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Coherence, a strictly quantum phenomenon, has found many applications, from quantum information theory
and thermodynamics to quantum foundations and biology. When physical constraints are taken into consideration
creation of coherence in a system is usually impossible and must therefore be extracted from another system
acting as a reservoir. In this article we present two faithful extraction protocols in the sense that the interaction
involved between the system and reservoir is strictly coherence preserving. As an example we implement both
in the case where the reservoir is a quantum harmonic oscillator in a coherent and a squeezed state, respectively,
and study the limits of repeatable extraction. For a single extraction onto qubits it is demonstrated that, perhaps
surprisingly, one of the protocols manages to outperform a previous method, known as catalytic coherence, which
allows the creation of an extra amount of coherence between degenerate energy eigenstates of the combined
system.
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I. INTRODUCTION

One of the most striking features of quantum mechanics
is the notion of superposition, i.e., the idea that a quantum
system can exist in different states simultaneously, whether
this is an electron passing through both slits of a screen during
interference experiments or a cat which is both dead and
alive inside a box. Notions like these have been rigorously
defined both qualitatively and quantitatively [1] and recast
into the resource theory of coherence [2–4] and the resource
theory of quantum reference frames and asymmetry [5–8]
with applications ranging from metrology [9] and biology [10]
to thermodynamics [11–16] and the theory of entanglement
[17,18].

The amount of coherence present in a system is a useful
resource which enables one to lift restrictions imposed by
conservation laws and simulate transformations which would
otherwise be impossible. For example conservation of energy
forbids the creation of a pure state in a superposition of
different energy levels, from a system which starts initially
in a state of definite energy. The only way to achieve this
transformation is by extracting the desired superposition from
another system, which acts as a reservoir, using a coherence
extraction protocol.

In [11] such a protocol was proposed known as catalytic
coherence in which coherence can be extracted to a qubit
initially prepared in the ground state of its Hamiltonian by
interacting with a half-infinite ladder system in a superposi-
tion of its energy eigenstates, through an energy-conserving
unitary operation. By construction, this process is repeatable,
at the cost of some fixed amount of energy each time, allowing
one to extract in principle an arbitrarily large amount of
coherence from the reservoir.
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In Sec. III it will be shown that the interaction involved in
the above protocol creates an additional amount of coherence
between degenerate eigenstates of the combined system’s
Hamiltonian. Furthermore, this amount is always greater than
what is eventually extracted. An additional drawback lies in
the fact that the protocol can only be applied to reservoirs
with an infinite number of energy levels [19,20] (see also [21]
for additional criticisms regarding correlations between the
extracted qubits).

Motivated by this we focus attention on faithful extraction
protocols in which the interactions involved are strictly co-
herence preserving. This guarantees that the coherence gets
extracted from the reservoir and is not introduced in some
other way, making them suitable for studying degradation
effects [22–25]. In Sec. IV two examples of such protocols,
one able to extract a smaller and the other a larger amount
of coherence each time, are given which can be used on
reservoirs with a finite as well as an infinite number of energy
levels. In Sec. V these are implemented for a reservoir, in
a coherent and a squeezed state of the quantum harmonic
oscillator, respectively. After a short discussion on the limits
of repeatability, it will be shown that for the second protocol
coherence extraction to qubits is more efficient than what is
possible with [11].

We begin by giving a short introduction to the resource
theory of quantum coherence as well as a general description
of coherence extraction protocols.

II. RESOURCE THEORY OF QUANTUM COHERENCE

As in any resource theory (see [4,26] for a recent review)
the resource theory of quantum coherence is defined by the set
of free or incoherent states I and the set of free or incoherent
operations L. Let A denote a Hermitian observable of interest.
We will consider first the situation in which the spectrum of
A is nondegenerate. In this case the set of incoherent states is
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equal to all those density operators which commute with A

I (A) := {ρ|[ρ, A] = 0 }. (1)

The set of incoherent operations is now defined as those
completely positive and trace-preserving operations (CPTP),
�, mapping I (A) to itself

L(A) := {� ∈ (CPTP)|�(ρ) ∈ I (A),∀ρ ∈ I (A) }. (2)

By demanding A obey a conservation law, this set can further
be restricted to all those operations � ∈ L(A) satisfying

tr(Aρ) = tr(A�(ρ)) ∀ρ. (3)

In the following the set of incoherent operations conserving A
will be denoted by L̄(A).

