing the state with an off-resonant Rabi driving detuned
by —(A; + Ajz) [cf. Eq. (2a)] (cf. discussion of Assump-
tion 2.).

b. Discrete dynamics of micromaser

For a pure invariant atom state, o, = |V¥a) (V| [€.g.,
Eq. (8)], the dynamics in Eq. (B6) can be expressed with the
Kraus operators

Mj = (IU(O)|Yar) B7)
as

PP = 3" Mip* VMl = Mip*Dy, (B8)
j=0,....4,a

where M denotes the corresponding superoperator. We have
> j=0,.. 4.2 M}M ;i = 1, which guarantees the trace-preserving
dynamics MT(1) = 1. The general case of the dynamics with

a mixed state instead of the pure state in Eq. (8) is discussed
in Appendix G 3 d.

c. Continuous dynamics of micromaser

Assuming that time at which atoms arrive to the cavity
is exponentially distributed at the rate v (see below and
Refs. [31,64,65]), the average dynamics of the cavity, coarse-
grained in time over intervals t, is governed by the time-
homogeneous master equation [66,67]

d
Ep(t) =vMlp®)] —vp) = LIp®)]. (B9)

The dynamics is trace preserving, £ (1) = 0, which follows
from the properties of the Kraus operators.

Note that in the micromaser setup, it is assumed that at
most one atom is found in the cavity at a time [see Fig. 1(b)].

J

A possible approach used to obtain this is for the levels |j),
j=0,1,...,4,cin Fig. 1(a) to be a subset of highly excited
levels (e.g., Rydberg levels) in a multilevel atom [64,65].
The initial state of the atoms is then prepared by passing a
stream of atoms, initially in a low-energy state, through the
excitation region where the states |j), j =0,1,...,4,c, can
be excited. If the probability of excitation from the low-energy
state is small, due to the law of rare events, the number of
atoms that arrive to the cavity prepared in the relevant states
lj), j=0,1,...,4,c, up to times ¢ is approximated by a
Poisson distribution with the average vf, while the waiting
time between the arrival of the consecutive excited atoms is
given by the exponential distribution with the rate v.

2. Higher order corrections to cavity dynamics

The cavity dynamics generated by the effective Hamilto-
nian in Eq. (6) corresponds to the adiabatic elimination carried
out to the lowest nontrivial order in g;/A;, j = 1,2, 3,4 and
G/5. We now discuss how the effective micromaser dynam-
ics in Eq. (B4), which is parity preserving, is modified by
higher order corrections to the far-detuned limit. The analysis
below is for a general setup of Fig. 1(a), with two photon
resonance in Eq. (3) and the effective Hamiltonian in Eq. (4).
Therefore, the results apply both to three-level model [31,33—
35,42,44,61] and (5 + 1) model in Sec. II C, where the Stark
shifts can be removed in the far-detuned limit [cf. Eq. (6)].
We discuss the influence of the higher order corrections on
the latter case in Sec. IV A.

a. Kraus operators

The Kraus operators, which describe the change in the
cavity state due to passage of a single atom, are given by [cf.
Eq. (42)]

M; = (jIU ()| ¥a)
= (jle Using(0)e’ |¥a)  j=0,...,4,a, (B10)

where U (t) = e " WHutHl Uy (1) = e~ s ¢=5 diagonal-
izes Hiy + Hy, and |Yy) is the pure state of the atom entering
the cavity. We have assumed for simplicity that the field-atom
coupling strength is constant, Hin(t) = Hiy. Considering [1/)
to be given by (8), i.e., a superposition between |1) and |3),
the Kraus operators (derived below) My, M,, and M, swap the
parity, while the Kraus operators M, M3, and M,, conserve
the parity [cf. Eq. (43)].

b. Time-independent corrections

As in Appendix A 2, we now consider the expansion of (B10) with respect to § = Sy + S + ..., where j in §; denotes the
power of the coupling strength g, G (the time-dependent perturbative corrections in Ugiae(T) Will be discussed later). We have

Mj = (lediag(f)|Wat> + (_(j|SlUdiag(f)|¢at> + <j|Udiag(f)Sl hﬁat))

2

S S2
+ [—<j|S1Udiag(T)S1|l//at> + (j|<71 - 52>Udiag(f)|%t) + (j|Udiag(T)<?l + SZ)|1//at>i| +...,

(B11)
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where the last two terms in the first line and the second line correspond to the first- and second-order corrections. The operators
S1 and S, are given by Egs. (A10) and (A11), which leads to the parity-conserving Kraus operators given by

1 g1 |gz| 8583
M, = Udli;g(t)cg + Udliig(r)ce + 5( at o _ gt [Udll;g( )Cg + Udlizg(t)ce] 4 qf2-2283 [U(i;g(‘[)cg I U‘iig(f)ce]

A2 A2 2A0A3
+d Z’iicg} +aUgy,(Ma’ %cﬁ ot £2 U£§g<r>(a—2cg —a*i—ice) L (B12)
My = Ujl,(T)e + Ugsy(Tice + ;<—aa*% —df 'i“f 'f;' )[Uiig<f>6g+U£g<f>Ce]

8283 lg11? |82| 885
+a? [Udiag(T) €5 + Uging () ce] + U(fl;g(r)K TF —atai8 e co + (a2 5283

25, f 5 Ay Az
2 2 2
+ 183l |g4| _ Gl ) 8283
+ = Udlag( )|:<—aa A_% — a AZ 52 Ce “+a mcg
22 + &5 744 |84|2 aa |G |2
Udldg( ) —a A;Ce +a Udmg(t)a_ e+ Udmg( ) ) (Bl3)
3 4
and
G

My = = [Ugay (1) e + Ul (1) e = Ughy (D e+ (B14)
where U () = (]|Udlag(t)|k) for j, k=0, ...,4,a [cf. Eq. (10)]. Note that M; and M3 do not feature first-order corrections

dia;
[the SeCOIlj and third terms in (B11)], due to their parity conservation, as S; swaps the cavity parity, except for the atom in levels
|3) and |a), so that M, is of the first order. For this reason, the parity-swapping Kraus operators are of the first order,

8 g
My = a" < [Ud]ullg(f)cg + Uging (D) €] — U(?igg(f)“TA_lcg +ees (B15)
1
82 g 82 8
My = _aA_z[Udlizlg(T)Cg + Udlidg(t)ce] +al Aﬁ [Udldg(T)Cg + Udmg(f)ce] + Udmg(T)<aA_2Cg - aTA_ZCe> +---, (B16)
M, = —a—[U;;g( ) g+ Ugng(T) | + U;‘;g(r)a—ce EE (B17)
4

c. Time-dependent corrections

We now discuss time-dependent corrections t0 Ugipg(T) = e~ " from the diagonal Hamiltonian Hee = Ho + H; gy
Hf € 4 ..., (A9), where H,? “® denotes kth-order corrections. As Hy commutes by definition with Hgi,, we have

. . diag | dia . dia T diag . dia
Udiag(f) — pitH g—it(H, EHH ) e iT(Ho+H, g)(l _ lf dt e nglage_”Hz ¢ + .. .), (B18)
0
where in the last equality we used the Dyson series. The correction
T
. yydiag B . yrdiag
/ dt " Hflage_”HZ = 7 §H(T) (B19)
0

can be considered as the contribution from the time-averaged Hf “¢ in the rotating frame of H; ¢ For the interaction time
chosen so that the second-order dynamics in the two-level approximation [Egs. (6) and (10)] is finite, the correction T § He;(7)
contributes as the second order to Ugia (7). We thus have [cf. Eq. (B18) and (10)]

Uging (T) €g + U (T) ce = ¢ " [My + M) + - - -

. . diag L
—¢ iTA (l|e itH, |¢at> —ite iTAy

2
[cos(waﬂcﬂ) (118 Hege ()| Yra) — i *Zsm% )<3|8Heff(r)|wm>}+-~-, (B20a)
a a
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Ud’ji:lg(r)cg + Uizg(t)ce = e—iTA] [Me + 8Me] + Tt

. 1 diag L
— e*lTAl (3|efltH2 |1pat> —ite iTAy

: /122
x [_mz% (118Her (1)) + cos(g/aT?a?) <3|8Heff<r>|wm>} +oL (B20b)
a'-a

where we defined the zeroth-order Kraus operators M, and M., cf. Eq. (10) [note that the Kraus operators in (10) differ by the
2 2
global phase it , which was additionally neglected in (6)]. For the Kraus operators in other micromaser setups, including the

three-level model, see Appendix C.
Therefore, up to the second order in the coupling strength, the cavity dynamics (B9) is determined by the first-order Kraus
operators,

S, — aTi_’ilMg _ ettt at%cg oo, (B21)
ST, = _ai_Zz M, + aiiiMe i eir(AﬁaaHAz;am'gAf)(ai_zzcg — aTi_zce> 4o, (B22)
dTA, = _“%M 4 ok Autaal B )“%Ce o (B23)
g = g[M _ (T e+ S) Ce] + (B24)

where fourth-order corrections to Hgiae in (A9) are neglected. Similarly,

i 1 |gl| |82| 885 1 |gl|2 |82|2 885
A — N —aat 2 _ 4ta 726263 Z _gatetl ot Ty2_5293
ot 1M1_Mg+2( aa' =— 2 M, +a M.+ =M, aa > a'la— % cg+ (a')y ——=c

: 20,4, 2 : ArA;
A T gt 1830 _ g glsal 1GPY  o 828s c
2% A2 T AT 82 )T A
lT(A]+‘gl‘ ata) T |g1| t52 gz ir(AeraaT‘gAL‘zfaTalm ) 82 t g§ .
—=cg—a'=—= — it (1|6Hem (7T RN
+ae Al . +a A e 2 aAzcg a As Ce T (L8 Her(T)|Yrar) +
(B25)
; 1 lg31? lgal*  |IG)? 8283 1 lg11? lg2l? 838
A _ at Ta 2 f ata 220203
MM, _Me+2( A2 —a'a 7_8_2 M. +a 20,7 Mg+§Meg —aa A% AZ ¢y + (a T) 2A3ce
1 g3 |g4|2 |G|2 2283
— —aa’ 2 _4ta 2
* 2M“[( AT TN T )T A
_ a& efir(Aeraalf f"ﬁ;::%'”&)([lg_ZCg _ aTg—§Ce> + at e*if(zzzz Axtaal ""Aﬁ ) |g412 ce
Aj 2 Aj A?
. 2, |G|?
el D e, i 313t + (B26)

and we defined M,,, = M,, with ¢, = 1, where p, v = g, e. The global phase factor ¢”**! in Egs. (B21)—~(B26) corresponds to a
global phase neglected in (4). Furthermore, for the (5 + 1) model, the conditions in Eq. (5) leading to cancellation of the Stark
shifts establish dependent variables: g5 /A = g2/v/A 1A, —g4/ Ay = g3/ A4, and —G/8 = \/|g2]> + |32/ AS.

For completeness, we now provide fourth-order corrections to (A9), which contribute to Eq. (B19), for the case g; = g» =
B=g=8A =M =—-A3;=—As=A,and G?/8 = —2g*/A,

4¢*ata(ata—3)—1] TSg4(gz+GzaTa) t
ydine _ 387 @ " 5ea 4 (B27)
4 8¢ (£+G*ata) 4¢* 1482 —G?(at aaat +1)]
3cear . 4~ 3G2A7

which are expressed for ¢5(|1) ® |n)) and €5(|3) ® |n)), i.e., the diagonal basis of the atom-cavity Hamiltonian [cf. Eq. (A6)].
Here (B27) was obtained from (A6) by considering the expansion of S up to the fourth order, i.e., S =81 + S, +S3+ S4 + - - -
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d. Higher order corrections in the three-level model

In the three-level model [see Eq. (6) with g; =0, g4 =
0, G = 0] at resonance (3), the stationary state is known to
be pure for all detunings and given by the squeezed vacuum
[42,44]. We will now recover this result by showing that this
state is not affected by the parity swapping Kraus operator
M, [cf. Eq. (42)]. Indeed, beyond adiabatic limit we have [cf.
Eq. (B22)]

82 g
My = —a= My — aTZMe
o \z:zl2 T \23\2 82 g
e it(A+aat B2 +atais) Ca at3e cee
+ A + A Ce +

(B28)

where M, and M. correspond to three-level dynamics. The
M, operator, however, is 0 in the first order on the squeezed
vacuum state |W, ), as

) 85
<—ax M, — Tf Me) W)

& g
= (ax Cg+aTA3 Ce>|\p+>
o0

= Z( 2n+2 —cgcz”+2 +2n+ l—CeCZn)|2n+ 1)

n=0
—0, (B29)

where in the first equality we used that in three-level model we
have M.|¥+) = c. and Mg|+) = ¢ (up to a global phase)
(see Appendix C). The last equality follows from the recur-
rence relation for the pure stationary states (cf. Appendix C)

Corz gy NMF

Cp N ng2vn+2'

It is worthwhile to emphasize that for the state of the negative
parity (odd n), the parity-swapping Kraus operator M, does
not vanish on its one-photon component, thus leading to its
decay and a unique stationary state of the dynamics given by
the squeezed vacuum [42] (see also Appendix G 2).

(B30)

APPENDIX C: PURE STATIONARY STATES
OF TWO-PHOTON MICROMASERS

In Appendix A2, we derived the effective two-photon
Hamiltonian, Eq. (4), describing the far-detuned limit of the
cavity interaction with a multilevel atom in the ladder con-
figuration [see Fig. 1(a)]. Here we discuss pure stationary
states of general two-photon dynamics, with a Hamiltonian
of the same functional form as (4) but with arbitrary Stark
shifts and two-photon couplings. We show that beyond the
stationary states in Eq. (19), the only pure states correspond
to the stationary states of the three-level model [42,44,61].

1. Effective Hamiltonian

Within RWA, i.e., for dynamics-based single-photon
Jaynes-Cummings interactions, the adiabatic limit of far-
detuned levels with a two-photon resonance [Eq. (3)] leads

in the second-order to the effective Hamiltonian

Aata+ B1 C*a'? }

Heff:[ Ca? paa+EL] D

where A, B, D, E € R and C € C and the basis is given by the
resonant levels |1), |3) [cf. Appendix A2 and Eq. (4)]. The
constants A, B, D, and E describe the Stark shifts, while C
determines the effective two-photon coupling strength.

2. Pure stationary states

We are interested in the case when the two Kraus operators
corresponding to the Hamiltonian (C1) feature the same cavity
state |Wg) = Z;io cy|n) as an eigenvector. This corresponds
to the following set of equations [cf. Egs. (10) and (17)]

ACpn =€ {c [COS(%) —it Sm(qs”)} Cnt2
—iCeT (s )* sm(;qbn) Cn } , (C2a)

. sin
Bc,=e " {—icgrsﬁﬂ Cni2
On

e [cos(qsn) b irgt S (;f”)] cn}, (C2b)
where
: :A(n+2)+f—Dn—E’ v — /TG,
(©3)
b= IR, gy = DTN ATIAE
(c4)

Equations (C2) feature a nontrivial solution when the corre-
sponding determinant is O independently of n,

af +e e cg — 7 cos(dn)(ace + Beg)
in(¢n)

—ie™ g5t ——" (auce —
n

Becg) =0, (C5)

where on the left-hand side we used the fact T2[(s3)* +
Is5P1 = g2.

Note that in the absence of coupling, C = 0, we obtain
that s;, = 0, and dynamics corresponds to the dephasing of
coherences, which is caused by the Stark shifts in (C1). This
leads to a stationary state of the cavity given by the diagonal
of an initial state (a classical state without coherences), unless
both ¢, and ¢, are independent of n (this takes place when

A = 0 = D, in which case the Stark shift is independent from

the cavity field, and instead of dephasing the passage of atoms
only changes the global phase).

For the case of C # 0, the last term in Eq. (C4) with
sZsin(¢,)/¢n,, is an independent function of n, from both
cos(¢,) and e, ¢~%1; ie., it cannot be canceled by the
other terms for all n. Therefore, for Eq. (C4) to hold, it
is necessary for the last term to vanish for all n, which
takes place when s% = 0 or ac. — B¢, = 0, which define rwo
complementary cases we now discuss.
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a. Case A

Lets first consider s> = 0, which from (C3) yields the
effective Hamiltonian coefficients as

A=D and B=F +2A, (Co6)

As C # 0, ¢, depends on n, and furthermore cos(¢,) is an
independent function from e~ and e~ 2 Therefore, it is
required that ace + Bcg = 0, so that the outgoing state of

atoms are given by [cf. Eq. (18)]
B=—e¥c. (CT)

a=e "¢,

This in turn simplifies 4the first two terms in (C4) as
aff + cecge’z""" = —2ie”(‘/’”+‘”)cecg sin(¢, — ¢), which thus
requires ¢, = ¢ + km, where k € Z, so that

A=-D=0 and ¢ =2Bt +km, (C8)
J

and there are no Stark shifts (except the global phase ¢): A =
D =0, B = E. This is exactly the case discussed at length in
this work, which leads to the stationary states given by the
recurrence relation (19) [by choosing k = 0, 1 in ¢].

b. Case B

In order to remove the amplitude of the last term in
Eq. (C4), we now consider ac. — Bcg = 0, which determines
the outgoing state of atoms as [cf. Eq. (C7)]

B =ec,. (C9)

a=e "¢,

In this case, we have for the remaining terms

af+e 0 cocg—e ¥ cos(gy)acet+fey) = e U cocy[cos(@n — ¢) — cos(¢y)]

» e e AN
= —2¢ )¢,y sin (w) sin (W)

(C10)

2 2

Therefore, we require ¢, — ¢ + 2km = ¢, or ¢, — ¢ + 2km = —¢, with k € Z, which expressions squared (and divided by 72)

yield the condition

n*(AD — |C|*) + n[2AD — 3|C|>* + AE + DB— (A+ D)w] + QA+ B)E —2|C|> = QA+ B+ E)w + «* =0,

(C11)

where w = (¢ — 2km)/t. Requiring that the above expression holds for all n, we arrive at the following conditions on the

effective Hamiltonian coefficients,

ICP=AD >0, o=

_A(-D+E)+DB

A+D

where A + D # 0 follows from A # —D as AD > (0. We note
that there are two solutions (from the last condition) with B =
—D+E (p=1tB+2kn) and B+A+D=—-D+E [¢p =
7(A + B) + 2km], but yield the same stationary state given by
the recurrence relation [cf. Eq. (19)]

c.C* In+1
= ——— . (C13)
Cn cg AV n+2

Cni2

In the even-parity subspace, this is a squeezed vacuum state,
whose squeezing can be regulated by the ratio of the dynami-
Il _ /A

cal shifts e 5+

In particular, the micromaser with three-level atoms
[42,44,61] corresponds to the former solution with A =

el p_0,c= 22 and D= E = — &L [cf. Eq. (7)];

here the squeezing is regulated by the ratio |g3/g>|.

