
PHYSICAL REVIEW A 101, 033406 (2020)

Spiral nuclear momentum distribution for the dissociation of H2
+ in a

circularly polarized laser pulse

Zhen Chen,1 Pei-Lun He,1 and Feng He 1,2,*

1Key Laboratory for Laser Plasmas (Ministry of Education) and Department of Physics and Astronomy, Collaborative Innovation Center of
IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China

2CAS Center for Excellence in Ultra-intense Laser Science, Shanghai 201800, China

(Received 16 July 2019; accepted 19 February 2020; published 11 March 2020)

The dissociation of H2
+ in a circularly polarized laser pulse is numerically studied by simulating the time-

dependent Schrödinger equation. After absorbing one or three photons, the nuclear wave packets carrying the
angular momenta h̄ and 3h̄ dissociate along the 2pσu state. Due to the broad initial kinetic-energy distribution
of the superimposed nuclear vibrational states, the one-photon and three-photon dissociation pathways may end
with the same kinetic energy. These coexisting dissociation pathways with same parities but different orbital
angular momenta interfere with each other, resulting in the spiral nuclear momentum distribution in the laser
polarization plane. The interference structure in the nuclear momentum distribution offers another freedom to
identify the dissociation pathways of molecules in strong laser fields.
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With the advent of ultrashort laser technologies, ultrafast
physics has attracted attention in past decades [1,2]. Among
the fascinating ultrafast phenomena, molecular dissociation
is one of the most fundamental processes, and thus has been
studied extensively. Because of the simplicity, H2 and its ion
have worked as prototypes for the study of molecular disso-
ciation [3–5] and many dissociation pathways have been ex-
plored. The typical dissociation pathways of H2 are sketched
in Fig. 1(a). First of all, one electron of H2 is stripped off by
the laser pulse. Then, the nuclear wave packet of H2 undergoes
the vertical transition (Frank-Condon principle) and starts to
relax in the 1sσg potential surface [6]. When the internuclear
distance reaches certain values where the energy gap between
1sσg and 2pσu states is close to multiple photon energies, H2

+
may resonantly absorb several photons if the laser field is still
on, and propagate along the 2pσu potential surface. Because
of the opposite parities of the 1sσg and 2pσu states, H2

+ only
absorbs odd-number photons, and the most well-known path-
ways are the one-photon [7] and three-photon [8] dissociation,
as sketched by the green and orange arrows respectively. If
the laser pulse is long enough, the net-two-photon dissociation
[9] (not shown) becomes important. Besides that, dissociation
ending with very little energy occurs in single-color pulses
via a dynamic Raman process [8] or in two-color laser pulses
via absorbing one blue photon and emitting one red photon
[10]. Recently, Yamaguchi et al. [11] calculated the two-
photon dissociation mediated by the excited vibrational state
of H2

+ using the nonuniform optical near field. The different
dissociation pathways can be recognized in experiments by
calibrating the kinetic-energy releases (KER) of dissociative
fragments.
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The exploration of different dissociation mechanisms sub-
stantially advances the ultrafast physics, particularly, mak-
ing the molecular dissociation controllable with the ongoing
laser technologies. Picón et al. [12] realized a many orders-
of-magnitude enhancement of the vibrational excitation and
dissociation of H2

+ at infrared wavelengths. Yue et al. [13]
and Holzmeier et al. [14] calculated and confirmed the control
of vibration, dissociation, and ionization in intense vacuum
ultraviolet laser pulses. The branching ratio of two-photon and
three-photon above-threshold dissociation can be controlled
by gating the dissociation pathway on a few-femtosecond time
scale [15]. The electron localization after the dissociation can
be controlled by the carrier-envelope phase of a few-cycle
laser pulse [16–24] or the time delay between the attosecond
pulse and the infrared pulse [25–27]. Some other strategies
of controlling electron localization are also realized, such as
two-color laser pulses [28–30], or attosecond pulse train plus
the few-cycle laser pulse [31,32]. The electron localization
during the dissociation can also be controlled by the ejected
electron from H2 [33,34].