By definition any state ρ �∈ I (A) is a resource. These states
are called coherent and their coherence can be quantified by a
non-negative real function C(·) on the set of density matrices.
Any true measure of quantum coherence must satisfy two
important properties: (i) faithfulness, i.e., C(ρ) = 0 iff ρ ∈
I (A) and (ii) monotonicity under incoherent operations, i.e.,
C(�(ρ)) � C(ρ), ∀� ∈ L(A).

An example of such a measure is given by the �1-norm of
coherence [2]

C�1 (ρ) =
∑
i �= j

|ρi j |, (4)

where ρi j are the nondiagonal elements of ρ in the eigenbasis
of A.

In the case of a degenerate spectrum, the set of incoherent
states and operations as well as those conserving A is given
again by Eqs. (1)–(3). This time states with coherence be-
tween degenerate eigenstates of A belong to I (A) and Eq. (4)
splits into two parts

C�1 (ρ) = Cusef (ρ) + Cfree(ρ), (5)

where

Cfree(ρ) = C�1 (�(ρ)) (6)

is the amount of degenerate coherence which can be created
for free by the action of a quantum operation belonging to
L(A) on any completely diagonal state and is stored in the
free state

�(ρ) =
∑

i

PiρPi, (7)

where Pi is the projection onto the eigenstates of A with the
same eigenvalue ai, and

Cusef (ρ) = C�1 (ρ) − C�1 (�(ρ)) (8)

is the amount of useful coherence between nondegenerate
eigenstates stored in the state due to a violation of Eq. (1).

Coherence extraction protocols

Let AS and BR be two Hermitian operators. With the help of
a reservoir R in state σR �∈ I (BR) containing coherence with
respect to observable BR and acting as a reservoir we can
simulate a coherent channel �σR �∈ L(AS ) acting on Hilbert
space HS .

Specifically suppose ρS ∈ I (AS ) is initially incoherent.
The desired channel is constructed by applying an incoherent
operation � ∈ L(AS + BR) on the composite system followed
by tracing out R

�σR (ρS ) = trR�(ρS ⊗ σR). (9)

Similarly we can also define the induced quantum channel
�ρS ∈ L(BR), acting on HR by

�ρS (σR) = trS�(ρS ⊗ σR). (10)

Since �σR �∈ L(AS ) and �ρS ∈ L(BR), it follows that for any
measure C(·)

C
(
�σR (ρS )

)
� 0 (11)

and

C
(
�ρS (σR)

)
� C(σR). (12)

As a result coherence has been extracted from the reservoir
and stored in system S. The protocol associated with Eqs. (9)
and (10) is called a coherence extraction protocol.

The maximum possible amount of extractable coherence is
known as the cohering power of the channel and is given by
[27,28]

C(�) = max
ρS∈I(AS )

C(�(ρS )). (13)

Equation (13) provides a measure of the efficiency of the
protocol.

III. CATALYTIC EXTRACTION PROTOCOL

The observables of interest in this case are the Hamil-
tonians HS = ε0|1〉〈1| and HR = ε0

∑∞
n=0 n|n〉〈n| of a qubit

and the reservoir. Note that the reservoir is a system with a
fixed energy difference between consecutive levels, equal to
ε0, which matches the excited energy of the qubit.

The protocol consists of two stages [11]. The first stage
shifts the reservoir up one level

D(σR) = 
σR
†, (14)

where 
 = ∑∞
n=0 |n + 1〉〈n| is the shift operator. Since


†
 = I , it follows that D is a trace preserving quantum
operation. On the other hand, this step requires an amount
of energy equal to ε0 to be consumed in the process, so D

is not energy conserving. This does not affect the discussion
however since, as we shall see in Sec. IV, it can always be
extended to an energy conserving unitary interaction between
σR and an additional qubit in its excited state. This additional
qubit is no longer needed for the rest of the protocol so we can
safely ignore its existence.