APPENDIX D: HARD WALLS AND PELL EQUATION

In Sec. IIID of the main text, we have discussed hard
walls in the cavity dynamics, i.e., when the integrated cou-
pling strength ¢ leads to sin,(¢) = O for certain m, so that
the cavity states |m) and |m + 2) are no longer coupled.
Here we show that the condition in Eq. (35) corresponds for
the subsequent walls to Pell equation [80,81], and derive the
recurrence relation for positions of these hard walls.

(B+D—E)YA+B+2D—E)=0, (C12)

1. Pell equation

For a given integrated coupling strength ¢, let us assume
that m is the position of the first wall with the corresponding
K. Any other wall at m’ > m must fulfill, from (35),

!

2
(m' 4+ 1)(m' +2) = (f) (m+ 1)(m +2). (D1
for a certain integer K'. By setting D := (m + 1)(m 4+ 2), x :=

2m’ + 3 and y := 2K’/K, we get the Pell equation [80,81]

¥ =Dy’ =1. (D2)

We assume ¢ > 0 and thus K > O [cf. Eq. (35)] (otherwise we
equivalently consider positive integers —K and —K’). Since D
is not a perfect square, Eq. (D2) has infinitely many positive
integer solutions (x,, y,), n > 1. If the solutions are ordered
by the magnitude of x,, the nth solution is given by the
recurrence relation [82]

Xy = X1Xp—1 + Dy1yn—1, (D3a)
Yn = X1Yn—1 + YiXn—1, (D3b)

or equivalently
Xu + /Dy, = (x1 +vDy1)', (D4)

where (x1, y;1) = (2m + 3, 2) is the first nonzero integer so-
lution, called the fundamental solution.
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2. Recurrence relation for hard walls

From Eq. (D3), we note that, since x; is odd, x, is al-
ways odd, while y, is always even as y; is even [this is a
consequence of D being even; cf. Eq. (D2)]. Therefore, each
solution with x, and y, corresponds directly to a hard wall in
the dynamics at m,, = (x, — 3)/2, and with K,, = y,K/2 being
a multiple of K. Furthermore, Eq. (D3) yields the recurrence
relation

m, =m,_1(2m+3)+3(m+1)+2(m+ 1)(m+2)K,_1/K,
(D5a)

K, = K,_12m+3) + KQ2m,_1 + 3), (D5b)

and we conclude there are infinitely many hard walls in the
dynamics. From Eq. (D5), we have that for the first hard wall
at even my, the parity of the nth wall, m,, oscillates with period
2, while for odd m;, all walls are found at m,, odd. Similarly,
for even Kj, K, is always even and thus cos,,, (¢) = (D% =
1, while for odd K, the K,, parity oscillates with period 2, and
so does cos,,, (¢). These results are summarized in Table I.

We note, however, that we are also interested in solutions
of (D2), in which x is an (odd) integer, while y is a rational
number, i.e., when 2K’ is not a multiple of K. As we show
below, however, the position of walls fulfils the recurrence
relation (D5) and K is always a multiplicity of K.

Proof. Suppose that there exists a hard wall at m" with 2K’
not divisible by K, K := gcd(K, 2K’) < K. We have

2m' + 3)? 1—01_( 2K
anear-1-0(3) (F).

Since the greatest common factor of the integers 2K’ /K and
K=K /K is 1 by definition, it follows, from the left-hand
side of (D6) being an integer, that D must be divisible by K~. K2
Therefore, D := D/K K> < Dis an integer, and since D was not
a square of integer, neither is D. We thus arrive at a new Pell
equation

(Do)

P -Dy =1, (D7)
where the new integer variable 3 := Ky, while ¥ :=x as
before. We will now show that, as X = x remains unchanged,
the recurrence relation (D5) stays the same.

The position of the first hard wall m, together with K,
yield an integer solution of Eq. (D7): X =2m+ 3,y = 2K.
Therefore, it must appear it in the recurrence relation in Eq. (D3)
with D replaced by D. If X| is odd (i.e., when Dis even), xn is
also odd, and thus corresponds to a hard wall at an integer m1,,.
In particular, the fundamental solution corresponds to the first
hard wall, i.e., m = (X] — 3)/2 [where X} > 3 follows from
y1 > 0 required by the assumed positive integrated coupling
¢ > 0, cf. Eq. (35)]. Thus, we again obtain the recurrence
relation in Eq. (D5) [as in the recurrence equation for X, = X,
we have that D simplifies with y1y,_1 to Dy,y,_1 in Eq. (D3a),
while the recurrence equation for y, can be divided by K
yielding Eq. (D3b), since y, is divisible by K so is y;].

When D is odd, it is possible that x; is even (and y,
odd), in which case the parity of x, (and y,) oscillates with
period 2. In particular, the first hard wall corresponds to the
second solution, m = (X — 3)/2 = (X} + Dy — 3)/2, while
other hard walls correspond to x,,. Nevertheless, from (D4)

we have
Xon + \/ByZn =+ \/5)72)”,

so that the odd solutions also obey the recurrence relation
Eq. (D3), but with the fundamental solution chosen as x, and
y2, instead of x; and y;. Therefore, analogously as in the case
of D being even, the walls are again determined by Eq. (D5).
This concludes the proof.

(D8)

APPENDIX E: PURE STATIONARY STATES
AND RELAXATION TIMES WITH SOFT WALLS

In Sec. II1 E, we introduced the notion of a soft wall. Here
we discuss the structure of stationary states in the cavity in the
presence of soft walls and also discuss the induced long-time
dynamics leading to those stationary states.

1. Distribution of pure stationary states between soft walls

We now discuss the structure of the stationary state be-
tween soft walls and argue that they are supported only after
the walls corresponding to the boundary condition Eq. (20).
We assume coherent dynamics c., ¢g 7 0.

Dynamics with soft walls features pure states given in
Eq. (22). In general, the even state can be written as a sum of
contributions with support between subsequent pairs of walls
located at m;” and m[, | as

my /2 i /2
Uy = Zczn [2n) +Z > cul2n)
k=1 p= 1+m+/2
mf /2 .
X: sin,,,+(¢)
= 2 12n) R S
ZCZ 12n +ZC c l—cosm:(qb)
mi /2 c
X n |2n)
nelamt /2 MEH2
o0 k c k
=co) N IWH + H (—i)t (—)
k=1 Li=1 M- 1"‘2 Ce
k
Slnm*(‘p)
NI T, El
X|:11:!1—005+(¢):| 1Y ED
where m;" labels the walls of the even parity [cf.

Eq. (19)] and we introduced normalisation (/\/ )2 =

m /2
> Sll+mf P |con/Cot +2|? and the state after the kth even wall

+
W) = Z;"iﬁ‘fn; 12 € 121) [yt /NG (where for | W) we
formally define m{ = —2). The analogous construction holds
for the odd state |W_) in Eq. (22).

In Eq. (E1), we can identify that Cmt,, /€42 1s the ratio
between the last and the first coefficients in the state after
kth wall, |\l/,j' ), and thus we expect it to be finite (as there
are no soft walls within the state). Similarly, the norm /\fk+
of the kth state is finite. In contrast, the remaining terms in
Eq. (El) can lead either to the suppression or increase of
the kth state contribution, depending whether the boundary
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TABLE II. Steady state between two soft walls vs two hard walls. The stationary state with soft walls approximately corresponds only
to the pure stationary states of hard walls that obey the same boundary conditions. For soft walls, |V, ) from Egs. (E1) and (E2). In case
3, BF/BF = —(ce/ceP N5 /./\/'J[cm; [t s2)le,t /o] x 41im §1/8,. For hard walls, |§:) refers to the kth pure stationary state with with
boundary conditions at the (k — 1)-th and kth wall which are opposite to Eq. (20). To consider a finite number of walls, we have assumed a
third even wall to be hard, with €08+ (¢) = —1, so that pure stationary states before that wall exist [cf. Egs. (20) and (39)]. The same results

hold for the odd stationary state.

Soft walls Hard walls (§;, §, = 0)
Case <0, () <08, () ) o of of
1. —1+ 4 —1+ 2 W)+ 0(5)) ) Mixed Mixed
2. -4 —1+ 2 W) + 081, 52) Mixed W) Mixed
3. 144 1-% BEIWE) + B3 1WF) + Olmin(sy, 8,)] v v )
4 -4 -2 W) + 0(62) Mixed Mixed W)

condition after kth even soft wall, Eq. (40), coincides with the
boundary condition of the state |V, ) in Eq. (20),
when

COS,,,+ () = 1,

. (E2a)
S, + (¢) 2
k N — — 400,
=05, (9)  sin: ()
when
COSm;r (¢) ~ -1,
(E2b)

sin,,, (¢) sin,,, (¢)
I—cos,-(¢) 2

— 0,

where the arrows correspond to the limit of soft wall being
hard. Noticing that ¢( in Eq. (E1) also changes with the height
of the walls in order to keep the norm of |V, ) equal 1, we
arrive at the following approximation:

o NiF197) +Z[]£[ i }

k=1 llcm11+2

W) ~

k
x (—i)f <§—g> af N Wi

=: B IV + D BT 1Y), (E3)

k=1

where we defined the hard wall limit as

sin, +(q§)
A E4
Conl—cos +(¢>) % (E4)
so that we choose o:,jr =0if COS,,,+ (¢) = —1 [cf. Eq. (E2)].
In Eq. (E3), only the states after the soft walls with the
boundary condition cos,,+ (¢) ~ 1 can be present [cf. Fig. 2(b)

and see the example in Table II]. Therefore, the state |¥;")
can be present only for the first wall with COS,,,+ () = —1 [cf.
Fig. 2(b) for the states (ii) and (viii)]. We further note that
several subsequent walls with €os,,+(¢) ~ 1 may be needed
to counteract the suppression due to an earlier wall, in which
case only the state after the last such a wall is present; see
Fig. 2(b) for the states (iii), (vi), (vii), and (ix). The same

results follow from considering soft walls as a perturbation
away from auxiliary hard walls (see below).

Finally, we note that for finite walls, the coefficients ,Bk+
in Eq. (E3) depend also on the distribution of the states |\IJ,j )
between the walls, e.g., whether the state is supported only
close to one of the walls. In particular, in the case of |cy| =1,
we simply have |V, ) = |Wy) = |0).

2. Dynamics with soft walls

Here we discuss timescales of achieving pure stationary
states, Eq. (E3), by considering dynamics in the presence of
soft walls as a perturbation of auxiliary dynamics with hard
walls.

a. Dynamics of soft walls as perturbation of hard walls

The dynamics of the cavity with soft walls can be formally
considered as a perturbation of an auxiliary dynamics M,

M with hard walls replacing soft walls,

oo
My — MY = 6My =) (—ice sin, (¢)lmi + 2) (m]

k=1
+ cg[c08y, (@) F Lmy + 2) (my + 2)),
(ESa)
M — MO = 5M. =) " (celcosy, (@) F 1lmy) (m]
k=1
— icy sin, (¢)|mi) (mi +2),  (ESb)

where we consider cos,, (¢) ~ =£1, so that cos,, (¢) F 1 = 0.
In this section, we discuss the order of the perturbation in the
powers of a small parameter §; of the kth wall, where

2

8
cosy,, (¢) ~ j:(l - E") sin,, (¢) ~ £5; (E6)
[see Eq. (ES) and Table II].

b. Steady state with soft walls vs stationary states of hard walls

The stationary state in Eq. (22) is pure and fulfills the
boundary condition (20). In contrast, each soft wall present
in the dynamics can be approximated by a hard wall that
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determines boundary conditions for a state before and after
that wall [Egs. (39) and (40)].

Steady states of hard walls. First, the kth stationary state
,o,f, between subsequent walls of the same parity at m,:—L and
m,ir], is pure only if cosmki(zﬁ) = —cosmki+](¢). Otherwise,
that stationary state is mixed. Second, even if the stationary
state is pure, when its boundary condition differs from (20),
it does not correspond to the stationary state with soft walls
|Wy); ie., it differs from its projection |\Il,f) between the
kth and (k + 1)th walls, as |(W,f|\1f)|2 <1, unless m | —
m! =2 and it is a fixed photon state, |E,::) = |mf ). In-
deed, from Eq. (19), when c, ¢; # 0, |(3,:f|\lf;t)|2 =1 re-
quires coty(¢p/2) = — tany (¢/2) [for all m;" +2 < k < my,,
such that (—1)¥ = £1], which is never true. Furthermore,

J

the coherences between pure stationary states correspond-
ing to opposite boundary condition [i.e., opposite eigen-
values of Kraus operators, see Eq. (18)] and between the
pure and mixed stationary states are not stationary (cf.
Sec. [II D).

Consequences for stationary state with soft walls. The
perturbative dynamics defined in Eq. (ES) should recover the
true stationary state in Eq. (22). In particular, in the zeroth
order, the solution is a linear combination of the stationary
states between hard walls [50,88]. Therefore, in agreement
with Eq. (E3), the stationary states in Eq. (22) can be approx-
imated only by the pure stationary states between hard walls
that are consistent with the boundary conditions (20), i.e.,
COS,,,+ @)=1=-— €O, (¢). See Table II for the example
of two walls.

c. Perturbative dynamics

Below we derive the long-time dynamics due to the presence of the soft walls. We prove that this dynamics is second order
in sin,, (¢). Because of locality of the perturbation in Eq. (E5), only neighboring states get connected, or coherences between
states separated by two walls are created. Furthermore, the perturbation depends on the amplitude of the states directly next to
the walls. We discuss how the closed form of the long-time dynamics generator can be found using the structure of the stationary
state, Eq. (E3).

First and second-order perturbations. The difference § £ between the dynamics generated by My, M. (10) and the modified
Kraus operators with hard walls Méo) and M feature the first and second order perturbations in M, and §M, [cf. (E5)]

-1 +
v L(p)= Mgng + MM, — p
= MO [MO] + MO p [MO]' = p + (sMyp [MO]' + 5Mep [MO]" + Hee) + 5Mgp SM] + 5Mcp SM; (ET)

cf. Eq. (BY). The perturbations in the Kraus operators themselves, 6M; and 6M. in Eq. (ES), feature first- and second-order
perturbations [cf. Eq. (E6)]

o0 o0
SMY = —ice Y sing, (@)|mi +2)(myl.  SMP = cg > _[c0osy, (@) F Llmy + 2) (my + 2], (E8a)

k=1 k=1

o0 o
SMY = —icy Y sing, (@)lme)(m +2|, SMP = c. Y [cosy, (¢) F Llmy) (myl. (E8b)

k=1 k=1

Therefore, we can identify the first- and second-order perturbations to the master equation (E7) as

8Ly =MD p MO +sMPp [MO]' + He., (E9)
5Ly = sMDp [sM]" +sMDp [sMO]" + (sMP o [MO] + 5MPp [MO]" + Hee.). (E10)

Below we focus on the second-order corrections to the dynamics, and thus we neglect the third- and-fourth order perturbations
in (E7).

Absence of first-order corrections. We show now that dynamics feature no contribution from £; in (E9). We consider only
even or odd states, but we drop the superscript & in I‘-IJ,jt), p,ﬁt and m,f for convenience.

Noting that for pure stationary state between the kth and (k + 1)th walls we have M §O)|\Ilk) = ®¢; and Me(o)l\IJk) = FcCe,

s (k)

VS L (W) (W) = Hicget <P, sing, (@) Imi) (Wil Ficect ¢ sing,,, (@) Imisr +2) (W] + He., (E11)

where ¢©) is the amplitude (coefficient) of n photons in the pure stationary state between the kth and (k + 1)th walls.
Analogously, for the coherences between the states with the same boundary conditions,

V8L (| W, [) = Hicees ey sin, () i (Wi, | T icecy ¢ffl) | sinm, (@) [mi 41 +2)(Ws,|

:liicgce (C:Sf:z)JrZ)* Sinmkz (@) ‘\Ijklxmkz' + iCZCg (C(kZ) )* Sinmkz+1 (¢) ’\pkl )(mkz‘H + 2"

Mgy +1

(E12)
Similarly, for the mixed state p; (mixed due to different boundary conditions implied by kth and (k + 1)th walls), we have

V8L (i) = —icy sing, (@) lmi) (mi + 2| [MOTT — ice sing, (@) [mir +2) (mea |l MO +Hee.  (B13)
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As stationary coherences can only exist between pure stationary states which are separated by at least two walls [cf. Egs. (39)
and (40)], there are no first-order corrections to the dynamics (cf. Eq. (G2) and Refs. [50,88,91]),

Mo 8L (|Wk) (Wi]) = 0, (E14)
Mo 8L (| Wy, )Wk, |) = 0, (E15)
[ 8L (px) = 0, (E16)

where I1j denotes the projection onto the stationary states of dynamics £, with hard walls.

Second-order corrections. We now derive the effective dynamics in the second order of the corrections in M, and §M,,
Eq. (ES). We consider both the corrections from L,, as well as the contribution from £; in Egs. (E9) and (E10), as the second-
order corrections are given by [50,88,91]

Mo LMy — Mo L1 So L1y, (E17)

where S is the resolvent for the dynamics £y with hard walls (evaluated at 0), i.e., SoLy = LoSo = Z — Il.
First, we consider second-order corrections IToL,I1y due to the second-order perturbation L, (cf. Eq. (G2) and
Refs. [50,88,91]). We have

_ . 2 . 2 2
v T8 Lo (W) (Wi]) = el sinZ, (@) |c® | pust + legl* sind, (@) | e o] puet % 2{lcg P [cosn, (¢) F 1],

— [celPTcos ., (¢) £ 11[c® [P} 1w (Wi, (E18)

M1

where pr+; denotes (note necessarily mixed) (k F 1)th stationary state. We used the fact that the projection Iy on the states
between the hard walls is given by the supports between the walls, so that TTo(|ny1) (Wi]) = (% Y |W) (Y| and To(|my +

Mi+1

2)(Wi]) = (cf,];) +2) W) (Pk|. We assumed the boundary conditions cos,, (¢) ~ £1 ~ — cosy,_, (¢), so that up to the second

order of perturbation, we have cos,, (¢) F1 = F sin,znk (¢)/2 and cosy,,,, () £ 1 =% sin,znk+I (¢)/2 [cf. Eq. (E6)].
Similarly, for the coherences between states | Wy, ) and [W;,) with the same boundary conditions,

v T8 Lo (| Wi (Wi |) = Icel? sing, ., @) it @) el [ Tl [We ) Weo |
gl sin, (@) sin, (@) i o] My 4, Wi —1) (Wi |
+ leg*{[ cos, (#) F 1]|C$;l)+2|2 + [ cos, (@) F 1]|C$52)+2|2}|‘yk1><\pk2|

F leeP{[ cosm,., (@) £ 1][c% [ 4 [ cosm,., (@) £ 1][c% [} Wy )Wy, - (E19)

My +1 My +1

where we introduced 7}, = (W, 41| To(Img, +1 + 2) (i1 + 2D Wipo1) and n . = (W[ To(Img, ) (i, )| Wy, 1), which are
0 if the pure stationary states |Wi,+1), |Wi,+1), or |Wk,—1), |Wk,—1), do not exist. In the derivation of Eq. (E19), we used the fact
that pure stationary states are necessarily dark in shifted dynamics [cf. Eq. (24) for the boundary conditions in Eq. (20)], and
thus the coherences to them are orthogonally projected by Iy (cf. Eq. (G12) and see Ref. [115]), e.g., ITo(|my, + 2) (W, |) =
(€ 5)" Wi, ) (W, .