It is generally believed that the one-photon and three-
photon dissociation pathways have no energy overlap since
the two pathways differ by two photons. However, when H2

+
stretches to the internuclear distance for one-photon resonant
excitation, the nuclear wave packet may already acquire non-
negligible kinetic energies [35]. Therefore, after counting
on this kinetic energy, the one-photon dissociation pathway
might end with the KER which is comparable with the three-
photon dissociation pathway. Different from the coexistent
one-photon and net-two-photon dissociation pathways with
opposite parities, the coexistent one-photon and three-photon
pathways have the same parity but different angular momenta,
and thus they may interfere with each other.

In this work, we study the dissociation of H2
+ in a few-

cycle circularly polarized laser field with a two-dimensional
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two-channel model. Clear interference structures of one-
photon and three-photon dissociation pathways are observed
in the nuclear momentum and KER distributions. First, the
ground state of H2 is copied onto the 1sσg state, giving birth to
the initial nuclear wave packet depicted by the Franck-Condon
approximation. The initial nuclear wave packet isotropically
distributes in the polarization plane. After freely propagating
the nuclear wave packet for several femtoseconds, a circularly
polarized 800-nm laser pulse is then introduced to dissociate
the stretched H2

+. Each cycle of the circularly polarized laser
pulse launches the nuclear wave packet from the 1sσg state to
the repulsive 2pσu state, creating spiral dissociating nuclear
wave packets.

Numerically, we started the simulation just after the single
ionization of H2 by assuming that an isotropic nuclear wave
packet of H2 has been vertically launched onto the 1sσg

potential surface by an isolated circularly polarized attosecond
pulse. Since the dissociation of H2

+ mainly relates to the two
lowest electronic states, the molecular wave packet of H2

+
can be approximately written as �(r, R, t ) = χg(R, t )|g〉 +
χu(R, t )|u〉, where |g〉 and |u〉 are the R-parametric electron
wave functions in the 1sσg and 2pσu states, respectively [36].
r and R denote the electron displacement and the internuclear
displacement. χg(R, t ) and χu(R, t ) are the nuclear wave
packets associated with |g〉 and |u〉. In our simulations, R is
restricted in the two-dimensional laser polarization plane (Rx,
Ry). The dissociation of H2

+ is governed by the two-channel
time-dependent Schrödinger equation (TDSE) [36] (atomic
units are used throughout unless otherwise stated),

i
∂

∂t

(
χg(Rx, Ry, t )
χu(Rx, Ry, t )

)
= (H0 + HI )

(
χg(Rx, Ry, t )
χu(Rx, Ry, t )

)
(1)

with

H0 =
(

P2
x +P2

y

2M + Vg(Rx, Ry) 0

0
P2

x +P2
y

2M + Vu(Rx, Ry)

)
(2)

and

HI =
(

0 D(Rx, Ry)F (t )
D(Rx, Ry)F (t ) 0

)
, (3)

where M = 918 a.u. is the reduced nuclear mass, Px and
Py are the nuclear momentum operators, and Vg(Rx, Ry) and
Vu(Rx, Ry) are the potential surfaces for the 1sσg and 2pσu

states, respectively. F (t ) is the laser field to be used. D(Rx, Ry)
is the dipole matrix representing the coupling between the
two electronic states. At the beginning of the simulation,
χg(Rx, Ry, t = 0) is set to be the ground nuclear wave packet
of H2, which is obtained by imaginarily propagating a guessed
function on the X 1�+

g potential surface of H2 until the energy
fluctuation is less than 10−15 [37]. No population is on the
2pσu state initially, i.e., χu(Rx, Ry, t = 0) = 0. After the laser-
H2

+ interaction, we kept propagating the nuclear wave packet
until the dissociative part clearly separates from the bound vi-
brational states. By Fourier transforming the dissociative wave
packet, we obtained the nuclear momentum wave packet,
from which the energy distribution can be further achieved.
We used the split-operator algorithm to propagate the wave
packets [38]. The spatial steps are dRx = dRy = 0.04 a.u., and

FIG. 1. (a) The related potential curves for the ultrafast reaction
of H2 in strong laser fields and the sketch of one-photon and three-
photon dissociation of H2

+. (b) The time evolution of dissociated
nuclear wave packets of Franck-Condon state H2

+ in a few-cycle
circularly polarized laser pulse. Clear spiral structures finally come
into being in the wave packets.

the time step is dt = 0.2 a.u. The simulation box is big enough
to hold all wave packets during the interaction and thereby no
absorbing boundaries are needed.