The second stage of the protocol consists of the following
energy conserving unitary interaction between the two sys-
tems:

V+(U ) =
(|0〉〈0| + U00

† U01


U10

† U11I

)
, (15)

where each block acts on HR and Ui j are the elements of some
unitary operator U acting on HS .
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Suppose that initially ρS = |0〉〈0|. From Eqs. (9) and (10)
we find that

�σR (|0〉) =
( |U00|2 U00U ∗

10tr(
σR)
U ∗

00U10tr(
†σR) |U10|2
)

(16)

and

�|0〉(σR) = |U00|2
σR
† + |U10|2σR. (17)

A key element of the protocol lies in the fact that
tr(
�|0〉(σR)) = tr(
σR). This means that the process can be
repeated with �|0〉(σR) acting as the new reservoir. Provided
a sufficient amount of energy, we can retrieve a sequence of
qubits all in the same state �σR (|0〉). It thus appears that it
is possible to extract an arbitrarily large amount of coherence
from the reservoir which acts as some kind of catalyst. This
phenomenon is also known as the coherence embezzling phe-
nomenon [29].

Let us now compute the amount of extracted coherence
stored in the qubit. Using the �1-norm as a measure we find
from Eq. (16)

C�1

(
�σR (|0〉)

) = 2|U00||U10||tr(
σR)|. (18)

On the other hand, for any n � 1,

V+(U )(|0〉 ⊗ |n〉) = U00|0〉 ⊗ |n〉 + U10|1〉 ⊗ |n − 1〉. (19)

With the help of Eq. (6) we see that the interaction is actually
responsible for creating an amount of

2|U00||U10| (20)

units of free coherence between degenerate eigenstates of the
combined system. Equation (18) depends on this extra amount
and |tr(
σR)|, which is a measure of the coherence originally
present in the reservoir. For this reason catalytic coherence
cannot be considered as a true extraction protocol and is
not suited for studying degradation effects in the reservoir
[22–25].

Moreover, since |tr(
σR)| � 1, it immediately follows that

C�1 (�σR (|0〉)) � 2|U00||U10| (21)

and therefore the amount of extracted coherence is always less
than that created in the combined system by the interaction.

IV. FAITHFUL EXTRACTION PROTOCOLS

We will now present two extraction protocols which are
faithful, in the sense that the interactions involved between the
two systems have zero cohering power and are thus incapable
of creating any extra amounts of coherence on the combined
system. For simplicity we will always assume that the systems
to which coherence is stored are qubits. The two protocols, a
weak version which is able to extract only a small amount
of coherence each time and the other, a stronger version,
able to extract a larger amount, are distinguished by the fact
that in the former only a single qubit is needed each time,
while in the latter, the number of qubits necessary increases
exponentially with respect to the number of extractions. It is
worth mentioning that unlike the case of catalytic extraction,
both protocols can be applied to reservoirs with a finite as well
as an infinite number of energy levels.

FIG. 1. Weak faithful extraction of quantum coherence from a
six-level energy ladder to a qubit initially in the ground state. The
protocol extracts the coherence between the ground and first excited
state of the reservoir and stores this amount into the qubit. After the
interaction the reservoir has lost a quantum of energy. The process
can be repeated at most five times.

A. Weak faithful extraction

Let’s consider the general case in which we wish to extract
coherence from a finite energy ladder reservoir with N + 1
levels and Hamiltonian HR = ε0

∑N
n=0 n|n〉〈n| to a qubit with

the same Hamiltonian as before. The interaction between the
reservoir and the qubit in this case is given by

V =
(|0〉〈0| 



† |N〉〈N |
)

, (22)

where 
 = ∑N−1
n=0 |n + 1〉〈n|. From 

† = I − |0〉〈0| and


†
 = I − |N〉〈N |, it can be checked that V is unitary and
also conserves the total energy. Moreover, since for any 0 �
n � N both

V (|0〉 ⊗ |n〉) = δ0n|0〉 ⊗ |0〉 + (1 − δ0n)|1〉 ⊗ |n − 1〉 (23)

and

V (|1〉 ⊗ |n〉) = (1 − δNn)|0〉 ⊗ |n + 1〉 + δNn|1〉 ⊗ |N〉 (24)

are incoherent, it follows that V is coherence conserving,
[C(V ) = 0], so V ∈ L̄(HS + HR).

