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Subfemtosecond glory hologrammetry for vectorial optical waveform reconstruction
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In this work, we propose a method to characterize the temporal structure of arbitrary optical laser pulses with
low pulse energies. Our theory is based on strong-field photoelectron holography with the glory rescattering ef-
fect as the underlying mechanism in the near-forward direction. Utilizing the subfemtosecond glory rescattering
process as a fast temporal gate to sample the unknown light pulse, the time-dependent vectorial electric field
can be retrieved from the streaking photoelectron momentum spectra. Our method avoids the challenging task of
generation or manipulation of attosecond pulses and signifies important progress in arbitrary optical waveform
characterization.
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I. INTRODUCTION

Probing or manipulation of ultrafast electron dynamics
on a subfemtosecond (�10−15 s) or attosecond (∼10−18 s)
timescale necessitates ultrashort laser pulses lasting only a
few or near-single optical cycles with controllable wave-
forms [1–7]. Developments in frequency comb technology
combined with pulse-shaping methods have allowed arbi-
trary electromagnetic waveforms to be synthesized at optical
frequencies [8–11]. Knowledge of the temporal structure of
these light pulses is a prerequisite for subsequent applications.
Traditional characterization techniques, such as frequency-
resolved optical gating (FROG), spectral phase interferometry
for direct electric field reconstruction (SPIDER) or dispersion
scan (d-scan), have been used to measure the spectral or tem-
poral amplitude or phase or dispersion or chirp of short pulses
[12–14]. However, the phase-matching problem of nonlinear
crystals and the deficiency in determining the absolute phase
(carrier-envelope phase, CEP) both limit their applicability.
Instead, direct access to the time-domain electric field EL(t )
requires a fast nonlinear response that is significantly shorter
than an optical cycle [15,16].

Advancements in strong-field physics have provided such
ultrashort temporal gates. One widely used technique is the
attosecond streak camera [17–20]: isolated attosecond XUV
pulses generated by higher-order harmonic generation (HHG)
processes are used to ionize atoms [21–26]. The ejected
photoelectrons are then streaked to different final energies by
the test laser field whose waveform is to be measured. The
temporal structure of both the test laser and the attosecond
XUV pulse can be accurately reconstructed from the streaking
photoelectron spectra [27,28]. Two other all-optical character-
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ization methods, petahertz optical oscilloscopy and attosec-
ond spatial interferometry, both utilize the subfemtosecond
tunneling-recombination process during HHG generation as
the temporal gate to sample the test optical laser field [29,30].

Although these recent characterization techniques yield
good performance, their requirement of generation or manip-
ulation of broadband isolated attosecond XUV pulses is still
very challenging to meet [31–33]. In this work, we propose
a method to extract the waveforms of unknown laser pulses
with commonly used strong near-infrared (NIR) tabletop laser
light as a pump field to irradiate the atoms. Our proposal uti-
lizes facilities from the strong-field ionization and strong-field
photoelectron holography (SFPH) fields [34], and information
of the weak test laser pulses is imprinted in the holographic
interference fringes of the final photoelectron momentum
distribution (PMD).

A strong NIR laser is able to tunnel ionized atoms, and
the liberated photoelectron may be driven back and elastically
scattered off the parent ion at a later time [35]. Concerning
SFPH, strong-field tunneling ionization plays the role of an
atomic-level beamsplitter: after tunneling, part of the pho-
toelectron wave packet less impacted by the ionic Coulomb
potential forms a reference wave. The other part, termed the
signal wave, is steered around and scatters off the atomic core.
The hologram stemming from interference of the reference
and signal waves at the detector encodes spatiotemporal in-
formation about the interaction of the electron-ion system.
Recently, the interpretation of SFPH has been improved by
the discovery of the glory rescattering effect in strong-field
ionization [36].

II. SIMULATION AND DISCUSSION

For theoretical demonstration purposes, a fundamental
pump laser field with a wavelength of 800 nm and an in-
tensity of 1.5 × 1014 W/cm2 is used to ionize hydrogen
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FIG. 1. (a) PMD calculated using the TDSE in the polarization plane (pz = 0), and ionization of H atoms by an OTC laser field. The glory
interference maxima (GIM) estimated by the semiclassical method (SC, blue diamonds) and strong-field approximation (SFA, black solid line)
are also presented. (b1, b2) Normalized transverse momentum distribution with px = 0.2 (b1) and 0.6 (b2). Note that the SFA curves have
been shifted to match the peak positions calculated by the SC and TDSE. (c, d) Contour plots of the deflection functions with η0 = 0.3 and
px ≈ 0.6. The circle contour indicates the initial conditions of glory trajectories (GTs), while four typical GTs (G1, G2, G3, and G4) are shown
in (f) with XY and XZ projections. (e) Two pairs of signal or reference trajectories with initial conditions from regions (S1, R1) and (S2, R2).
See the text for more details.

atoms: E0(t ) = ε0 cos2( πt
T0

) cos(ω0t )x̂, where T0 = 3 × 2π
ω0

,
with the time duration only three optical cycles to elimi-
nate multiple rescattering effects. Figure 1(a) illustrates the

