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Ghost imaging retrieves the image of an object by using second-order correlation, and this technique studied so
far has been considered in either a spatial or temporal domain, which is hard to apply to the scenario of imaging
spatiotemporal dynamic objects (STDOs). Here we propose to demonstrate spatiotemporal ghost imaging and
interference (STGII) for STDOs by extending the correlation theory of optical coherence into the spatiotemporal
domain. We have derived the generalized analytical formula for such STGII with partially coherent pulsed beams.
Through a simple example of spatiotemporal slits at different location and time, the interesting phenomena of
STGII are achieved under suitable conditions and it is observed that the image quality and interference visibility
are affected by both the spatial and temporal parameters of partially coherent pulsed beams.
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I. INTRODUCTION

Ghost imaging is an indirect imaging technique realized
about two decades ago [1,2]. It was initially used for pro-
ducing the spatial image of an object through correlation
measurement [1–3]. The advantage of ghost imaging over
conventional direct imaging consists in the permission for
imaging the objects located in optically harsh and noisy
environments, where conventional techniques are likely to
fail, and therefore this unconventional phenomenon has po-
tential applications in quantum metrology, lithography, and
holography [4–9] . In recent years this phenomenon has
emerged several important imaging technologies and has been
extended to hard x rays [10,11], cold atoms [12], ultracold
atoms [13], electrons [14], and neutrons [15].

From the first experiments performed with entangled two-
photon pairs [1,2], ghost imaging and interference were
considered as a unique phenomenon in quantum light
fields [9,16]. Later, similar effects were achieved by using
classical incoherent light fields but with less visibility [17,18].
In the past two decades, a good deal of attention has been
given to these phenomena both theoretically and experimen-
tally with classical incoherent or thermal light in a spatial
domain [19–38]. By taking into account space-time duality
in optics, the extension of spatial ghost imaging and interfer-
ence to the time domain has consequently been investigated
with entangled photons [39,40] and classical correlated light
sources [41–47]. Temporal ghost imaging [42,43] and inter-
ference [41] with classical light pulses have also been intro-
duced theoretically as a temporal counterpart of conventional
ghost imaging. Very recently, temporal ghost imaging was
experimentally realized by using a multimode laser source
which achieved temporal resolution at a picosecond level [44].
The temporal ghost imaging is attractive for dynamic imaging
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of a temporal object with high time resolution by using the
temporal correlation of ultrafast waveforms, and it is thought
to be useful in phase-space tomography [42], biomedical
optics [43], and improved telecommunications [44].

Conventional ghost imaging techniques can only get the
image of stationary objects in spatial or temporal domains,
for example, in spatial ghost imaging, an object is stationary
in the temporal domain and, in temporal ghost imaging, an
object has no spatial information. Spatiotemporal dynamic
objects (STDOs) like biological organs, etc., may have spatial
and temporal information simultaneously; for imaging such
objects there is a need for an advancement in the conventional
ghost imaging techniques in the spatial or temporal domain to
the spatiotemporal domain. Very recently, there is a proposal
to sense the angular rotation of structured objects by using the
ghost image of two-photon entanglement [48]. In this work,
we present a theoretical proposal for the spatiotemporal ghost
imaging and interference (STGII) technique by using partially
coherent spatiotemporal pulsed light sources. This technique
enables us to find a dynamic ghost image and interference of
STDOs which was not possible with conventional ghost imag-
ing techniques. In order to realize such techniques, we use a
partially coherent Gaussian Schell-model pulsed beam [49],
which is a partially coherent spatiotemporal light field, as the
source to study ghost imaging technology in a spatiotemporal
domain. Based on optical coherence theory, a generalized
analytical solution of STGII for a STDO is derived and the
corresponding visibility is illustrated through a numerical
example. Meanwhile, the effects of source properties on the
visibility as well as on the pattern of fringes of such STGII
are also demonstrated.

The paper is organized as follows. In Sec. II, by the use
of a Gaussian Schell-model pulsed beam as source we will
propose the STGII for STDOs. In Sec. III, we will discuss
results with a numerical example of a two-dimensional case;
the visibility and the quality of STGII will be investigated.
Finally, we shall conclude our paper in the last section.
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FIG. 1. Schematic of STGII. Paths 1 and 2 are test and reference
arms, respectively. Every matrix in optical paths denotes all optical
elements in each part. The coordinates of r, ν, ρi (i = 1, 2) show
the spatiotemporal points at source, object, and detector planes,
respectively. D1 detector should have space and time resolution and
D2 is a bucket detector.