If initially ρS = |0〉〈0|, then after the interaction

�σR (|0〉) =
(

σ00 σ01

σ ∗
01 1 − σ00

)
, (25)

where σnn′ = 〈n|σR|n′〉, are the matrix elements of σR and

�|0〉(σR) = σ00|0〉〈0| + 
†σR
. (26)

From Eq. (25) it can be seen that the amount of coherence
extracted in this case, measured using the �1-norm, is equal
to that between the ground and excited states of the reservoir
which loses a quantum of energy in the process (see Fig. 1).

Repeating the procedure we find by induction that the
amount of extracted coherence after m applications of the
protocol is equal to

C�1

(
ρ

(m)
S

) = 2|σm−1,m| (27)
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units of coherence, while the state of the reservoir after each
extraction is given by

σ
(m)
R =

m−1∑
k=0

σkk|0〉〈0| + (
†)mσR
m. (28)

Since 
N+1 = 0, it follows that after N repetitions of the
protocol the reservoir is in its ground state and extraction is
no longer possible.

For a reservoir with an infinite number of energy levels
(N → ∞), the interaction is given by Eq. (15) with U the σx

Pauli matrix

V+(σx ) =
(|0〉〈0| 



† 0

)
. (29)

This time extraction is only possible for a qubit initially in its
ground state for which Eqs. (27) and (28) remain the same. If
the qubit is excited, then after the interaction it will relax to its
ground state and the new state of the reservoir will be given
by Eq. (14). Note that V+(σx ) is simply the unitary interaction
that is necessary in order to implement the first step of the
catalytic extraction protocol.

B. Strong faithful extraction

Consider now the following interaction:

V =
(

P2 
P2

P2

† 
P2


†

)
, (30)

where

P2 =
N/2−1∑

n=0

|2n〉〈2n| (31)

is the projection onto the subspace spanned by the even
eigenstates of the reservoir’s Hamiltonian, where we have
also tacitly assumed that the number of energy levels is also
even. This leads to no loss of generality, since a reservoir
with an odd number of energy levels can always be thought
of as being part of some larger system. Making use of the
fact that 
P2


† = I − P2 and P2
P2 = 0 it can be shown that
once again V is unitary and energy conserving, [Htot,V ] = 0,
where Htot = HS + HR is the total Hamiltonian of the com-
bined system.

Since for i, j = 0, 1 and any 0 � n � N/2 − 1

V (|i〉 ⊗ |2n + j〉) = | j〉 ⊗ |2n + i〉, (32)

it follows that C(V ) = 0 and V ∈ L̄(HS + HR), so the protocol
is faithful.

Suppose that ρS = |0〉〈0|; then after the interaction

�σR (|0〉) =
(

tr(P2σR) tr(
P2σR)
tr∗(
P2σR) 1 − tr(P2σR)

)
, (33)

�|0〉(σR) = P2σRP2 + P2

†σR
P2, (34)

and the amount of extracted coherence is equal to

C�1

(
�σR (|0〉)

) = 2|tr(
P2σR)|. (35)

Expanding tr(
P2σR) = ∑
n σ2n,2n+1, it can be seen that the

protocol essentially extracts the coherence between disjoint
pairs of consecutive energy levels of the reservoir and stores

FIG. 2. Strong faithful extraction of quantum coherence from a
six-level energy ladder to a qubit initially in the ground state. The
protocol extracts the coherence between disjoint pairs of consecutive
energy levels of the reservoir and stores this amount into the qubit.
After extraction any remaining coherence between energy levels with
distance ε0 in the reservoir has been destroyed. The process can be
repeated to extract coherence from energy levels with distance 2ε0

onto a pair of qubits. The protocol cannot be repeated more than
three times.

this amount into the qubit (see Fig. 2). Comparing this case
with that discussed previously, it is expected that, for a single
extraction from the same reservoir, this protocol will generally
outperform the weaker one (for strong faithful extraction to
systems with more energy levels see the Appendix).