Finally, for the mixed stationary state p; [due to mixed boundary conditions from after kth and before (k + 1)th wall; cf.
Egs. (39) and (40)],

v T8 La(p1) = Ieel® simy, | (@) (it | olmisr) prst + legl sing, (d) (myc 4 21 pilmic 4 2) i
£ 2{|cg P [cos, (@) F 11(my + 2| plmy + 2) — |cel[cosp,,, (§) £ 1 (myqt | pelmisi)}or,  (E20)

where we again used the fact that the projection I1j on the states between the hard walls is given by the support between the walls,
and from Eq. (ES) (my + 2|Pk[Mé0)]T|mk +2) = Feg(mp + 2l pelm + 2) and (myi1 | o MO Imyr) = Fe (i1 | pelmis ).
Second, we consider the second-order corrections from the first-order perturbation £; in Eq. (E9), which contributes as
—1'[0/:180[211'[0 [50,88,91] [Cf. Eq. (E17)]
From Egs. (E11) and (E12), for pure stationary states and coherences between them, the first-order perturbation creates
coherences to pure stationary states. As a pure stationary state corresponds to the dark state of shifted dynamics, the coherences
to such state decay with the corresponding effective Hamiltonian [115]

Hy = —iv[1 £ (—c;My — c;M] + ciM, + c.M])/2], (E21)

where we assumed the state with boundary condition the same or opposite to Eq. (20) [see Eq. (24)]. In particular, the coherence
[v) (W, | between the dark state and any state between hard walls with different boundary conditions to |W;) decays to O, i.e.,
Ip|¥ ) (W, | = 0. Furthermore, as Sy = — fooo dr (e — T1y), we have that the resolvent S simplifies to the pseudoinverse of the
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effective Hamiltonian

So(lY) (W) = —[ di ™™ [y ) (W] = (—iHL) ™ 1Y) (Y]

0

_ _ T i
_ |:]l N chg Ml + ciM, + ccM|

-1
5 } ) (Wil (E22)

As the effective Hamiltonian (E21) does not change the support of the state between the hard walls, we have

v 08 L1 So8 L1 (|Wi) (Wi |)

% 2 . . _ * 2 . . _
= [legci* ¢ | sinZ, (9) (mil(—iHL) ™ i) + legcl? [e®) |7 sing, | (@) (misr + 20(—iHe) ™ e + 2) 1) (Wi

My
— (e [P e, sing,_, (@) sing, (9) (mi—y + 20(—iHL) ™" [my) [ W) (Y|

— (e} [, el) | sing, ., (9) sinm,., (@) (mipal(—iHL) ™ misy + 2) [ W) (Wi

2 . . _ 2 . . _
—legctl |cpia| sing, (@) tmil (=iHe) ™ imi) iy — leecy | [efy) | sing, () (migy + 21(=iHa) ™ Imysr +2) po
+(cget? e, [e®) T sin, (@) sin,., (@) n " [Wit) (Wi
+ (et ) e L] st (9) Siny, (@) 1]~ [Wegt) (Wit | + Hee, (E23)

where we introduced 7t = Fog (Wit [To[MO (—iHe) ™ Imy) (mur + 2111Wep1), 0~ = feg (Wi [To[M O (—iHL) ™
|mis1 + 2) (my|]|Wy—1), and nf:F = 0 if the pure stationary states |W;_;) and |W;,) do not exist. We also assumed that the
pure states |W;_,) and |W;,,) with same boundary condition as |W;) exist; otherwise, the terms with corresponding coherences
are absent in Eq. (E23). To derive first, fourth, and fifth lines, we used the fact that the projection ITj on the states between the
hard walls is given by the supports between the walls, and in the second and third lines, that the projection ITj of the coherence
to the dark state reduces to the orthogonal projection on dark states.

Similarly, for the coherences between states | Wy, ) and [\Wy,) with the same boundary conditions [cf. Eq. (E12)],

v T8 L1So8 L1 (| Wi, (Wi, |) = leget I [cfy s ®sin2, () (i, | (—iH) ™" |y, )| Wi, ) Wi,

et [k 2 sing, (@) (g1 + 2] (—iH) ™ g1+ 2)[ W )W, |

Mgy +1

= (e [ DT el s it (@) Sin (@) (a1 + 2| (—iH )™ g, )| Wi, -2 Wi,

— (cecy)? [ DTl | i o () it (@) (miy 2 (—iHa) ™ e, 1+ 2)| Wi o) Wi,
—legcsl? e alen) o] sin, (@) sin,, (@) m 7, Wi 1) (Wi |

—leecP eyl [el2) 17 st ., (@) sitng,, (@) %, (W1 )| Wro

+(cged)? e o) T it (@) sitg,, () Mk, [ Wi —1) (Wi |

+ (cech) i [cf,’;é)H]* it ,, (@) sin, (@) 0 Wi (W1 | + (He) "k (E24)

Mgy 1

where  we introduced % = Fer (Wit [To MO (—iHe) ™ my 1 + 2) (g1 + 21Wh11), 17, = Feg (Wil
Mol (—iH) ™" Imy,) (mi |1, —1), 0 = Feg ' (Why 1 [ToIM O (—iH) ™ mi,) (mgy 11 4 21| Whpp1) and )7 = Feg (Wi 41
Mo[M O (—iHy) ™ my, 11 + 2) (Mg, |1|Wy,—1), while (H.c.)t <% denotes the Hermitian conjugate but with swapped indices k
and k.

Finally, for the mixed state py

v 08 L1808 L1 (pr) = Flegl ce sin?, (@) (milSo[ Imi) (e + 2106 [MO] e + 2) (ox — p1-1)

ce2cg sin2, () (misr + 21So[Imesr + 2) (mic1 | pe[MO ] Jimisr) (px — prgr) + Heeeo (E25)
Additional information from stationary state. Although in Egs. (E23)—(E25) we do not give closed formulas for the terms
corresponding to the resolvent (with Hy or Sp) and the projection on the coherences, the knowledge of the stationary state in
Egs. (22) and (E3) can be used to further determine the second-order corrections to the dynamics across soft walls. Namely, the
condition Lgrpss = 0, gives D conditions on the effective second-order dynamics L., where D is the dimension of the subspace,
on which the dynamics takes place.
Example of two walls. We consider case 3 from Table II, where we have three pure stationary states among the walls | W),
[W,), and |¥,), and the coherences |Wy) (W | and |W,) (W are also stationary (D = 5) (cf. Sec. III B).
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We have [cf. Eq. (E18)] TTod L2(|Wo)(Wol, [W1)(W1], [W2) (¥2])

2 .2 2
—|cel s, (®) |c§'?1)
2 -2 2 2
|cel* sin}, (@) [¢f?)

— 2 winl 1
=y —lcgl smml(¢>)}cfnl)+2

2 wia2 1
gl siny, () ¢,y

.2 2
= |ce|? sin, (@) |c())

2

2 .2 2
0 |ce|? sinZ, () | (D

and [cf. Eq. (E19)]
oS Lo(|Wo) (W) =

On the other hand [cf. Eq. (E23)]

T8 L1808 L1 (1Wo) (Wol) = 2legct [ sin2, (@) (my + 20(—iHy )™ my + 2)(|0) (ol —

—{(cec [¢?

v 08 L1S8 £1(1W1) (W4])

_ 2 | (D |2
_2[|Cgce| |cm1+2

1

—2legc; ? |C£n1)+2

+2(CgCZ)2 M
and

8 L1808 L1(|W) (¥5]) = 2|coc’ | [P

v M8 L1Sed L1(|W2) (W2|) = 2|cgcy] |sz+2

21 (O)T*.2)
- {(Cgcz) [ l(nl)] sz+2 Slnml

while

v TT08.L1S08 L1(1Wo) (W2])

= legct P[]

2 (O[.2
—(cec;) cﬁnl)[c( )

sing, () (my[(—iH_) " m) + [egct ] |cl,,

[|ce| sin, () [c9]” + [e,l? sin?, (¢) |2

2 sin2, (¢) {ma|(—iHy)™
() 8itl, () (my + 2/(—iH:) ™ Im) | Wo) (Wa| + Hee.}, (E30)

0

|cg|? sin, () |c

—|cg|? sin}, () |c

my+2

) (|W2) (U

211%0) (s .

2] S0, (@) 8in, (@) (ma|(—iHL) ™" [y 4+ 2)(|Wo) (Wol + [Wa2) (W)

[Wo) (ol
A P ren o |, @26
@ 12 | \[W2) (W]
my+2
(E27)
(W) (W1])

2] € sin, (@) siny, (@) (mal (—iHy )™ my + 2)[Wa) (Wo| + Hee.}, (E28)

2 sin2, () (mo + 21(—iH-) " Imy + 2)] W) (W]
2 sin2, (@) (my | (—iH_) " my) [Wo) (ol — 2lcecil? e[ sin2, () (ma + 21(—iH_) " my +2) [ W2) (¥,

cin) o[ sing, (@) sin, (¢) 17T [Wo) (W + 2(cect) i) [chy1a]" sin, (@) sin, (6) 1~ [W2) (ol

(E29)

[W1) (Wil)

2 sin2 (@) (mal (—iHy) ™ Ima) + [ sind, (@) (my + 21(—iH ) my +2)]1Wo) (W

+2(cec))* W[l 17 sin, (@) sing, (¢) (ma| (—iHL) ™ my +2) [¥1)(Wy; (E31)
cf. Eq. (E24). In the above expression, we used the fact that —iH is Hermitian [cf. Eq. (E21)].
The stationary state is [cf. Table II]
Pss = |Bol*1W0) (Fol + |B2*1W2) (Wa| + BoBs1Wo) (Wal + BB 1 W2) (o, (E32)
where |Bo|? + |B2|> = 1. Therefore, from Eq. (E17), we have [1y8L5(pss) = To8L1S08 L1 (pss), which can be written as
p— . 2 —
- DN iH, )y + 2 —leel® sin, @)]eiy)| 1ol?
sin;,, @2)(7711 + |(—% +)71|m1 +2) ~[lcel? sin, (9) |C(0)| + legl? sin?, (¢) |C£,f2)+2 2],30/33‘/2
sin,, (@) (ma|(—1H )™ [my) ) ©) ’ 2 @ 121012
. ! N leel? sin2, (@)|cQ* 1B + lcel sin2, () |2, 18P |, (E33)
Sifn, (6) sin () 12| (—iH) Iy +2) s e e
it () it (@)1 + 21y gy | | 7166 i, @)+ IeaP sim, (@010 ]8285/2
a2 w2 @ 21512
_ lcg|? sing, (@) |cps| |2l i
where
_ 5 _
2lecgei P e, | 1ol 0 —(cecpyefy)[ena) PoBs  — (e [ef)] e 2 Pabs
2 N 2 *
legctPle)"BoBs  lexciPlen) | Pops 0 —(cte[e] el
* 2 * 2 * * * *
V= | =2eecPlen o 1ol —2leectPlenl 1B 2cec®eDe,) ] Bobs 2cte P[] el nbabi |, (B34)
* 2 * * 2 % *
leect Ple " BaBs leectPlen)nl BaBs —(cecp) e en)ia] 0
* 2 *
0 2t Plenal 182 —<cecg>2 e [emia] BoBs  —(cle[e] e aPaks |

so that we can find analytically the columns of the dynamics generator that correspond to the support of the stationary state (E32)

[cf. Eqs. (E28), (E30), and (E31)].
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APPENDIX F: REVIEW OF METASTABILITY THEORY

Here we summarize the properties of Markovian dynamics
of open quantum systems which lead to metastability [50,86].

1. Markovian dynamics

We consider an open quantum system dynamics described
by a Markovian master equation [66,67],

d : 1
P = Llp®)] = —ilH, p)] + 5 Zij[zf,- p)J]

—Jip®) = @I (F1)

where H is the system Hamiltonian and J; denote so-called
jump operators which describe the interaction of the system
with the environment. In the case of the dynamics of micro-
masers, Eq. (B9), the system is the cavity which interacts with
the environment constituted by passing atoms. The Hamil-
tonian H = 0 (dynamics is considered in the rotating frame
with the Hamiltonian as explained in Appendix B 1), while
the jump operators are given by the Kraus operators, Eq. (42).

Timescales of the dynamics in (F1) are given by the spec-
trum of the master operator £. Although in general L is not
Hermitian, and thus not necessarily diagonalizable, in all stud-
ied cases it could be diagonalized. We label the corresponding
eigenvalues as {A;},>1, ordered in the decreasing order of their
real part, ReA; > ReA, > ---, and the corresponding left-
and right-eigenmodes L; and Ry, LRy = MRy, L L = MLy
[normalized as Tr(L;Ry) = & x]. For an initial state p, we have
that the system state at time ¢ is given by

p(t) = (p) = ps+ ) M TLup)Re,  (F2)
k>2

where we used the fact that A; = 0, which corresponds to a
stationary state R; = pg, and L; = 1 due to trace preserva-
tion. When the stationary state is unique, p(t) relaxes to o
at the timescale given by the inverse of the gap to the second
eigenvalue, T = (—ReX,) .

2. Metastability

When there exists a separation between real parts of the
eigenvalues, —ReA,, < —ReA,,41, there exists a time regime
(—ReApt1 )yl « t « (=Rel,,)~!, where after the initial fast
relaxation of modes k > m, the system state appears steady,
i.e., is metastable, and can be approximated as [cf. Eq. (F2)]

p(t) ~ po+ Y Tr(Ly p)Re = T (p), (F3)
k=2

where we denoted by IT the projection on the low-lying eigen-
modes of the dynamics. The manifold of metastable states is
described by the coefficients {Tr(L; p)};., that depend on the
initial state p, and thus this manifold is (m — 1) dimensional.
Beyond the metastable regime, ¢t > (—Re,,)”!, the decay
of low-lying eigenmodes can no longer be neglected, and
the system undergoes final relaxation inside the metastable

manifold [cf. Eq. (F2)]

p(1) % p+ Y €M Tl p)Re = ¢ “ T (p),  (F4)
k=2

which is governed by the low-lying modes as
Legr = T LTI (F5)

We note that several metastable regimes can exist if there
are multiple separations in the spectrum of £, which leads
to hierarchy of the corresponding metastable manifolds. In
Appendix G, we consider the case in which metastability is a
consequence of perturbing dynamics which features multiple
stationary states.

APPENDIX G: DERIVATIONS OF METASTABLE
DYNAMICS

Here we consider metastability and effective long-time dy-
namics in the case of perturbing the dynamics which features
multiple stationary states. We derive the effective dynamics
due to parity-conserving and parity-swapping perturbations,
which leads to Egs. (45) and (55). We also discuss the corre-
sponding dynamics in the presence of hard walls.

1. Metastability due to perturbations
of multiple stationary states

One class of open quantum dynamics where metastability
arises is the case when the dynamics Ly, which features
multiple stationary states, is perturbed by §£, i.e., £L = Lo +
8L. By means of non-Hermitian perturbation theory, it can
be shown [88] that the slow (low-lying) eigenmodes which
contribute to the metastable states, Eq. (F3), correspond to the
stationary states of L,

=T+, (G

where Iy is the projection on the stationary states of L.
Furthermore, the effective long-time dynamics, Eq. (F5), is
well approximated by

ML =MLy +---, (G2)

which corresponds to completely positive and trace-
preserving dynamics of the metastable states [50,90,91,116].

In this work, we consider dynamics of the cavity, Lo
in (11), which conserves the parity P = (—1)‘“”, Eq. (13),
and features a stationary DFS spanned by states |\W,) and
|[W_) of the opposite parity. In this case, the projection
on the stationary subspace also conserves the parity and is
given by

Mo(p) = W) (W [Tr(Ly p) + [W_) (W_|Tr(1_p)
(W[ TE(Ly—p) + W) (W Tr(L_ 4 ),
(G3)

where 1_ and 1, are identity operators on the odd and even

subspace, while L, _ = Lt + is a conserved quantity supported
in odd-even coherences; see Sec. III B. For discussion of
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metastability in the case with hard wall in the dynamics, see ~ jumps J [cf. Eq. (F1)]
Appendix G 4.

SL(p)=JdpJt —LJTTp—LpJtu. (G4)
2. Metastable dynamics with weak parity symmetry We furthsrmore assume that the afction of a jump J flips
t it ity P = (—1)*¢,
Here we derive Egs. (45) and (55). (swaps) the cavity parity =D
JP+PJ=0, (G5)

a. General results as is the case for a single-photon loss J = /Kipna in Eq. (51).

Effective dynamics with weak parity symmetry. We con- Therefore, £ = Ly + 8L features the weak-parity symmetry
sider a perturbation by the purely dissipative dynamics with [cf. Eqgs. (44) and (54)].

J

Effective dynamics. Below we prove that the first-order dynamics due to (G4) is given by (in the basis {| W) (W, |, |[W_){V_|,
W) (W], (W) (Wi ]D)

—Jtn,y  Jta_ 0 0
Jtn, —Jta_ 0 0
a”P=1 o 0 Wby +utn iy e |10 (©
0 0 WO Aty + )
where
T
| T -

(1) (1) )2

This gives Eq. (55) and the dissipative contribution in Eq. (45). Although L, _ is not known in general (i.e., beyond the weak-
coupling limit [39]), n can be determined numerically for a given coupling strength ¢ as [cf. Eq. (G3)]

Tr (L d W) (W |) = (W [T W) (W T DIW-) = (W[ (lim e 0T [W) (W 7T ). (G8)

Effective master equation. Equation (G6) corresponds to biased bit flip noise in the DFS,

2

j=1.2

d 1
TPO=D v (sjp(t)sj — =[shs; p(0) + p(t)sjsj]>, (G9)

€¥(e + 2y £ /2 + 4|y )W) (W_| + e ¥ (—e + 2y £ /€2 + 4|y [2)| W) (Wy |
Ni» '

(G10)

S1,2 =

Here vy, = 2k /€2 + 4|y |?)/4 are the individual spin-flip rates, Nﬁz = €2+ [2y £ /€2 + 4|y |?)]? are the normalization
factors, and we have introduced € = (JTJ), — (J1J)_, y = n((JTJ)L(JTJ),)/?, and the phase ¢*¢|n| = 1. Note that the total
dissipation rate k = ((JTJ); + (JTJ)_)/2. When || = 1, there is only a single jump, s;. This corresponds to the case when the
jump J leaves the cavity state within the DFS [cf. Eq. (G7)]. This takes place for single-photon losses and the cavity dynamics
in the weak-coupling limit (see Sec. IV B and Refs. [52-54]).