II. MODEL AND FORMULISM

As shown in Fig. 1, the system is very similar to previous
ones [1,2,36,41,43], which generate spatial or temporal ghost
image and interference, but here it is assumed that the detector
D1 should have the ability to collect the spatial and temporal
information, simultaneously, and the object may have both the
space and time information. In order to perform such STGII,
a partially coherent spatiotemporal pulsed beam is used as the
source, which is split into two pulsed beams. One follows
optical path 1 and its random fluctuation in space and time
is measured by D1, which may consist of an array of the
photodiodes with the fast response time much smaller than
the single pulse duration, and the spatial information can be
provided by the position of each photodiode in D1, while
another one passes through the dynamic object and is detected
by D2, which is a slow-response photodiode and cannot
resolve the temporal structure of the pulse fluctuation and also
does not need to provide the spatial information. From both
detectors the spatiotemporal intensities are correlated via the
second-order correlator.

According to the theory of optical coherence, the second-
order intensity-intensity correlation function between two de-
tectors can be expressed as [36,49]

G(2)(ρ1, ρ2) = 〈I1(ρ1)〉〈I2(ρ2)〉 + |�(ρ1, ρ2)|2, (1)

where Ii(ρi ) is the instantaneous intensity of the pulsed beam
arriving at the ith detector and 〈·〉 denotes the ensemble
average. Here ρi = (xi, yi, τi )T with i = 1, 2 represent two
arbitrary spatiotemporal points at the measurement planes
of D1 and D2, respectively, and the superscript “T” denotes
the transposed operator. Here variable transformation is used
as τ = vg(t − z/vg), where t is the pulse arrival time, z is
the distance from the source plane, vg = c/ng is the group
velocity of pulsed beam, c is the speed of light in vacuum,
and ng is the group index of medium. The assumption that the
time coordinate is measured in the reference frame moving
with the group velocity of the pulses has been made. Note that
the first term on the right-hand side serves as the background,
while the first-order spatiotemporal correlation �(ρ1, ρ2) is
the kernel that makes the STGII possible. By using the spa-
tiotemporal point spread function of a linear optical system,

the ensemble averaged intensities at D1 and D2 are given by

〈Ii(ρi )〉 =
∫∫∫ ∫∫∫

�0(r10, r20)

× hi(r10, ρi )h
∗
i (r20, ρi )d

3r10d3r20, (2)

where �0(r10, r20) is the initial first-order correlation function
of pulsed light fields at the source plane, the symbol “*” de-
notes complex conjugate, hi(r, ρi ) describe the spatiotemporal
point spread functions of linear optical systems, on the path 1
or path 2, which can include any linear second-order disper-
sion optical systems [50], and ri0 = (xi0, yi0, τi0)T represent
the spatiotemporal points on the source plane. Meanwhile, the
spatiotemporal first-order correlation between two detectors is
given by

�(ρ1, ρ2) =
∫∫∫ ∫∫∫

�0(r10, r20)

× h1(r10, ρ1)h∗
2(r20, ρ2)d3r10d3r20. (3)

We emphasize again that the above integral includes both
spatial and temporal integrals on the source plane, which
gives the information about spatial and temporal correlation of
both detectors, respectively. More importantly, it describes the
propagation properties of the first-order spatiotemporal cou-
pling correlation when the light source has the spatiotemporal
coupling characteristics. The functions hi(r, ρi ) for the two
paths in Fig. 1 are, respectively, given by

h1(r, ρ1) =
(

ik

2π

) m
2

[det(B̃1)]−
1
2 exp

[
− ik

2

(
rTB̃−1

1 Ã1r

− 2rTB̃−1
1 ρ1 + ρT

1 D̃1B̃−1
1 ρ1

)]
(4)

for the path 1 and

h2(r, ρ2) =
∫∫∫

h21(r, v)h22(v, ρ2)d3v (5)

for the path 2, where h21(r, v) is the point spread function
from the source plane to the dynamic object, which is ex-
pressed as

h21(r, v) =
(

ik

2π

) m
2

[det(B̃21)]−
1
2 exp

[
− ik

2

(
rTB̃−1

21 Ã21r

− 2rTB̃−1
21 v + vTD̃21B̃−1

21 v
)]