From Eq. (34) we observe that because the reservoir
has been projected onto the subspace of even energy lev-
els, any remaining coherence between levels with energy
difference equal to ε0 has now been destroyed. In order
to extract coherence a second time we now need a pair
of qubits both in their ground state. Treating this pair
as an effective two level system with excited energy 2ε0

we can substitute P2 → P4 = ∑
n |4n〉〈4n|, 
 → 
2P2 =∑

n |2n + 2〉〈2n|, and σR → �|0〉(σR) in Eqs. (34) and (35) to
calculate the newly extracted amount. Iterating this process it
can be shown by induction that after m extractions an amount
of

C�1

(
ρ

(m)
S

) = 2
∣∣tr(
2m−1

P(m)
2 σR

)∣∣ (36)

units of coherence has been stored onto a system of 2m−1

qubits with combined Hamiltonian

H (m)
S =

2m−1⊕
i=1

HS, (37)

where

P(m)
2 =

2m−1−1∑
k=0


kP2m (
†)k (38)

and P2m = ∑
n |2mn〉〈2mn|, where the summation is taken over

those integer values n � N/2m − 1.
In a similar fashion the state of the reservoir after each

extraction will be equal to

σ
(m)
R = P2m

(
2m−1∑
k=0

(
†)kσR
k

)
P2m . (39)
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Since the total energy of all extracted qubits cannot exceed
that of the highest occupied energy of the reservoir [(N −
1)ε0], the protocol can be repeated at most �log2 N
 times.

V. EXTRACTION FROM A QUANTUM HARMONIC
OSCILLATOR

We will now implement both protocols in the case where
the reservoir is a quantum harmonic oscillator in the coherent
state [30]

|a〉 = e− |a|2
2

∞∑
n=0

(eiφ|a|)n

√
n!

|n〉, (40)

as well as the single mode squeezed vacuum state [31]

|SMSV〉 = 1√
cosh r

∞∑
n=0

(−eiφ tanh r)n

√
(2n)!

2nn!
|2n〉, (41)

where |a|, r � 0 are coherence parameters and φ a phase.

A. Weak faithful extraction

With the help of Eq. (27) we find that the amount of
extracted coherence after m applications of the protocol is
equal to

C�1

(
ρ

(m)
S

) = 2 e−|a|2 |a|2m−1

√
(m − 1)!(m)!

(42)

for a reservoir in the coherent state and

C�1

(
ρ

(m)
S

) = 2
(tanh r)2m−1

cosh r

√
(2m − 2)!(2m)!

22m−1(m − 1)!m!
(43)

for the squeezed state. In both cases the amount of extracted
coherence is independent of the phase.

In Fig. 3 we present the extracted amount as a function of
the coherence parameter for different values of m. We observe
that for the coherent reservoir this amount fluctuates depend-
ing on the value of |a|, while in the case of the squeezed
reservoir the amount of extracted coherence decreases with
each extraction. In both cases only a finite amount can be
extracted in total since the maximum possible value decreases
with m as can be seen directly from Eqs. (42) and (43).

B. Strong faithful extraction

This time with the help of Eq. (36) it can be shown that an
amount of

C�1

(
ρ

(m)
S

) = 2
2m−1−1∑

k=0

F2m;k,k+2m−1 (|a|2) (44)

units of coherence gets extracted from the coherent reservoir,
while for the squeezed case this amount is equal to

C�1

(
ρ

(m)
S

) = 2

cosh r

2m−1−1∑
k=0

G2m;k,k+2m−1 [(tanh r)2], (45)

where the functions F and G are given by

Fd;k,k′ (x) = e−x
∞∑

n=0

xnd+ k+k′
2√

(nd + k)!(nd + k′)!
, (46)

FIG. 3. Amount of extracted coherence measured in �1-norm
units from a quantum harmonic oscillator after (from top to bottom)
m = 1, 2, 3, 4, 5 applications of the weak extraction protocol. (a) Co-
herent reservoir. (b) Squeezed reservoir.

Gd;k,k′ (x) =
∞∑

n=0

(
x

4

)nd+ k+k′
2

√
(2nd + 2k)!(2nd + 2k′)!

(nd + k)!(nd + k′)!
.

(47)

Once again as in the weak case the amount of extracted
coherence is independent of the phase.