Steady state. The effective dynamics in Eq. (G6) features a unique stationary state,

t 1
_ VIO U ) (Y| G11)
(T + (1) -

IOSS

which approximates, in the zeroth order of the perturbation by J, the stationary state of the dynamics £ = Ly + §L.
Derivation of Eq. (G6). As Tl conserves the parity, the first-order corrections (G2) must also feature the weak-parity
symmetry. Indeed, in the basis {|W_ ) (W, |, [W_)(W_|[, W) (W_][, |W_) (W[}, the effective dynamics is block diagonal,

T, Tr(L J|W_)(Ww_|JT) 0 0
Tr(1_J|W, ) (W, |JT) —(Jtn_ 0 0
Ep(t) = 0 0 = STl (T ) (| — Wy (W |TT)] Tr(Ly J|W (P |JT) p().
0 0 Tr(L_ JW_) (P, |JT) = 3Tr[L_ (T | — (W) (W [T
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The diagonal terms stem from the parity-conserving terms in (G4), i.e., (JTJ p + p JTJ)/2, while the off-diagonal terms originate
from the parity swap JpJ . Here, we denoted the averages as (J1J). = Tr(1oJTJ|Wi)(Wy]) = (Wi |JTT|WL).

We can further simplify the effective dynamics. First, from the trace preservation of Eq. (F5), we have that
”llr(]l]FJ|\IJi)J\IJi|JT) = (JTJ)+. Second, we note that |W,) and |W_) are the dark states of the dynamics (24) and (25), i.e.,
Mg|Wy) = M,|W.) = 0. Therefore, as the dynamics of coherences to a dark state is governed by the effective Hamiltonian of
(25), %(M;Mg +M j 1\7@), the projection ITj reduces to the orthogonal projection onto the dark states |W_ ), |W_) [115]

. . _lrtay YR
Mo( 19y ) (W) = lim "1 [W ) (W_]) = lim [e FMEMAMEMO T T V(W | = (1) 4 W ) (W]

Finally, as the effective dynamics is completely-positive [50,90,91,116], we have that [cf. Eq. (G7)]

Tr(Ly—J W) (W [JT) = n (T (T )2,

Moreover, when Ly + 8L corresponds to the real dynamics (see Sec. 11 C), n is also real.

3. Metastable dynamics due to nonmonochromatic atom beam
a. General results

Effective dynamics. We now consider a perturbation § £ of
the cavity dynamics £y and assume that £ conserves the
photon-number parity (see Sec. IIC). As we derive below,
the effective first-order dynamics in the DFS basis |W ) (W, |,
W) (W], W) (W, [W_) (W4 | is diagonal,

0 O 0 0
d 0 0 0
—p(t) = . 1),
dtp( ) 0 0 —if2— Yieph 0 o)
0 0 0 iQ— Vdeph
(G14)

where —iQ2 — yaeph = Tr(Ly LW, )(W_]), which corre-
sponds to effective dephasing at the rate ygepn and unitary
rotation at frequency €2, along the direction of the DFS parity,

j_tp(;) = —iQ[s;, p(1)]

1
+ Vdeph (sz p(t)s! — E[sisz p(t) + p(t)sjsz])

(G15)
|

(G12)
where |n| < 1. (G13)
[
1
5, = E(I‘I’+)(‘I’+I — W) (W-). (G16)

For discussion of metastability in the case with a hard wall in
the dynamics, see Appendix G 4.

Steady states. Any dynamics conserving the parity fea-
tures at least two stationary states [75], corresponding to the
conserved quantities 1, and 1_ (cf. Sec. IIC). Indeed, in
(G14) the even-odd coherences dephase to 0 whenever ygepn >
0 (cf. Fig. 6) and asymptotic states are mixtures of the odd and
even stationary states

pss =PIV ) (Wil + (1 = p) W) (W],

where p is determined by the initial support in the even parity
subspace. pgs approximates (in the zeroth order of §L) the
asymptotic state of £ = Lo + 3L.

Derivation of Eq. (GI14). As the projection on the sta-
tionary subspace Il also conserves the parity, Eq. (G3), so
does the first-order effective dynamics, Eq. (G2). Therefore,
in the basis |W ) (W, |, |W_)(W_|, W )(W_|, |W_)(V,]|, the
effective dynamics must be diagonal. The first two terms on
the diagonal are 0 from the trace preservation of the effective
dynamics [50,90,91,116]. Furthermore, from Ly + £§ being
Hermiticity preserving we have [Tr(L_,SL|V_){(¥,|)]* =
Tr(L._8L|W,){W_]|), which is in general complex so that we
set Tr(Ly_8L|W ) (W_| = —iQ — Vueph.

(G17)

b. Metastable dynamics due to parity-conserving higher order corrections in far-detuned regime

Here we derive the Hamiltonian contribution to Eq. (45).

Unitary first-order dynamics of dark states. We now consider the case of §£ corresponding to the perturbation of the
Hamiltonian H by 6H and a jump J by §J in the master equation (F1),

L(p) = (Lo+8L)p) = —ilH + 8H, pl+ (J +8))p(J + 8" — M + 81T +8J), p}
= —ilH, pl+JpJ —=3{UTJ, p}—ilsH, pl+8Jp T +TpsJt — L{8JTT +J16J, p} +8JpsJT — L{8J16J, p}, (G18)

where {X,Y} = XY + Y X denotes the anticommutator, which corresponds to the first-order correction §£; and second-order
correction § £, in §H and §J. In the case when stationary states of Ly are pure, |V, ) and |W_), and dark with respect to the jump
operator J, i.e., J|Wy) = 0, so that they form a DFS, the first-order corrections to the dynamics in the DFS are unitary [89,90]
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and only due to the Hamiltonian §H,

o 8Ly (1W4 ) (W_|) = To(—il8H, [W ) (W_[1+ 8] W ) (W_[JT+ T\ ) (W_|8JT = $(87TT +JT87, [w ) (W_})
= Mo (—i[8H, [W,)(W_|] — 2187wy ) (W_| — L 1w ) (w_|s71))
= —i((8H) 4 — (SH) )W ) (W_| — i(8H)_ (|W_)(W_| — W ) (W),

(G19)

where (§H)_, = (W_|§H |V, ), and in the last line we used the fact that coherences to dark states are orthogonally projected on
the dark states (cf. Eq. (G12) and see Ref. [115]). When both £, and £ conserve the parity, the parity is necessarily conserved
by H, J, and §H, 8J [75], and thus the first-order correction is given by [cf. Eq. (G14)]

Mo 8L1(1W /(W |) = —i((8H) . — (SH)_) | Wy ) (W] = =i | Wy ) (W_|. (G20)

Higher order corrections in far-detuned regime. The result in Eq. (G20) is directly used in Eq. (47), which corresponds
to the higher order corrections in the parity-conserving Kraus operators due to finite detuning, Eqs. (B25) and (B26). The
parity-conserving operators can be shifted so that |\, ) and |\W_) are the dark states of the adiabatic dynamics [see Eq. (24) and

(25)]. In this case, we can identify H = 0 and

[ i 1ol _iglw?
8H=—(c*e” A M| —ceTA
2 g

g

while the changes in the shifted Kraus operators

M] = M[ - cge_”T]l,

1\73 = M3 + Cee_itT]l,

M} — ™S My + ceT A M),

(G21)

leal?

(G22a)

Ixz\z

(G22b)

that play the role of jump operators, do not contribute. Note that here we use the definitions of the Kraus operators M; and M3

lg;

. 2
from Eqgs. (B25) and (B26), which differ from the Kraus operators defined in Eq. (10) by the global phase ¢7% due to constant
q P q y the g p

terms neglected in (6).

¢. Metastable dynamics due to relaxing conditions
for Stark-shift cancellation

We now consider relaxing the conditions in Eq. (5). Be-
cause of parity conservation, this leads to dephasing of odd-
even coherences, Eq. (G14), but only in a higher than the first
order.

Corrections to two-photon interaction. Relaxing the con-
ditions in Eq. (5), which cancel the Stark shifts from the
atom-cavity interactions in Eq. (6), leads to the higher or-
der corrections to this Hamiltonian, as given by Eq. (4).
Therefore, the dynamics remain parity conserving, but with
modified Kraus operators M and M3 [cf. Appendix C]. This
is analogous to the case of the fourth-order corrections to
the atom-cavity interactions, Eq. (B27), contributing to cavity
dynamics, which is discussed in Appendix G 3 b.

Resulting cavity dynamics. In the lowest order, the pertur-
bation away from Eq. (5), contributes to the unitary dynamics
via Eq. (G21), while in the higher order it can also lead to
dephasing of coherences [cf. Eq. (G14)]. Dephasing manifests
mixedness of the odd and even stationary states, and thus only
takes place when the perturbed interaction in Eq. (4) does not
lead to different set of pure stationary states [for the general
dynamics leading to pure stationary states, see Appendix C].

d. Metastable dynamics due to mixed atom states

In the main text, we discussed the properties of two-photon
micromaser dynamics under the assumption that all atoms
entering the cavity are prepared in an identical pure state,
Eq. (8). Here we investigate how the imperfections of the atom
preparation influence the resulting cavity dynamics.

Micromaser dynamics with mixed atom state. The most
general state of the atom invariant to the Hamiltonian (2a) (as
required by Assumption 3 in Appendix B 1) is

Pat = PalVa) (Wal + pol¥p)(¥s] + Z pili (il (G23)
j=0,2,4.a

where p, +pp+ Y. j=02,4Pj =1 and coherent superposi-
tions

[Va) = cell) +cel3),  |¥n) = cCl1) — c13)

are allowed due to the two-photon resonance in Eq. (3) [cf.
Eq. (8)]. Note that the states |y,) and |y,) are orthonormal.

The cavity dynamics due to a passage of a single atom in
the mixed state (G23) is given by [cf. Eq. (B8)]

p® =" pMup* M+ Y py M M
j=0,2,4,a

(G24)

j=ge
l=a,b

= M[p* 1],

where for the initial states |v,) and |;,) we have two pairs of
Kraus operators [cf. Eqs. (B7) and (10)],

Mga = (1|Ueff(f)|1pa>’ M., = (3|Ueff(r)|wa>a
and

Mgy, = (NUeit (DY),  Mep = (3|Uere(T)|¥p)  (G26b)
with the effective Hamiltonian H. coupling the resonant
levels given by (6), while for |0}, |2), |4}, |a)

(G25)

(G26a)

2 2 2
. +
lga | e lg2| A\gg\

My=e™ % My=e¢ R
(G27)

2

. i lg3l”

itaa' =—
My =e -,

and M, =1,
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up to a global phase [see Eqgs. (B7), (5), and (A9)]. The
continuous dynamics is then given by Eq. (B9). We note that
Eq. (G27) depends on the specific (5 4+ 1)-model implement-
ing the effective Hamiltonian in Eq. (6), but below we discuss
the effects from Eq. (G26) and Eqgs. (G27) separately, and
thus our results will be applicable to other realizations of
two-photon dynamics without Stark shifts.

We note that, exactly as in the case of a pure atom state,
the cavity dynamics is parity conserving, which is due to the
far-detuned limit, Eq. (6). Furthermore, it also corresponds to
real-valued dynamics when py = p, = ps = 0, as in this case
the relative phase between coefficients of both atom states
[Y,) and |v) is the same (see Sec. I1C).

Mixed stationary states of the dynamics. As discussed in
Sec. II A, a pair of Kraus operators in Eq. (10) corresponding
to a pure atom state in Eq. (8) features two even and odd pure
eigenstates, which are determined by the recurrence relation
in Eq. (16). In order for stationary states of the cavity to be
pure in the dynamics with the mixed-atom state (G23) it is
necessary for it to be an eigenstate of all Kraus operators in
Egs. (G26) and (G27). However, for the orthogonal states |1/,)
and |¥;), Eq. (G24), the corresponding recurrence relations
features the factors c./c, and —cg /ck, respectively, which

are always different, as |cg|* # —|c.|>. Therefore, no pure
stationary states exist if the atom state is mixed between
levels |j) with j =0,...,4 (i.e., except |a)). Nevertheless,
the cavity features at least two, odd and even, mixed stationary
states, since the photon-number parity is conserved [75]. We
note that, even in the case when p, =0 (or p, =0), the
Kraus operators My, M,, and M, in Eq. (G27) cannot feature
pure cavity states as eigenstates unless the cavity state is
a fixed photon number state or the interaction time t is

such that %r = %r = 2m, so that My =M, =M, = 1.
This is because those Kraus operators imprint a nontrivial
phase on the cavity state and thus lead to its dephasing [but
if the state of outgoing atoms is measured, the conditional
cavity state can become asymptotically pure for p, = 0 (or
p» = 0); however, only the probability of the photon number
will be stationary with the phases changing due to My, M,
and M,].

Coherent stationary state of cavity from coherent states
of atoms. In Appendix H, we show that the dynamics with
the atom state diagonal in atom levels leads to effective
classical detailed balance dynamics of the cavity with odd
and even thermal steady states diagonal in the photon-number
basis, with the temperature determined as exp[—2w/(kgT )] =
pa|ce|2 + pblcg|2/(pa|cg|2 + pb|ce|2)- We now prove that
whenever the atom state, Eq. (G23), is not diagonal in the
atom levels, i.e., coherent (p, # pp and |c.| # 1, 0), the even
and odd stationary states of the cavity are coherent in the
photon-number basis.

Consider a diagonal even state pt =Y py,|2n)(2n|.
We have [cf. Egs. (B8) and (10)]

M(py) = Maiag(p) + Y _{—icect sinan($)(/Pa

n=0
— /Pp)[cos2,_1(P)pan
— €0S2n42(@)pans2]2n + 2) (2n| + H.c.}, (G28)

where Mgj,, is the dynamics with a diagonal atom
state, Zj=0’274’apj|j>(j|+[Pa|cg|2+17b|ce|2]|1><1|+

[palce)® + pb|cg|2]|3)(3|, which leaves diagonal states diag-
onal. Therefore, for o™ to be a stationary state, no coherences
can appear in Eq. (G28), and thus cecz =0,orp=1—p,
or €082, 1(¢)p2n — €082,12(P)p2nt2 = 0. The first two con-
ditions correspond to incoherent states of the atom, while
the last condition cannot be fulfilled for a stationary state
of the diagonal dynamics Mg, as it is effectively thermal
(see Appendix H) and thus independent from the interaction
strength. The proof for the odd stationary state is analogous.

Metastable dephasing dynamics for almost pure states.
When atom state in Eq. (G23) is almost pure, p, & 1 (or pp &
1) so that py = |¥,) (Y4l (or |¥p)(¥p|), the Kraus operators
My, M>, My, and Mg, and M., (or Mg, and M,,) can be treated
as the perturbation of the dynamics with the pure states |V, ),
|W_) that takes place at the reduced rate vp, (or vpp).

From parity conservation, this perturbation necessarily
leads to dephasing of the even-odd coherences |W_ . )(W_| and
[W_)(W,| [cf. Eq. (G14)]. The dephasing manifests the fact
that the even and odd stationary states of the dynamics are
mixed (although in the zeroth order they are approximated by
the pure state |, ) and |[W_)), and coherences between them
are not stationary. The rate of dephasing and the frequency of
unitary dynamics are bounded as [cf. Eq. (G23)]

Vdeph < 2v(1 = pa — pa)s (G29)

121 < v(po + p2 + pa). (G30)

This is follows from the fact that for the mixed atoms we have
[cf. Egs. (G2) and (G14)]

—iQ = yaepn = v D pATILe MWL) (W] — 1),
j=b,0,2,4

(G31)
Mi(p) = MgypM}, +MypM],  and — Mi(p) =
M;pM f for j =0,2,4 are all quantum channels conserving
the parity [cf. Egs. (G26) and (G27)]. For any quantum
channel M’, we have that TTo[M'(JW)(¥|)] is a quantum
state, and thus its fidelity with any other state is between
0 and 1. Therefore, for |¥) = (|V,)+ I\IL))/«/Z any
parity-conserving M’ we have that 0 < 2(W|I[To[M'(|¥)
(UD]W) =1 4+ Re{Tr[Ly M’ (¥, ){(¥_])]) and, similarly,
for |W) = (W) £i|W_))/v/2, we have 0 < 2(¥W|I
(M (WNWDINY) =1 F Im{Tr[L, M'(|W L (W_D]) < 2.
Noting that 1 —p,—pa=23,_4024.Pj» and that both
M, and M can be considered real valued, so M, does
not contribute to the unitary dynamics, we finally arrive at
Egs. (G29) and (G30), respectively. We also note that the rate
of coherence decay can be simply bounded by the mixedness
of the atom state (defined as 1 minus the purity), as from
Eq. (G29) we have yueph < 2v(1 — p,) & 1 — Tr(p2) for
Pa & 1.

Dynamics in weak-coupling limit. In the limit of small inte-
grated coupling, |¢| < 1, the stationary states of the dynamics
with a pure atom state are given by Schrodinger cat states [cf.
Egs. (29) and (33)]. For the mixed state, dynamics in Eq. (33)

where
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in general additionally features two-photon injections, photon-
number Hamiltonian, and dephasing in photon number (see
also Refs. [39,40,52])

d

- 1
dtp

= —ilgha” + gapna', p]
+iopn(®pa? — {a*la®, p})
. p})

—ilwon, p]+ yo(non — 3{n*, p}),

+ ¥2ph (aﬂpaz -
(G32)

Here n = aa and the parameters goph = V(pq — pb)che o,

Kaph = VPa lce|?@?,  Voph = vpplcg?d?,  wo = v[ga(pg —
p2) +d3(pa—p2)l,  and v = v[pog; + pa(da + ¢3)” +
p4¢32]. The terms in the first line of Eq. (G33) arise from the
expansion of My,, M., [see Eqs. (32) and (G26)], and
My, ~ ;1 + icip a'?, (G33a)
My~ —c1 — ict 2+*¢2“2 G33b)
b N —Cy ic,pa cgyaa , (
where we kept terms contributing to up to second order in
¢ and c. to the master equation [cf. Eq. (33)]. The terms
in the second line of Eq. (G33) originate from the first and

J

the second orders in the expansion of My, M,, and M, of
Eq. (G27)in ¢; = |gj|2/A, which we assumed small, |¢;| <
1,j=2,3.