After freely propagating the initial nuclear wave packet on
the 1sσg surface for �t = 5 fs, we introduced the laser field

F(t ) = E0{cos[ω(t − �t ) + α]x̂ + sin[ω(t − �t ) + α]ŷ}
× sin2[π (t − �t )/τ ], �t < t < τ + �t (4)

to dissociate H2
+ to different directions. α is the carrier

envelope phase. The laser intensity is 1014 W/cm2, τ = 4T
with the optical cycle T = 2π/ω and ω = 0.057 a.u. We
depict the time evolution of dissociated nuclear wave pack-
ets in Fig. 1(b). Also the movies for nuclear wave packet
propagation with and without the circularly polarized field
applied can be found in the Supplemental Material [39].
Figures 2(a) and 2(b) show the momentum distributions of
nuclei dissociated along the 1sσg and 2pσu potential surfaces.
One may clearly see spiral structures in nuclear momen-
tum distributions, which share a similar structure observed
in photoionization [40–43]. The spiral nuclear momentum
distribution can be transformed into the angle-resolved KER
distribution, as shown in Figs. 2(c) and 2(d).

As shown in Figs. 2(a) and 2(b), the dissociation along the
2pσu state has the dominant probability over the dissociation
along the 1sσg state for the laser parameters used, thus we
first focus on the dissociation along the 2pσu state. The
angle-resolved KER distribution shown in Fig. 2(d) can be
roughly grouped into two parts. The part with a dominating
probability in the energy range below 1.2 eV presents an
almost horizontal band. The high-energy part (>1.2 eV),
which has a much smaller probability, presents several stripes
with the energy separation about 0.5 eV. The low-energy part
is recognized as the one-photon dissociation by resonantly ab-
sorbing one photon at R = 4.74 a.u., which has been discussed
extensively [7,24]. The stripes covering the energy range from
1.2 to 3 eV have never been observed before as far as we
know.
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FIG. 2. (a),(b) The momentum distributions contributed by the
dissociation along the 1sσg state and 2pσu state respectively.
(c),(d) The angle-resolved KER distributions contributed by the
dissociation along the 1sσg state and 2pσu state respectively. The
laser central wavelength, pulse duration and intensity are 800 nm,
4T , and 1014 W/cm2.

Since all these dissociative fragments shown in Fig. 2(d)
are purely contributed by the dissociation along the 2pσu state,
the dissociation must be induced by absorbing odd numbers of
photons according to the parity conservation [24]. Due to the
broad initial nuclear kinetic-energy distribution acquired dur-
ing the molecular stretching, the KER obtained by absorbing
different photons may overlap each other, which impedes to
identify the absorbed photon numbers in the energy spectra.
However, according to the angular momentum conservation
in the interaction, the angular momenta of the dissociative
fragments directly map the absorbed photon numbers since
the angular momentum of H2

+ is absolutely zero just after
the single ionization of H2. The expected KER-dependent
angular momentum along the laser propagation direction for
the fragments dissociated along the 2pσu potential surface
is 〈Lz,u(KER)〉 = 〈χ̃u(KER, φ)|R × PR|χ̃u(KER, φ)〉, where
φ is the nuclear emission angle. The angle-resolved nuclear
energy wave packet χ̃u(KER, φ) is transformed from the
final dissociative nuclear wave packet in momentum rep-
resentation. Similarly, the angular momentum 〈Lz,g(KER)〉
for the dissociation along the 1sσg state can also be calcu-
lated by 〈Lz,g(KER)〉 = 〈χ̃g(KER, φ)|R × PR|χ̃g(KER, φ)〉.
Specifically, we equally divided the nuclear wave packets of
Fig. 2(c) [or 2(d)] into nine parts for different KER ranges
with the sampling interval �KER = 0.33 eV, and then the
expected angular momentum 〈Lz,g(KER)〉 [or 〈Lz,u(KER)〉] of
every part can be obtained. The results are shown in Fig. 3(a).
For the dissociation along 2pσu potential surface, the angular
momentum is exactly 1 for the events having energy less
than 1 eV, which indicates that H2