, (6)

and h22(v, ρ2) is the point spread function from the dynamic
object plane to the detector D2 which can be written as

h22(v, ρ2) =
(

ik

2π

) m
2

[det(B̃22)]−
1
2 H (v)

× exp

[
− ik

2

(
vTB̃−1

22 Ã3v − 2vTB̃−1
22 ρ2

+ ρT
2 D̃22B̃−1

22 ρ2

)]
. (7)

In the above equations, k = n(ω)ω/c is the wave number of
light in the system at the central frequency ω of the incident
pulse, n(ω) is frequency-dependent refractive index of disper-
sive medium, m is the number of dimensions, and Ã j, B̃ j, C̃ j ,
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and D̃ j with j = 1, 21, 22 are m × m spatiotemporal transfer
matrices of relevant optical systems [51], as shown in Fig. 1.
The function H (v) is the transmission function of a STDO and
v = (xv, yv, τv )T denotes an arbitrary spatiotemporal point at
the plane of the object. Note that the transmission function of
the STDO depends on both the spatial and temporal coordi-
nates. For a spatiotemporal phenomenon, one can take either
m = 3, which means that there are two transverse spatial
dimensions and a temporal dimension, or m = 2, which means
that there is only one transverse spatial dimension and a
temporal dimension. If m = 1, it simply returns to the spatial
ghost imaging [29] or interference [21], or temporal ghost
imaging [43] or interference [41].

For simplicity, we assume that the STDO consists of very
narrow slits (or apertures) controlled by shutters. At a certain
time one shutter opens for one slit in a transverse position.
When the shutter is open during a certain time, the light can
pass through one slit (aperture) at a certain position, while
when the shutter is closed, light is blocked. Therefore, the
transmission function of the object is defined as

H (v) =
{

1, inside slit (or aperture) and shutter open,
0, outside slit (or aperture) or shutter closed.

(8)

Specially, when the slit is extremely narrow, the object trans-
mission function is further written as H (v) = δ(v − a1) +
δ(v − a2), where δ denotes the Dirac delta function and ai =
(xai, yai, τai )T is the spatiotemporal location of the slit. Here
we consider only two slits at two different positions and times
so one may refer this object as spatiotemporal dynamic double
slits. In practical situations, a dynamic object may consist of
a number of such slits (or apertures) with alternative open
and close, and it can be seen as a “live” object in space and
time. Such STDO is introduced here for spatiotemporal ghost
imaging and interference technique, and this idea may open a
door for the concept of “ghost video” by using the correlation
information.

In order to analytically investigate the STGII, here the
spatiotemporal light source is a kind of partially coherent
Gaussian Schell-model pulsed beam, which can be written in
the compact form of tensors as follows [49]:

�0(r0) = exp

[
− ik

2

(
rT

0 Q
−1
in r0

)]
, (9)

where r0 = (r10

r20

)
represents the two arbitrary spatiotem-

poral points at the source plane and Q
−1
in = (σ̃1, σ̃2

σ̃2, σ̃1
)

is a 2m × 2m matrix and the submatrices are σ̃1 =
(−

i
2k σ−2

I − i
k σ−2

cs , 02

01, − i
k σ−2

τ − i
k σ−2

ct
) and σ̃2 = (

i
k σ−2

cs , 02

01,
i
k σ−2

ct
), which

are m × m matrices. Here σ−2
s = (σ

−2
s 0
0 σ−2

s
) with the subscript

s = I, cs are the spatial properties of such pulsed beams, and
02 and 01 are (m − 1) × 1 and 1 × (m − 1) zero matrices,
respectively. All notations σI, σcs, στ , and σct are positive
constants, representing the spatial width, spatial coherence
length, temporal width, and temporal coherence length of
Gaussian Schell-model pulsed beams, respectively. By using
the tensors method (see the Appendix for details), we can
find the following analytical solution for ensemble averaged

intensities at D1:

〈I (ρ1)〉 = ∣∣(A1 + B1Q
−1
in

)∣∣− 1
2

× exp

{
− ik

2

[ − ρT
11B

−1
1

(
A1 + B1Q

−1
in

)−1
ρ11

]}
,

(10)

and the intensity at D2

〈I (ρ2 = 0)〉

=
(

k

2π

)m[
(−1)m

∣∣(A21 + B21Q
−1
in

)
B22

∣∣]− 1
2

×
2∑

p=1

2∑
q=1

exp

[
− ik

2

(
aT

pqQout1apq + aT
pqB

−1
22 A22apq

)]
,

(11)

where Qout1 = (C21 + D21Q
−1
in )(A21 + B21Q

−1
in )−1. Similarly,

we can find the analytical solution for the first-order correla-
tion function (see the Appendix for details). Consequently the
generalized analytical solution for STGII of the STDO can be
obtained as

|�(ρ1, ρ2 = 0)|2

=
(

k

2π

)m[
(−1)m

∣∣A + BQ
−1
in

∣∣∣∣B̃22

∣∣]−1

×
∣∣∣∣∣

2∑
n=1

exp

[
− ik

2

(
R

T
u Qout2Ru − aT

u B̃−1
22 Ã22au

)]∣∣∣∣∣
2

.

(12)

Here Qout2 = (C + DQ
−1
in )(A + BQ

−1
in )−1; Ru = (

ρ1
au

)
shows

two arbitrary spatiotemporal points at the plane of detector
D1 and at the object plane. A, B, C, and D are 2m × 2m
spatiotemporal transmission matrices at both the path 1 and

the path between source and object, defined as A = (Ã1 0
0 Ã21

),

B = (B̃1 0
0 −B̃21

), C = (C̃1 0
0 −C̃21

), and D = (D̃1 0
0 D̃21

). Simi-

larly, A j = (Ã j 0
0 Ã j

), B j = (B̃ j 0
0 −B̃ j

), C j = (C̃ j 0
0 −C̃ j

), and

D j = (D̃ j 0
0 D̃ j

) are 2m × 2m spatiotemporal transmission ma-

trices of the relevant optical system as shown in Fig. 1. ρ11 =(
ρ1
ρ1

)
are the same spatiotemporal points at D1 and apq = (ap

aq

)
are the spatiotemporal points at the object plane. When p = q,
apq represents the same spatiotemporal points; otherwise, it
represents two different spatiotemporal points.

From the definition of visibility for ghost image introduced
by Gatti et al. [23], we can write the expression of visibility
for STGII as

V = |�(ρ1, ρ2 = 0)|2max

G2(ρ1, ρ2 = 0)max
, (13)

from which we can observe that the background terms have
the main role in the visibility of ghost imaging and interfer-
ence technique.
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FIG. 2. (a) Spatiotemporal points of slits at the object plane.
(b),(c) G(2)(ρ1, ρ2 = 0)/G(2)(ρ1, ρ2 = 0)max as functions of spatial
and temporal coordinates of D1, with spatiotemporal ghost image
(b) and interference (c) at z1 = 30 mm and 50 mm, respectively.
Other parameters are σI = 3 mm, σcs = 0.009 mm, στ = 35 ps,
σct = 0.6 ps, z21 = 30 mm, z22 = 20 mm, ω = 2.691 rad/fs, n =
1.00027, and β2 = 0.023835 ps2km−1. For the object, the pointlike
shutter opens at (xa1, τa1) = (−0.03 mm, −2 ps) and (xa2, τa2) =
(0.03 mm, 2 ps).

The spatiotemporal transmission matrix for the homoge-
neous dispersive media can be given as [51]

Ã = D̃ = E , C̃ = 0, B̃ =
⎛⎝ z

n(ω) 0 0
0 z

n(ω) 0
0 0 −4π2β2cωz

⎞⎠,

where E is the identity matrix, z is the thickness length, and
β2 is group-velocity dispersion of the medium.

III. RESULTS AND DISCUSSIONS

Now we are going to demonstrate the STGII of the lensless
case with a numerical two-dimensional example, with the
two dimensions being temporal coordinate and transversal
spatial coordinate in x direction. The lensless ghost image
and interference from generalized analytical results can be
obtained by setting the relevant condition, i.e., B̃1 = B̃21 for
ghost image [36,43] and B̃1 = B̃21 + B̃22 for ghost interfer-
ence [21,41]. We assume that all optical paths are in the same
dispersive medium, while air is chosen as a common example
of the dispersive medium.