PMD in the polarization plane simulated using the time-
dependent Schrödinger equation (TDSE) [37] with an or-
thogonally polarized two-color (OTC) laser field. The test
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FIG. 2. (a) Illustration of the sampling of a test laser field with
the subfemtosecond glory rescattering process. Blue dashed arrows
indicate the subcycle excursion of the tunneled electrons. (b) Inte-
grated PMD simulated using the TDSE with time delay �τ = n

6 o.c.,
where n = −6, −4, −2, 2, 4, 6 (left to right). 1 o.c. = 2π

ω0
.

laser pulse has a wavelength of 1600 nm, an intensity of
2.4 × 1011W/cm2, and a time duration of four optical cycles:
EL(t ) = εL cos2( πt

TL
) cos(ωLt )ŷ, with TL = 4 × 2π

ωL
. The spi-

derlike interference fringes characteristic of SFPH are clearly
visible [34]. Unless stated otherwise, atomic units will be used
throughout.

Without considering the Coulomb potential, the phase dif-
ference responsible for the hologram between the signal and
reference photoelectron waves can be derived using strong-
field approximation (SFA) or approximations from the path-
integral method as follows [34,38,39]:

δφ ≈ 1
2 (p⊥ − kL )2

(
tr − t re f

0

)
, (1)

in which p⊥ is the asymptotic photoelectron momentum
perpendicular to the fundamental laser polarization, tr is
the rescattering time, and t ref

0 is the ionization time of
the reference photoelectron wave. The intermediate canon-
ical momentum between tunneling and rescattering is kL =
− 1

tr−tR
0

∫ tr
tR
0

AL(t ′)dt ′ to ensure that the electron travels back to

the ion, while tR
0 is the ionization time of the rescattering wave

packet. Generally, for near-forward rescattering with a small
transverse momentum p⊥, the tunneling times for reference
and rescattering(signal) quantum paths are approximately the
same: t ref

0 ≈ tR
0 . AL(t ) = − ∫ t EL(t ′)dt ′ is the vector potential

of the weak test laser field.
However, a cos[Re(δφ)]-like peak structure derived from

Eq. (1) for the transverse momentum distribution [black
dashed lines in Figs. 1(b1) and 1(b2) for different asymptotic

longitudinal momenta px = 0.2, 0.6] fails to reproduce the
TDSE results (blue dotted lines). This problem can be clarified
from the semiclassical (SC) perspective of the Feynman path-
integral method, which dictates that the dominant contribu-
tions come from the regions around the classical trajecto-
ries. Figures 1(c) and 1(d) depict the contour plots of the
deflection functions p⊥ = p⊥(η0, p⊥0) obtained by solving
Newton’s equation of motion after the electron emerges at
η0 = ω0t0 = ω0Re(t ref

0 ) ≈ 0.3 [40,41]. Due to Coulomb po-
tential influence, the py0_pz0 plane can be divided into four
signal or reference regional pairs: (S1, R1), (S2, R2), (S3,
R3), and (S4, R4) (with the latter two not shown). For the final
photoelectron momentum originating from inside these pairs,
only two classical trajectories are found [Fig. 1(e)]; however,
infinite classical trajectories stemming from the circle contour
dividing the signal and reference regions all contribute to
the same asymptotic momentum [Fig. 1(f) depicts four such
classical orbits].

This phenomenon is analogous to the (forward) glory
effect in quantum scattering theory [42]. The contributions
of infinite so-called glory trajectories to the final momentum
distribution should be summed up. Referring to Eq. (1),
for simplicity, consider the case with only the NIR funda-
mental pulse; for a small deviation �p⊥ from the forward
direction, we have �[Re(δφ)] ∼ �p⊥ p⊥0(tr − t0) ∼ �p⊥bg,
where p⊥0 �= 0 is the initial transverse momentum with the
Coulomb potential involved. bg ∼ p⊥0(tr − t0) is interpreted
as the asymptotic impact factor of GTs [Fig. 1(f)] [36]. Then
the transverse momentum distribution in the near-forward di-
rection is f (p⊥) ∝ | 1

2π

∫ 2π

0 ei�p⊥bg cos θdθ |2 = J2
0 (bg�p⊥). In

an OTC field, this would result in f (p⊥) ∝ J2
0 (bg|p⊥ − pL|).

pL is the transverse momenta corresponding to the primary
glory interference maxima (GIM) [on the circle contour in
Figs. 1(c) and 1(d), |p⊥ − pL| ≡ 0]. This result has success-
fully interpreted the near-forward SFPH interference fringes
in PMD [36,39,43].