+ absorbs one photon
and undergoes the pure one-photon dissociation pathway.
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FIG. 3. (a) The KER-dependent angular momenta contributed by
the dissociation along the 1sσg state (the green line with squares)
and 2pσu state (the black line with circles). (b) The KER-dependent
relative proportions of one-photon pathway (the blue line with
lower triangles) and three-photon pathway (the red line with upper
triangles). The laser parameters are the same as those used in
Fig. 2.

For the KER in the range of [1.2 eV, 3 eV], the expected
angular momentum varies between 1 and 3, which indicates
the mixture of the one-photon and three-photon dissociation
pathways if events of absorbing five or even more photons
are negligible. For the dissociation along the 1sσg potential
surface, the angular momentum is very close to zero, which
suggests that the zero-photon process is the main dissoci-
ation pathway and net-two-photon dissociation contributes
a little. Thus, the stripes in Fig. 2(c) are induced by the
interference of zero-photon and net-two-photon dissociation
pathways.

With the expected angular momenta, one may formulate
the proportions of zero-, two-, one-, and three-photon
pathways as W0(KER) = 1 − 〈Lz,g(KER)〉/2, W2(KER) =
〈Lz,g(KER)〉/2, W1(KER) = [3 − 〈Lz,u(KER)〉]/2, and
W3(KER) = [〈Lz,u(KER) − 1〉]/2. Figure 3(b) shows the
relative proportion when H2

+ dissociates along the 2pσu

potential surface.
As a verification of the above conclusion based on the an-

gular momentum analysis, we reproduced the interference of
different dissociation pathways with a perturbation analysis.
Specifically, we expanded the nuclear wave packet perturba-
tively in the Lippmann-Schwinger equation [44], i.e.,

χ (Rx, Ry, t ) = χ0(Rx, Ry, t ) + χ1(Rx, Ry, t )

+χ2(Rx, Ry, t ) + χ3(Rx, Ry, t ) + · · · , (5)

where

χn(Rx, Ry, t ) =
(

χgn(Rx, Ry, t )
χun(Rx, Ry, t )

)
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FIG. 4. The interference of different pathways carrying different
angular momenta from perturbation theory. (a) The angle-resolved
KER distribution of one-photon pathway. (b) The angle-resolved
KER distribution of three-photon pathway. (c) The coherent addition
of (a) and (b). The laser parameters are the same as those used in
Fig. 2.

represents the wave packet of absorbing n photons, and

χ0(Rx, Ry, t ) = e−iH0(t−t0 )χ0(Rx, Ry, t0), (6)

χ1(Rx, Ry, t ) = −i
∫ t

t0

dt1e−iH0 (t−t1 )HI(t1)χ0(Rx, Ry, t1), (7)

χ2(Rx, Ry, t ) = −i
∫ t

t0

dt2e−iH0(t−t2 )HI(t2)χ1(Rx, Ry, t2), (8)

χ3(Rx, Ry, t ) = −i
∫ t

t0

dt3e−iH0 (t−t3 )HI(t3)χ2(Rx, Ry, t3). (9)

Here, χ2(Rx, Ry, t ) is a virtual state of absorbing two photons,
which is mediated to the three-photon pathway. Since the
pulse used in this research is short and not very strong,
for exploring mechanisms, we only concern the two most
relevant photon absorption channels here, namely the one-
photon and three-photon pathways, which mainly contribute
to the interference fringes of the TDSE result in Fig. 2(d).
The Rabi flopping between 1sσg and 2pσu states can-
not be reproduced in this perturbation calculation. Once
having χ1(Rx, Ry, t ) and χ3(Rx, Ry, t ) after the interaction,
we are able to plot the angle-resolved KER distributions
for one-photon and three-photon pathways, as shown in
Figs. 4(a) and 4(b). The coherent addition of Figs. 4(a) and
4(b), shown in Fig. 4(c), presents the interference stripes.
The difference of Figs. 4(c) and 2(d) might be due to
the truncation of higher-order perturbation and the missing
photon emission. Nevertheless, the approximated perturba-
tion calculations already reconstruct the interference stripes
qualitatively.