In Fig. 4 we present the extracted amount as a function of
the coherence parameter for different values of m. For both
states of the reservoir it seems that in the limit of very large
parameter values the same amount of coherence gets extracted
irrespective of the number of repetitions. This follows from
the fact that for |a| → ∞ and r → 1

lim
x→∞ Fd,k,k′ (x) = lim

x→1
Gd,k,k′ (x)

√
1 − x = 1

d
. (48)

(For a formal proof see the Appendix.)
Because the strong protocol treats the combined system of

2m−1 qubits needed each time for extraction as an effective
two level system, all of the coherence extracted gets stored
between the ground and highest energy level of the system.
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FIG. 4. Amount of extracted coherence from a harmonic oscillator after (from top to bottom) m = 1, 2, 3, 4, 5 applications of the strong
extraction protocol. (Upper) Extracted amount in �1-norm units. (Bottom) Relative to maximum useful amount for a system of 2m−1 qubits.
(a) Coherent reservoir. (b) Squeezed reservoir.

This excludes a very large number of levels that could poten-
tially be used for storing. The amounts given in Eqs. (44) and
(45) should therefore be compared to the maximum possible
amount of useful coherence which can be stored in the system.
This is given by Eq. (8) for ρ equal to the maximally coherent
pure state of d dimensions

|ψd〉 = 1√
d

d−1∑
i=0

|i〉, (49)

which for a system of M qubits is equal to

Cmax = 2M − (2M )!

2M (M!)2
. (50)

From Fig. 4 it can be seen that compared to this amount
extraction becomes negligible for both reservoirs after four
repetitions.

VI. DISCUSSION

Even though the catalytic coherence protocol is useful for
implementing any coherent channel on a qubit [by choosing
a reservoir with tr(
σR) = 1 it can be shown that �σR (ρ) =
UρU †], it cannot be considered as a true extraction protocol

since there is always a free amount of coherence that gets
injected into the combined system by the interaction, part of
which is stored into the extracted system. As a matter of fact it
was shown in Eq. (21) that more coherence is actually injected
than what is finally extracted. An additional drawback lies in
the fact that it can only be applied to reservoirs with an infinite
number of energy levels and also requires expenditure of an
amount of energy equal to ε0 each time.

In contrast the two protocols developed in Sec. IV, which
require no consumption of energy and can also be applied to
any reservoir (see Table I), are faithful since by construction
the interactions involved are incapable of creating additional
amounts of coherence. This in turn implies that any amount

TABLE I. Comparison between catalytic coherence and faithful
extraction protocols.

Finite Energy Qubits
reservoir (per repetition) (per repetition)

Catalytic No ε0 1
Weak Yes 0 1
Strong Yes 0 2m−1
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FIG. 5. Cohering power of strong (upper curve) and catalytic
(lower curve) extraction protocols for a reservoir in the coherent
and vacuum squeezed states of a harmonic oscillator. (a) Coherent
reservoir. (b) Squeezed reservoir.

extracted must have necessarily originated in the reservoir.
This fact is evident in Figs. 3 and 4, where the amount of
extracted coherence generally decreases for finite values of
the coherence parameter due to degradation effects in the
reservoir.

Although the stronger protocol in general is able to extract
a larger amount than the weaker version, it was demonstrated
that since the number of qubits required each time grows
exponentially with each extraction, this amount as compared
to the maximum amount of useful coherence that can in
principle be stored in the system becomes very small after
a few repetitions. It is nonetheless interesting to compare its
cohering power with that of catalytic coherence in the case
of a single extraction from the coherent and squeezed reser-
voirs. Since for the strong protocol the amount of extracted
coherence is independent of the initial state of the qubit, its
cohering power is equal to Eq. (35). In Fig. 5 we compare this
with the cohering power for the catalytic case which is given
by |tr(
σR)|. It can be seen that for both reservoirs the strong
protocol actually outperforms catalysis for any value of the
coherence parameter. This is perhaps surprising considering

the fact that in the former case no extra coherence has been
introduced during extraction.

As was also pointed out in [11], the interaction given by
Eq. (29) for the weak protocol resembles closely that between
a qubit and a single mode of the electromagnetic field given
by the Jaynes-Cummings Hamiltonian [32,33]

H = g

(
0 a†

a 0

)
, (51)

where a and a† are the annihilation and creation operators
of the field and g is a coupling constant (for use of the
Jaynes-Cummings interaction in coherence and catalysis, see
[34]). It is interesting to note that the same kind of interaction
also features in entanglement harvesting protocols [35–38].
This raises the possibility of extraction of coherence from the
vacuum state of a quantum field.