According to the abovementioned assumptions, two-
dimensional spatiotemporal transfer matrices are Ã j =
(1 0
0 1), B̃ j = (z j/n(ω) 0

0 −4π2β2cωz j
), C̃ j = (0 0

0 0), and D̃ j =
(1 0
0 1), and z1 and z21 are the distances from source plane to

detector D1 and plane of object, respectively, and z22 is the
distance from the object plane to detector D2.

Figure 2(a) shows the spatiotemporal dynamic double slits
as a STDO. Two spatiotemporal slits appear on the shutter
opening as shown by a1 and a2. Since all optical paths are con-
sidered in the same dispersive medium the abovementioned
conditions for ghost imaging and interference can be written
as (i) z1 = z21 and (ii) z1 = z21 + z22, respectively. Figure 2(b)
illustrates the spatiotemporal ghost image of such a system in
the form of spatiotemporal frames, which is the first key result
of this work. If these frames appear on a screen one by one,
according to the sequence of temporal coordinates, then this
appearance is just like a video on the screen. The advantage
of imaging STDOs will improve the applications of ghost

FIG. 3. Visibility of the spatiotemporal ghost image as functions
of (a) σI, (b) σcs, (c) στ , and (d) σct. Other unmentioned parameters
are the same as in Fig. 2.

imaging in biomedical optics and other fields. Beside, it will
pave the path towards new research areas, e.g., “ghost video,”
spatiotemporal ghost imaging with entangled photons, hard
x rays, and matter waves. On the other hand, spatiotemporal
interference fringes are shown in Fig. 2(c), appearing as tilted
peaks for such dynamic slits. The spatial and temporal fringes
can be distinguished by observing the figure along the vertical
and horizontal axis, respectively. Figure 2(c) is the second key
result of this work, which is showing spatiotemporal ghost
interference.

Properties of partially coherent Gaussian Schell-model
pulsed beams, including σI, σcs, στ , and σct, reside in matrix

Q
−1
in , which appears in background terms [Eqs. (10) and (11)]

as well as in the first-order correlation [Eq. (12)] and ulti-
mately participate in visibility [Eq. (13)]. Here the numerical
results for the effect of source properties on the visibility
of the ghost image are shown in Fig. 3. From Fig. 3(a),
we can observe that, with increase in σI, the visibility of
the spatiotemporal ghost image decreases. Figures 3(b)–3(d)
show that the visibility increases with increase in σcs, στ , and
σct. The highest value of visibility is well in agreement with
the previous work for ghost imaging in the spatial domain
with partially coherent light [29]. With adjusting the spatial
parameters, the quality of the ghost image can be improved
at the cost of visibility and vice versa, which satisfies the
results mentioned in [29]. For temporal parameters the quality
of the spatiotemporal image increases with increasing στ and
decreases with increasing σct. As compared to ghost imaging
in a spatial or temporal domain, the ghost imaging in the
spatiotemporal domain with more choices of parameters will
be helpful to improve the control on the visibility or quality
of the spatiotemporal ghost image. To realize spatiotemporal
ghost imaging experimentally, the choice of suitable parame-
ters of the partially coherent pulsed beam is very important.
Similar increasing and decreasing trends for the visibility of
STGII can be found by using another definition of visibility
introduced by Cao et al. [52].
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FIG. 4. Dependence of G(2)(ρ1, ρ2 = 0)/G(2)(ρ1, ρ2 = 0)max on different values of (a),(b) σI, (c),(d) στ , (e),(f) σcs, and (g),(h) σct for
spatiotemporal ghost interference. Other parameters are the same as in Fig. 2.