After identifying the dissociation pathways, we are ready
to analyze how the interference stripes in Fig. 2 are formed.
Approximately, the wave function of one-photon and three-
photon dissociated nuclear wave packets can be expressed
as A1(E )ei(φ+α) and A3(E )ei[3(φ+α)+ηu (KER)] respectively [42],
where ηu(KER) is a \textrmKER-dependent phase differ-
ence between the two dissociation pathways. A1(KER) and
A3(KER) are the amplitudes of them. Then the interference

given by one- and three-photon dissociation pathways can be
formulated as

Su(φ, KER) = A2
1(KER) + A2

3(KER) + 2A1(KER)A3(KER)

× cos[2(φ + α) + ηu(KER)]. (10)

Similarly, the interference of the zero-photon and net-two-
photon pathways can be formulated as

Sg(φ, KER) = A2
0(KER) + A2

2(KER) + 2A0(KER)A2(KER)

× cos[2(φ + α) + ηg(KER)], (11)

where A0(KER), A2(KER), and ηg(KER) are the amplitudes
and KER-dependent phase difference of the two dissociation
pathways. As shown in Figs. 2(c) and 2(d), the period for the
horizontal interference pattern is π , which is decided by the π

periodicity of the dependence of Sg and Su on φ respectively.
We have also tested that the interference stripes in Figs. 2(c)
and 2(d) shift horizontally if the carrier-envelope phase α of
the driving laser field changes. The shift of π of α gives
the identical angle-resolved KER distribution. The vertical
interference patterns in Figs. 2(c) and 2(d) are determined by
ηg(KER) and ηu(KER) respectively, which are accumulated
during the molecular bond stretching on the potential surfaces
and may help to resolve the nuclear motion. For instance,
ηu(KER) could be extracted from Fig. 2(d), by which one can
evaluate the time delay of one- and three-photon dissociation
pathways, similar to the discussions in ionization researches
[43].

The spiral interference fringes in the nuclear wave pack-
ets given by our two-channel model are reliable. Owing
to the few-cycle pulse used in this work, the internuclear
distance is small during the laser-H2

+ interaction, and thus
the charge-resonance-enhanced ionization can be ignored.
The coupling between the two lowest electronic states is
much stronger than others, so contributions from high elec-
tronic states are negligible. The features shown in Fig. 2
are robust to the laser intensity, which has been verified by
changing the laser intensity around one order of magnitude.
Therefore one may observe the spiral interference fringes in
experiment with the current laser technology soon afterwards.
The interference fringes in our nuclear probability distribu-
tions are induced by the mixture of two pathways with the
same parity, while the asymmetry of electron localization
[19,21,24] is produced by the interference of two pathways
with the different nuclear parities, and thus they are clearly
different.

In conclusion, the broad kinetic-energy distribution ac-
quired in the molecular bond free stretching offers distin-
guished initial velocities for H2

+ to undergo one-photon and
three-photon dissociation, thus the two dissociative pathways
may end with the same ultimate kinetic energy, and then they
interfere with each other. The interference of superimposed
pathways carrying different angular momenta contributes to
the spiral nuclear momentum distribution and striped angle-
resolved kinetic distributions. The interference of different
pathways carrying different orbital angular momenta is gen-
eral, and can be realized by conceiving different experiments.
For example, the counter-rotating two-color laser pulse may
trigger the nuclear wave packets with the orbital angular
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momenta −h̄ and h̄ and thus bring the cos(2φ) interference
stripes. With a longer wavelength, the one-photon and five-
photon dissociation pathways may have overlapped energy,
which may bring the cos(4φ) interference structure. Our study
shows that one may extract the information of the initial
nuclear kinetic-energy distribution of H2

+ before photon ab-
sorption. The phase information encoded in the interference
fringes is helpful to obtain additional information about the
movements of nuclei, e.g., the time delay of two dissociative
channels.
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