An open question is whether other faithful extraction pro-
tocols exist which could outperform the ones presented here.
How to modify the protocols for reservoirs with energy levels
of unequal distance, e.g., an atom, would also be of interest.
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APPENDIX

1. Strong faithful extraction of quantum coherence
stored in d-level systems

Let

HS = ε0

d−1∑
i=0

i|i〉〈i| (A1)

be the Hamiltonian of a system with d-energy levels that will
act as a storage for coherence. In order to extract coherence
from a larger system with Hamiltonian

HR = ε0

N−1∑
n=0

n|n〉〈n|, (A2)

we need to interact the combined system with the following
unitary interaction

V =
d−1∑

i, j=0

|i〉〈 j| ⊗ 
 jPd (
†)i, (A3)

where

Pd =
N/d−1∑

n=0

|nd〉〈nd| (A4)

is the projection onto the subspace spanned by those eigen-
states of HR with energies some multiple of d and


 =
N−2∑
n=0

|n + 1〉〈n| (A5)

042325-7



NIKOLAOS K. KOLLAS AND KOSTAS BLEKOS PHYSICAL REVIEW A 101, 042325 (2020)

is the shift operator. Since it can always be assumed that the
reservoir is part of some larger system, we only consider the
case in which the number of energy levels of the reservoir is
also some multiple of d , (N mod d ) = 0. From

Pd (
†)i
 jPd = δi jPd (A6)

and

d−1∑
i=1


iPd (
†)i = IR, (A7)

it can be shown that V is indeed unitary and also energy
conserving, [Htot,V ] = 0, where Htot = HS + HR is the total
Hamiltonian of the combined system. Since for any 0 � i, j �
d − 1 and 0 � n � N/d − 1,

V (|i〉 ⊗ |dn + j〉) = | j〉 ⊗ |dn + i〉, (A8)

it follows that C(V ) = 0 and V ∈ L̄(HS + HR), so the protocol
is faithful.

Suppose that initially ρS = |0〉〈0|; evolving the combined
system with the help of Eq. (A3) and tracing out the reservoir
we find that the state of the system is given by the action of an
induced channel �σR acting on HS

�σR (|0〉) =
d−1∑

i, j=0

tr(
 jPd (
†)iσR)|i〉〈 j|. (A9)

Similarly by tracing out S we obtain the new state of the
reservoir given by the action of an induced quantum channel
�|0〉 acting on HR

�|0〉(σR) = Pd

(
d−1∑
i=0

(
†)iσR
i

)
Pd . (A10)

From Eq. (A9), the amount of extracted coherence, as mea-
sured using the �1-norm of coherence, is equal to

C�1

(
�σR (|0〉)

) = 2
d−1∑

j>i=0

|tr(
 jPd (
†)iσR)|. (A11)

By expanding

tr(
 jPd (
†)iσR) =
N/d−1∑

n=0

σnd+i,nd+ j, (A12)

where σn,n′ = 〈n|σR|n′〉 are the reservoir’s elements, we can
observe that the protocol extracts the coherence between
disjoint pairs of energy levels of the reservoir with labels
(n mod d ) = i and (n mod d ) = j and stores it as coherence
between the ith and jth energy level of the system (Fig. 6).

From Eq. (A10) it follows that we can treat the reservoir as
a system with an effective Hamiltonian equal to

H ′
R = Pd HRPd . (A13)

In order to extract coherence a second time we therefore
need to scale the extracted system’s Hamiltonian by a factor
of d . Replacing Pd → Pd2 , 
 → 
d Pd , and σR → �|0〉(σR)
in Eq. (A11) we can compute the newly extracted amount.
Repeating the same kind of reasoning each time it can be

FIG. 6. Strong faithful extraction from a six-level energy reser-
voir onto a three-level system initially in its ground state. The proto-
col extracts the coherence between disjoint pairs of energy levels of
the reservoir and stores it as coherence between corresponding en-
ergy levels in the system. After extraction any remaining coherence
between energy levels with distance less than 3ε0 in the reservoir
has been destroyed. Note that the process cannot be repeated if we
wish to extract further coherence to a three-level system, but can be
repeated for extraction to three qubits.

shown by induction that, after m extractions, the state of the
extracted system with Hamiltonian