Using this SC photoelectron trajectory method, bg can
be retrieved by backpropagation for each px [36]. The re-
sulting squared-Bessel-like peak structure [red solid lines in
Figs. 1(b1) and 1(b2)] agrees very well with the TDSE simula-
tion. A SC trajectory Monte Carlo simulation also reproduces
the position of the GIM pL [blue diamonds in Fig. 1(a), black
dotted lines in Figs. 1(b1) and 1(b2)]. An approximation of
this position can be found from Eq. (1) [44]: pL ≈ Re(kL ).
This result, shown in Fig. 1(a) (black solid line), describes
the TDSE/SC simulations quite well, especially for larger
longitudinal photoelectron momentum px. The deviation for
smaller px is due to the Coulomb effects.

III. RETRIEVAL OF VARIOUS OPTICAL WAVEFORMS

Therefore, adding a weak test laser EL(⊥ E0) introduces
an extra factor into the phase difference between the refer-
ence and signal photoelectron waves [Eq. (1)] or, classically,
slightly perturbs the whole bunch of glory rescattering trajec-
tories [Fig. 1(f)]. One of the consequences is a peak shift of
the asymptotic transverse momentum distribution, the same
as that in nondipole strong-field ionization [41,44–48]. There-
fore, we can utilize the subfemtosecond glory rescattering
process as a fast temporal gate to sample a test laser pulse
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FIG. 3. (a1)–(a3) Streaking spectra of the photoelectron momentum along the test laser polarization direction vs time delay for px =
0.4 (a1), 0.6 (a2), and 0.8 (a3). The TDSE results (black stars) well fit the SC trajectory Monte Carlo simulation results. Blue short dotted lines
are estimated using Eq. (2). (b1)–(b3) Corresponding electric fields (blue dotted lines) extracted from the GIM compared with the actual field
(black solid lines).

by varying the time delay between the fundamental and weak
light pulses [Fig. 2(a)]:

pL(�τ ) ≈ Re

{
− 1

tr − tR
0

∫ tr+�τ

tR
0 +�τ

AL(t )dt

}
. (2)

Figure 2(b) illustrates the TDSE simulation of PMDs with
different time delays; the GIM oscillates with �τ . If the test
light pulse does not contain frequency components (ω) that
are larger than about ω0, we can retrieve the waveform of
the test light from the measured GIM as AL(t ) ≈ −pL(t −
tα ) + t2

β
d2

dt2 pL(t − tα ) for larger longitudinal momentum (px ∼
(50%, 90%) × ε0

ω0
) [49]; the second term on the right-hand

side is much smaller than the first in the present setup. tα,β are
small time parameters determined by the fundamental ioniz-
ing laser field. Current experiments can measure the smallest
transverse momentum amounting to that carried by a few
photons, which is on the order of δpc ∼ 10−3 a.u. [45,48,50].
It is sufficient to resolve the peak positions in our scheme
( εL
ωL

	 δpc). In the following demonstrations we have also
chosen the upper bound of the difference between two consec-
utively sampled peak shifts, estimated as δp⊥ ∼ εL

sinh ωLti
ωLti

δt ,
to be slightly larger: δp⊥ � δpc, where ti = Im(tR

0 ), and δt is
the time step associated with changing the time delay between
the fundamental and test laser fields.

The streaking photoelectron spectra of the transverse
momentum distribution versus time delay are presented in
Figs. 3(a1), 3(a2), and 3(a3) for different final longitudinal
momenta px = 0.4, 0.6, 0.8. The same test laser light is used

as in Fig. 1. TDSE results (black stars) agree very well with
the SC simulation results. The SFA calculation yields a good
approximation [blue solid lines in Figs. 3(a1), 3(a2), and
3(a3)]. More precisely, the electric field of the test laser pulse
can be directly solved from Eq. (2):

EL(t ) = 1

iπ

∫ ∞

−∞

ωp̃L(ω)

a(ω) + a∗(−ω)
eiωt dω, (3)

where p̃L(ω) = ∫ ∞
−∞ pL(�τ )e−iω�τ d�τ is the corresponding

Fourier transform, and a(ω) = − ∫ tr
tR
0

eiωt ′
dt ′/(tr − tR

0 ). The
extracted electric field is depicted as blue dotted lines in
Figs. 3(b1), 3(b2), and 3(b3). It reproduces the original test
laser electric field (black solid lines).

The test optical laser is superimposed on the fundamental
pump pulse with perpendicular polarization, and in principle,
the waveform of a test laser pulse with complex polarization
states can be measured and reconstructed [30]. As an example,
the streaking photoelectron spectra in two independent
polarization directions are shown in Figs. 4(a) and 4(b) for
a light pulse with time-varying ellipticity synthesized by
two counterpropagating circularly polarized laser beams:
El = εL fL(t − td/2)[cos(ωLt + π

4 )ŷ + sin(ωLt + π
4 )ẑ] and

Er = εL fL(t + td/2)[cos(ωLt + π
4 )ŷ − sin(ωLt + π

4 )ẑ].1

1The carrier frequency is ωL = 0.038 a.u., corresponding to a
wavelength of 1200 nm, with a time duration of TL = 4 × 2π

ωL
, Td =

TL/2. And εL = 0.08 × ε0.
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FIG. 4. (a, b) Streaking photoelectron momentum spectra for two
independent polarization directions of the synthesized test laser light
with time-varying ellipticity (px = 0.8). (c) 3D representation of the
extracted electric field (blue spheres). The result is compared to
the synthesized waveform (black spheres); the reconstructed electric
fields in the ŷ and ẑ directions (blue dotted lines) are also shown
in the projections alongside the respective actual fields (black solid
lines).