Cross terms in Eqs. (11) and (12) are mainly responsi-

ble for interference. Since matrix Q
−1
in appears in the cross

terms, the source properties also participate in the number
of fringes and in the background terms as shown in Fig. 4.
In Figs. 4(a), 4(b) and 4(c), 4(d) by decreasing spatial and
temporal width of the source, there is a decrease in the
number of interference fringes in the spatial and temporal do-
main, respectively. Similarly, it is observed in Figs. 4(e), 4(f)
and 4(g), 4(h) that, by decreasing the spatial and temporal
coherence length of the source, an increase occurs in the
number of interference fringes in the spatial and temporal
domain, respectively. There are similar effects of a decrease
or an increase in the background terms [see the color bars
of Figs. 4(a), 4(b), 4(c), 4(d), and Figs. 4(e), 4(f), 4(g), 4(h),
respectively]. The decrease in the background terms will
increase the visibility and vice versa. Thus it concludes that by
decreasing spatial or temporal width or by increasing spatial
or temporal coherence length of the source, the visibility of
spatiotemporal ghost interference can increase up to a certain
value.

For realizing STGII experimentally one can follow the
scheme as shown in Fig. 1. Since spatiotemporal Bessel
pulsed beams have been realized experimentally [53], one
may follow a similar experimental scheme for producing
spatiotemporal Gaussian Shell-model pulsed beams. The spa-
tiotemporal dynamic double slits may be produced by using
double slits covered by a pair of automechanical shutters.
Both the shutters should have the ability to open and close
with predefined time. The spatiotemporal dynamic object may
also be realized by using an ultrafast electro-optic modulator
driven by a spatial-dependent electrode. Here we suggest that
the detector D1 may consist of an array of fast-response
photodiodes with high-time resolution compared with the
source duration and it also provides the spatial information
from each individual photodiode, and the detector D2 is a
slow-response photodiode and does not need to provide the
spatial information. It has been pointed out that the effective

fluctuation time of the source should be equal to half of
the fastest time variation that one wants to resolve in the
object [44].

IV. CONCLUSION

In conclusion, we have introduced the STGII technique
as an advancement in the conventional ghost imaging, for
imaging the STDOs. Spatiotemporal dynamic double slits
are introduced to mimic live objects. By using a partially
coherent Gaussian Schell-model pulsed beam as a source
field we find the generalized analytical expressions for STGII
for spatiotemporal dynamic double slits. Furthermore, with
this advancement we show numerically the spatiotemporal
ghost images and interference patterns for the lensless case,
from which we discuss the influence of source pulsed beam
properties in the number of interference fringes, background
terms, and in the visibility of the spatiotemporal ghost image
and interference. We also observe that, by using spatiotem-
poral partially coherent sources, the selection of suitable
beam parameters is important for controlling the visibility
of spatiotemporal ghost image and interference patterns. The
advantage of imaging STDOs will improve the applications
of ghost imaging in biomedical optics and other fields, which
will increase the general interest of ghost imaging and pave
the path towards new areas of research, e.g., “ghost video,”
spatiotemporal ghost imaging with entangled photons, hard x
rays, and matter waves.

ACKNOWLEDGMENTS

This research is supported by the National Natural Sci-
ence Foundation of China (Grants No. 11674284 and No.
11974309), Zhejiang Provincial Natural Science Foundation
of China under Grant No. LD18A040001, National Key
Research and Development Program of China (Grant No.
2017YFA0304202), and the Fundamental Research Funds for
the Center Universities (Grant No. 2019FZA3005).

043805-5



ADEEL ABBAS, CHENNI XU, AND LI-GANG WANG PHYSICAL REVIEW A 101, 043805 (2020)

APPENDIX: DERIVATION OF EQS. (10)–(12)

Here we will explain how to find the ensemble averaged intensities at detectors D1 and D2, and the first-order correlation
between both detectors. By using the definition of spatiotemporal dynamic double slits one can get the analytical solutions as
explained below.

1. Propagation equation for intensity at detector D1

By using Eq. (2) and Eq. (4) we can find the intensity at D1 as

〈I (ρ1)〉 =
(

k

2π

)m

[det(B̃1) det(B̃1)]−
1
2

∫∫∫ ∫∫∫
d3r10d3r20�0(r10, r20)

× exp

{
− ik

2

[(
rT

10B̃−1
1 Ã1r10 − 2rT

10B̃−1
1 ρ1 + ρT

1 D̃1B̃−1
1 ρ1

) − (
rT

20B̃−1
1 Ã1r20 − 2rT

20B̃−1
1 ρ1 + ρT

1 D̃1B̃−1
1 ρ1

)]}
. (A1)

We can write Eq. (A1) in the most compact form of tensors as follows:

〈I (ρ1)〉 =
(

k

2π

)m

[(−1)m det(B1)]−
1
2

∫∫∫ ∫∫∫
d3r10d3r20�0(r0) exp

[
−i

k

2

(
r0

ρ11

)T
(

B
−1
1 A1 −B

−1
1

C1 − D1B
−1
1 A1 D1B

−1
1

)(
r0

ρ11

)]
.