For p, ~ 1, we arrive at the metastable dynamics in with

Q = wo((n)+ — (n)-), (G34)

Yaeph = Yol (n*)4 + (n*)_ — 2Tr(Ly_n|W ) (W_|n)]
+ vapnl(n?) 4 + (1) +3((n)4 + (n?)-)

+6 —2Tr(L_a™ W, ) (W_|d)], (G35)
where the stationary states are Schrodinger cat states
in Eq. (29) with a modified parameter o = (1 —
pp/2)e T4 J2¢,[(ced) in Eq. (29). Since |af’|p| =
2(1 — pp)lce/cel < 1, the bounds in Egs. (G29) and (G30)
indeed hold true even for large |«|, where (n)+ ~ |a|?> and
(n?)+ ~ |a|*. Furthermore, since L _ is known, Eqgs. (G34)
and (G35) can be computed exactly [39]. Finally, we note
that for the mixed state supported only on |1) and |3) levels,
which corresponds to dissipative dynamics with two-photon
injections only (wg = 0 = yy), we indeed observe that Q2 = 0,
as argued above.

e. Metastable dynamics due to decaying atom levels

Finite lifetime of atom levels. In this work so far, we have assumed that all atoms are prepared identically in an initial state
pat Which only changes due to the interaction with the cavity (see Appendix B 1). In general, however, atoms interact also with
the external environment of continuum modes, which leads to decay of the atomic levels. Such decay may include transitions
between the states |0), ..., [4), |a) as well to other atom levels which are not coupled to the cavity field, and is described in the

frame of the free Hamiltonian [Eq. (A1)] as

d 1 1
Epat(t) = Z Z Vik [Ujkpat(t)akj - EUkkPat(f) - Epat(t)akk:|,

k=-1,0,1,2,3,4,a j<k

(G36)

where the state |—1), without loss of generality, describes all the other atom levels not coupled to the cavity and we consider

only the transitions corresponding to the loss of atom energy.

Mixed atom states. For the initial pure state in Eq. (8), the dynamics in Eq. (G36) gives a mixed atomic state p,(?) [cf.

Eq. (G23)], where

pat(t) = [1 =p®O)] | — D) (1]

e Tt _ Tt e Tt _ g Tat g Tit _ oy Tt
- [e—“wcgﬁ tyn el + FZ”_”;Z( e oy >|ce|2] (1]
e R ot _ =Tt
+e T ek ()@l e 7 e 3) (1] 4+ e e *13) 3] + )’23W|Ce|2 12)(2|
+ {VmMngz + V()3M|Ce|2
T — T s — T

4 Yo1 V13 <€F°I —e Tt _ e T — 8F3r> Vo2 V23 <€F°’ —e T _ e~ Tl — 8F3’>

I3 —T4 't —To I's =T I3 =1 ', —To I's =T

Y01/12723 [ e A et N S et n e ot — eIt “|0) (o)

3= [T =TT =To) T=T)T2—-To) T35-T )1 —=To) ([T3—=T1)T5—T0)
= Pp(t) Py (1), (G37)

and we defined I'y = Zj<k Yijks p(t) = Z‘,‘:oy1,2,3,4,a(j|pat(t)|j>-
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Below we show that the possible decay of atoms during the time 7 between the preparation of the initial atomic state [Eq. (8)]
and entering the cavity leads to an effective micromaser with the reduced rate v = p(T )v and the mixed atom state given by
Pat = P (T) (cf. Assumption 2 in Appendix B 1). In particular, for transitions only toward levels not coupled to the cavity
(¥jx = O unless j = —1), the cavity interacts with the effective pure atom state

I 473 NELE Y A

e e PN+ e 7 Teek INBI+em 7 T ehe 13) (1] + e e 2 13) 3]

e‘rlT|cg|2 + e—I‘3T|ce|2

pu(T) = = [y (D) (Y (T)  (G38)

where [cf. Eq. (8)]

e 3T ) e e, 13)

9
\/e—r1T|cg|2 + e—l‘3T|C€|2

arriving at the reduced rate v = (e~ " ‘Tlcg|2 + ¢ 37 |c,|?)v. We note that for the uniform decay, ' = I'; = T', the atom state

remains the same, |/, (T)) = |¥/4), but the rate is exponentially reduced, v = e "7 v.

Modified cavity dynamics. In the first order, the interaction with the external environment and the cavity are independent,
leading to the change in the cavity given by [cf. Eq. (B6) and Eq. (G36)]

p® = Tr (A(T) [pu(T) @ p* D1}
= P(T) Tra ([ A [5(T) ® p* 1} + [1 — p(T)] p*~1
= P Mp* V1 + [1 = B(T)] p* ", (G40)

(G39)

[Va(T)) =CTo(T) 1) +¢.(T)3)

where we introduced [cf. Eq. (B5)]
A(T) = Te—ifot dt[?—[(r)+£m]’ (G41)

with H(#)(-) = —i[Hin(t) + Hp, ()], and we again consider the frame rotating with the free Hamiltonian [Eq. (Al)]. The
continuous dynamics takes place at the reduced rate v = p(T")v [cf. Eq. (B9)]

d — —
E'O(t) =V M[p®)] — v p() = LIp®)]. (G42)

The cavity dynamics will be modified for two reasons. First, the mixed atom state p(7T) [cf. Eq. (G37)] will lead to the
cavity dynamics being a mixture of dynamics for different pure states, as discussed in Appendix G 3 d. Namely, dynamics for
the eigenstates of p(T): |, (T)) [of the general form [y, (T)) and [,(T)) supported on |1) and |3), and |j) with j =0, 2;
cf. Eq. (G23)], chosen with the probability p,(7") given by the corresponding eigenvalues, k = a, b, 0, 2. Second, possible atom
decays during the interaction with cavity will lead to the evolution with a non-Hermitian Hamiltonian H(t) = Hy + Hine(t) +
é ij vjkoj; intercepted by the updates of the atom state according to the occurring decay events. This will lead to a generally
different set of Kraus operators for any sequence of decay events and the average dynamics given by the integral over all events
[cf. Eq. (G26)],

00 . t” N
M= Y D Mjk(r)+2/ dtn/ d,n_l.../ i
> n=1 0 0 0

j=-1,0,1,2,3,4,a
k=ab,0,2
X Vicks - - Vitks mj;jnk,,---jlkl;k(f;tly~-~,tn)] , (G43)
Gl jn=—1,0,1,2,3,4,a
ki,....k, =0,1,2,3,4,a
where
M (t) = My (t)p M jp(z), (G44)
Myt (T3 oo ) = M oot (T30 weos )P M it (T3 11 ey 1) (G45)
with L
Mj(v) = (j|ITe O (T)) (G46)
and
—_ . (T I (4! . _ i drﬁ/ . o 12d/7r . _ Vs
M it i (Tit1, oo t) = (T I O ) e | Te ™ hm 1O iy g Te 0 7Oy ey e " 40 H@O 1 (7).

(G47)

In the far detuned limit, the levels 4 and a are not coupled to the dynamics.
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In particular, for decay transitions only toward levels not coupled to the cavity and the far detuned limit, we obtain [cf.
Eq. (G39)]

Mo = M(t) + M, (7) + /0 dt [Ty M,(t) + T3 M, (1)1, (G438)

where
M(t) (p) = My(t)p My(0)', (G49a)
M. (1) (p) = Mo(t)p Me(t)T, (G49b)

with [cf. Eq. (10) and see Appendix C]

—_— Lt ! ’ i —_ i+
My(t) = (1|Te_’f0 dt’[Hese(t )—5(1"10n+1"3033)]|1//at(T)> — e

3 I —I)?
’[zg(T)cos (t\/|k|2aT2a2 - %)

sin (t\/|)»|2 atat? — —(F‘Ig”z)

2 212 _ (L1=T3)?
\/|A| a?at? — g

r—T;

(G50a)

~ () + (T ")

— - N — + r-r
Me(t) — <3|T€71ﬁ] dt [Hsl'f(f )*f(r‘1011+r3033)]|.(//at(T)> — efr 4r3[[<_izg(T))\,(12 +EC(T) 1 4 3)

sin (¢ |A|20T2a2_w ' —T2)?
x (\/ ) +2.(T)cos t\/leazaTz - %) , (G50b)
2
\/|A|2aT2a2 _ (FITGD)

2
where we neglected a global phase e‘if(Aﬁ%) (cf. Appendix B 2). In Eq. (G48), the terms mg(t) —i—ﬂe(r) describe the
situation when no decay events occur during the interaction time t, while the decay from |1) or from |3), happening at time ¢
is described by ./\_/lg(t) or M, (t), respectively, as in those cases the atom interacts with the cavity only for time 7. For the case
of uniform decay, I'y = I'; = I', we simply have Mj(t) = e’g‘Mj(t), J =g e, where M,(t) and M,(t) are Kraus operators in
Eq. (10) for the interaction time ¢. Therefore, the dynamics in Eq. (G48) simplifies to

Mo =e " Mo(r) + I‘f dt e T Mo(@). (G51)
0

Even and odd stationary states of cavity. We note that in the far-detuned limit the modified cavity dynamic in Eq. (G43)
conserved the photon number parity P in Eq. (13) as the Kraus operators in Egs. (G46) and (G47) commute with P. Therefore,
there exist both odd and even stationary states. Those stationary states, however, are mixed, as already due to the mixed atom
state p,(T), the Kraus operators in Eq. (G46) corresponding to the initial pure states | (7)) and |1/,(T)) could only imply
contradictory recurrence relations for pure stationary states (cf. Appendixes C and G 3 d).

Even in the case of decay only toward levels not coupled to the cavity, Eq. (G48), when the effective atom state is pure,
Eq. (G39), the Kraus operators in Eq. (G50) do not feature a pure steady state when I'; # I's [cf. case B in Appendix C].
Furthermore, even in the case of the uniform decay, since pure stationary states vary with the interaction time [cf. Eq. (19)],
random interaction times caused by decay events will lead to mixed stationary states of the overall dynamics.

Dynamics in the limit of weak atom decay. We now consider a limit of weak decay with respect to two timescales 7 and
7, which determine the effective atom state and the atom-cavity interaction, respectively. In the first order, due to the parity
conservation, atom decay will lead to dephasing dynamics of odd-even coherences, as given by Eq. (G14).

(1) Contribution from T. For T'y, T'; < T !, the effective atom state entering the cavity is approximately pure. Assuming
further weak decay from all relevant levels, i.e., I'; < T~! also for j = 0, 2, from Eq. (G37) we simply have [cf. Eq. (G23)]

Pa(T) =1 — (T3 — y_13)T leol* — (T — y13 — y-n1lee DT legl?, Pp(T) = yisTlcel’,

Po(T) = youT legl” + vosT Ieel®s Po(T) = yuaT lcel*, pa=pa=0, (G52)
with [cf. Eq. (8) and (G39)]
[V (T)) = co[l — (T = T3)T |cel*/2 4+ yisT leo|*111) + e[l + (T — T3)T |cgl*/2 — yisT legl*lcel*113), (G53)

which is normalized up to the first order, and Wb(T)) supported on |1) and |3) and orthogonal to Wa(T)) [cf. Eq. (G24)]. The
bound in Eq. (G29) gives the resulting contribution to the dephasing as

Yaeph(T) < 2V [1 = B, (T)] & 20[(T1 — y_1D)leel* + (T3 — vo13 — vislegl?) e 11T (G54)

(since we consider first-order effects, we assumed a unitary atom-cavity dynamics). Here dephasing takes place between pure
stationary states of the cavity obtained with the atom state |y ,(T)) instead of Eq. (8). In particular, for the decay only to the
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uncoupled levels, the bound in Eq. (G54) indicates no dephasing, which is indeed due to the effective state being pure [cf.
Eq. (G39); this observation actually holds for any 7']. An analogous bound holds for the frequency of unitary dynamics [cf.

Eqgs. (G30) and (G37)]

IQUT)| < V[P(T) + Do (T)] ~ viyorlegl* + (vos + ya3)lce*1T.

(G55)

The inequalities in Eqgs. (G54) and (G55) hold also in the case of weak decay only for |1) and |3) levels [117].
(2) Contribution from t. Second, we discuss the dephasing due to atom decay during its interaction with the cavity for

I,
For the decay only to uncoupled levels, we have
Vdeph(f) _ Fl + FS -

% o 2 0

Jj=8e

Q =0,

where
; /2,12 ; /12 2
Y — |cg|2S1n(¢ a‘a’®) n |Ce|25m(¢ a>a )’ (G58)
o~ a?at? o~ at?a?

and no unitary dynamics follows from the fact that since
M, (t) and M,(t) can be considered real valued for all ¢
[cf. Sec. II C]. Furthermore, in the case of the uniform decay
[cf. Eq. (G51)], the modified dynamics M can be seen as
a perturbation of the dynamics without decay M(7) at a
rate ¥ further reduced by e~'7, by a quantum channel I' /(1 —
e ') for dt e " M (t) at the rate D(1 — e~''7). Therefore, in
the limit I' « t~!, the resulting dephasing rate in Eq. (G56)
is bounded as [cf. the derivation of Eq. (G29)]

Yaeph(T) < 2v T, (G59)

while there is no unitary dynamics, = 0, since M (?) can
be considered real valued for all ¢ [cf. Sec. IIC]. Similarly,
for the nonuniform decay to the uncoupled levels only [cf.
Eq. (G48)], we have Q = 0, since mg,e(t) can be considered
real valued for all r and

Ydeph (7) < 2V max (I'y, I'3). (G60)

Equation (G60) follows from Eq. (G59) and the fact that we
can consider first-order effects. Indeed, for I'y > I's (I'; >
I'}), increasing the decay rate from |3) (|1)) by I'j — '3
(I's — I'y), while leading to the uniform decay at the rate
max (I'1, I'3), can only increase the effective dephasing rate
Ydeph (7). Note that here we consider the unperturbed dynamics
with respect to the pure atom state in Eq. (G39) rather than
Eq. (8), which is modified due to atom decay before entering
the cavity.

Finally, for general case, we note that Eq. (G60) also
holds true provided that we also assume I'y, '3 < T~! [cf.
Eq. (G43)], in which limit v can be further replaced by v,

Yaeph (T) < 2v max (I', I'3)z. (G61)

Indeed, in that case, since we consider first-order contribu-
tions, we can assume pure atom state |/ ,(7)) in Eq. (G53)
entering the cavity, so that Eq. (G46) is given by Eq. (G50)
with |/ ,(T)) [instead of [y, (T)) in Eq. (G39)]. Thus, in-
creasing the decay rate from |1) or |3) to achieve the uniform
decay rate equal max (I"y, I'3) gives again a perturbation of
M(7) by a quantum channel multiplied by max(I";, I'3)7. In
this general case, the unitary dynamics is possible with the

~ [ 3 Tz MG w1 -

' —T3
7 (V)4 + (¥)-), (G56)
(G57)
[
frequency bounded as
[Q2(T)] < v (Yo1 + vo3 + 123)7, (G62)

where we further assumed weak decay from all relevant
levels, ie., I'; € T-! also for Jj =0, 2, so that the contribu-
tion to the frequency comes from [ dt [yo M, (1) + (o3 +
¥23) M.(0)] [cf. Eq. (G49)], and we used the fact that M(1)
and M,(t) are completely positive and do not increase trace
[cf. the derivation of Eq. (G30)].

We conclude that in the limit of weak decay with respect
to both T and 7, we obtain dephasing dynamics of odd-even
coherences at the rate Yaeph(T) + Yaepn(t) in Egs. (G54) and
(G61), with unitary rotation at the frequency Q(7) + Q(t)
in Egs. (G55) and (G62) [see Egs. (70) and (71)]. We also
note that even in the case of nonuniform decay, the dephasing
rate is bounded by the change in the purity of the atom state
during the total time 7 + t. Finally, for the decay only to
levels not coupled to the cavity, the timescale 7 does not
contribute to noise, but it modifies the rate of the unperturbed
dynamics to v, so that its relaxation timescales are rescaled by
(@ " legP + e T e ).

Dynamics in the limits of weak coupling and weak atom
decay. In the weak coupling limit, we can expand Eqs. (G46)
and (G47) up to quadratic order in ¢ and c, [see Sec. III C]
and linear order in decay.

For the case of decay only toward uncoupled levels with
', T3 < 7! [Egs. (G48)—(G50)], we obtain

d

P = —ilZa” + Zypa’”, p]

1
+Kaph (azpaTz - 5la¥a?, p}), (G63)

where

4T r+r
gzph=ve_]1;]wc;ce¢(l— : 31’),

r r
oph = ueF1T|cg|2¢2(1 — Ll ér). (G64)

2
This result follows from the expansion A_dg(t) ~C(T)(1 —
T11/2) — C(T)pa’” — G(T) ¢*al a®[1 — () — T3)/12 —

(T'y +T3)e /4172 and M (1) = C(T) (1 —T31/2) —
iEg(T)¢a2[l — ("1 4+ T'3)e /4], which holds for
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[€e(T)I/lco(T) = e T3 TT ¢, | /]ce] < 1 (which in general
does not require T'|,T3 <« T~'), and considering the
contributions to Eq. (G42) up to quadratic order in ¢
and c.(T). Therefore, in the presence of the decay to only
uncoupled levels, there is no effective dephasing, and the DFS
of pure Schrodinger cat states with a modified parameter «,

R
K2ph
ary —-r a2
1+ L3¢ )t i,
24 Ce

(G65)

o) £ | —a)

V2 £ 220

remains stationary [cf. Egs. (29) and (33)].

For the general case of the atom decay in Eq. (G36),
we will have two contributions to the metastable dephasing
dynamics in Eq. (G14), from the mixedness of atom state
P.(T) [Eq. (G37)], and via the decay during interaction with
the cavity [Eqs. (G46) and (G47)]. In the first order of the limit
of weak decay from all relevant levels I'; < t=!, 7! for j =
0, 1, 2, 3, the mixedness of atom state p,(7") will contribute to
the dephasing dynamics as given in Egs. (G34) and (G35) with
the probabilities from Eq. (G52) [see also Eq. (G33)]. Second,
since we can neglect the contribution from the mixedness of
atoms when considering decay during the interaction with the
cavity, the Kraus operators in Eq. (G46) can be expanded as
in the case of decay only to uncoupled levels but for [y,(T))
in Eq. (G53) instead of Wut(T)) in Eq. (G39), while Kraus
operators in Eq. (G47) will feature only a single decay event
with H (t) replaced by H.(t), and can be further expanded to
consider only the contributions up to quadratic order in ¢ and
c. for Eq. (G42).

Stationary states in the limit of weak atom decay. The
atom decay will not only change the long-time dynamics
but also introduce corrections to the steady states, rendering
them no longer pure, but mixed [cf. Sec. V B]. In order to
generate approximately pure steady states, it is thus important
to achieve I'|, '3 « !, T~!. Interestingly, for the decay
only toward levels not coupled to the cavity, the timescale
T does not play a role, but the only approximately pure
stationary states are still altered by the decay, since in general
the effective atom state in Eq. (G39) changes with T [see also
Eq. (G65)].