H (m)
S =

dm−1⊕
i=1

HS (A14)

will be equal to

ρ
(m)
S =

d−1∑
i, j=0

tr
(

 jdm−1

P(m)
d (
†)idm−1

σR
)|i(m)〉〈 j (m)|, (A15)

where |i(m)〉 denote eigenstates of H (m)
S with energy equal to

idm−1ε0,

P(m)
d =

dm−1−1∑
k=0


kPdm (
†)k (A16)

and

Pdm =
∑

n

|ndm〉〈ndm|, (A17)

where the sum is taken over those integer values of n �
N/dm − 1. Similarly the reservoir each time will be reduced
to

σ
(m)
R = Pdm

(
dm−1∑
i=0

(
†)iσR
i

)
Pdm (A18)

and the amount of extracted coherence is equal to

C�1

(
ρ

(m)
S

) = 2
d−1∑

j>i=0

∣∣tr(
 jdm−1
P(m)

d (
†)idm−1
σR

)∣∣ (A19)

units of coherence. Since the total energy of the extracted
systems cannot exceed that of the reservoir, (N − 1)ε0, it
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follows that

(d − 1)ε0

M∑
m=1

dm−1 � (N − 1)ε0 (A20)

so the protocol cannot be repeated more that M = �logd N

times.

2. Asymptotic behavior of F and G

Lemma 1. Let

Fd;k,k′ (x) = e−x
∞∑

n=0

xnd+ k+k′
2√

(nd + k)!(nd + k′)!
, (A21)

with 0 � k, k′ � d − 1, then

lim
x→∞ Fd;k,k′ (x) = 1

d
. (A22)

Proof. Let N be a sufficiently large integer and

cn(d ) = 1√
(nd + k)!(nd + k′)!

, (A23)

then

exx− k+k′
2 Fd;k,k′ (x) =

N∑
n=0

cn(d )xnd +
∑
n>N

cn(d )xnd . (A24)

By logarithmic convexity of the gamma function it follows
that for very large values of n

√
(nd + k)!(nd + k′)! � �

(
nd + k + k′

2
+ 1

)
, (A25)

Eq. (A24) can then be rewritten as

exx− k+k′
2 Fd;k,k′ (x) �Ed, k+k′

2 +1(xd )+
N∑

n=0

xnd

(
1√

(nd+k)!(nd+k′)!

− 1

�
(
nd + k+k′

2 + 1
)
)

, (A26)

where

Eα,β (x) =
∞∑

n=0

xn

�(an + b)
(A27)

is the two parameter Mittag-Leffler function. Multiplying

Eq. (A26) by e−xx
k+k′

2 , taking the limit x → ∞, and employ-
ing the asymptotic expansion of Eα,β (x) [39],

Ed, k+k′
2 +1(xd ) = 1

d
x− k+k′

2 ex + 1

d

∑
s�1

X
− k+k′

2
s eXs + O(x−d )

(A28)
completes the proof. �

Lemma 2. Let

Gd;k,k′ (x) =
∞∑

n=0

(
x

4

)nd+ k+k′
2

√
(2nd + 2k)!(2nd + 2k′)!

(nd + k)!(nd + k′)!
(A29)

with 0 � k, k′ � d − 1, then

lim
x→1

Gd;k,k′ (x)
√

1 − x = 1

d
. (A30)

Proof. Let N be a sufficiently large integer and

cn(d ) = 1

22nd+k+k′

√
(2nd + 2k)!(2nd + 2k′)!

(nd + k)!(nd + k′)!
, (A31)

then

x− k+k′
2 Gd;k,k′ (x) =

N∑
n=0

cn(d )xnd +
∞∑

n>N

cn(d )xnd . (A32)

Employing Stirling’s approximation

cn(d ) � 1√
nπd

� (2n)!

22n(n!)2

1√
d

, n � 1 (A33)

and Eq. (A32) can be rewritten as

x− k+k′
2 Gd,k,k′ (x)

� 1√
d

∞∑
n=0

xnd (2n)!

22n(n!)2
+

N∑
n=0

xnd

(
cn(d ) − 1√

d

(2n)!

22n(n!)2

)

= 1√
d (1 − xd )

+
N∑

n=0

xnd

(
cn(d ) − 1√

d

(2n)!

22n(n!)2

)
.

(A34)

Multiplying each side by x
k+k′

2
√

1 − x and taking the limit
x → 1 completes the proof. �
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