The same retrieval algorithm is used to simultaneously
extract the two electric fields [Fig. 4(c)]. For all of these
complex test light conditions, our method yields good
results. In the frequency domain, we have the relationship
p̃L(ω) = r(ω)ÃL(ω); the frequency response function r(ω)
has approximate magnitude unity until up to about ω0,
so although for demonstration purposes we have mostly
used near-monochromatic pulses, this approach is also
suitable for retrieval of optical waveforms with broad spectral
bandwidths. By decreasing the wavelength of the fundamental
ionizing laser field, this method can be used to measure the
electromagnetic waveforms in the visible, infrared, and even
terahertz regimes.

IV. CONCLUSION

In summary, by leveraging the subfemtosecond Coulomb
glory rescattering effect as a fast temporal gate, we can sample
arbitrary optical waveforms directly in the time domain with
electron spectroscopy and reconstruct the temporal structure
of the vectorial optical laser pulses. Compared to easily im-
plementable traditional methods like FROG or electro-optical
sampling of terahertz pulses, our approach represents an alter-
native photoelectron-based method and further improvement
of experimental technicalities can be anticipated. Our method
completely avoids the use of attosecond XUV optics, and a
conventional experimental setup related to strong-field ion-
ization research is sufficient to provide the required data. Our
results will facilitate the study of ultrafast electron dynamics
in attosecond physics and may open a way to study the
properties of the strong-field tunneling wave packet.
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APPENDIX A: NUMERICAL SIMULATION WITH
TIME-DEPENDENT SCHRöDINGER EQUATION (TDSE)

The three-dimensional TDSE for a hydrogen atom sub-
jected to an orthogonal two-color (OTC) laser field is solved
using the generalized pseudospectral split-operator method
[51] with single-active-electron approximation. The TDSE in
the presence of a strong laser field can be written as

i
∂

∂t
�(r, t ) = [Ĥ0 + ĤI ]�(r, t ). (A1)

Here, Ĥ0 = p̂2

2 − 1√
r̂2

is the field-free Hamiltonian, and ĤI is
the laser-atom interaction Hamiltonian in length gauge with
dipole approximation [52],

ĤI = E(t ) · r̂, (A2)

in which E(t ) = E0(t − �τ ) + EL(t ). The radial grid size
is Rmax = 150 a.u., while the maximum angular momentum
quantum number is up to lmax = 159, the angular grid number
is 180 × 360, and the propagation time step is �t = 0.1 a.u.
In order to eliminate the reflection of the electron wave packet
from the boundary and obtain the momentum-space wave
function, the coordinate space is split into the inner and the
outer regions with the critical boundary Rc = 60 a.u. (the
quiver distance due to the laser fields in our setup is about
ε
ω2 ∼ 20 a.u.  Rc), and the electron wave function can be
written as [53,54]

�(r, t ) = � in(t ) + �out (t ). (A3)

The inner-region wave function � in is propagated under the
full Hamiltonian numerically, while in the outer region, the
wave function is projected to momentum space for every 50
time steps tp:

C(p, tp) = 〈�CV
p (tp)|�out (tp)〉. (A4)

Here �CV
p (t ) is the Coulomb-Volkov state [55–58]. Then the

evolution of C(p, tp) to the end of the laser field (tf) is gov-
erned by the Volkov propagator UV (tf, tp) = exp(− i

2

∫ tf
tp

[p +
A(t ′)]2]dt ′)[53]. Finally, the ionized electron wave function is
obtained as

�(p) =
∑
p

UV (tf, tp)C(p, tp)

+ 〈
�CV

p (tf)|� in(tf)
〉
. (A5)

The last term in the above equation takes into account the
ionized electron in the inner-region wave function at the end
of the laser pulse.
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APPENDIX B: STRONG-FIELD PHOTOELECTRON
HOLOGRAPHY AS THE INTERFERENCE OF

REFERENCE AND SIGNAL WAVES

Thanks to the pioneering work on strong-field photoelec-
tron holography (SFPH) [34], the interference pattern in the
final momentum distribution can be attributed to the interfer-
ence of an electron wave which reaches the detector directly
with little Coulomb disturbance (reference or direct wave) and
that which scatters off the parent ion (signal or rescattering
wave). The phase difference between the reference and signal
waves mostly determines the interference pattern in the mo-
mentum distribution:

P = |Ms + Mr |2
= |Ms|2 + |Mr |2 + 2|Ms||Mr | cos(�S). (B1)

From the derivation by the strong-field approximation
(SFA), the phase factors for the reference and signal waves
can be written respectively as

Sref = 1

2

∫ ∞

t ref
0

dτ [p + A(τ )]2 − Ipt ref
0 (B2)

and

Ssignal = 1

2

∫ ∞

tr

dτ [p + A(τ )]2 + 1

2

∫ tr

tR
0

dτ [k + A(τ )]2,−IptR
0

(B3)

where Ip is the ionization potential of the atom. k is the
intermediate canonical momentum between tunneling and
rescattering for the signal wave. p is the final asymptotic
photoelectron momentum.