(A2)

By putting Eq. (9) in Eq. (A2), after solving the integral one can get Eq. (10).

2. Propagation equation for intensity at detector D2

By using Eq. (2) and Eq. (5) we can find the intensity at D2 as

〈I (ρ2)〉 =
(

k

2π

)2m

[det(B̃2) det(B̃3) det(B̃2) det(B̃3)]−
1
2

∫∫∫∫ ∫∫∫∫ ∫∫∫∫
d3r10d3r20d3v1d3v2�0(r10, r20)H (v1)H∗(v2)

× exp

{
− ik

2

[(
rT

10B̃−1
2 Ã2r10 − 2rT

10B̃−1
2 v1 + vT

1 D̃2B̃−1
2 v1

) + (
vT

1 B̃−1
3 Ã3v1 − 2vT

1 B̃−1
3 ρ2 + ρT

2 D̃3B̃−1
3 ρ2

)]}
× exp

{
ik

2

[(
rT

20B̃−1
2 Ã2r20 − 2rT

20B̃−1
2 v2 + vT

2 D̃2B̃−1
2 v2

) + (
vT

2 B̃−1
3 Ã3v2 − 2vT

2 B̃−1
3 ρ2 + ρT

2 D̃3B̃−1
3 ρ2

)]}
. (A3)

We can write Eq. (A3) in the most compact form of tensors as follows:

〈I (ρ2)〉 =
(

k

2π

)2m

[(−1)2m det(B2B3)]−
1
2

∫∫∫∫ ∫∫∫∫ ∫∫∫∫
d3r10d3r20d3v1d3v2�0(r0)H (v1)H∗(v2)

× exp

{
−i

k

2

[(
r0

v

)T
(

B
−1
2 A2 −B

−1
2

C2 − D2B
−1
2 A2 D2B

−1
2

)(
r0

v

)
+

(
v

ρ22

)T
(

B
−1
3 A3 −B

−1
3

C3 − D3B
−1
3 A3 D3B

−1
3

)(
v

ρ22

)]}
.

(A4)

By putting Eq. (9) in Eq. (A4), after solving the integral one can get Eq. (11).

3. Propagation equation for the first-order correlation function

By using Eqs. (3)–(7) we can find the first-order correlation function at two different spatiotemporal points as

�(ρ1, ρ2) =
(

ik

2π

) 3m
2

[det(B̃1) det(B̃2) det(B̃3)]−
1
2

∫∫∫ ∫∫∫ ∫∫∫
d3r10d3r20d3v2�0(r10, r20)H∗(v2)

× exp

{
− ik

2

[(
rT

10B̃−1
1 Ã1r10 − 2rT

10B̃−1
1 ρ1 + ρT

1 D̃1B̃−1
1 ρ1

) − (
rT

20B̃−1
2 Ã2r20 − 2rT

20B̃−1
2 v2 + vT

2 D̃2B̃−1
2 v2

)]}
× exp

[
ik

2

(
vT

2 B̃−1
3 Ã3v2 − 2vT

2 B̃−1
3 ρ2 + ρT

2 D̃3B̃−1
3 ρ2

)]
. (A5)
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We can write Eq. (A5) in the most compact form of tensors as follows:

�(ρ1, ρ2) =
(

ik

2π

) 3m
2

[(−1)m det(B) det(B̃3)]−
1
2

∫∫∫ ∫∫∫ ∫∫∫
d3r10d3r20d3v2�0(r0)H∗(v2)

× exp

[
−i

k

2

(
r0

δ12

)T
(

B
−1

A −B
−1

C − DB
−1

A DB
−1

)(
r0

δ12

)]
exp

[
ik

2

(
vT

2 B̃−1
3 Ã3v2 − 2vT

2 B̃−1
3 ρ2 + ρT

2 D̃3B̃−1
3 ρ2

)]
.

(A6)
By putting Eq. (9) in Eq. (A6), after solving the integral one can get Eq. (12).
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