J. Metastable dynamics due to Nonmonochromatic atom beam

In Secs. II-IV, we assumed that the atomic beam is
monochromatic, i.e., the velocity v of all atoms passing
through the cavity is the same, leading to identical time t
spent in the cavity, and thus the uniform value of the integrated
coupling strength ¢ [see Eqs. (B7) and (BY), and cf. Ap-
pendix B 1]. Here, we discuss how the micromaser dynamics
is changed for a nonmonochromatic atomic beam.

Micromaser dynamics. We consider atom velocities drawn
from a probability distribution p(v), which can be, for
example, a Maxwell-Boltzmann distribution, i.e., a Gaussian
distribution with thermal width /kzT /m and the correspond-
ing average velocity of the atoms U = [ dv p(v)v. The veloc-
ity distribution determines the probability distribution of the

integrated coupling given by g(¢)d¢ = p(l/$)l/p>d$, where
[ is the length of the cavity (note that in general ¢ = [v—1 #
[ /v). The dynamics of the cavity due to a single atom passage
is now described by the average [cf. Eqs. (B8) and (9)]

M= / 6 g SIM(®), (G66)

where M(¢) denotes the dynamics with the integrated cou-
pling strength ¢ [see Eq. (10)].

Mixed stationary states of even and odd parities. As the re-
currence relation in Eq. (19) obeyed by pure stationary states
depends on ¢, it can no longer be fulfilled for all velocities
so that the stationary state becomes in general mixed [cf.
Appendix G 3d]. Nevertheless, due to the far-detuned limit
in Eq. (6), the parity is conserved by the dynamics, and thus
there exists two even and odd stationary states [75], which are
mixed [cf. Fig. 10(a)].

Metastable dephasing dynamics. In the case in which the
distribution of the integrated coupling is sufficiently peaked
around its average, we expect M = M — M(¢) can be
treated as a perturbation of M(¢). In such a case, it induces
the dephasing dynamics within the DFS of the pure stationary
states of M(¢), as the parity is conserved [see Eq. (G14)].
Furthermore, as the dynamics of M(¢) corresponds to real-
valued dynamics for all ¢ (cf. Sec. I C), there is no associated
Hamiltonian contribution and 2 = 0 in Eq. (G14). In particu-
lar, by expanding Kraus operator in Eq. (10) in ¢ = ¢ + 8¢,
we arrive at

2
- C
Vaeph = Vv 8¢ [%((aT2 a*y + (@ d?) )

2
L@ a4 @a )

— legPTr(Ly—a®| Wy ) (P _[a?)

—|ce|2Tr<L+_a*2|w+><w_|a2>], (G67)

with 8¢2 being the variance of the distribution of ¢. To arrive
at Eq. (G70), we assumed that §¢p n < 1 within the support of
the pure stationary states, which corresponds to the condition

(n)x +/(n?)x — (M3)8¢? < 1. (G68)

The effective dephasing dynamics manifests the fact that the
even and odd stationary states of the dynamics with M are
mixed (and only in zero order are they approximated by the
pure states |V, ) and |W_)), and coherences between them are
not stationary.

We note that Eq. (G70) can be interpreted as originating
from dynamics with two photon losses and and two-photon
injections at the respective rates v8¢2|c,|? and v $¢2|c,|*.
Therefore, as a’pa'? is a positive matrix, so is its projec-
tion on the DFS, Iy(a’pa'?) [cf. Eq. (26)], and thus we
have Tr(L,_a?|W, ) (V_|a™?)| < V(a?a?) (a2 a?)_ [see
also Eq. (G7)]. Analogously, |Tr(L+_aT2|\IJ+)(‘~IJ_|a2)| <
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FIG. 11. Effective dynamics of realistic micromaser with hard walls. First wall at even m, leads to hard walls of both parities (cf. Table I)
and multiple even and odd stationary states [(a), (c)], while first wall at odd m; leads to only odd hard walls and multiple odd stationary states
[(b), (d)]. [(a), (b)] Single-photon losses and higher order corrections to far-detuned limit induce local transitions between states of opposite
parity: from p;” only to p;_, and p; (solid arrows), from p, only to p; or pf, 1 (dashed arrows) for m; even, from the unique even state
[P, ) (W, | to odd states p, (solid arrows), and from the odd states to the even state (dashed arrows) for m, odd, k =0, 1, .... [(c), (d)] Atom
decay and nonmonochromaticity of atom beam lead to local transitions only between the states of the same parity: from pki only to ,o,f_l and

,oki“. All effective dynamics feature detailed balance.

V(a* at?), (a a?)_ and we arrive at the lower bound

2
Vaeph = v 8¢? [%(\/W a?)y —/(at?a?)_)?

lcel?

+ T(\/W at?); —/(a? aT2>)2}, (G69)

and the upper bound [cf. Eq. (73)]

2
Vaeph < v 8¢? [%(\/W a?)y + /(a2 a?)_)?

|CE|2

+ - Wia2a?) + V(@ aT2>_)2}. (G70)

No metastable dephasing in weak-coupling limit. In the
weak-coupling limit, however, from Eq. (G66), we ob-
tain the dynamics described by Eq. (33) with the av-
eraged coefficients (gypn) = vcgce(qﬁ), (K2ph) = v|cg|2(¢2).
Therefore, in the weak-coupling limit, the stationary states
are pure Schrodinger cat states of Eq. (29) with o =
eI 2 {gam) [ opn) = €71 /2¢,($)/(cg{@?)), and their
coherences are stationary as well. Indeed, in Eq. (G67), we
only have contribution from two-photon losses [cf. Eq. (31)],
which preserve the DFS of cat states and give ygepn = 0. We
emphasize that this approximation requires the weak-coupling
limit to be valid for all values of ¢ attainable in the distribution
8(¢) [cf. Eq. (G68)].

Phase estimation precision. In the lowest order in M,
the nonmonochromaticity of the atom beam leads to the
dephasing of the odd-even coherences, so that the QFI of
the states of fixed parity is not affected. However, those
stationary states are only approximately pure [cf. Fig. 10(a)]
with corrections proportional to 6 M and the relaxation time

of M(¢) (cf. Sec. VB). This mixedness introduced by the
nonmonochromaticity of atom beam affects the QFI in phase
estimation, (77) [cf. Fig. 10(b)].

This can be understood as follows. The enhancement in
estimation precision and the long relaxation time is due to the
presence of soft walls (cf. Sec. V). The height and position
of soft walls, sin,,(¢) ~ 0, however, depends on ¢, leading
to strong variations of the structure of the stationary states
of M(¢) (see Fig. 2) and thus also the QFI (cf. Fig. 8).
Therefore, for a broad enough distribution g(¢), the individual
stationary states of M (¢) differ significantly from the station-
ary state of M(¢), and the state of the averaged dynamics,
Eq. (G66), is mixed. But, importantly, even when the purity
of the final state is significantly reduced, it can still yield an
enhancement over the standard quantum limit [cf. Fig. 10(b)].
See also Appendix G4g.

4. Metastable dynamics in the presence of hard walls

We now discuss the effective dynamics due to higher order
corrections in the far-detuned limit [cf. Eq. (45)], single-
photon losses [cf. Eq. (45)], and decay of atom levels or non-
monochromaticity of the atom beam [cf. Eq. (67)] in the case
when the unperturbed dynamics features hard walls and thus
multiple stationary states of the same parity (see Sec. III D). In
the presence of weak noise or small imperfections, these states
become metastable and undergo long-time dynamics with
local transitions between the hard walls [see Fig. 11]. As a
consequence, there exist no trapping states in a cavity pumped
by excited atoms. These results also inform Sec. IVD, in
which we discuss dynamics of a realistic micromaser with
noise and corrections faster than the timescales of relaxation
across soft walls, as in such case soft walls can be replaced
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by hard by means of approximately degenerate perturbation
theory.

a. Summary of results on effective dynamics

No hard walls beyond far-detuned limit or in the presence
of single-photon losses. A hard wall at m refers to the case of
the zero amplitude of connecting states |m) and |m + 2) [cf.
Egs. (10) and (35)]. As the wall affects only the states of the
same parity [the subsequent walls are exponentially separated;
see Eq. (38)], any perturbations in the dynamics that swap the
parity allow for circumventing hard walls and lead to a unique
stationary state (see Fig. 11). As we discuss below, this is
indeed the case for higher order corrections in the far-detuned
limit and single-photon losses from the cavity.

For the first wall being even, there exist infinitely many
even and odd stationary states between hard walls, which we
denote p,j and p, ,k =0, 1, ... (cf. Table I). In the presence of
weak single-photon losses or small higher order corrections,
these states become metastable and at long times undergo
transitions from ,o,:” to p,_, or to p, at the respective rates
Vi1 and y ., and from p;” to o orto pf, | at the respective
rates v, and y. 7 ., where

VkT/j/- = K(l’l>2:k, + I)(X)Zk,, V/:_k_f = K(”l)k__k/ + V(X)/Zku

(G71)

J

and (n)i&p = Tr(LF apjza’) and X)ip =
> =024 Tr(LF M,-pZ‘TM}), while 1 is the projection on
the support of p,f [cf. Egs. (45) and (55)]. The rates in
Eq. (G71) simply depend on the overlap of the perturbed
state, i.e., the state after a photon loss, with the support of a
state of the opposite parity. Note that the ladder structure of
the transitions obeys detailed balance [see Fig. 11(a)]. Thus,
the stationary state is approximated as [cf. Eq. (75)]

o0 o
ps X plod+ > p pis
k=0 k=0

which is determined by the rates in the recurrence relation

(G72)

v
k - Tkt (G73)
Py Yk

4 _
Py R R
Pi—i yk:T,k

where p{ is determined by the normalization Y, (p} +
p)=1

¢ When the first hard wall is odd, there are no hard walls
of even parity. As the effective dynamics features only the
transitions between the states of opposite parity, we only have
transitions from |W, ) (W, | into o, , and from p,” to [, ) (W, |,
for k =0, 1, ..., with the respective rates y, * and y,;' ™,

ve T =rn)+vX) vt =) X)L,
(G74)

where  (n); =Tr(np;) and (X); =Tr(Xp;), while ()] =Tr(1; a|¥,)(Wila®) and  (X)f =Y, 4,4

Tr(1, M j|lIl+)(lI/+|MjT) with the projection 1,” on the support of p, . Note that the star structure also obeys detailed
balance [see Fig. 11(b)]. Thus, the stationary state for cos,,, (¢) = —1 is approximated by

x - —+
_ . P Y
pss X pt WL+ Y prpp with = (G75)
k=0 P Vi

For cos,, (¢) =1, the dynamics can additionally create odd coherences |W¥, )(¥, | from the even state at the rate
KTr(L,;k,a|\IJ+)(\IJ+|aT)—|—vZJ.:OYMTr(L,;k,Mj|\Il+)(\Il+|M;). These coherences decay at the rate «({(n), + (n).)/2 +
v({X), + (X);,)/2, leading to the stationary state

pss =P IW (WL + ) pr WO+ > Tl WO e | + () W ) (W 1]

(G76)
k=0 k=0 k' > k:
* =02
with the probabilities as in Eq. (G75) and
KT al W) (W la) b v g0 Tr(, M) (W M)
Cox = (G77)

k), +r(n), +viX), +viX), Pss-

No hard walls for finite-life time of atom levels. Similarly, the atom decay or nonmonochromatic atom beam lead to a random
distribution of interaction times between atoms and the cavity, and thus the value of the integrated coupling ¢ fluctuates, and
so does the presence of hard walls. Therefore, in the limit of weak noise, formerly stationary states between hard walls become
metastable and effectively connected to the preceding and following states of the same parity [see Figs. 11(c) and 11(d)]. The
dynamics takes place independently in the odd- and even-parity subspace as a consequence of the parity conservation, and leads
to two, rather than one, odd and even stationary states.
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For the first wall being even, p,f[ can transition to ,oki_1 or to ,oki at the respective rates yki_l  and y,il «» Where

Vi1 =V lce|? -%T + Sinim,(@} (M1 ] o Imagsr), (G78a)
Veix =V legl? _wf + siniz“(¢)] (mo—1 + 2| pf Ima—1 +2), (G78b)
Ve = vlel’ -%T +sin,, (¢)} (mars2| oy Imak+2), (G78¢)
Veoix = Vlegl? _wr + sinj, (¢)} (mak + 2| p; Imax + 2), (G78d)

with m; being the position of the kth wall and sin? (¢) denoting the average of sinZ (¢) with respect to the distribution of
integrated coupling from a nonmonochromatic atom beam. The rates simply depend on the local density of the state at the wall it
is transformed across. This ladder structure within each of the parity subspaces again obeys detailed balance [see Fig. 11(c)] and
the asymptotic state is a probabilistic mixture of two odd and even stationary states with probability p = Tr(1 p) approximated
by [cf. Eq. (69)]

oo oo
ps~pY piod + (L =p)> P oy (G79)
k=0 k=0
where the stationary states are determined by the rates in the recurrence relations

n +
P Yik-1

I =z

Pir Vicik

(G80)

with poi determined by the normalization ) _, pki =1.
For the first hard wall being odd, due to parity conservation, the effective dynamics features only the transitions between the
states of odd parity, from p, to p,_, and ,o,j_l, with the respective rates

r 5 _
Vox =V |ce|2[7‘r +sin2, (¢>] (i |0 Imie), (G81a)

4T —3 —
Vo=V |cg|2[3T’””f n smfnkw)] (my. + 21 Iy + 2. (G81b)

This dynamics structure also obeys detailed balance [see Fig. 11(d)], and the asymptotic state is a probabilistic mixture of two
odd and even stationary states with probability p = Tr(1, p) approximated by [cf. Eq. (G80)]

o0 —
o . D Yk

P X PNV + (L= p) Y pp oy, with = L (G82)
=0 Pt Yicik

and p = Tr(14p).

Finally, we note that there is no contribution to the dynamics from the atom decay during time of preparation and entering
cavity, which leads to mixed rather than pure atom states (cf. Appendixes G3d and G 3e). Indeed, dynamics with mixed atom
state conserves the support of the states between hard walls, leading only to dephasing of coherences between pure states (see
below).

Dynamics of realistic micromaser. In a realistic micromaser, the dynamics features both the transitions between the states of
the opposite parity in Eq. (G71) [Eq. (G74)] and the states of the same parity in Eqgs. (G78) and (G81). Such dynamics does not
feature detailed balance, unless ykfkilykjlj / (ij,kaJ,rkf) = Yik—1/Yi—1, and VkJ,rkilykiJg,kfl/ (Vk:tkykj,kq) = ykJ,rk—l/ thuc [
Ve Via/ VD = Vg1 /Vio1.kJs in which case the steady states in Egs. (G72) and (G79) [Eqgs. (G75) and (G82)] coincide.

No trapping states. In the cavity with the first wall even and pumped by excited atoms, |c.| = 1, the long-time dynamics,
Egs. (G71) and (G78), features only the transitions that increase the photon number: |my) is transformed into |my,1) at the
rate k my + v (my|X |my) and into |my,) at the rate v[['j7/2 + sinfnk (¢)]. Similarly, in the cavity with the first wall odd and
pumped by excited atoms, no even stationary state exists and the odd trapping states are connected to this subspace at the rate
K my + v {my| X |my), while |my) is transformed into |my ) at the rate v [['y7/2 + sinik (¢)]. We thus conclude there exists no
trapping states in a realistic micromaser.

Below we derive Egs. (G71)—(G82) and the corresponding dynamics of coherences.
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b. Multiple stationary states for hard walls without single-photon losses

Hard walls in the far-detuned dynamics of Eq. (10) lead to presence of multiple stationary states (see Sec. III D). If the first
wall appears at even m;, sin,, (¢) = 0, there are infinitely many stationary states of both parities, as the parity of subsequent
walls alternates. If the first wall appears at odd m;, however, there are only odd walls, leading to multiple odd stationary states
(cf. Table I). Furthermore, pure stationary states exist only when the first wall is odd with the integrated coupling strength such
that cos,,, (¢) = 1. In this case, also the coherences between the pure stationary states with the same boundary conditions are
stationary.

In derivations below, we assume there is a unique stationary state between each two walls. In such case, for the first hard wall
at even mj, the asymptotic state is given by

oo o0
lim o) = piof+) piec. (G83)
k=0 k=0

where ,o,j [o, ] denotes kth even (odd) stationary states, i.e., the stationary state supported between walls at my;_1 and my 1 (at
myy, and myg42), and we formally expressed the boundary conditions (of non-negative photon number) as m_; = —2 and my =
—1. The probabilities are given by the initial support between the hard walls, pf = Tr(]lzE p) with 17 = Y " |m){m| and

m=my_+2
1, = ZZZ;ZL 42 Im){m|. Similarly, for the first wall being odd,

[e9] oo [0,9]
lim p(r) = pH W) (Wa | + D prpg + D (G W) (W + He) + )0 D0 (pl¥ (Wl +He),  (G84)
k=0 k=0 k=0 k'>k:
(K'—k)[2

and p* = Tr(1*p) with 1T = "> |2m)(2m|. The second line in Eq. (G84) is present only when the first wall corresponds to
cos,y, (¢) = 1, i.e., the odd stationary states are pure, o, = |W, ){(W¥, | allowing for stationary coherences with c;k’ = Tr(L;k’ )
and ¢, = Tr(L; ;. p), where L;;(_ is a conserved quantity in odd-even coherences with the odd part within the support of p,,,
while L, is the conserved quantity between the supports of p,~ and p;, (where k" > k such that the difference k' — k is divisible
by 2).

c. Effective dynamics due to single-photon losses

As a single-photon loss changes the parity of a state, consequently only the states of opposite parity in Eqgs. (G83) and (G84)
get connected. Furthermore, a single-photon loss reduces photon number by 1 in each state. Therefore, for the states to get
connected, their supports need to overlap after the loss.

Case of the even first wall. For the probability pkjE of being in the state ,o,f [cf. Eq. (G83)] single-photon losses induce the
following dynamics [see Eq. (G6)]:

Pt —m)§  (n)gy 2

o (mg =g, Po
dlpr|_. (moy =m0y, 2 (G85)
ar | oy U |

where (n),f =Tr(n p,ﬁt), (n),ﬁk, =Tr(17 apkiaT), and empty entries correspond to 0. Since the parity of the subsequent walls
alternates, the support of a given state between two walls shifted by 1 overlaps only with two states of opposite parity, so that
()i + <”)1j<[,k:p1 = (n){¥ (except the case of py).