To solve for the various tunneling and rescattering times
(t ref

0 , tR
0 , tr), the saddle-point approximation will be used for

the reference [Eq. (B2)] and signal [Eq. (B3)] waves, respec-
tively:

1

2

[
p + A

(
t ref
0

)]2 + Ip = 0, (B4)

and

1

2

(
k + A

(
tR
0

))2 + Ip = 0

(k + A(tr ))2 = [p + A(tr )]2∫ tr

tR
0

[k + A(τ )]dτ = 0. (B5)

The phase difference can be derived as

�S = 1

2

∫ tr

t ref
0

dτ [p + A(τ )]2 − 1

2

∫ tr

tR
0

dτ [k + A(τ )]2

+ Ip
(
tR
0 − t ref

0

)
. (B6)

The test weak laser field has negligible influence on the
derivation of the tunneling and rescattering time t ref

0 , tR
0 , tr .

Moreover, for forward scattering with small transverse mo-
mentum p⊥, analysis shows that [59] tR

0 ≈ t ref
0 , kx ≈ px, and

Im(tr ) ≈ 0, with these simplifications, and the phase differ-
ence in Eq. (B6) for near-forward scattering can be derived

as

�S ≈
∫ tR

0

t ref
0

[
1

2
(px + Ax(τ )

]2

+ Ip)dτ

+ 1

2

∫ tr

t ref
0

([p⊥ + A⊥(τ )]2

− [k⊥ + A⊥(τ )]2)dτ

= 1

2

∫ tr

t ref
0

[p2
⊥ − k2

⊥ + 2p⊥ · A⊥(τ ) − 2k⊥ · A⊥(τ )]dτ

= 1

2
(p2

⊥ − k2
⊥)

(
tr − t ref

0

) + (p⊥ − k⊥) ·
∫ tr

t ref
0

A⊥(τ )dτ

= 1

2
(p2

⊥ − k2
⊥)

(
tr − t ref

0

) + (p⊥ − k⊥) · (−k⊥)
(
tr − t ref

0

)
= 1

2
(p⊥ − k⊥)2

(
tr − t ref

0

)
= 1

2
((py − ky)2 + (pz − kz )2)

(
tr − t ref

0

)
, (B7)

in which

ky(z) = − 1

tr − tR
0

∫ tr

tR
0

Ay(z)(t
′)dt ′. (B8)

In the above derivation, we have used the relationship
Eq. (B5).

To retrieve the test laser waveform from the streaked pho-
toelectron momentum distribution, experimentally extracting
the peak shift of the transverse momentum distribution f (p⊥)
is needed. Denoting this peak shift which corresponds to
the GIM for every time delay as pL(�τ ), then we have the
approximation from Eq. (B8):

pL(�τ ) ≈ Re

{
− 1

tr − tR
0

∫ tr+�τ

tR
0 +�τ

AL(t )dt

}

= Re

{
− 1

tr − tR
0

∫ tr

tR
0

AL(t + �τ )dt

}
. (B9)

Taking the Fourier transform with a variable �τ of both sides,
we have

p̃L(ω) = ÃL(ω)
a(ω) + a∗(−ω)

2
. (B10)

ÃL(ω) = ∫ ∞
−∞ AL(t )e−iωt dt , p̃L(ω) = ∫ ∞

−∞ pL(�τ )e−iω�τ

d�τ are the corresponding Fourier transforms, a(ω) =
− ∫ tr

tR
0

eiωt ′
dt ′/(tr − tR

0 ). We can define the frequency
response function (FRF) of the measurement process
as r(ω) = a(ω)+a∗(−ω)

2 , which can be interpreted as
the Fourier transform of the nominal finite impulse
response (FIR): G(t ) = Re{− 1

tr−tR
0

∫ tr
tR
0

δ(t ′ + t )dt ′} such
that pL(�τ ) = (G ∗ AL )(�τ ). The amplitude and phase of
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FIG. 5. The amplitude (black dots) and the phase (blue dots) of
the frequency response function (FRF). Black and blue dashed lines
represent the approximate FRF: r(ω) ≈ (1 − t2

βω2)ei(∓π+tαω). Inset:
with linear scale.

the FRF are plotted in Fig. 5. We can clearly see that no
frequency components contained in the test pulse AL(t ) are
significantly suppressed (|r(ω)| � 0.3, for when px = 0.8
with the current fundamental ionizing field), so there is
no strict restriction on the frequency bandwidth of the test
pulse from this perspective. Actually, we do not intend our
method to measure electromagnetic waves with very short
wavelengths. Other restrictions will be simply discussed
below.