The dynamics in Eq. (G85) obeys detailed balance, leading to the unique stationary state given by

00 + — - +
_ Py k (M1 .k Poi (M

ps =Y (pr o +po . pr), where — = : d =28 = &2 (G86)

ss kg(; ss,k Mk ss,k Mk pss,k—l <n>l_:k—1 p;:,k <n>k,k

and 17:;,0 is determined by the normalization Z,C{X;O(p;’;, « T Pey)=1and (n)(')"’ 0= (n)(‘{. Equation (G86) follows from Eq. (G85)
corresponding to the classical birth-death process.

Trapping states. In the case when the cavity is being pumped by the atoms in the excited state (|c.| = 1), the stationary states
of the cavity are pure and correspond to the position of hard walls ,o,j = |mogs1)(maur1] and p = |mori2) (ma2|. In this case,
a single-photon loss transforms the states into |mogy 1 — 1) (mogy1 — 1| and [mogy2 — 1) (mogy2 — 1|, which evolve into p,~ and
o 1> respectively. Therefore, the effective dynamics due to single-photon losses leads to the stochastic increase of the photon
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number of the cavity [cf. Eq. (G85)]

Py
Po
4| pt
dr | -

—my P:)r
my  —mp Po

—x my  —my ri |, (G87)
ms  —my Py

and no stationary state exists. This is due to the assumption, that ¥ < v, so that cavity is pumped at a much higher rate than it
loses photons. Furthermore, the formerly stationary coherences between trapping states of the same parity decay as

++
Crk
- c77
kK
dt oH
K1,k +1

Mg Mgy 4y

2
»++ Mgty
Mie 2

Nk

++
Crk
i (G88)
_ Mog43+Myr 3 C:_:_l k41
-5 ,

where c,j; is the coefficient corresponding to the even-even coherence |mory1)(mop11l and ¢, is the coeffi-

cient for the odd-odd coherence |mayy2)(may2|. We have defined 7 = /Mmoo 1 (mau 1 — 1L [magsr — 1) and
Mex = N/ Mok 22 (Mo 42 — 1|L1j+1,k' y1lmagia — 1), where L,; « and L,:fk, are the conserved quantities corresponding to
|Mokt2) (Mo 42| and |moq1)(mop 41|, respectively. Furthermore, when cos,, (¢) = 1, the formerly stationary even-odd and
odd-even coherences similarly decay as

+— .. Mgy +Moyr +—
Ck,k’ . _Mp Ck,k’
E CEZ_H =K ﬁljl; _ Moty C;Z s (G89)
C+_ , m +myy C+_
k41,641 — D237 ok 44 k4+1,k'+1

-
Mk +1

where ¢ is the coefficient corresponding to the even-odd coherence [may41) (Mo 42l, ck_,f is the coefficient corresponding to
the odd-even coherence [may42) (Mo 41, and we have defined 7 = /Mot imap 12 (maw 2 — 1L, Imayy — 1) and 7, ) =
Mok oMy 1 (Mo 41 — 1|Lk+4:1, w|Mary2 — 1) with Lk’,j, and ka,; being the conserved quantities corresponding to |mog42) (Mop41|
and |may11) (moy 42|, respectively.

Case of the odd first wall. For the case of the first wall with cos,, (¢) = —1, there exist a single even pure stationary state
and multiple odd mixed stationary states between odd hard walls [cf. Eq. (37)]. In the presence of single-photon losses, the
corresponding probabilities [cf. Eq. (G84)] undergo the following dynamics [see Eq. (G6)]

pt —(n)+ (n)g (my -\ /pF
a|p (g —{n)g Py
i bn =« (nﬁ —(n)y | (G90)

where (n); = (W, |n|¥,), (n), =Tr(np, ), and (n),;L =Tr(1; a|\ll+)(\ll+|aT). For the first wall with cos,, (¢) = —1, the
dynamics in Eq. (G90) leads to the stationary state

(o]
- p
P = PEIV (WLl + Y poepe, where — = —& (G91)

k=0 pSS

in which the structure is due to the dynamics obeying the detailed balance, as the odd states are only coupled to the unique even
state. In Eq. (G91), p{ is determined by the normalization p + "2 py; , = 1.

For the first wall with cos,,, (¢) = 1, coherences can also be stationary in the absence of single-photon losses [cf. Eq. (G84)],
but the single-photon losses lead to their partial decay, as follows. For the coherences between the even state and odd states, we
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have
(n)++(n)g = _
C(‘)F* — +2 = 10,0 12,0 T C(JJF,
- _ (n)s+(n) _ . -
4 ot 70,0 —% 2,0 A eo™
+— _ - _ +—
=l =« oo - g, a |, (G92)
e () +(n) ¢y
= = +
0,2 n2,2 -

where Cz+/:’ cz’,:r are the coefficients for the coherences |W, ){W,, | and |W;, ) (W[, respectively, and we have defined 7o 0 =
T1r[(L§rk,)Jr alvy) (‘-Ilz_k|aT], k, k' =0, 1, .... Furthermore, the coherences between odd states decay as

d (m)y + )y
% Copr (G93)

di T
where ¢, is the coefficient for the coherences |V, ) (¥, | and (k' — k) is divisible by 2 (then they correspond to states with the
same boundary conditions). Finally, coherences between the odd states can be created by the single-photon loss from the even
state [cf. Eq. (G90)]

d (o] o0
I (W = =) ) (U Y O+ Y Y (Trg al W) (WelahI W ) (W |+ Hell. (G94)
k=0 k=0 k' >k:
(k' — k)2

Therefore, the coherences between the even state and odd states decay at long times, while the coherences between odd states
can be featured in the stationary state [cf. Eq. (G91)]

o0 o0
Pss =PIV WL+ Y P WO T+ Y Y Teg W (Wi |+ (g ) T (1 (G95)
k=0 k=0 k' >k:
(k" — k)12

where p_; ,/pi = (n); /(n); as before, while

2Tr(Lg, al¥y)(Wylal) .

Cosrn = — — 2 (G96)
ss,k,k (n>k + (n>k/ ss

d. Effective dynamics due to corrections to the far-detuned limit

The corrections to the far-detuned limit lead to the introduction of the parity-swapping Kraus operators My, M;, and My,
and modification of the parity-conserving Kraus operators M, M3 (as well as the introduction of M,) [cf. Eq. (42) and
Appendix B 2].

Dissipative dynamics. The parity-swapping Kraus operators My, M,, and M, can change the support of a state between hard
walls only by a single-photon number (analogously to adding or removing a single photon) in the first order of the ratio between
couplings and detunings (see Appendix B 2). Therefore, repeating the arguments for the dynamics with single-photon losses, we
conclude that the parity-swapping Kraus operators lead to the second-order dynamics as in Eqs. (G85)—(G93), but with \/ka
replaced by /VMy, «/VM,, or ./vM,, and then summed [compare Egs. (45) and (50) and Egs. (55) and (56)].

Unitary dynamics. The parity-conserving Kraus operators M;, M3 change the support of a state between hard walls by two
photons in the second order of the ratio between couplings and detunings (see Appendix B 2). Therefore, these corrections
contribute unitarily to the dynamics of coherences as follows [cf. Eqs. (45) and (47)]: For the first wall being even and trapping
states [cf. Egs. (G88) and (G89)]

d
et = —ilH)] — (H)[es (G97)
d
T = —ilBH); — (BH) ey cos, (@), (G98)
d
Tl = —ilH) ] — (SH) Il (G99)
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where §H is given by Eq. (G21). For the first wall being odd [cf. Egs. (G92) and (G93)],

d ,
G = —ilBH), — (3H); leto, (G100)

d
T Cop = —ilBH) = (H)lep o5 (@), (G101)

and we further have cos,, (¢) = (=),
Steady states. From the above considerations, the stationary state for the first wall being even is, cf. Eq. (G86),

00 + - - +

_ Pss i X1k Por Xk
Pss = (pt ot +p2 . p7), where —— = and = = - (G102)
N ,; ke kT Dys k-1 <X>2_k I Pak Xy

where (X)tk, = Zj=0,2,4 Tr(1} Mj,o,fM}). For the first wall being odd with cos,,, (¢) = —1 [cf. Eq. (G91)]
oo —

o Pax _ (Xf

pss = DLW WL |+ Y poipp.  where = = ok

k=0 Pss (X)k

) (G103)

where X =Y, o, MM}, (X); =Tr(X p;). and (X)} =Y, g, Tr(Ly M;|W,) (W, |M]), while for cos,,(¢) =1 the
stationary state Teatures coherence between odd states [cf. Eq. (G95)],

o0 o0
P =PIV + Y P WO T+ Y Y Teg W (Wi |+ (o) T ) (1 (G104)
k=0 k=0 k' >k:
K — k)2

where p_  /pf = (X);/(X); as before and

25 oo Tr(L, MW, ) (W, M)
iy = X024 kTt (G105)
” X)) + (X

e. Effective dynamics due to mixed atom state

We now show that a mixed, rather than pure, atom state can only lead to to dephasing of coherences between pure states
that were stationary in the unperturbed dynamics (the case of the odd first wall with cos,,, (¢) = 1 (cf. Appendix G 3 d). We can
further bound the dephasing rates and frequencies analogously to Egs. (70) and (71). These results are due to the fact that the
modified dynamics preserves not only the parity but also the support of the states between the hard walls.

Case of the even first wall. We now argue that the probability pki of being in the state ,oki [cf. Eq. (G83)] is stationary:

28 0
Do 0
d
. pil_|o (G106)
t p17 0

Indeed from Eq. (G27), we have that My, M, M4, and M, as function of the photon number n conserve the support of ,o,f,
, (M, 1 ] =0 [cf. Eq. (14)], j = 0,2, 4, a. Similarly, Kraus operators M, and M, in Eq (G26) are deﬁned for the same
1ntegrated coupling as M, and M,,, and thus feature the same hard walls leading to [M,, ]l 1=0=[M, 1, +, j=g e We
conclude that Eq. (G106) holds true to all orders, while the states ,ok are modified by higher order corrections.
Case of the odd first wall. For the case of the first wall with cos,,, (¢) = —1, there exist a single even pure stationary state and
multiple odd mixed stationary states between odd hard walls [cf. Eq. (37)]. Analogously to Eq. (G106) we have

pt 0
d [P 0 107
arlpi| |0 (G107
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In the limit of almost pure atom state, coherences, which are stationary for the unperturbed dynamics, again undergo dephasing
[cf. Eq. (67)]. For the first wall with cos,, (¢) = 1 [cf. Eq. (G84)],

d . . _ _ . _

= o ==y +iQu) ey, o = —(ya — iQu) (G108)
where c;k_, C2_/<+ are the coefficients for the coherences |V, )(W,, | and |W,, )(W, |, respectively, and we have defined —y; —
iQ% = Py Y jg o Tr(L3 M| W) (W3 IMY) + 3 5 4 oy Tr(Ls, MW, (W3 [M]) for k = 0, 1, .... Analogously, the coherence
between odd states decay as

d
i Cx = — Wi + k) € s (G109)

where ¢, is the coefficient for the coherences [V, )(¥ ], (K — k) is divisible by 2 (then they correspond
to states with the same boundary conditions), and we defined —y, —i% = pp > Tr(Ly Mjbllllk_)(\llk_,lM}b) +
Zj=0,2,4 pjTI‘(LZ:k, M,|\I/k_><\lfk_/|M;() (note that Yik = Yk .k and Qk,k’ = —Q 1)

The dephasing rates can be further bounded as [cf. Eq. (G29)]

Yok Vi < 2v(1 — pa — pa) (G110)

Jj=8e

and frequencies as [cf. Eq. (G30)]
Qi 182k ] < v(po + P2 + pa). (GL11)

These results follow from the derivation in Appendix G 3 d by considering dynamics restricted to the sum of the even subspace
and support of |W,, ), or the sum of supports of [W,,) and |W,, ), respectively.

Steady states. The mixed atom state leads to stationary states of the cavity being probabilistic mixtures of states between hard
walls, i.e., given by Eqs. (G83) and (G84) (without the second line), where the probabilities are determined by the support of the
initial cavity state between the walls.

Dynamics for trapping states. Finally, we note that in the case of the atoms prepared in the excited state |c.| = 1, the
probabilities are again conserved [cf. Eqs. (G106) and (G107)], while the coherences simply undergo dephasing with bounds
analogous to Eqgs. (G110) and (G111).

[ Effective dynamics due to atom decay

We now discuss how decay of atoms leads to the mixing dynamics of states between hard walls with the same parity. This
leads to two mixed stationary states of even and odd parities, which is due to the fact that the parity remains conserved.

There are two contributions arising from the finite lifetime of atom levels that modify the dynamics of micromaser (cf.
Appendix G 3 e). First, atoms arrive at the cavity in the mixed rather than pure state with probabilities given by Eq. (G52). In
the limit of weak decay, this only leads to the dephasing of coherences between pure stationary states between the walls [see
Egs. (G108) and (G108)] with the rates bounded as in Eqgs. (70) and (71) [cf. Egs. (G110) and (G111)]. Second, the possible
atom decay during the interaction with the cavity modifies Kraus operators in Eq. (10). We now discuss this contribution in the
limit of weak decay and only toward the levels uncoupled to the cavity [see Eqs. (G48)—(G50)]. We comment on the general
case at the end of this Appendix.

Case of the even first wall. For the probability pkjE of being in the state p,ﬁt [cf. Eq. (G83)], atom decay induces the following
dynamics,

ot —leT17 o, € T3T 1o pt
2 r + _ 2 r + _ 2 r + 2 r +
4 | P . [cel 1T Py, |Cg| 3T Piym 42 [cel 1T Py |Cg| 3T 02542 p;r
L R _ . |, G2
dt | P2 2 lco|* Tt Ofom, . - Py ( )
and, analogously,

- —Jeel2 7 oy, 6> T3 i -
d pl_ v |Ce|2 Flt p(;,;lz _|Cg|2 FST pim2+2 - |Ce|2 FIT pim4 |Cg|2 F3T p£m4+2 pl_
A L L . S | S R (CITE)
dt | P2 2 cel” T T Py, . . 2

where we introduced p;fm = (m|p,f|m) as the local density of the state ,oki. Here we considered contribution from Egs. (G48)-
(G50). Since the nontrivial dynamics is only induced when the support of the state is changed beyond the hard wall, only the
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contribution decay events, described by the integral in Eq. (G48), lead to the long-time dynamics of the state between hard
walls. In the limit of the weak decay, keeping terms up to linear order allows us to replace mg(t) and M,(r) in Eq. (G48) by
M, (t) and M, (¢), which can allow a transition of ,o,i‘ to pkﬂl and p,il, respectively. The integral, however, effectively gives a
random interaction time ¢ described by a uniform distribution within the interval [0, 7). In that case, the rates of the long-time
dynamics are proportional to the averaged probability of crossing a hard wall at m (see Appendix G4g), and we simply have
sin2,(¢) = ! [ dt sinZ,(At) = K7 /(2¢/tm + 1)(m + 2)) = 1/2 [cf. Eq. (35) and see Eqs. (G122) and (G123)].

The dynamics within the even and odd subspaces, Eqgs. (G112) and (G113), respectively, obeys detailed balance, leading to
an asymptotic state being a general mixture of odd and even stationary states given by

o0 o0
ps=pY Poib A =p)> pyipi (G114)
k=0 k=0
where
+ 2 + — 2 —
lj_ss,k — |C€|2 ﬂ pl:_—l;mz/(,z and lzss.k — |C€|2 E pk_,l;mZk , (Glls)
Dss k-1 ICel” T'3 0y, 12 Pys k-1 Icgl” T'3 Oy 12

and p . are determined by the normalization Yo pSS « = 1,but p = Tr(1, p) is determined by the support of the initial state. In
the case of the uniform decay, the stationary state is the same as the stationary state of the micromaser with a nonmonochromatic
atom beam [see Eq. (G125) below], as in that case atom decay leads exactly to the random interaction time described by the
uniform distribution [cf. Egs. (G48) and (G66)].

Case of the odd first wall. Similarly, for the case of the first wall with cos,,, (¢) = —1, we have [cf. Eq. (G84)]

d
— pt = 0’ Gl16
TP ( )
and
2 - 2 -
pa —lc.l“ Tt Po,m, |Cg| 14 Piom+2 pa
2 - 2 - 2 - 2 .
d P v lce|” Tyt Po;m, —legl” sz Piymi+2 — lce|" iz Piim, lcgl” st Prmyt2 Py
4l _v ) B . . | (G117)
t| P2 2 cel” T T P, ' ’ g

where the first equation is a direct consequence of the parity conservation and uniqueness of the even steady state. Therefore,
the dynamics in in Egs. (G116) and (G117) leads to the stationary state

_ ) _
pss,k _ |Ce| Epkfl;mk

[o¢]
ps = PIW N4+ (1 =p) Y pl i pp,  where

- - (G118)
k=0 P k-1 |Cg|2 I's 'Ok;mk+2

and py , is determined by the normalization o Py = L, but p=Tr(1, p) is a free parameter.
For the first wall with cos,, (¢) = 1, atom decay also leads to dynamics of coherences in Eq. (G84). We have that coherences
between even and every second odd state decay as

e = -+, ot =-T - i)t (G119)

where c;k_, C2_k+ are the coefficients for the coherences |V, ) (W, | and [W;, ) (W |, while coherences between odd states decay as

' SR Vi '
d | ce-ra—1 YVi—1k-1 k=1k'~1 Nk Citp
— : = S+ - S _— ,
Ch k VI e ~Viw — ik Ve Ch,k , (G120)
Chk+1,k'+1 it _ — . Chk+1,k+1
: Le ~Virti+1 — Skt )

where ¢, ;. is the coefficient for the coherences |W,") (¥, | and (k' — k) is divisible by 2. We have introduced [cf. Eq. (G56)]

o DT ! Ty +T

Y 212 3"/ dt " TTrLf M) (W) (W5, )] — s ST(Y) + (V) (G121a)
% 2 0 e 4

Viw _ 14T I +T

ykT'k: e / dt Yy TTrlLg , MO (W D+ II 2T((YV)p 4+ ()0, (G121b)

j=g.e
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A = leeP Tt e [ 1 mpsr + 21Li g g M +2>r—‘/ dt sin,,, (At)sin,,, ()=0,  (GI2lc)

Mgy L myr 4y 0
T
R k k' — — . .
e = legl? Tazeyy) el ) o] mel Ly oy Imi) 7 / dt sing, (At)sin,,, (\t) =0, (G121d)
0

where Y is defined in Eq. (G58) and we used 17! []dt sin,(At)sin, (At) = 17" [ dt {cos[rt/(m+ D)(m +2) —
M (m+ 1)(m +2)] — cos[at/(m + 1)(m +2) + At /(m+ 1)(m + 2)]}/2 = 0 (see also Appendix G4g), so that all coher-
ences simply undergo dephasing (this, however, will not be the case for general decay; see below). Moreover, there is no
contribution to the unitary dynamics, Qo =0 and §k,k’ = 0 due to real-valued dynamics [cf. Eq. (G57)]. As a result of the
dephasing of all coherences, the stationary state for cos,, (¢) = 1 is again given by Eq. (G118).

General decay. For the case of general atom decay [see Eq. (G36) and Eqgs. (G43)—(G47)], decay toward levels |0), |2), or
|1), leads to the nontrivial cavity dynamics also after the decay event [cf. Eqs. (G48) and (G66)]. In particular, the dynamics of
probabilities in Egs. (G112), (G113), and (G117) is modified by replacing I'; by (I'3 — y13) + y13/4 = I's — 3y,3/4. Here, the
new term corresponds to decay from |3) to |1) followed by atom leaving the cavity in a state |1), which contributes with the
average probability as 77! for dt cosﬁl[k(r —1)] sin,zn(kt) =7! for dt cosfn()\t)] sini(kt) =Kn/[8¢p/(m+ 1)(m+2)]=1/8
for a hard wall at m described by Eq. (35). Similarly, the dynamics of coherences will have the structure of Eqgs. (G119)
and (G120), but with modified parameters due to a more complex single decay contribution in Eq. (G43). In particular,
77! for dt sin,,(At)sin,, (At) will be replaced by 7! for dt cos,,(At)cos,y (At)sin,,(At) sin, (At) in Eqs. (G121c) and (G121d)
due to possible decay from |3) to |1).

g. Effective dynamics due to nonmonochromatic atom beam

Finally, we consider a nonmonochromatic atom beam, which leads to the fluctuating integrated coupling T described by a
probability distribution (see Appendix G 3 f). Since the existence and positions of the hard wall depend on ¢ (see Sec. III D and
Appendix D), the supports of the states between the hard walls are not conserved, leading to mixing dynamics between the states
of the same parity.

Case of the even first wall. For the probability pki of being in the state ,oki [cf. Eq. (G83)], nonmonochromatic beam induced
the following dynamics [cf. Eq. (G85)]:

e —lce|*sin;, (@)og,, |Cl?sing, (D)0, 42 ot
2ot (Cel2SIn2, (@10 —lcdPSin% @0 12 — Il PSI2 (@01 ICl?SIn2, (@)PF 1 ot
dt J2 e 22 28 &
Ak e 2Sin2, ()07, :

(G122)
and, analogously,

s —|cel?sing, ()05, |cglsing, (BP0 12 e
dlrr ICeIZSin,z,,z(</’>),00_;m2 —ICgIZSiHiZ(@PEmZH—ICeIZSin,z,M(fP)PEW |cg|2sin,§“(¢)p2‘;m4+2 Py
_ — =V _— N )
dr| P2 e 2sin2, ()07, P

(G123)

where sinfn(qb) = [d¢ g(¢) sinfn(cb) is the average with respect to the distribution g(¢) of the integrated coupling strength, and
2

m

,o,fm = <m|pki|m) is the local density of the state pki. Note that we expect sin’ (¢) < 1 for a narrow enough distribution g(¢)

with sin2 ((¢)) = 0, that is, when m ($2 — ¢ ) < 1.
The dynamics within the even and odd subspaces, Eqs. (G122) and (G123), respectively, again obeys detailed balance, leading
to the mixture of odd and even stationary states

00 )
Ps=PY Phshi A=) poibi (G124)
k=0 k=0
where
+ 2 »t — 2 N
iss,k — |Ce|2 'Oli_—l;mzlﬁz and lzss,k — |CE|2 pk_fl;mZk ’ (G125)
pss,k—l |Cg| pk;m2k71+2 pss,k—l |Cé’| pk;m2k+2
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and psis,O are determined by the normalization ) pi « = 1, but pis a free parameter and depends on the support of the initial
cavity space p in the even subspace, p = Tr(1 p), which is a consequence of the parity conservation [cf. Eq. (14)]. We note that
the structure of the stationary states is independent from the distribution of the integrated coupling.

Case of the odd first wall. For the case of the first wall with cos,, (¢) = —1, there exist a single even pure stationary state
and multiple odd mixed stationary states between odd hard walls. For the nonmonochromatic atom beam, the corresponding
probabilities [cf. Eq. (G84)] undergo the following dynamics [cf. Eqs. (G122) and (G123)]:

d t=0 (G126)
al =7
and
o —leosin2, (@)05,, leglPsin2, ($)PT,, 2 -
s lCel?SinZ, (9005, —ICalPSInG (@)07, 1o — leo SN (@)PT,,  legPsind, ($)93, 1 Py
JE— — =V —
dr| P> [cel?sin2, ($)P1, P2
(G127)

Therefore, for the first wall with cos,, (¢) = —1, the dynamics in Eqs. (G126) and (G127) leads to the stationary state [cf.
Egs. (G124) and (G125)]

p;s,k _ |Ce|2 'Ok_—l;mk

o0
pss =PIV +(L=p) Y p,p, where (G128)

— - 2 —
k=0 pss,kfl |c8| pk;mk+2

and p , is determined by the normalization o Py = L, but p="Tr(1,p) is a free parameter.
For the first wall with coS;y, (¢) = 1, nonmonochromatic beam also leads to decay of formerly stationary coherences, as given
by Egs. (G119) and (G120), but with parameters defined as

Yo — (L, M@)( W) (D] + 1, (G1292)

Vi g

= = =T, M@)IWE) D]+ 1, (G129b)
Mt = leePel) [eS) T mun + 2005 oy Imisr + 2) sing,, (@) sin,,,, (@), (G129¢)

Mo = leglel o [e) L] tmie | Ly oy i) Sing, (@) siny,, (@) (G129d)

(

with cf,f) = (m|¥;). Here k # K=0,1,2,....and (k' — k) is There are eight Kraus operators [cf. Egs. (B7), (10), and

divisible by 2. There is no unitary dynamics, Qo = 0 = Qi p, (G2
as the dynamics is real valued (see Secs. IIC and IV C). The sin(éva2a?
coherences decay at long times, leading to the same structure Mgy, = cos(pvat?a®), M, = —id® %,
of the stationary state as in Eq. (G128). Vata
(H2a)
APPENDIX H: CLASSICAL MICROMASER DYNAMICS Mo — —igh sin(¢v/ a*at?) . Jaa
ge = 1A —/—, M. = cos(pVa*a'?),
FOR THERMAL ATOMS [2a?
Here we consider the micromaser dynamics, Eq. (B9), in (H2b)
the case of thermal atoms. The dynamics in the far-detuned + \gz\ P I
o X X Mo = ita'a=5— M, = itaa® ==
limit is classical and obeys detailed balance, resulting in 0=¢ ’ 2=€ ’
. o . ' )
thermal stationary states of even and odd parities, which are M, = e at 3t and M, = 1. (H2¢)

independent from the integrated coupling.
which describe the change in the cavity state due to a passage
of the atom as [cf. Eq. (B8)]

0= Y Mm-S ot
jl=g.e j=0,2,4,a

= M[p* V1.

1. Classical detailed-balance dynamics

Consider an atom in a thermal state
" _E
pu= Y pilil, pjoce (H1)

j=0,....4,a (H3)

where T denotes the atom temperature and E; is the energy of
the atomic level (see Sec. II).
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far-detuned limit [cf. Eq. (6)]. Furthermore, the dynamics is
classical, with diagonal states in the photon number basis
remaining diagonal and thus evolving independently from
the coherences. In particular, for diagonal states, Eqs. (H2)
describe a detailed balance process between the photon num-
ber states of fixed parity, which corresponds to the so-called
birth-death process with the birth referring to the change from
[n){n| to |n + 2)(n + 2| due to the Kraus operator M,,, and the
death referring to that from |n)(n| to |n — 2)(n — 2| due to the
Kraus operator M,,, while the other Kraus operators do not
contribute. The respective rates are given by

(H4)

by = v p3sinZ(¢), d, = v p;sin_, ().

2. Thermal stationary states

From the detailed balance, it follows that two
stationary  states pT = Z:io panl2n)(2n| and pT =
Yo ohws12n+1)(2n+ 1] are  thermal with the
probabilities determined by the recurrence relation

hn+2 _ bn _ p3 20

T2 okt
= = = eksT |

hn dn+2 Pi

(H5)

where 2w = E; — E3 due to the two-photon resonance in
Eq. (3). Furthermore, the detailed balance dynamics is present
for any diagonal, not necessarily thermal, state of the atom. In
this case, Eq. (HS) defines the effective temperature 7 .

The sequence of probabilities 4, is convergent if
e 2@/ksT <1, which takes place for positive temperatures
T > 0 (or for a diagonal state when p; > p3). In the case of
an initial state of the cavity p with support on both even and
odd subspaces, the asymptotic state is a probabilistic mixture
of the even and odd stationary states

1 2\ o

ps=pp +U=p)p~=—p ) W

| O A —

x [p12n)(2n| + (1 — p)12n + 1) (2n + 1|1,

(H6)

where the probability p = Tr(1;p) is determined by the
initial support on the even subspace.

3. Interaction-dependent timescales of dynamics

Because the initial atomic state is thermal, Eq. (H1),
the stationary states of the cavity are independent from the
integrated coupling strength ¢. However, the dynamics of
relaxation toward the stationary state depends crucially on
the value of ¢. This follows from the birth and death rates,
Eq. (H4) being dependent on sinﬁ (¢). Therefore, the presence
of a soft wall at n = m, sin,,(¢) = 0, leads to a slowdown of
the dynamics, similar to the case for the quantum micromaser
dynamics discussed in Sec. III E. In particular, the relaxation
timescales to the stationary state are dominated by the slowest
pairs of the birth and death rates, i.e., such m within the sup-
port of the stationary state for which b,,;, d,,12 sinfn (¢) =~ 0.
Treating b,,, d,+> as a perturbation of the dynamics with
b =0, d(o)2 =0, from Eq. (G2) we obtain the long-time

m+
dynamics between thermal states supported before and after a

wall as [86]

d . .
- () = =[p sin}, @) )5 + p3 sing, (@) P}y ]pe()

+ pu sin2 (@) P, pro1(0)

(k)

+ p3 sy, (D) ) pir (1), (HT)

where py(t) denotes the probability of being in the kth state
supported after kth wall, while 2 denotes the probability of
finding n photons in the kth state (for simplicity we dropped
the indices denoting the parity, but only the states of the same
parity are coupled) (see also Appendix E). Note that the final
stationary state is again given by Eq. (H6).

APPENDIX I: CONTINUOUS VERSUS DISCRETE
CAVITY DYNAMICS

In this Appendix, we discuss similarities and differences
between continuous dynamics, Eqs. (B9) and (11), and the
discrete dynamics, Eqs. (B8) and (9), where the number of
atoms that has passed is known explicitly. In particular, the
numerical simulations in Figs. 1-3, 5-11, 8, and 10 utilize the
discrete dynamics.

1. Discrete dynamics

The master equations (B9) and (11) represent continuous
dynamics of the density matrix, which describes the cavity
state averaged both over the possible measurement outcomes
of the outgoing atomic states—i.e., when the atoms are traced
out—and over the exponentially distributed arrival times of
atoms into the cavity (see Appendix B 1). The former average
procedure results precisely in Kraus operators in Eqgs. (B8)
and (42), while the latter average yields the master equation
(B9) governing continuous evolution of the cavity in time.
Note that by counting the number of atoms that have passed
through the cavity, its state after the passage of k atoms is
simply given by [cf. Egs. (B8) and (9)]

p® = M (p), (1)

where p = p© denotes the initial state of the cavity. Note
that the conditional discrete dynamics in (I1) is independent
from the atom rate v, but the probability of the passage of k
atoms up to time ¢ is given by e (vt)*/k!, which depends
solely on vz, as described by the Poisson point process (see
also Appendix B 1).

2. Timescales of dynamics

We first note that, in the far-detuned limit, the stationary
states of the discrete dynamics (9) corresponding to the eigen-
value 1 of M are also the stationary states of the continuous
dynamics Lo, (11), which is also the case beyond the adiabatic
approximation for M and £, Egs. (B8) and (B9). Actually, all
eigenmodes of the discrete dynamics are also eigenmodes of
continuous dynamics, with eigenvalues 1857 of M rescaled
to the eigenvalues A, of £ as [118]

pa— U()\;iniscrete _

1), (I2)
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since L = v(M — T). The relation (I2) plays an important
role in the presence of a hard wall (see Sec. III D). For the
discrete dynamics, all eigenmodes of M with eigenvalue of
absolute value 1 are nondecaying, while for the continuous
dynamics only the modes corresponding to the eigenvalue 1
are stationary. In particular, for a hard wall leading to different
boundary conditions before and after the wall, the coherence
between the pure stationary states after and before the wall
is nondecaying in the discrete dynamics, but the coherence
phase is flipped, i.e., shifted by m, with each passing atom,
which in the continuous case leads to its dephasing (see
Sec. III D).

3. Metastability in discrete dynamics
a. Discrete dynamics in the presence of losses

In Sec. IV B, we consider cavity dynamics in the presence
of single-photon losses at rate k. In the derivation of the
dynamics governed by the master equation (52), it is assumed
that photon loss takes place when there is no atom within
the cavity, i.e., x T < 1 for the atom passage time t, so that
the single-photon losses can be considered independent of the
atom-cavity dynamics [31,64]. For the discrete dynamics, this
assumption leads to the state of the cavity after the passage of
k atoms given by

p® = (M) (Z — Lipn/v) " (p),
Miph = (Z = Lipn/v)" M. (13)

Note that M, describes the joint effect of the passage of
an atom in the far-detuned limit given by M, and the losses
that can occur afterward, but before the passage of the next
atom, fooo dt ve™V e'Fien = [T — £1ph/v]_'. Equation (I3) can
be used to derive the master dynamics (52) in the limit k < v
(cf. Appendix A in Ref. [31]).

Therefore, from Eq. (I3), the stationary state of continuous
dynamics in the presence of losses (52) corresponds to the
stationary state of the discrete dynamics,

P = (L = Lipn/v)pss, (14)

SS

where

since Lpg =0, where £ =v(Mo—7)+ Lipn, so that
Mopss = (T — £lph/v)pss and, thus, Mlphpss = Pss-

b. Metastability

In the metastable limit of a small rate of the single-
photon losses, k < v, we recover p;’;“’ete ~ pgs from Eq. (14).
Furthermore, the continuous dynamics of all the metastable
modes discussed in Sec. IVB will be approximately the
same in the discrete case, as follows. Recall from above that,
without the losses, the DFS of pure stationary states |V, ) and
|W_), Eq. (22), is stationary both in the continuous case of L

and discrete case of M. Expanding My, in (I3), we have
Miph = Mo + LippMo/v + O(k* V). (15)

Therefore, within the DFS, the eigenvalues and eigenmodes of
M ph in the lowest order of the expansion in « /v correspond
to the eigenmodes of the continuous effective first-order dy-
namics in Eq. (55), as

oM ITp = [y + Mo Lipno/v + O /v?),  (16)

where I1 denotes the projection on the formerly stationary
DEFES (cf. Sec. III B and Appendix G 2), while the initial term
[Z — Lipn/ v]~! in (I3) contributes only as the higher order
corrections to the eigenmodes of the discrete dynamics.
Similarly, in the case of the metastability due the higher
order corrections to the two-photon cavity dynamics (see
Sec. IV A), the long-time discrete dynamics beyond adiabatic
limit M can be approximated within the metastable DFS ex-
actly as in Eq. (I6), but with IT1oL ;I replaced by the master
operator of Eq. (45), which corresponds to v(ITo M1y — Ip).

APPENDIX J: IDENTIFYING POSSIBLE (5 + 1)-LEVEL
SCHEME IN RYDBERG ATOMS

Here we provide discussion of the results on Rydberg
atoms from Sec. VI.

1. Methods

We have used the ARC package [106,107] (see also
Refs. [119,120] for related software) in order to evaluate the
energies of levels |j), j = 0, .., 4, as well as the corresponding
dipole moments

dj—1j = (j — llerlj), an

j > 0, where e is the electron charge and 7 the position
operator. The dipole moments determine the single-photon
Rabi frequencies g; as

w
gj = dj—l,j‘/ma J2)

where o, g, and V are the cavity frequency, vacuum permit-
tivity, and the volume of the cavity mode, respectively.

We take V = 70 mm? as a benchmark from Ref. [32]. The
number of possible transitions grows rapidly with the number
of basis states considered. Considering Ref. [32], which used
a ladder configuration 39S% pas 39P% pas 4OS%, we limit the
search to a set of 30 basis states |n,~l, j) with n =35, .., 45
and [ =0, 1, where j = [ £, with s = 1/2 being the value
of the electronic spin. For m polarization, we identify 444 600
dipole allowed transitions. In order to satisfy the resonance
condition in Eq. (3), we further define the cavity frequency as

and the corresponding detunings A; according to Eq. (1).
Postselecting on cases where the levels |j), j = 1,2, 3 form a
ladder, i.e., E; > E, > Esor Ey < E; < E5[cf. Fig. 1(a)], and
requiring the rotating-wave approximation, max(|A;/w| <
0.1), and the far-detuned limit, max(|g;/A;|) < 0.1), to hold,
we are left with 104 transitions [121]. Having identified
the possible candidates, we asses the conditions (5a) and
(5b) according to the following criterion. We define fac-
tors fup as |12/ A1 = falgal*/ A, 1gal*/ As = —filgal*/ A,
so that the conditions are satisfied for f, = f, = 1, and min-
imize max(11 — fl, |1 = 1/£u)) + max(11 — fyl, 11 = 1/f,)).
This leads us to the transitions 375% <~ 37P% <~ 385% <
38P% <~ 39S%, as described in Sec. VI.
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2. Possible improvements

In order to increase the effective coupling strength |A|, the
search strategy could consider a larger set of basis states, and,
in particular, the level manipulations with external electric
field £ which would allow for further modification of A;
through the static Stark effect. Here, in order to evaluate (5),
one needs to compute not only the energies of the atomic lev-
els but also the dipole elements of the allowed transitions. For
[ < 3 and small values of £, one might attempt a perturbative
approach with level energies given by
Egy 1

— —ap&2, J4)

B == 73

where Egy is the Rydberg energy, n* =n — §,;; with the
quantum defect §,;; [122-125], while the static polarizability
oy = Bin*® + Bon*’. Here, B1, B> are coefficients which can
be obtained, e.g., by the ARC package [106] and have been
found to be in good agreement with experimental values; see
Refs. [126,127] for the case of rubidium. For higher / and
values of &, a numerical approach requiring exact diagonal-
ization of the Hamiltonian with the external electric field is
necessary. A systematic exploration of the coupling strengths
in this generalized scenario, however, goes beyond the scope
of this work.
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