Because we use the fast Fourier transform (FFT) algorithm
in the retrieval processes, the time step δt associated with
changing the delay �τ should not be chosen arbitrarily.
Since AL(t ) = 1

2π

∫ ∞
−∞ r−1(ω)p̃L(ω)eiωt dω, r−1(ω) decreases

exponentially with increasing ω. We define ωc as the critical
frequency when r−1(ωc) is sufficiently small. To ensure that
no relevant frequency components are filtered out in the
retrieval process, a requirement of δt therefore is

ωNyquist = 2π

2δt
� ωc. (B11)

In our numerical demonstrations with the proposed test laser
fields, a time step of about δt ∼ 2 a.u. (48.4 attoseconds)
is used; with this time step, |r−1(ωNyquist )| ∼ 10−10. Recent
experiments can create a delay step down to 26 attoseconds
[60]. With this δt , the Nyquist frequency ωNyquist corresponds
to a wavelength of about 29 nm, which is in the extreme
ultraviolet region. This high-frequency component (if with
substantial intensity) will strongly distort the tunneling ioniza-
tion process, rendering our method invalid. δt can be increased
in realistic experiments.

Aside from the restriction on the time step δt , the small-
est transverse momentum increment δp⊥ that can be dis-
tinguished by two consecutive measurement steps is also
restricted. A rough estimation can be obtained from Eq. (B9),

assuming EL(t ) ≈ εL cos ωLt, tr − t0  2π
ωL

[t0 = Re(tR
0 )]:

δp⊥ =
∣∣∣∣∣Re

{
1

tr − tR
0

∫ tr

tR
0

EL(t + �τ )dt

}∣∣∣∣∣δt

� εL
sinh ωLti

ωLti
δt, (B12)

where ti = Im(tR
0 ). In the recent study on photon momen-

tum partition and nondipole effects in strong-field ionization
[45,48,50], experimentalists are able to resolve the photoelec-
tron transverse momenta amounting to a few photons, on the
order of δpc ∼ 10−3 a.u. With δt used in our simulation, the
upper bounds of δp⊥ with our test light pulses (Figs. 3 and
4) are about 0.005 and 0.01 a.u. Test laser pulses with larger
intensities can be used in experiments [38,49,59]. One may
need to resort to statistical spectral analysis for a more detailed
estimation.

The electric field of the test laser field can directly be
expressed as

EL(t ) = 1

iπ

∫ ∞

−∞

ωp̃L(ω)

a(ω) + a∗(−ω)
eiωt dω. (B13)

APPENDIX C: SEMICLASSICAL TRAJECTORY
MONTE CARLO SIMULATION

In our SC model [61], the bounded electron tunnels
through the potential barrier formed by the Coulomb potential
of the atomic core and the instantaneous laser electric field.
The photoelectron (released at the tunneling exit r0 from the
ion) has a Gaussian transverse (with respect to the direction
of instantaneous electric field) velocity distribution: f (v⊥) =
exp[−κv2

⊥/|ε(t0)|], κ = √
2Ip, and ε(t ) is the instantaneous

laser electric field strength [62]. Subsequently, the electron
moves in a combined laser electromagnetic field and Coulomb
potential governed by Newton’s equations of motion: dp

dt =
−[E0(t − �τ ) + EL(t )] − r

r3 . A large ensemble of electron
trajectories on the order of 106 is simulated for analysis.

Figure 6 illustrates the integrated two-dimensional PMD:
TDSE and SC trajectory Monte Carlo simulations for (a) and
(b), respectively. The laser parameters are the same as in
Fig. 1. This SC simulation grasps the main feature of the final
photoelectron momentum distribution, especially accurately
revealing the GIM.

According to the Coulomb glory rescattering theory [36],
the transverse momentum distribution in the near-forward
direction for a fixed px would behave as

f (p⊥) ∼ J2
0 [bg

√
(py − py,L )2 + (pz − pz,L )2]. (C1)

The GIM in two independent directions (y and z) can be
extracted from the final 3D momentum distribution simulta-
neously, without interfering from the other direction.

Using a shooting method with a fixed final longitudinal
momentum px, we can reversely extract the initial condi-
tions for the glory trajectories, thus getting the value of the
asymptotic impact factor bg for every px. See Fig. 7. A
pure SC trajectory Monte Carlo simulation would yield a
logarithmiclike peak structure for the transverse momentum
distribution [black dotted lines in Figs. 1(b1) and (b2)]; this
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FIG. 6. Integrated photoelectron momentum distribution (PMD)
in the polarization direction, ionization of H atom by an OTC laser
field with time delay �τ = 0. TDSE and SC Monte Carlo simula-
tions for (a) and (b), respectively. Inset (a): Holographic interference
pattern by TDSE simulation. Blue diamonds in panel (a) are the peak
shift calculated by SC in panel (b).

results from the mathematical saddle points in the classical
deflection function [G1, G3 in Fig. 1(c) are two saddle points
of py = py(p⊥0)|η0=0.3] [63]. Therefore, if the saddle points
or, equivalently, the circle contour corresponding to the GTs
are not in the regime of significance of the initial transverse
momentum distribution, the Coulomb glory rescattering effect
would be suppressed. Back to the case discussed in our
research, this would roughly require that the electron drift due
to the weak test field should not be too large; a very rough
estimation would be

εL

ωL
�

√
ε0

κ
. (C2)

FIG. 7. Extracted asymptotic impact factor of the glory trajecto-
ries for different longitudinal momentum px .

The same criterion for an elliptically polarized strong laser
field has already been found [64]. Moreover, in nondipole
strong-field ionization, the transverse momentum drift due to

the radiation pressure scales as Up/c, where Up = ε2
0

4ω2
0

is the
ponderomotive potential and c is the speed of light in vacuum.
Since the same Coulomb glory rescattering effect causes
the counterintuitive peak shift of the transverse momentum
distribution in laser propagation direction [44,45], a similar

criterion Up

c �
√

ε0
κ

holds [65]. Like in the discussion about

nondipole ionization, Eq. (C2) is not a strict limitation; the
primary requirement is that the intensity of the test laser fields
should not be too large to render recollision ineffective.

The momentum drift due to a true electric field will typ-
ically be much larger than that due to the radiation pressure
εL
ωL

	 Up

c , so the peak position of transverse momentum dis-
tribution may be easier to measure in experiments for our
method. With the laser parameters and time step chosen in our
simulations, Up/c is on the same order of δp⊥. Fortunately for
a particular px, the peak shift due to the radiation pressure of
the fundamental laser field is a fixed value [48]; therefore if
the test laser field is superposed with its polarization parallel
to the propagation direction of the fundamental laser field,
then a constant value due to the radiation pressure should
be subtracted from the measured peak shift of the transverse
momentum distribution.

By further inspecting the FRF (Fig. 5), the frequency
components near a particular ωa ≈ 0.11 a.u. (corresponding
to about 400 nm) are mostly attenuated. Analyses of the FRF
with various intensities and frequencies of the fundamen-
tal fields indicate that ωa ≈ 2π

tr−t0
∼ 2ω0. Therefore for our

scheme to encompass shorter wavelengths, we can decrease
the wavelength of the fundamental laser field. Generally we
intend our method to measure the waveforms in the visible,
infrared, or even terahertz regimes, with relatively longer
wavelengths. From Fig. 5, we also conclude that if the test
light pulses only contain components with wavelengths longer
than about λ0 = 800 nm, the FRF can be expressed as

r(ω) ≈ (
1 − t2

βω2
)
ei(∓π+tαω). (C3)

FIG. 8. Blue open circles are the peak shifts extracted from
Figs. 4(a) and 4(b).
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FIG. 9. (a1)–(a3) Streaked photoelectron transverse momentum vs time delay for a triangle test light pulse. The reconstructed electric field
is shown in panels (b1)–(b3).

tα,β = tα,β (tR
0 , tr ) are small time parameters that are deter-

mined by the fundamental ionizing laser field (for larger px

when the Coulomb influence is small) and decrease with
increasing ω0. Further analysis of the FRF shows that tα ≈
tr+t0

2 , tβ ≈ tr−t0
2
√

6
for ω  ω0. (Note the absence of the imagi-

nary part of the tunneling time; this is another reason why a
SC trajectory-based method can yield very good results with
longer wavelengths of the test laser fields.) In the current
setup, tα ≈ 35 a.u., tβ ≈ 9 a.u. Then we have the simple
relationship

pL(�τ ) ≈ −AL(�τ + tα ) + t2
β

dEL

d�τ
(�τ + tα ), (C4)

where the second term on the right-hand side is much smaller
than the first term in the current setup. Numerical simulations
confirm this relationship (e.g., Fig. 8). If we naively decrease
the wavelength of the fundamental ionizing field indefinitely,

FIG. 10. (a) Streaking spectra for an octave-spanning linearly
chirped light pulse (px = 0.8). (b) The retrieved electric field (blue
dotted line).

the same result as that in the attosecond streak camera will be
achieved. Of course, this is not possible for our scheme.

The reason is that since the fundamental laser field E0 is
used to initiate the strong-field tunneling ionization process,
its intensity and wavelength should be adjusted to fall into the
tunneling ionization regime. A rough requirement would be

that the Keldysh parameter should be small [66]: γ =
√

Ip

2Up
�

1, Up = ε2
0

4ω2
0

is the ponderomotive potential. In the current
setup, γ = 0.87.

We have used a fundamental ionizing laser field with near-
single-cycle duration to avoid the multiple rescattering effect
[67]. While a laser field with more optical cycles can be used
in experiments, to suppress the multiple rescattering effects,
optical gating or double optical gating can be used to restrict
the recollision process to within one optical cycle [68,69].
Calculations with different combinations of the intensities and
carrier frequencies of the fundamental ionizing laser fields

FIG. 11. (a) Streaking spectra for a quadratically chirped light
pulse (px = 0.8). (b) The retrieved electric field (blue dotted line).
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indicate that Eq. (C3) is a very good approximation for the
FRF r(ω) when ω � ω0. Of course, if the test laser fields
contain significant frequency components that are larger than
ω0, one can still resort to the exact equation Eq. (B13).
A choice of the ionizing target with a smaller Ip may by
advantageous. In experiments, rare gas atoms like krypton or
xenon may be used. Some of these restrictions [Eq. (B11),
Eq. (B12), and Eqn. (C2)] may be relaxed a little due to a
seemingly redundancy of data, which will be discussed briefly
below.

APPENDIX D: DEMONSTRATION OF THE UTILITY
OF OUR THEORY WITH MORE WAVEFORMS

OF THE TEST LASER FIELDS

Figure 9 depicts the calculated results with a triangle wave.
The streaking traces are shown in panels (a1), (a2), and
(a3) for different final longitudinal momenta. In panels (b1),
(b2), and (b3), the extracted waveform by Eq. (B13) is also
illustrated.

In Figs. 10(a) and 10(b), the streaking photoelectron trans-
verse momentum spectra and extracted waveform are de-
picted for an octave-spanning linearly chirped pulse: EL(t ) =
εL fL(t ) cos(ωLt − ω2

L
12π

t2 + ψ ), the carrier frequency is ωL =
0.057 a.u., and the time duration is TL = 6 × 2π

ωL
. ψ is chosen

so that
∫

EL(t )dt = 0. And εL = 0.08 × ε0.
In Figs. 11(a) and 11(b), the streaking photoelectron trans-

verse momentum spectra and extracted waveform are depicted
for an quadratically chirped pulse: EL(t ) = εL fL(t ) sin(ωLt +
ω3

L
8π2 t3), the carrier frequency is ωL = 0.028 a.u., and the time
duration is TL = 4 × 2π

ωL
. Also εL = 0.08 × ε0.

APPENDIX E: DISCUSSION OF THE POSSIBILITY OF A
NEW STREAK CAMERA SCHEME IN THE ATTOSECOND

AND SUBFEMTOSECOND REGIME

In principle, our method is analogous to the attosecond an-
gular streaking (attoclock) technique [70]. While in attoclock,
the tunneling photoelectron wave packet (TPW) released by

FIG. 12. Integrated streaking asymptotic momentum py spectra vs time delay between the pump (central wavelength 800 nm, peak intensity
1.5 × 1014 W/cm2, time duration three optical cycles) and probe (central wavelength 1600 nm, peak intensity 2.4 × 1011 W/cm2, time duration
four optical cycles) lights. (a) TDSE calculation. (b, c) SC trajectory Monte Carlo simulation results. (d) Similar to (c) but the motion of
photoelectrons after tunneling is solved without ionic Coulomb force. In panels (a, b), dotted lines are calculated by SFA with fixed longitudinal
momenta px .
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a strong near-circularly-polarized laser field is streaked to
different angles by the same field, yielding a one-to-one map-
ping between the tunneling time and the final direction of the
asymptotic electron momentum. In our scheme, the TPW is
released by a strong linearly-polarized laser field, and careful
tailoring of the waveform of this pump pulse may lead to a
more confined TPW in the time domain [10]. Unfortunately,
the glory trajectories released at different tunneling times all
contribute to the same direction (parallel to the fundamental
laser polarization). Introducing a perpendicularly polarized
weak probe field lifts this degeneracy, yielding the one-to-one
correspondence between the tunneling time and the direc-
tion of infinite glory trajectories [Fig. 1(a), for different px

(different tunneling time), the glory interference maximum is
different]: t0 �→ pL.

Moreover, our scheme has an extra control knob compared
to the attoclock (in which the strong near-circularly-polarized
laser field acts both as the pump and the probe): the time delay
between the fundamental and test laser pulses can be varied.
This indicates that our method also bears some similarities to
the attosecond streak camera; in both cases, the photoelectron
transverse momentum and energy distribution for every time
delay is a mapped replica of the initial photoelectron transients

[71]. In Figs. 12(a), 12(b) and 12(c), the integrated streaking
transverse momentum spectra versus time delay are demon-
strated (with the longitudinal momentum px integrated out),
the streaking traces are obviously more “broadband”(along
the py axis). The width is more a measure of the TPW in the
time domain rather than a measure of the spread of the initial
transverse momentum distribution [Fig. 12(d)] [72].

This seeming redundancy of data may lead to much more
robust retrieval schemes. In an attosecond streak camera, this
is reflected in the fact that with a time-delayed streaking
spectrogram, both the temporal structures of the attosecond
XUV and near-infrared light pulses can be retrieved double-
blindly with accuracy, and the algorithm is very robust against
noises [31]. Our scheme may finally evolve to a similar status.
However, before that, a feasible theory that can nicely account
for the Coulomb effects should be developed [Eq. (B9) fails
especially for small px due to Coulomb potential influence.]
Although this theory is still lacking, our present work rep-
resents a first step toward a new streaking scheme in the
attosecond and subfemtosecond regime, which may be used
to probe the tunneling photoelectron transients or to time the
recollision dynamics [49,73], since rescattering is inherent in
the present scheme.
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